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Abstract

In general, we have constructed the operators ideal generated by extended s-fuzzy numbers and a certain space of sequences
of fuzzy numbers. An investigation into the conditions sufficient for Nakano sequence space of fuzzy numbers furnished with
the definite function to create pre-quasi Banach and closed is carried out. The (R) and the normal structural properties of this
space are shown. Fixed points for Kannan contraction and non-expansive mapping have been introduced. Lastly, we explore
whether the Kannan contraction mapping has a fixed point in its associated pre-quasi operator ideal. The existence of solutions
to non-linear difference equations is illustrated with a few real-world examples and applications.
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1. Introduction

After Zadeh [29] established the concept of fuzzy sets and fuzzy set operations, many researchers
adopted the concept of fuzziness in cybernetics and artificial intelligence as well as in expert systems
and fuzzy control. Fuzzy sequence spaces were introduced, and their various features were studied by
many workers on sequence spaces and summability theory. Nuray and Savas [20] defined and studied
the Nakano sequences of fuzzy numbers, (' (T) equipped with the function h. Operators ideal are very
important in fixed point theory, Banach space geometry, normal series theory, approximation theory, and
ideal transformations, see [17, 21, 22]. Pre-quasi operator ideals are more extensive than quasi-operator
ideals, according to Faried and Bakery [10]. The learning about the variable exponent Lebesgue spaces
obtained impetus from the mathematical description of the hydrodynamics of non-Newtonian fluids (see
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[24, 26]). There are numerous uses for electrorheological fluids, which include military science, civil
engineering, and orthopedic. There have been many developments in mathematics since the Banach fixed
point theorem [8] was first published. While contractions have fixed point actions, Kannan [13] cited an
example of a type of mapping that is not continuous. In Reference [11], the only attempt was made to
explain Kannan operators in modular vector spaces. For more details on Kannan'’s fixed point theorems
see [2, 4-7, 25]. Given that the demonstration of many fixed point theorems in a given space entails
either expanding the space itself or its self-mapping, both of these alternatives are possible. In this paper,
we examined a novel general space known as the Nakano sequence space of fuzzy numbers equipped
with various pre-quasi functions and its associated mappings’” ideal solutions space for several stochastic
non-linear and matrix systems of Kannan type, respectively. These spaces’ geometric and topological
structures connected to a Kannan-type fixed point are presented. We have addressed the requirements
on these spaces essential for these dynamical systems to have unique or many solutions in these spaces.
It is the goal of this work to introduce the certain space of sequences of fuzzy numbers, in short (cssf),
under a certain function to be pre-quasi (cssf). This space and s-numbers have been used to describe
the structure of the ideal operators. An investigation into the conditions necessary to create pre-quasi

Banach and closed (cssf) (EF(T))h furnished with the definite function h is carried out. The (R) and
the normal structure-property of this space are shown. Fixed points for Kannan contraction and non-
expansive mapping have been introduced. Lastly, we explore whether the Kannan contraction mapping

has a fixed point in its associated pre-quasi operator ideal. The existence of solutions to non-linear
difference equations is illustrated with a few real-world examples and applications.

2. Definitions and preliminaries

As a reminder, Matloka [16] presented the notion of ordinary convergence of sequences of fuzzy
numbers, where he introduced bounded and convergent fuzzy numbers, explored some of their features,
and proved that any convergent fuzzy number sequence is bounded. Nanda [19] studied the sequences of
fuzzy numbers and showed that the set of all convergent sequences of fuzzy numbers forms a complete
metric space. Kumar et al. [15] investigated the limit points and cluster points of sequences of fuzzy
numbers. Let Q) be the set of all closed and bounded intervals on the real line $R. For f = [fy, f,] and

g = [g1,g2] in Q, suppose
f < g if and only if f; < g1 and fp < go.

Define a metric p on Q by
p(f, g) = max{|f; — g1l,If2 — gal}-
Matloka [16] showed that p is a metric on Q and (Q, p) is a complete metric space. Also, the relation < is

a partial order on Q.

Definition 2.1. A fuzzy number g is a fuzzy subset of R, i.e., a mapping g : R — [0, 1], which verifies the
following four settings:

(a) gis fuzzy convex, i.e., for x,y € R and « € [0,1], g(ax + (1 — «)y) > min{g(x), g(y)};
(b) gis normal, i.e., there is yg € R such that g(yo) = 1;

(c) gis an upper-semi continuous, i.e., for all & > 0, g~ 1([0,x + «)) for all x € [0,1] is open in the usual
topology of R;

(d) the closure of g° :={y € R : g(y) > 0} is compact.

The B-level set of a fuzzy real number g, 0 < B < 1 indicated by gP is defined as

9P =y eR: gly) > B
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The set of every upper semi-continuous, normal, convex fuzzy number and g is compact is denoted by
R([0,1]). The set R can be embedded in R([0, 1]), if we define r € R([0,1]) by

t=r,

Y
r(t)_{o, 4T

The additive identity and multiplicative identity in 9R[0,1] are denoted by 0 and 1, respectively. The
arithmetic operations on R[0, 1] are defined as follows:

(f © g)(y) = sup min{f(x), gy —x}}, (f© g)(y) = sup min{f(x), g(x —y)},
YyeR yeR
(f® g)(y) = sup min{f(x), Q(E)}, (i)(y) = sup min{f(xy), g(x)},
yeR X g yeR
fix1ly), 0,
xfly) = {OEX v zio

The absolute value [f| of f € 1[0, 1] is defined by

0, ify < 0.

Suppose f, g € R0, 1] and the 3-level sets are [f]P = [ff,ff], [g]P = [gf, gf], 3 € [0,1]. A partial ordering
for any f, g € R0, 1] is as follows: f < g if and only if f B < gP, forall B € [0,1]. Then the above operations
can be defined in terms of B-level sets as follows:

[foglP =[P +gP, 5 + 9P, [foglPf =[ff —gP, 5 —gP,

togf = (min of, max Fofl, 1P =1(5)7, ()7, 6 > 0, for every p < (0,1],
) , ) ,

P — xt?, x5, x>0,
[xfg,xf{s], x < 0.

Assume p : R[0, 1] x R[0,1] — R U{0} is defined by p(f, g) = SUPp< <1 p(fP, gP). Recall that:

(2R[0,1],p) is a complete metric space;
p(f+k,g+k)=p(f,g) for all f, g, k € RI[0, 1];
p(f+k g+l <pl(f,g)+p(k);

p(&f, £g) = [E[p(f, g), for all & € R.

= RN

Definition 2.2. A sequence f = (f;) of fuzzy numbers is said to be

(a) bounded if the set {f; : j € IN} of fuzzy numbers is bounded, i.e., if a sequence (fj) is bounded, then
there are two fuzzy numbers g, 1 such that g < f; <1;

(b) convergent to a fuzzy real number fj if for every & > 0, there exists ng € IN such that p(fj, fo) < ¢,
for all j > jo.

By {+ and {,, we denote the spaces of bounded and r-absolutely summable sequences of real numbers,
respectively. Let w(F) denote the classes of all sequence spaces of fuzzy real numbers. Suppose T = (Tq) €
R+, where R is the space of positive real sequences. The Nakano sequence space of fuzzy numbers

defined and studied in [20] is denoted by: (1) = {U = (Vq) € w(F) : h(uw) < oo, for some pu > O}, when
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h(v) = ¥ 2 ,[p(vq,0)]%e. The space (¢7(7),].||), where |[v|| = 1nf{|< >0:h(¥) < 1} and T4 > 1, for all
a € N, is a Banach space. If (14) € {, then

eF (1) = {V = (Vq) € w(F) : h(uwv) < oo, for some p > 0}

= {5 =) € w(P) s inf Zo[p(va,oma < Zo[p(uva,ow < oo, for some 1> 0}
a a=

:{VZ(\)Q)GLU(F):i p(va, 01" < oo}
= {v: (Va) € w(F) : h(uv) < oo, for any p > O}.

Lemma 2.3 ([3]). Suppose Tq > 0 and vq,tq € R, for every a € N, then [vq + taq|%e < 28K H(|jvg[Te + [toTe),
where K = max{1, sup, Ta}.

3. Main results

3.1. Some properties of {' (1)

In this section, we have introduced the certain space of sequences of fuzzy numbers, (cssf), under
definite function to be pre-quasi (cssf). We explain the sufficient setting of (F(t) equipped with the
definite function h to be pre-quasi Banach and closed (cssf). The Fatou property of various pre-quasi
norms h on (F (1) has been investigated. We have presented this space’s uniform convexity (UUC 2), the
property (R), and the h-normal structure-property.

Definition 3.1. The linear space U is said to be a certain space of sequences of fuzzy numbers (cssf), if
(1) {bgqlqex € U, where bq ={0,0,...,1,0,0,...}, while 1 displays at the q'" place;
(2) Uis solid, i.e., suppose Y = (Yq) € w(F), Z=(Zq) € Uand |Yq| <|Z4, forall g € N, then Y € U;
3) (Y; 9] )q:() € U, where [$] marks the integral part of ¥, if (ﬁ)‘c’f’:o e U.

Definition 3.2. A subclass Uy, of U is called a pre-modular (cssf), if there is h € [0, 00)V that satisfies the
next settings:

() ifYeU,Y=9 < h(Y)=0with h(Y) >0, where 9 = (0,0,0,...);

(ii) thereis Q > 1, the inequality h(aY) < Q|afh(Y) holds, for every YeUand « € R;
(iii) there is P > 1, the inequality h(Y + Z) < P(h(Y) + h(Z)) holds, for every Y, Z € U;
(iv) if [Yql < |Z4], for every q € N, one has h((Yq)) < h((Zq));

(v) the inequality h((Yq)) < h((@)) < Poh((Yq)) holds, for some Py > 1;
(vi) let E be the space of finite sequences of fuzzy numbers, then the closure of E = Uy;
(vii) there is 0 > 0 with h(%,0,0,0,...) > ola/h(1,0,0,0,...), where

v )L y=«
“(9)_{0, .

Definition 3.3. Suppose U is a (cssf). The function h € [0, 00)Y is called a pre-quasi norm on U, if it holds
the following conditions:

() if YEU,Y =9 < h(Y) =0 with h(Y) > 0, where 9 = (0,0,0,...);
(ii) thereis Q > 1, the inequality h(aY) < Q|afh(Y) satisfies, for every YeUand « € R;
(iii) there is P > 1, the inequality h(Y + Z) < P(h(Y) + h(Z)) holds, for each Y, Z € U.
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Clearly, from the last two definitions, we conclude the following two theorems.
Theorem 3.4. If U is a pre-modular (cssf), then it is pre-quasi normed (cssf).
Theorem 3.5. U is a pre-quasi normed (cssf) if it is quasi-normed (cssf).
Definition 3.6.
(a) The function h on €' () is said to be h-convex, if
h(aY + (1 —«)Z) < ah(Y) + (1 — a)h(Z),

for every o € [0,1] and Y, Z € €" (7).
(b) {Yqlqen C ((’,F(’t))h is h-convergent to Y € (EF(T)>h, if and only if, limq_o h(Yq —Y) = 0. When
the h-limit exists, then it is unique.

(©) {Yqlqen C ((7, (T))h is h-Cauchy, if limqr—00 h(Yq — Yy) = 0.

)

(d T ( (T)) . is h-closed, when for all h-converges {Yq}qex CTto Y, then Y € T.

(e) T ( T)) is h-bounded, if &5, (") = sup {h(?—f) Y, Z ¢ F} < 0o
)

(f) The h-ball of radius € > 0 and center Y, for every Y € (EF( )>h, is described as:
o[> . e
Br(Y,c) = {Z ¢ (¢ (T))h h(Y-Z)<ef.

(g) A pre-quasi norm h on {F (1) holds the Fatou property, if for every sequence {Z9} C (€ (T)) N under

limg_oo h(Z9—Z) =0and all Y € ((%F(T))h, one has h(Y —Z) < sup, infg> h(Y — Z9).

Note that the Fatou property implies the h-closedness of the h-balls. We will denote the space of all
increasing sequences of real numbers by I.

Theorem 3.7. (EF(T))h where h(Y [Zq " o[p(Yq,0) } , for all Y € €7 (1), is a pre-modular (cssf), when
(Tq)gen € loo NTwith T9 > 0.

Proof.

(i) Evidently, h(Y) > 0and h(Y) =0« Y = 9.

(1-i) LetY,Z € £" (7). One has

RY+2Z) = | Y B(Vq +Zq,00% | " <[ X 6(Yq, 00| " + [ 3 16(Zq, 007" =h(V) +h(Z) < o0,
then Y+ Z € (F(1).

(iii) One gets P > 1 with h(Y +Z) < P(h(Y) +h(Z)), forall Y, Z € £ (7).
(1-ii) Assume oc € % and Y € £F (1), we obtain

Rl=

PV, 0% ] < sup ol ¥ [Z (Yq, 001] " < Qladh(Y) <

As xY € EF(T), hence, from conditions (1-i) and (1-ii), one has €' () is linear. Also Ep € (F(1), forall p € N,
1
since h(b [Zq " o[p(by,0)]7 q]Kzl.
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(ii) There is Q = max {1, sup,, IoclTTq_l} > 1 with h(«Y) < Q|afh(Y), forall Y € €7 (1) and « € R.
(2) Assume |Yq| < |Zg4], for all ¢ € N and Z € €7 (7). One finds

V)= [ X 6Va, 00 < [ 3 5Zg 00 = h@) < o0,
q=0 q=0

then Y € ¢F (7).
(iv) Obviously, from (2).
(3) Let (ﬁ) e (1), we get

then (@) e F(1).

(v) From (3), we obtain Py = 2k > 1.

(vi) Evidently the closure of E = eF ().

(vii) Thereis 0 < 0 < I €1 for o #0or o > 0, for « = 0 with h(%,0,0,0,...) > o|a/h(1,0,0,0,...). O

Theorem 3.8. If (Tq)qen € loo N1 with 19 > 0, then ((F(7)) is a pre-quasi Banach (cssf), where h(Y) =
alq n pre-q

1
[Zq  o[0(Yq, 0017 | ", for every Y € €7 ().

Proof. In view of Theorems 3.7 and 3.4, the space <€F(T)>h is a pre-quasi normed (cssf). Assume YU =

(YT])%O:O is a Cauchy sequence in <€F(T)>h. Hence, for every ¢ € (0,1), one has 1y € N such that for all
L, m > lp, one gets

1

[i YmO]Tq] <e.

That implies E(YT W 0) < e. As (RI[0,1],p) is a complete metric space, then (Ym) is a Cauchy sequence
in R[0, 1], for fixed q € N, which implies lim 0o Y™ q= Y , for constant q € N. Hence h(Y! — Y0) < g,
for every 1 > ly. Since h(Y%) = h(Y0 — Y1 + Y1) < h(Y! — Y0) + h(Y!) < c0. So YO € £F (). O

Theorem 3.9. Suppose (Tq)gen € loo N1 with 19 > 0, then (EF(T)>h is a pre-quasi closed (cssf), where h(Y) =
1
[Zq " o[p(Yq,0) Q}K,fOVEUETyVEQF(T).

Proof. In view of Theorems 3.7 and 3.4, the space <€F(T)>h is a pre-quasi normed (cssf). Assume YU =

(Y)5o € (¢7(7)), and limyo R(YT = ¥?) = 0, then for all ¢ € (0,1), there is ly € N such that for all
1 > 1y, we obtain

o0 1
s>h [Z 7Tq]K,

q=0
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which implies ﬁ(ﬁ —YTC’], 0) < e. As (R[0,1],p) is a complete metric space, therefore, (YEI) is a convergent

sequence in R0, 1], for fixed q € N. So, lim;_, Yl for fixed q € N. Since h(Y0 0) = h(Y0 — YL+ Yl)

h(Y'—Y9) + h(Y!) < oo, one has YO € £F (7). O
1

Theorem 3.10. The function h(Y [Zq " olp Yq, 0)]%a “ holds the Fatou property, when (Tq)gen € oo N1

with tg > 0, for all Y € £F (7).

Proof. Let {Z7} C (EF(T))h such that lim,_,. h(Z™ — Z) = 0. Since (EF(T))h is a pre-quasi closed space,
Va F v F

one has Z € (E (T))h. Forall Y € (E (T))h, one gets

[ mon] < S ron] s [Swa-m

q=0 q=0

|_|
A=

<sup inf h(Y—Z").

m T=m

O

Theorem 3.11. The function h(Y =2 qeolP p(Yq,0)1%a does not hold the Fatou property, for all Y € £V (), when
(tq) €loo and tq > 1, forall q € N

Proof. Let {Z7} C (EF(T))h so that lim,_,o, h(Z™ — Z) = 0. Since (EF(T))h is a pre-quasi closed space, one
= F = F .
gets Z € ((’, (T))h. For every Z € ((’, (T))h, we obtain

hWY—=2Z) =) [p(Yq—Zq 0% <2%a™a |} [5(Yq—Z5,00% + ) [p(Zf —Zg,0)™
q=0 q=0 q=0
< 25UPq Ta™ 1sup inf h(Y—Z").

m r=>m

Example 3.12. For (14) € [1,00)%, the function h(Y) = inf {oc >0: quN[ﬁ(%,ﬁ)]Tq < 1} is a norm on
e ().

—___39+2

Example 3.13. The function h(Y \/quN (Yq,0)] @ isa pre-quasi norm (not a norm) on £ ((Lz)oo ).

q+1/q=0
= 3442
Example 3.14. The function h(Y = 2 qenlP p(Yq,0)] a1 is a pre-quasi norm (not a quasi norm) on
eF(( q+1 )C();Io:())

Example 3.15. The function h(Y) = Q/ > q eN[ﬁ(Tq, 0)]¢ is a pre-quasi norm, quasi norm and not a norm
on{f, for0<d<1.

Definition 3.16.
(1) [14] Suppose p > 0 and q > 0. Indicate

Ka(p,q) = {(V,2):

When K (p, q) # 0, we put
Ka(p, q) = mf{1—1h<Y+Z> . (V,Z) € Ky )}
2P, q) = P 2 . 2P, q) ¢-

If Ka(p, q) =0, we put Ka(p, q) = 1.
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(2) [14] The function h satisfies (UUC 2) if for every r > 0 and q > 0, there is 32(r, q) with

Kao(p,q) > B2(r,q) >0, forp > .

(3) [18] The function h is strictly convex, (SC), if for all Y, Z € Uy, such that h(Y) = h(Z) and h <7J2r—7> =
)

h(V)+h(Z) ,we getY =Z.

Lemma 3.17.
(i) [9] Let t > 2 and for all f,g € R, then

t t

f—
=

f+g
2

2

< 5 (1 +1g1).

(ii) [28] If 1 <t < 2 and for every f, g € R so that ||+ |g| # 0, then

tlf—glt
2

tt—1)| f—g
2

f4+gl* T/ 0
' . S (1t +191).

In the next part of this section, we will use the function h as h(g) = {Z?ﬁ:o (5(9?,6)) m ] , for every
ge ().

A=

Theorem 3.18. Suppose (Tq)qen € loo N1 with Tg > 1, then h is (UUC2).

Proof. Let the condition be satisfied, b > 0 and a > 1 > 0. Suppose f, g € €' (1), so that

hf) < a, h(g) < aand h < . 9) > ab. (3.1)

From the definition of h, we have

abéh(f_29> = [io <p<fm;9m’0)>wr 2 ¥ (li

m m=0

2= ¥ (h(f) + h(g)) < 24,

this implies b < 2. Consequently, let Q ={x e N:1 <1 <2}and P ={x € N: 1 > 2} =N\ Q. For every
w € £F(T)n, we get hK (W) = hK( )+hK( ). From the setup, one has hp (Tq) > 2b or hg <f%q> > aTb.

Assume first hp (%g) > az—b. By using Lemma 3.17, condition (i), we obtain

f+g f—g\ _h§(H)+hi(g
hlé( 9>+h1]§< 9> < P()z P(Q),

which implies

i <f—i2-9) (M +hfftg) <ab>‘<_ (32)

LK <f—12—g> _ hg( +hg(@) (3.3)
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by adding inequalities (3.2) and (3.3), and from inequality (3.1), we have

T+39\ _ hE®O+hK@ [ab\© b\
(1)< () (- (3)).

That gives

Next, suppose hg <?7T§) > 4b SetB — (%)K’

Qi = {m € Q:3(fm — T, 0) < B(5(Tm, 0) +7(Tm,0)) } and Q2 = Q\ Q.

As B < 1 and the power function is convex, so

hK ¥_§ E BTm ﬁ fm + gm 6 o
! 2 2 ’
1

N

For any m € Q, we have

T—1< TO(TO_l) << Tt (T — 1) <K Tt — 1)

and

B<BZ_T‘“<{ m

by Lemma 3.17, condition (ii), we have that

(o (F435,0)) ™+ =1 (T )™ < 1 (o™ + o)™,

Hence

that investigates

Since

(3.4)

(3.5)

(3.6)
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by adding inequalities (3.5) and (3.6), one has

f+g\ _ ho(H+hs@  (tn—1)B b\ /b\K
g (50) <R ((5) - ()

_ hS(F)+h§(@)  (to—1) (b

= 2 2
_ g +h5(@)  (rp—1) (b)** W
= 2 2K 1 ‘

Since

f+g hX(f) + h&(9)
5(157) PE00

by adding inequalities (3.7) and (3.8), and from inequality (3.1), we obtain

(F49) RO +1R@ (-1 b\ « | (=1 /)
h(z)< 2 T2k <4) e san T <4) ‘

This implies

+7 (to—1) (6\]*
z)<“[1—zk_1 <4> ] |

To—l
1.
K1

By using inequalities (3.4) and (3.9), and Definition 3.16, if we put

K\ ® xH
Bz(T,b)min(1<1<;>> ,1_[1_(;2:11)(2) ] ),

one has K;(a,b) > 2(r,b) > 0, we deduce that h is (UUC2).

=
N
—+|

It is clear that
1<t <K<2K=0<

(3.7)

(3.8)

(3.9)

O

Definition 3.19. The space Uy, holds the property (R) if and only if for all decreasing sequences {I};jcx
of h-closed and h-convex nonempty subsets of Uy, with SUp; e Sn(Y, Ij) < oo, for some Y € Uy, one has

MNjenT5 # 0.
By fixing I' a nonempty h-closed and h-convex subset of (EF(T)) . we have the following.
Theorem 3.20. If (Tq)qen € loo NT with T9 > 1, one has
(i) suppose Y € (EF(T)) . with
An(V,T) =inf {h(Y~2Z): Z€T} < oo,

there is a unique K € T so that &, (Y,T) = h(Y —K);
(ii) (EF(T))  holds the property (R).
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Proof. To prove (i), assume Y ¢ T as I is h-closed. One has C := &,(Y,T) > 0. Hence for all r € N, one has

Z, eTwithh(Y—Z,) < C(1+1) If {%} is not h-Cauchy. One gets a subsequence {#} and 1y > 0 with

h ZQ(”ZZQ(”> > 1y, for every r > j > 0. Also, one gets K, (C(l + %), 21—(03) > o= P (C(l + %), 21%) > 0,

for all r € N. Since

Zg(r)—ZLg(j) 1\ b
h( =9 —d0) >l>C(1+— ) =,
( 2 ==\ ) ac

and

for every r > j > 0, we obtain

Then
czﬁmmmgc@+.)u—m,

for all j € N. By putting j — oo, one has

0<C<CO+-¥>H—M<C,
g(j)

which is a contradiction. So {Z} is h-Cauchy. As ((%F( )) is h-complete, then {Z} h-converges to some

h
Z. For all j ] € N, one gets{ ’} h-converges to Z + J . Since T is h-closed and h-convex, then Z —|— erl.

Since Z + 5 h—converges to ZZ, then 2Z € T. Let A = 2z and from Theorem 3.10, since h holds the Fatou
property, one has

An(Y,T) <h(Y—A) <supinfh (Y <Z+ 22]>>

1]/

Z.+Z;
<supinfsupinfh <Y — r+]>
izt vzt 2

< %sup inf sup i inf |h [ Y—-Z,)+ h(V—Z)] = &n(Y,T).

1r>li rZ

Then h(Y —A) = &, (Y,T). Since h is (UUC2), so is (SC), this implies the uniqueness of A. To prove (ii),
assume Y ¢ T, for some v € N. Since (Rn(Y,T})), exn € oo is increasing, put lim; e fn(Y,Ty) = C,
when C > 0. Otherwise Y € T, for all r € N. According to (i), there is one point Z, € I with &, (Y, ;) =
h(Y —Z,), for every r € N. A similar proof will prove that {%} h-converges to some Z € (EF(T)>h. As
{I'+} are h-convex, decreasing and h-closed, one has 27 € Nyenty. O

Definition 3.21. Uy, holds the h-normal structure-property if and only if for all nonempty h-bounded,
h-convex and h-closed subset I' of Uy, not decreased to one point, one has Y € ' with

sup h(Y —Z) < & (T) :=sup {h(V—Z) 'Y, Z € F} < oo0.
Zer

Theorem 3.22. If (Tq)gen € loo NTwith 19 > 1, then (EF(T))h holds the h-normal structure-property.
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Proof. Theorem 3.18 gives that h is (UUC2). If I" is a h-bounded, h-convex and h-closed subset of (EF (T)) N

not decreased to one point, hence, &1, (T") > 0. Set C = &y (T"). Suppose Y, Z € T such that Y # Z. Hence
h <YE—Z) =1> 0. For every @ € T, one gets h(Y — &) < C and h(Z —&) < C. As T is h-convex, one gets

Y4Z 1. As
2 N7 r— N7 P r— P
(15 0) (T e o))

suph(Y—gz—oc> <cC <1—1<2 (C,l>) < C=sn().
xerl

3.2. Kannan contraction mapping on £ ()

for all @ € T, then

@

In this section, we look at how to configure (EF(T)> N with different h so that there is only one fixed
point of Kannan contraction mapping.

Definition 3.23. An operator V : Uy, — Uy, is said to be a Kannan h-contraction, if one gets « € [0, %)

with h(VY —VZ) < «(h(VY —=Y) +h(VZ—2Z)), for all Y,Z € Uy. The operator V is called Kannan

h-non-expansive, when « = %

An element Y € Uy, is called a fixed point of V, when V(Y) =Y.
Theorem 3.24. If (1q)qen € loo NI with T9 > 0, and V : <€F(T)>h — (ﬂr’(’c)>h is Kannan h-contraction
mapping, where h(Y [Zq  o[P(Yq,0)]7d %,for all Y € {7 (), then V has a unique fixed point.
Proof. If Y € €7 (7), one has VPY € {F(1). As V is a Kannan h-contraction mapping, one gets

h(VIY — VIY) < o (R(VEFY = VIY) 4 h(VY = VYY)
=

2 L
R(VIIY = V1Y) < 71fah(VlV—V“17) < <1 = > R(VEY = VI2Y) - < (“) R(VY =Y.

So for all , m € N with m > 1, one gets

1-1 m—1
RV —V™Y) < o (R(VEY = VIZIY) 4 (V™Y — V1Y) <« ((12(“) + <1f“> ) h(VY —Y).

Then, {V'Y}is a Cauchy sequence in (EF(T)> o As the space (EF(T)) N is pre-quasi Banach space, one has
Ze (ZF (T)) . with lim_, o, V'Y = Z. To prove that VZ = Z, since h has the Fatou property, one obtains

!
LY _\ly) < % Y—V) =
h(VZ—-7Z) < sup 1r>1fh(V Y—-VY) sup g{ <1oc> h(VY—=Y) =0,

then VZ = Z. So Z is a fixed point of V. To show the uniqueness, let Y,Z € <€F(T)) . be two not equal
tixed points of V. One has

hY—2Z) <h(VY—=VZ) < « (h(VY=Y)+h(VZ-2Z)) =0.

I
NI
[

So, Y
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Corollary 3.25. If (1q)qen € loo NI with TQ > 1, and V : (RF(T)>h — (EF(T))h is Kannan h-contraction
mapping, where h(Y [Z q—olP p(Yq,0) } , for all Y € €F(7), one has V has unique fixed point Z so that
h(VYY —-Z) < (ﬁ) "h(vy-Y).

Proof. In view of Theorem 3.24, one has a unique fixed point Z of V. So

1-1
R(VIY =Z) = h(VV = VZ) < & (h(VY =V 1Y) + h(VZ - 7)) = « <1f(x> R(VY —Y).

Example 3.26. Assume V : (EF(( e )2[0:0)>h — (fF((%q%;)%o:o))h where h(g \/Zq o (P(94q,0 )
2q+3

for every g € ¢F(( o

)ZO:O) and

As for each g1, g2 € (BF((%)CE‘O:OD}L with h(g7), h(gz) € [0,1), one has

n(vgr - vas) = (% - 2y < L (n 1 n?R) = L (hver g0 +hive - ).

4 4 27 4 4 V27
For all g7, g5 € (eF((ﬁ%;)gozo))h with h(g1), h(g2) € [1, 00), one has
h(vgr - vaz) = (2 - 2y < L (n( () = L (nver g0 + hivar - ).
5 5 S¥g\'s 5 /64
For all §1, T3 € (eF((%*g);ozo))h with h(g) € [0,1) and h(g2) € [1,00), we get

o o g1 a2 1 307 1 40,
h(Vgi—Vgz) = h(2 — 32y < — (29 h(=2)

4 5 V27 4 V64 5
1 397 4\ 1
< 33 (N +REEH ) = o (R(Ver - g0) + hiVes —9a)).

Hence, V is Kannan h-contraction. As h satisfies the Fatou property. From Theorem 3.24, one has V holds

one fixed point 9 € (ﬂF((%)‘a‘;OO -

Definition 3.27. Pick up Uy be a pre-quasi normed (cssf), V : Up — Uy and Z € Uy. The operator V is
called h-sequentially continuous at Z, if and only if, when limq_.« h(Yq Z) =0, then lim g0 h(VYq
VZ)=0.

4

Example 3.28. S Vi (L ()= ) CT) here h(Z p(Zy,0)
xample 3.28. Suppose ( 2q+4)q=0 )h ( q= O)h where Zq 0(9 q ) ,
for every Z € EF((%)?:O) and
C (E®e+2), Zo(y) €10,4y),
V(Z) = %bO/ ZO(U) - %/
15 bo, Zy(y) € (35,1

V is clearly both h-sequentially continuous and discontinuous at b() € (EF((2 p )?f 0)) o
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Example 3.29. Assume V is defined as in Example 3.26. Suppose (zm} C < ((%)fﬁ_o))h is such that

limn 0o N(Z(M) — Z(0)) = 0, where Z(0) ¢ (EF((%)?:O)) with h(Z(0) = 1. As the pre-quasi norm h is

continuous, we have

lim R(VZ" —VZO) = lim " (O)) :h(Z(O)) > 0.

n—oo n—oo
Therefore, V is not h-sequentially continuous at Z(0)

Theorem 3.30. If (Tq) qen €loo NTwith g > 1, and V: ((%F(T) h—>
for all Y € £ (), suppose

N———

<€F(T)>h where h(Y =2 qolp p(Yq,0)]7a,

(1) V is Kannan h-contraction mapping;
(2) V is h-sequentially continuous at Z € (EF(T)) o

(3) thereisY € (ﬂF (T)) . with {V'Y} has {VY Y} converging to Z,
then Z € ((’,F(T)> N is the only fixed point of V

Proof. Assume Z is not a fixed point of V, one has VZ # Z. From parts (2) and (3), we get

lim h(VYY—Z)=0and lim h(VYV"'Y—-VZ)=0.

As V is Kannan h-contraction, one obtains

0<h(VZ—-Z)=h((VZ-VYY)+ (VHY-Z) + (VHTY - VhY))
-1
< 22T (VHTY — VZ) 4 2259P T2 (VY — Z) 2o T T (1 - a) h(VY —Y).

As |; — oo, one has a contradiction. Then Z is a fixed point of V. To show that the uniqueness, let
Z,Y € (EF(T)) . be two not equal fixed points of V. One obtains

h(Z—-Y) <h(VZ-VY) < « (h(VZ—Z)+h(VY-Y)) =0.

Hence, Z =Y. 0O
Example 3.31. Assume V is defined as in Example 3.26. Let h(Y) = o (p(Yq,0)) = ,forall Y €
EF(( q+2 ) o). Since for all Y,Y, € <€F((2(;1T+23)q:0)>h with h(Y;),h (Yz) [0,1), one gets
- A i Y, 2 3 3V, 2 - v - v
_ —h(Ll_ )¢ -1 Y4y _ _
ROVYY = V) = (= ) < o (R R ) = o (RV = V) + ROV = V3)),
forall Vi, Yz € (U((3&)5.0))  with h(¥), h(¥2) € [1,00), one gets
A i Yo, _ 1/ 4y Ao _1p o o v
_ —h(L_2y< = =1 T2y o _ _
RV = V¥) = h(z — ) < ; (RZH +h(Z) = 7 (RVT = V1) + (VY2 - ).

Forall Y1, V2 € (¢F((34)%.0)), with h(Y1) € [0,1) and h(Y2) € [1, 00), one gets

Vi Y2 2 3%, 1 4V

h(Vi = V¥a) = (G = 31 < T h(0) + fh(5)
2 3V AGN 2 o
< —\/ﬁ(h(T) +R(5) = < (hVFI = Y1) + (VY2 - V2)).
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% h(Y)el1),
~, h(Y) € 1,00).
uous at & € (EF((za”)q 0)>h and {VPY} holds, {VYY} converges to 9. By Theorem 3.30, the point

So V is Kannan h-contraction and VP (Y) = { Obviously V is h-sequentially contin-

2

Y e (EF((%)POD}L is the only fixed point of V.

3.3. Kannan non-expansive mapping on ((’,F(T)) N

1
We introduce the sufficient conditions of (BF(T))h, where h(g) = [Zﬁ:o (P(gm, 6))1“‘} “ for every

g € €7 (1), such that the Kannan non-expansive mapping on it has a fixed point, by fixing I' a nonempty
h-bounded, h-convex and h-closed subset of (QF(T)> N

Lemma 3.32. If (EF(T)) N holds the (R) property and the h-quasi-normal property, assume V : T — T is a Kannan
h-non-expansive mapping. For t > 0, let Gy = {Y eT:h(Y—V(Y)) < } # 0. Put

Mo =({Bn(rj): V(G € Bu(r,j) } T

Then Ty # 0, h-convex, h-closed subset of T and V(Tt) C Tt C Gt and dp(Ty) < t.

Proof. Since V(G¢) C Ty, then Ty # (). As the h-balls are h-convex and h-closed, then I is a h-closed and
h-convex subset of I'. To show that I't C G, assume Y € ;. When h(Y —V(Y)) =0, one has Y € G;. Else,
assume h(Y —V(Y)) > 0. Put

T = sup {h(V(Z) —V(V)) 1Z € Gt}.
From the definition of T, one gets V(G) C By, (V(V), r). Therefore, T, C By, (V(?), r), then h(? — vm) <
r.Let1 >0.One has Z € Gy withr—1 < h(V(Z) —V(V)). So

h(v—vm) _1<r—1< h(V(Z) —V(V)) < %(h(?—V(V)) +h(Z—V(Z)))
< %(h(?—V(V)) —I—t).

As 1 is an arbitrary positive, one obtains h(?— V(V)) < t, then Y € Gy. Since V(G¢) C T}, one gets
V(Ty) € V(Gy) C Ty, so Iy is V-invariant. To show that 61,(T:) < t. Since

_ _ 1, /,_ _ _ _

h(V(Y) —V(Z)) < E(h(Y—V(Y))) +h(Z—V(Z))>,
for all Y,Z € Gy, let Y € Gy, then V(Gy) C Bh(V(V) ) The definition of Ty gives Iy C Bh(V(V),t).
Therefore, V(Y) € ﬂter By, (Z,t). One has h(Z Y) <t forall Z,Y € Ty, s0 on () < t. O

Theorem 3.33. If (ﬂF(T)>h holds the h-quasi-normal property and the (R) property, let V : T — T be a Kannan
h-non-expansive mapping, then V has a fixed point.
Proof. Let ty = inf {h(? —V(Y) ) Ye F} and t, = to + 1, for every r > 1. By the definition of t, one gets

Gt, = {V er: h(?— V(V)) <ty } # 0, for every v > 1. Assume T}, is defined as in Lemma 3.32. Clearly
{T't,} is a decreasing sequence of nonempty h-bounded, h-closed and h-convex subsets of I'. The property
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(R) investigates that I, = (1,5 Tk, # 0. Let Y € T, one has h(?— V(V)) < t, for all r > 1. Suppose

T — o0, then h<7— V(V)) < to, so h(?— V(V)) = to. Therefore, Gy, # (). Then ty = 0. Else, to > 0 then
V fails to have a fixed point. Let I';; be defined in Lemma 3.32. As V fails to have a fixed point and TI%,
is V-invariant, then Iy, has more than one point, so 51 (I,) > 0. By the h-quasi-normal property, one has
Y e Fto with

h(?—f) < o (Ty,) < to,

for all Z € T,. From Lemma 3.32, we get Iy, C Gy,. From definition of I, so V(Y) € G, C I,. Then
(Y= V() < 8n(T) < to,

which contradicts the definition of to. Then ty = 0, which gives that any point in Gy, is a fixed point of
V. O]

According to Theorems 3.20, 3.22, and 3.33, we conclude the following.

Corollary 3.34. Assume (Tq)gen € loo NTwith tg > 1, and V : T — T is a Kannan h-non-expansive mapping.
Then V has a fixed point.

Y, h(Y)eo,1) B
Example 3.35. Assume V : T — T with V(Y) = ¢ &’ M D here T' = 15 e (F((2423 100 |
P (Y) {g, h(Y) € [1,00), { ( (55 )q_o))h

=V — 5\ and h(Y o Ve (fF((2013 0 .

Yo=Y = O} and h(Y) =1/ X qen (p(Yq,0)) 2, for every Y € (E (G2 )qzo))h. By using Example 3.31,
V is Kannan h-contraction. So it is Kannan h-non-expansive. By Corollary 3.34, V holds a fixed point 9
inT.

3.4. Kannan contraction and structure of operators ideal

The structure of the operators ideal by (EF(T)) N equipped with the definite function h, where h(g) =

1
[Z?ﬁ:o (P(gm, 6))Tm } *, for every g € {7 (1), and s-numbers has been explained. Finally, we examine the

idea of Kannan contraction mapping in its associated pre-quasi operator ideal. As well, the existence of
a fixed point of Kannan contraction mapping has been introduced. We indicate the space of all bounded,
finite rank linear operators from a Banach space A into a Banach space A by £(A, A), and §(A, A) and if
A = A, we inscribe £(A) and F(A).

Definition 3.36 ([23]). An s-number function is s : £L(A,A) — 9‘{+N, which sorts every V € L(A,A) as
(sa(V))3_, and verifies the following settings:

@ [Vl =s0(V) =s1(V) Zs2(V) =--- >0, forall Ve L(AA);

(b) siya1(Vi+ Vo) <s1(Vh) +salVa), forall Vi, Vo, € L(A,A)and 1|, d € N;

() sa(VYW) < |[V]|salY) W], for all W € L(Ap,A), Y € L(A,A) and V € L(A, Ag), where Ag and Ay
are arbitrary Banach spaces;

(d) if Ve L(A,A) and v € R, then sq(vV) = lylsa(V);

(e) suppose rank(V) < d, then s4(V) =0, for each V € L(A, A);

(f) siza(la) = 0 or si<q(la) = 1, where I, denotes the unit mapping on the a-dimensional Hilbert
space {3'.

Definition 3.37 ([22]). If £ is the class of all bounded linear operators within any two arbitrary Banach
spaces, a subclass U of £ is said to be an operator ideal, if all U(A, A) = UN L(A, A) verify the following
conditions:
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(i) Ir € U, where I" denotes Banach space of one dimension;
(ii) the space U(A, A) is linear over R;
(iii) assume W € L(Ag,A), X € U(A,A) and Y € L(A, Ag), then, YXW € U(Ay, Ag).

Notations 3.38.
Cy = {@U(A, /\)}, where (A, A) = {v e L(AA): ((5a(V))p € U},

where

salV(x) = {(1) NP

Theorem 3.39. Suppose U is a (cssf), then €y is an operator ideal.

Proof.

(i) Assume V € F(A,A) and rank(V) =n for alln € N, as b; € U for all i € N and U is a linear space,

one has (si(V))2, = (so(V),s1(V),...,sn-1(V),0,0,0,...) = > 1" o si(V)by € U; for that V € Ey(A,A),
then §(A,A) C (A, A).

(ii) Suppose Vi, V, € €y(A, A) and B1, B2 € R then by Definition 3.1 condition (3) one has (s (Vl))1 0 €

U and ( (Vl))l 0€U asi> [%], by the definition of s-numbers and si(V)is a decreasmg sequence of

fuzzy numbers, one gets si(B1V1 +P2Va) < sp1)(B1Vi+ B2Va) < s (B1V1) + 5111 (B2V2) = |ﬁ1|m

I[Sz\s 1(V2) for each i € N. In view of Deflmtlon 3.1 condition (2) and Uisa hnear space, one obtams

(s (B1V1 + B2V2))$2, € U, hence B1V; + B2V2 € Ey(A, A).

(iii) Suppose P € £(Ao,A), T € Ey(A,A) and R € L(A,Ag), one has (si(T))1 o € Uand as si(RTP) <
).

|R|[si(T) ||P||, by Definition 3.1 conditions (1) and (2) one gets (si(RTP))2, € U, then RTP € Ey(Ag, Ag
]

According to Theorems 3.7 and 3.39, one concludes the following theorem.

Theorem 3.40. Let (1q)qen € boo NI with Tg > 0, one has [ ( is an operator ideal.
EF(T))
h

Definition 3.41 ([10]). A function H € [0,00)" is called a pre-quasi norm on the ideal U if the next
conditions hold:

(1) let Ve U(A,A), H(V) > 0 and H(V) =0, if and only if, V =0;
(2) we have Q > 150 as to H(aV) < D|x|H(V), for every V € U(A,A) and « € R;

)
(3) we have P > 1 so that H(V; + V,) < P[H(V7) + H(VW,)], for each V4, V; € U(A, A);
(4) wehave 0 > 1 for toif V € L(Ag,A), X € U(A,A) and Y € L(A, Ag), then H(YXV) < o ||[Y[[H(X) ||V].

Theorem 3.42 ([10]). H is a pre-quasi norm on the ideal U if H is a quasi norm on the ideal U.

Theorem 3.43. If (1q)qen € loo N1 with 19 > 0, then the function H is a pre-quasi norm on € ( ) , with
¢ (T])
h

H(Z) = h(sq(Z q * o forall Z € QE< . )) (A N).

Proof.

(1) When X € e(m )) (A,A), HX) = h(sq(X))2_, > 0 and H(X) = h(sq(X)%

g0 = 0, if and only if,

q=0

sq(X) = 0, for all q € N, if and only if, X = 0.
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(2) There is Q > 1 with H(aX) = h(sq(aX))5_, < QlafH(X), for all X € @( ) ) (A, A) and o € .
eF (1)
h

(3) One has PPy > 1 so that for X1, X, € & ( (A, \), one can see

KF(T))
h

H(X: +Xa) = h(5q (X1 X))o < P ({5131 (%030 + (513 00)) 520
< PPy (h(5q(X0))50 + i34 ())520) -

(4) We have p > 1,if X € £(Ag, A), Y € c»:< F ) (A,A) and Z € £(A, Ag), then H(ZYX) = h(sq(ZYX))2,
LF (1)
h

<X Zlsq(YDG=o < o IXIHY) [[Z]. .

In the next theorems, we will use the notation (@ ( ) ) , H), where H(V) = h((sq (V))fq":0>, for all
F (1)

Ve e("‘F(T))h'

Theorem 3.44. Suppose (Tq)qen € loo N1 with Tg > 0, one has (@ ( ) ) , H) is a pre-quasi Banach operator
2F (1)
h

h

ideal.

Proof. Suppose (Vq)aen is a Cauchy sequence in QE( ) ) (A,A). As L(A,A) D S< (A, A\), one has
F (1)
h

.
),
H(Ve = Va) = h((sq (Vs = Va))io) = R(s0o(Ve = Va),0,0,0,... ) > & [V = Val,

hence (Vq)qen is a Cauchy sequence in £L(A, A). As L(A, A) is a Banach space, so there exists V € L(A, A)
so that limg_, |[Va —V || = 0 and since (sq(Va))‘;f’:0 € BF(T))h, for all a € N and ((’,F(T))h is a pre-
modular (cssf). Hence, one can see

H(V) = h((W)?{’zo) < h((W))q:o

<h((IVa =V IDE) + @ Fh((aVa))im) <&,

o0

we obtain (sq (V)5 € (BF(T))h, hence V € (’3( (A A). O

eF(T))
h

Theorem 3.45. If (Tq)qen € loo N with T9 > 0, one has <@ ( ) , H) is a pre-quasi closed operator ideal.
¢ (T))
h

Proof. Suppose V, € € ( (A,A), for all a € N and limg oo H(Vqa — V) = 0. Therefore, there is o0 > 0
¢

P

and as £L(A,A) D S< (A,h/\), one has

eF(T)>
h

H(V, —V) = h((sq(Va —V))‘ff:()) > h(so(Va —V),0,0,0,. ) > of[Va — V.

So (Va)aen is convergent in £(A, A), ie., limg o [|[Va—V || = 0 and since (sq (Va))‘a":O € ((’,F(T))h, for

all g € N and <€F(T)> N is a pre-modular (cssf). Hence, one can see

o0

H(V) = h((saVI)30) < (g 1V=Va)) )+ (g1 (Va)io))

<h((IVa =V IDE,) + % ({4 (Va5 ) <&,




O. K. S. K. Mohamed, A. O. Mustafa, A. A. Bakery, ]. Math. Computer Sci., 31 (2023), 162-187 180

we obtain (sq (V)5 € (BF(T))h, hence V ¢ QS(KF( )) (A A). O
h

Definition 3.46. A pre-quasi norm H on the ideal §Uh verifies the Fatou property if for every {Tq}qen C
€y, (A, A) so that limg_,o H(Tq — T) = 0 and M € €y, (A, A), one gets

H(M —T) < sup inf H(M —Tj).
q j=zq

Theorem 3.47. Suppose (Tq)qen € loo N1 with T9 > 0, then (6 ( ) ) , H) does not hold the Fatou property.
07 (1)
h

Proof. Assume {Tq}lqen C €

A, A) with limg_,eo H(Tqg — T) = 0. Since & is a pre-quasi
EF(T)> ( ) q— ( q ) <ZF(T)) pre-q
h

(),
closed ideal, then T € & (A, A). So for every M € € (A, A), one has
() (e0),

<2 Ksupmf[i< (sq(M—T;),0) Tq]

roizr

O
Definition 3.48. An operator V : €y, (A, A) — €y, (A, A) is said to be a Kannan H-contraction, if one has
& € 10, 1) with H(VT — VM) < cx(H(VT T) + H(VM — M)), for all T, M € €y, (A, A).

Definition 3.49. An operator V : €y, (A, A) — €y, (A, A) is said to be H-sequentially continuous at M,
where M € @Uh(A, A), if and only if, lim; oo H(Ty — M) =0 = lim; oo H(VT, — VM) = 0.

Example 3.50. If

V¢ reis (AA) — € . (A N),
(fF(( 7)o 0)>h (fF(( Eesa 0)>h
e
o0 —( . (T\ N + >y
where H(T) = \/Zq_o (p(sq(T),O)) " for every T € e(zF((EL;)oo oJ) (A,A) and
a+2 Ja=0) |

I, H(Me1),
%, H(T) € [1, 00),

evidently, V is H-sequentially continuous at the zero operator ® € & ¢ aqun (A, A). Let {TO)} C
0 (29 );;0:@)
h

¢ (A, A) be such that lim;_, H(TO) = T(©) = 0, where T(0) € €
(ﬂ((jﬁ)?zo))h (

q+2

(A, A) with
F((29+3 0
i ((Lq+2)ng))h

H(T®)) = 1. Since the pre-quasi norm H is continuous, one gets

. 7O T(0) T(0)
; G) _ 0y — 15 _ —
fim HVTD— VT 5152‘0H< 6 7 ) H( 42 ) > 0.

Therefore, V is not H-sequentially continuous at T(*)
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Theorem 3.51. Pick up (Tq)qen € loo NTwith tg > 0and V : QE< (ANA) = (’3( (A, A\). Assume

@F(T)> fF(T))
h h

(i) V is Kannan H-contraction mapping;
(ii) V is H-sequentially continuous at an element M € ( ) (A NA);
4 (T))
h

(iii) thereare G € & ( (A, A) such that the sequence of iterates {V" G} has a {V'™ G} converging to M.

eF(T)>
h

Then M € € ( (A, A) is the unique fixed point of V.

eF(T)>
h

Proof. Let M be not a fixed point of V, hence VM # M. By using parts (ii) and (iii), we get

lim H(V'™™G—M)=0and lim H(V™™TG—VM) =0.

T —+00 Tm—00
Since V is Kannan H-contraction, one obtains

0<H(VM—M)=H((VM—V™HG)+ (V"G —M) + (V™G - VG))

Tm—1
H(VTmGM)Hz)ioc(“) H(VG —G).
1—x

Ao

< (2)¥H (V™G — VM) +(2)

As 1 — 00, there is a contradiction. Hence, M is a fixed point of Y To prove the uniqueness of the
fixed point M, suppose one has two not equal fixed points M, ] € €& ( ) (A,A) of V. So, one gets
4 (T))
h

H(M —J) < HIVM — V) < oc(H(VM M)+ H(V] — ])) — 0. Then, M = J. 0

Example 3.52. Because of Example 3.50, since for all Ty, T, € ¢ ( (A, A) with H(Ty),H(T,) €

eF((%:—;);O:O))h

[0,1), we have

T T, V2 /5T 5T V2
H(VT, —VT) = H(+ — 2) < H(ZH +H(Z2)) = H(VT —T) + H(VT, — To)).
(VI = VE) = i = 8) < g (HEEH + ) = Zo= (RIVI- T+ HVE = T))
Forall T, T, € & (A, A) with H(Ty), H(T,) € [1,00), we have
(U((Lz =R ))
q+2 /q=0 h

H(VT, — VT,) = H(% - %) < & (H(i}) n H(6—;2)) — y\% (H(VT1 T+ H(VT, —Tz)).

ForallT;, T, € & (A, A) with H(T;) € [0,1) and H(T,) € [1,00), we have
( F((%%;)gozo))h
i T V2 5Ty V2 6T, V2
H(VT; —VT) =H(—— =) < H(—)4+ —H(—=") < — (H(VI1 - T1) + H(VT, — Tp) ).
(VI = VE) = Hig = ) € G HEE + ra M) < e (VR = T) 4+ HVE — )
L, H(T)e€o,1),
Hence, V is Kannan H-contraction and V'(T) = 6T (MelbD) Obviously, V is H-sequentially
continuous at © € & g (A, A) and {V'T} has a subsequence {V'™T} that converges to ©. By
P2y )

Theorem 3.51, © is the only fixed p}z)int of V.
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4. Applications

In this section, we have introduced a solution in €' (t) with different pre-quasi functions and its asso-
ciated pre-quasi operators ideal to non-linear uncertainty equation of fuzzy functions (4.1) and non-linear
uncertainty matrix equation of fuzzy functions (4.6).

Throughout the next part of this article, we will use the two functions h; and h; as

h(Y) = | Y (p(Y;,0)7]" and na(¥) = (m(V)",
j=0

for every Y € €7 (7).

Theorem 4.1. Consider the summable equations:

Tq:E+ZD(q/r)m(T/YT)/ (41)
r=0

which has been presented by many authors [1, 12, 27], and assume V : ((%F(T))h — ((’,F(T)>h , where (Tq)gen €
loo NT with 19 > 0, defined by 1 1

V(¥q)gen = (Rq+ Y_Dla,mim(r, V7)) (42)
r=0

qeN’

The summable equation (4.1) has a unique solution in ((’,F(T))h ,if D NZ -5 R, m: N xR0,1] — R[O,1],
1
R:N = R[0,1], Z : N — R[0, 1], one has ¢ € R with sup,, le| % € [0, %) and for all q € N, let

Tq

Y D(q,7)(m(r,Y;) —m(r,Z;))
reN

00 Tq 00 Tq
<e| [Rq—YquZD(q,T)NT,\G) +|Rq—Zq+)_Dlq,m)m(r,Z;)
r=0 =0

Proof. One has
hM(VW=VZ) = | > (p(VVq—VZ,,0)™
LgeN
i B o Tq Kk
=1 (p (Z D(q,r)[m(r,vr)—m(r,zrn,o))
L9EN reN
oo Tq K
< sup le| ¥ > (p (Rq—YquZD(q,r)m{r,Yr),O>>
q qeN =0

A=

—i—sup|5|TTq |:Z (p (]QC]—ZC,—l—ZD(q,r)m(r,Zr),O)) ]
q

qeN =0
—suplel ¥ (h(VY=Y) + Wy (VZ—Z)).
q

By Theorem 3.24, one gets a unique solution of equation(4.1) in ((’,F(T)) o O
1
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— — . 2at3
Example 4.2. Suppose (EF(( S )fqo:o))h, where h(Y) = \/quN (p(Yq,0)) %%, forall Y € EF((%)%":O).
Consider the summable equations:
- = Y. t
Yq=Rq+ ) (1) (=—1—), 4.3
1 =Rat LD () *3)

with ¢ > 2 and t > 0. Suppose I' = {V - (EF(( % ))h Yo=Y, = 6}. Indeed, T is a nonempty,

q+2)q =0

h-convex, h-closed and h-bounded subset of ((’,F(( RS )‘ff:o)) . Let us define V:T' — T as
Vi) g2 = (R + Z et (=)
=2 =\ @+r2+1/ /ax2
Obviously,
Kty
(e¢] Yi t q+
_Naf —9 1) —(=1)"
PEES (q2+r2+1> (17— (=)
23%3 2043
1 R Zg
— Y4+ Dt —21— —Z4+ Dt —— .
f{ ! Z ( —|—r2+1> ) Z ( 2—|—r2+1)
By Theorem 4.1 and Corollary 3.34, the summable equations (4.3) have a solution in I'.
2943 —
Example 4.3. Suppose (EF((%)?:O)) where h(Y \/quN Yq,O)) atz forY € QF((%)?:O).
Consider the non-linear difference equations:
s Y!
Vg =sin(3q—1)+ Y 797 —92 (4.4)

e Y‘qﬁ’fl +12+1

with r,p > 0, Y_2(x), Y_1(x) > 0, for all x € &, and assume V : (F((24E3)> 1y EF((L3) o), defined

q+2 /q=0 q+2
by
- 2 Y,
V(Yq) :<sin(3 1+ Y 7at é) . (4.5)
47a=0 | é Y +12+1/a=0
Evidently,
2443 2443
[oe] YT_Z q+2 L o0 YT_Z q+2
> a2 (71— ! = [sinBq—1)— Vg + ) 79—
=0 Yqtt+l =0 Yh o 141
_ EL;
1 | (o) ZT—Z q+
V2 [ K é ZP 141

By Theorem 4.1, the non-linear difference equations (4.4) have a unique solution in EF((T?JF—ZB)‘;O:O).

Theorem 4.4. Suppose V : (/ZF(T))h — (EF(T))h is defined by equation (4.2) and to > 1. The non-linear
2 2

uncertainty equation of fuzzy functions (4.1) has a unique solution 1 € (EF (T)) W if the next setups are verified.
2
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) IfD :N? = R, m: NxRO1 — R0,1,R:N — RO,1, Z: N — R0,1], one has ¢ € R with
2K-1 sup, le|a € [0, %) and for all q € N, let

Tq
> D(q,r ) —m(r,Z;))
TeN
Tq 00 Tq
<lel —Yq +ZD q.7)m(r,¥r)| +|Rqg—Zq+) D(q,m)m(r,Z) ] :

r=0 r=0
(2) V is hy-sequentially continuous at 1 € (EF(T)) i
2
(3) Thereisic (EF(T)) . with {VPi} which has {VPii} converging to L.
2

Proof. We have

ha(VW—=VZ) = ) (p(VYq—VZq,0)" = ) (p <Z D(q,r)[m(r,m—m(r,L)J,o>>

qeN geN reN
00 Tq
< 2K Tsup e[ Z <p (Rq—Yq+ Z D(q,r)m(r,YJ,O))
q qeN r=0
00 Tq
+ 2K T sup ¢ Z [ (Rq—Zq—G—ZD(q,T)m(T,Zr),O>>
q qeN r=0

=25 suple[T (o (VY —Y) + o (VZ - Z)).
q

By Theorem 3.30, we obtain a unique solution 1 € (EF (T)) N of equation (4.1). O
2

Example 4.5. Consider (QF(( 012 )20:0)>h. Suppose the summable equations (4.4). Assume
2

V: <€F(( ES) )i’f_o)> " <€F(( RS )(a":o))h2 is defined by equation (4.5). If V is hy-sequentially continu-

o0 . - F
- )>h2' and thereis i € (8 (243

ous atl € <€F(( a2 )q_O

q L5 )30 0)) with {VPi} which has {VPii} converging

to 1, obviously, one has ¢ € R with 2K-1 sup, e] i) e [0, ) and for every q € N, we have

2q+3
q+2

Z7qu 1+12+1<7l_7l>

1=0

_ 29+3 2q+3
< m—T+i7q+1L "y m—7+f7qﬂi v
V2 ! 1=0 Y1 +12+1 ! = Zy  +12+1

According to Theorem 4.4, the non-linear uncertainty equation of fuzzy functions (4.4) has a unique
solution 1 € ((’,F(( S, )(Z’O:O))hz

We explain in this part a solution to non-linear matrix equations (4.6) at B € € ( ; (A A), the
4 (T))
h

1
setups of Theorem 3.7 are confirmed, and H(T) = (ZZ":O (5(sa(T),0))Ta> A ,forall T e G(ﬁ( )) (A, N).
T
h
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Suppose the non-linear uncertainty equation of fuzzy functions:

(9]

sa(T) =sa(A)+ Y _Ti(a,q)f(q,s4(T)),
q=0

and assume L : & (AN = € (A, A) is defined by
(), (

fF(T))
h

L(T) = <sa(A) +y ma,q)f(q,sqm)) L
q=0

(4.6)

(4.7)

Theorem 4.6. The non-linear uncertainty equation of fuzzy functions (4.6) has a unique solution B €

¢ ( ) (A, ), suppose the next setups are satisfied:
(T J)
h

(1) TT: N2 = R, f: NxR([0,1]) — R([0,1]), A € L(A,A), U € L(A,A), and for all a € N, one has & with

sup,, le| % € 10,0.5) and

> T(a,q) ( (q,8q(T)) — f(q,sq(U))>

qeN

<[el sa(A)_Sa )+ Z M(a, q (q,sq( ))

qeN

+

qeN

(2) L is H-sequentially continuous at a point B € € ( . (A, N);
¢ (T))
h

(3) onehas Q € € (A, A) with {LP Q} having a subsequence {LP1Q} converging to B.
(e),
Proof. : Assume L : € (A,N) = €& (A, A) is defined by equation (4.7). Hence
(o) ()

h h

HIT— 1w = | 3 (5(sa(T) —sa(u),m)“]

La=

o

- Z(p Y T(a,q) (f(q,sqm)f(q,sq(u))),O)
a=0

<suplel® | Y (p (Sa(A) —sa(T)+ )_Ti(a,q)f(q,sq T))) ,0) ]
a a=0 qeN

+sup |e| ¥ {Z (p (sa(A)sa )+ Z M(a, q)f(q,sq(U ))) 0) ]
a a=0 qeN
(

= suple| ¥ (H(LT—T) +H(LU—U)).

a

By Theorem 3.51, we have a unique solution of equation (4.6) at B € ¢ ( ) > (A NA).
¢F(T)
h

sa(A)—sa(W)+ Y Ti(a,q)f(q,sq(U)
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2a+3

Example 4.7. Consider (’3< s ) (A, A), where H(G) = \/Zflo_o (@(SQ(G),ED “ for every G €
(5D )

h

¢ ( rass (A, A). Suppose the non-linear uncertainty equation of fuzzy functions:
(5 )))

& 2) tanh inh® [s,_
5.(G) = sz + Z cos(3m#) tanh(mz) sinh” |s Z(Glll 48)
=, secd|s, 1(G)[+In(m+z+1)+1

(’,F ( ( 2a+3

o ¢F ( ( 2a+3

a+2

where z > 2 and b,d > 0 and assume W : & (

(AN = €& (A, A\) is defined as
1), (),

W(G) = smz+Z cos(3m?) tanh(mz) sinh® |s,_ 2(Gl| L
o secdls; 1(G)|+In(m+z+1)+1

Let W be H-sequentially continuous at a point D € €& ( ) (A,A), and there is B €

er((25)
i h
¢ ( I (A, A) so that the sequence of iterates {WPB} has a subsequence {WPiB} converging to D.
¢ ((ﬁ)))
Obviously, "

= nh inh® [s,_
Z tanh(mz) sinh " |s; (G)| f(cos(?)mz) —cos(3m2)>
=, secd s, 1(G)[+In(m+z+1)+1

22 lsnz—s.(0)+ Z cos(3m?) tanh(mz) sinh® |m|
o secd s, 1(G)|+In(m+z+1)+1
—i—i Sz — s.(T) + i cos(3m?) tanh(mz) sinh® 'T@'
25 =, secd s, 1(T)|+In(m+z+1)+1

In view of Theorem 4.6, the non-linear uncertainty equation of fuzzy functions (4.8) has one solution D.

5. Conclusion

Rather than simply referring to a “quasi-normed” place, we used the term ”pre-quasi-normed.” The
concept of a fixed point of the Kannan pre-quasi norm contraction mapping in the pre-quasi Banach (cssf).
Pre-quasi-normal structure and (R) are supported. The Kannan non-expansive mapping’s presence of a
fixed point was investigated. A fixed point of Kannan contraction mapping in the pre-quasi Banach oper-
ator ideal produced by Nakano (cssf) and s-fuzzy numbers has also been examined. To put our findings
to the test, we introduce several numerical experiments. In addition, various effective implementations
of the stochastic non-linear dynamical system are discussed. The fixed points of any Kannan contraction
and non-expansive mappings on this new fuzzy functions space, it’s associated pre-quasi ideal, and a
new general space of solutions for many stochastic non-linear dynamical systems are investigated.
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