J. Math. Computer Sci., 31 (2023), 150-161

Online: ISSN 2008-949X

Journal of Mathematics and Computer Science

Q¥

3

yourna/ or
o
N
U109 ¥

PEicinos
Journal Homepage: www.isr-publications.com/jmcs

Infinite rank solution for conformable degenerate abstract ) cCheck forupdates
Cauchy problem in Hilbert spaces

Fakhr Seddiki, Mohammed Al Horani*, Roshdi Khalil

Department of Mathematics, University of Jordan, Amman, Jordan.

Abstract
In this paper, we find an infinite rank solution of a conformable abstract Cauchy problem. The involved derivative is the
conformable one. The main idea of the proofs are based on the theory of tensor product of Banach spaces.
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1. Introduction

Fractional calculus is a generalization to derivatives and integrals of integer order to non-integer or-
ders. There are several kinds of fractional derivatives, the most common ones are the Riemann-Liouville
and Caputo definitions. Such classical (global) fractional derivatives have been used in differential equa-
tions, but in the case of local fractional derivatives, this type of research is very limited.

Let X be a Banach space, C(I) be the Banach space of all real valued continuous functions on I = [0, 1],
under the sup-norm, and C(I, X) be the Banach space of all continuous functions defined on I with values
on X. Consider the fractional abstract Cauchy problem

Bul®(t) = Au(t)+f(t)z, 0 <t<1,
u(0) = x.

Here u is a continuously «-differentiable function from I to X and A, B are densely defined linear opera-
tors on the codomain of u. This problem is called degenerate, if the operator B is not invertible. Recently,
these types of fractional abstract Cauchy problems have been studied using different methods, see [2, 3].
Moreover, similar results where the derivative is the classical one can be found in [22, 23].

We would like to solve the above fractional abstract Cauchy problem using tensor product technique.
In fact, we are looking for an infinite rank solution, i.e., a solution of the form u(t) = Y {2, u;(t)8;, where
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{81,8,,...} is the natural basis of ¢2. The derivative in the above problem is the conformable derivative,
precisely: for f : [0;00) = R and 0 < « < 1, the conformable fractional derivative of f of order « is defined
by

1—x
Do (f)(t) = lim f(t+et )—f(t).
e—0 £

We denote f(®) (t) for D« (f)(t). We say f is a-differentiable if the conformable fractional derivative of f of
order o exists.

For all t > 0, if f is a-differentiable on (0,b), where b > 0 and lim,_,¢+ f(*)(t) exists, then we define
£10)(0) = limy_,o+ (™) (t).

For 0 < o < 1 and f, g be «-differentiable at a point t > 0, we have the following properties:

«(tP) =ptP~%, forall p € R;

)
) D

(3) Du(fg) = fD(g) + gD« (f);
) Do(L) = M;‘Da(g).
) D

«(A) =0, for all A is constant function;
(6) if f is differentiable, then D (f)(t) = tlf"‘%(t).

The «-fractional integral of a function f starting from a > 0 is:

talv) = 15 o) = [ s

a

For more on conformable fractional derivative we refer to [1, 4-10, 12-14, 16, 17, 19-21].

2. Basics of tensor product in Banach spaces

In this section, we introduce notations, definitions, and preliminary facts that are used throughout
this paper. Firstly, we recall some basic concepts of the tensor product in Banach spaces. Let X and Y be
Banach spaces, and let X* denote the dual of X. For x € X and y € Y define the map x ® y : X* — Y with
x ®Y(x*) = (x,x*)y, for all x* € X*. We know that x ® y is a bounded linear operator and || x ® y ||=||
x || y ||, the element x ® y is called an atom. The set X® Y = span{x ® y : x € X and y € Y} is a subspace
of L(X*,Y), the space of all bounded linear operators from X* into Y.

Lemma 2.1 ([15]). Let x1 ® y1 and xo ® ya be two nonzero atoms in X ® Y such that
X1 ® Y1 = X2 ®@Y2.
Then x1 = xp and y1 = Ya.
Lemma 2.2 ([15]). If x1, %2 and x3 are in X and yi1, Yz, and ys are in Y such that
X1 @Y1 + X2 @Yz = X3 @ Ys.
Then either x; = xp or y1 = Ya.

Let us now define some important norms on X ® Y.

2.1. Injective norm
For T=3) 1 ,xi®yi € X®Y define

n
Tl = sup [ Y (x*x:) il

Ix*=1 =1

So, || - ||\ is just the operator norm on L(X*,Y). This is called the injective norm of T. The space
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v
(X®Y, | - |l\vv) need not be complete. Let X®Y denote the completion of (X®Y, | - ||\/) and it is called the
completed injective tensor product of X with Y. One of the nice results associated with the injective norm
is the following.

Theorem 2.3 ([18]). For any compact Housdorff space K, and any Banach space X, C(K,X) is isometrically iso-
v v

morphic to C(K) ® X. In particular, C(K x S) = C(K) ® C(S), for any compact metric spaces S and K.

2.2. The projective norm

For T € X®Y, the projective norm of T is defined by

ITIIA ={inf > i~ [[xi|l|lyi]| : where infimum taken over all representations of T}.

A
The space (X®Y, | - || A) need not be complete. Let X®Y be the completion of (X®Y, || - ||A) and it is called
the completed projective tensor product of X with Y.

Theorem 2.4 ([18]). Let I and ] be two compact intervals, then

A
L(Ix]) =111 @ L)),
where L1(1 x ]) is the Banach space of Lebesgue integrable.

For more on tensor product of Banach spaces we refer to [11, 15, 18].
Let (2 be the Hilbert space of square summable sequences. Then we define

ClNL ) ={u:1—2:uis continuously «-differentiable}.
Any function in C(®) (I, £2) can be written in the form u(t) = > 2, ui(t)di, where {81, 5y, ...} is the natural
basis of 2. We don’t guarantee that ) 5 ; |[ui |« < 00, s0 we introduce the following subspace of functions
in C(I, 2):
£ ={ue C®(L ) suchthatu=3 2 u;®8 and |uf = ¥ [uilleo + [l [|o < 00}.

Lemma 2.5. Let f, be «-differentiable on (a, b) such that a > 0. If f,, converges to f and £l converges uniformly
to g, then f is oa-differentiable and g = £(*).

Proof. Firstly we observe that g is well defined and continuous since £lo converge uniformly to g. Let
x € (a,b) and fix xg € (a,x), we have

()
(%) — i (x0) = J Wt
Taking the limit of both sides as n — oo, we get
x t
0= 1) = | 2 a,
X
where limy, o fr(X0) = f(xg), so f is a-differentiable and (*) (x) = g(x). O

Lemma 2.6. X with the norm |[ul] = > 724 |[uilleo + Hug‘x] |loo is @ Banach space.
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Proof. Let fn =Y 2, fn, ® ;i be a sequence in L. Assume that )

n=1 ’

|fn]| < co. Then

00 0o 00
D il =) (3 anlHooJrZ 11 loo) < 00 = Z Z [[frilloo + Z 11 o0 < oo.
n=1 n=1 i=1 i=1 n=1

So, Y w4 lfnlle < coand Y} 74 Hfm HOO < oo in C(I) and C(I) is a Banach space. Thus, } _; fn,
converges to some g; € C(I and > 1f ) converges to some h; € C(I). But, } 7 fT(ff) converges

uniformly in C(I), then Zn:1 fn.l converges to gga) e C(I).
Now, let us define f = Y *, g; ® §;. Claim f € L.

oo oo o0 o]
171 = 3 lltlloe + 1" Mk = 311 2 e +11 3_ i
= oo oo oo o0 o0
<23 Mmoot Z I3 ) < 37 (3 oo + 3 11 loe) < 00

i=1 n=1 n=1 i=1 i=1

Now, we need to prove that ) ", fn in Z. Let S, = ZE:1 fx. We claim that S, converges to f in L.

o n o
If=Snll =1 gi®8—) > fi, @i

i=1 k=11i=1
o0 o0

=) > fi,®@s —Zka ® 84|
i=1 k=1 k=11i=1
o0 o0 n

=D O fi,®di—) fi,®8)|
i=1 k=1 k=1

00
Z i, ® dill

1

o0
freloo 1 Y i lloo

+1 k=n+1

<Y Y filleo+ Z 1790 < o0

i=1 k=n+1 k=n+1

Il
M

[y

M ]

k

1 k

'I\”’l8~,

1

Il
3

3

This implies limn_, ||f — Sn || = 0. Hence S, converges to f in Z. d

3. Main results

Let u be a-differentiable on I = [0, 1] with values in the Hilbert space X = €2, where ¢ = {(x,) : 3_>°_;
xn [*< o00}). In €2 we write [x1,x2,...] to denote the span of {x1,xa,...,}. Let A : Dom(A) C 2 — (2 be
a densely defined closed linear operator on (2, where domain of A contains the elements of the natural
basis of 2.

Consider the abstract Cauchy problem

(P1)

wl¥ () = Au(t)+f(t)z, 0<t<1,
u(0) =x.

where u(t) € Dom(A), f € C(I) and z € 2.
In this section, we look for a solution to problem (P1) among infinite rank functions of the form

u(t) = > 2, ui(t)d; € I, where u ) e C(I),i=1,2,.... To prove problem (P1) has a unique solution in
Z, we need to assume the followmg conditions:
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(H1) (Ic;]) € ¢t and (ly;l) € ¢!, where ¢; = (x, ;) and y; = (z, 8;);

(H2) (lajjcsl) € ¢!, where aij = (Ady, 85);

(H3) Re(aji) < w foralli=1,2,...,;

(H4) Y52 (X301 laiP)2 < C.

Theorem 3.1. Assume that conditions (H1), (H2), (H3), and (H4) are satisfied. Then problem (P1) has unique
solution, provided

Proof. Since u(t) = Y 2, ui(t)d; € L, we have ) 7, u;i(t)d; and Y 2, uE“)(t)éi converges uniformly in
C(I,€%). By Lemma 2.5, we get ul® () = >y uwl® (t)01. We can write problem (P1) in the form

i

() = T wilt)(AS:, 8) +f(t)(z,8), 61)
U.)'(O) = <X,5]'> = Cj.
Since aij = (Ady,8;) and v; = (z, 8;), we can rewrite (3.1) as
u§a) (t) = ajjluy (t) + Zioozl,i;éj aijui(t) + f(t)‘y]', (3.2)
U (0) = Gj.
Multiplying (3.2) by the integrating factor e'«(~%ii) and integrating, we obtain
29 t tCX.is(X e
uj(t) = e wcj + L e T Y agju(s) +f(s)y;)ds. (3.3)

i=1,i#j
We define Du(t) = (ajqu(t), apup(t),...)T, where D = diag(ay, az, ...) and
Mu(t)=( Y aywi(t), ) agu(t),...)",
i=2,j#£1 i=1,j7£2

where M = [aij]T — D and [ayj] is an infinite matrix. By assumptions (H3) and (H4) we conclude that

L [P t*
le=Pll= sup le=®i|<ex®, tel01],
i=12,.

and

j=1 i=1i#j
o0 o0 1
gZ(‘ Z ai]ul(th)i
j=1 i=1i#j
o0 o0
:Z| Z ai)ul(t)|
j=1 i=1i#j
o0 o0
éz Z laiju(t)]
=1 i=1,i#j
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o0 o0 1
<D (D a2 u)llz < Clu(t)]2.
j=1 i=1,i#j
Hence
M| = sup  [[Mu(t)[l2 < C.
lu(t)]l2<1
So, we can write (3.3) as
s t X g D 1
u(t) —ean+J el 1P 1 (Mu(s) + f(s)z)ds. (3.4)
0

To prove that problem (P1) has a unique solution, it is enough to show that the integral equation (3.4) has
a unique solution. Let us define the operator T : C(I,¢2) — C(I, () by

o« t g
Tu(t) = efxDx—i-J el P 1 (Mu(s) + f(s)z)ds.
0

Then, by the Banach’s fixed point theorem, we obtain

tX—

t [
ITult) =Tl < |, €505 Muts) (s e
t

0(750( e J—
< vl M) | 5% 1l s < Ol vl S,
0

Taking supremum over t € [0, 1], we have

w

ex —1

[Tu —Tv]|eo < ClJu— Vool

).

SinceL=C (%) < 1, then T is contraction and by the Banach fixed point theorem, T has a unique fixed
point. Now, we check u(t) = > 2, u;i(t)8; € L.

i ex —1 b (s -
(0] < € ey [yl S 4 | 51 S fagussias
0 1=1,i#j
ex—1 [t - PR :
[iad o« — _ tX—sX 1 1
<l i [ NS a3 hlslPs
0 i=1,i#j i=1,i#j
o e%—l (9] 1 t g OO
<R le+ ool S+ (Y |au|2)zj TR S ui(s)lds
i=1,i%j 0 i=1,i%j
« e%—l (9] 1 t 1o OO
<yl eyl <o+ (3 eyt | s TR S s
i=1,i%j 0 i=1,1i%j
e e%_l o0 1 > e%—l
ge?wlchJerHooWﬂT-i—( Z |aij|2)§ZHu1HOOT‘
i=1,i%j i=1

Taking supremum over t € [0, 1], we have

w o0

L ex —1 1 — ex —1
Il < sup (s “)lejl+ [flloctysl——+( > a2 D [uille——,
t€(0,1] w i=1,i#j i=1 @
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and thus
o0
D lyjllee < sup eawz|c]|+ufuoo |+Z Z jagj?)2 S
j=1 0] j=1 j=1 i= 11#)
< sup eoch|cJ|+HfHoo Zly]|+C Znu]uoo
te[0,1] j=1
This implies

w

o0
—L)Znu)-uoo < sup e awZ|c)l+||f||oo

te(0,1] j=1

o0
Z |Y)

|u)r\m\ﬁ(supea Zlc;l+llflloo - Zm

— L tena P

HI\/]8

By assumption (H1), Z;)ozl |[uj]leo < c0. On other hand, we see that

o0 o
2 1
i (01 < e 5 “lagieil + I flloolysl+ (D a2 Y Juilleo.
1=1,i#j i=

Hence

> oo

1
ZHH){(X)Hoo < sup e O‘wZ|a])C]|+HfHoo E ly;l + E 2 lagP)? Y Juillso
=1 i=1

j=1 i=1,i#j

< sup ew cw Z lajjesl + Hf”ooZ il + CZ [[uifloo-

te(0,1]

By assumptions (H1) and (H2), and since 3 2, [|uifc < oo, then we get 3 %, Hu]g“)Hoo < oo. Conse-
quently u € L. O

Remark 3.2. As a special case, if A is diagonal operator, i.e., Ad; = A;0;, then the solution of problem (P1)
writes in the form

> o t x_g
W) = (M et | N (s)yias)se

Now, let us prove the existence and uniqueness of the solution to problem (P1) using a different strategy.
For this, we begin with the following definition.

Definition 3.3. A linear operator A defined on a Hilbert space H is called semi-diagonal, if there exist
orthogonal subspaces {V;j};2, such that

(i) dim V; < oo;
(ii) A(V; ) C V;,Vj;
(iii) H= & V;.

j=1

Theorem 3.4. Assume A is a semi-diagonal linear operator and assumption (H1) is satisfied. Then Problem (P1)
has a unique solution.
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Proof. Since A is semi- dlagonal there exist orthogonal subspaces {V;j};2; such that for each j, dimVj <

oo, A(V;) € Vj, and 1?2 = @V We may assume that {6n] 1 ,6nj}, where nyp = 0,j = 1,2,...,
i1

is the corresponding basis for Vj. Now, u(t) = 3 72 ui(t)d; = 3 524 Z{ZnHH ui(t)d;. Put vj(t) =

Z?jn L wi(t)di € Vyand writez = 35

€ X, we have ) 2 1ul t)8; and Y 7, uE“)(t)éi converge uniformly in C(I,¢?). By Lemma 2.5, we get
uld(t) =5, ug (t)6;. Then we can write (P1) as

{zl S w08 = T T wDAS (D) Y 2,
u(0) = lel Xj,

12j, where z; = {inHH vidi € Vj. Since u(t) = 3774 ui(t)d;

where x; = Z?’n cidi €V Since the subspaces {Vi};?il are orthogonal, A(V;) C V;,

and Zl S ui(t )6 € Vj, we obtain

ny ny
Souwwei= Y wt)As )z (3.5)
i=n;_1+1 i=ny_1+1

Taking the inner product of both sides of (3.5) with 8i (nj_; +1 < k < n;), we have

)

it = > wilt)(Asy, 8) +F(1)(z), i) (3.6)

i:T‘Lj,1 +1

Let A; = A I\/j be the restriction of A on Vj. So A; has a matrix representation given by A; = [aii], such
that aji = (Ady, 8i). Thus equation (3.6) can be written as

vj(oc) (t) = A]’\)j (t) + f(‘t)Z]' .

This system has a unique solution of the form (see [20])
A, ¢ 1 sy AL
Vi (t) = e« My +J s Lf(s)el =) izjds.
0

Now, we check that u € X.

vl |5
Izl

250 (o) 4
Vi (I < e [l | + [Illooe and  [[v;" (1) < [|A; e " g1+ oz

we put m = sup;_;, |[[A;j| and since the norms on finite dimensional vector spaces are equivalent, we

have
I < Z eil,
i=n;_1+1
and
n;
> etlloo + I lloo < MUV; oo + V5 flo0).
i:TLj,1—|—1

Hence we obtain

= (o R (o)
D il 1 oo = 3 3 il + o
j=1

j=1i=n; 1+1
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00 n; 00 i)
<SMKe%(14+m) Y Y leil + MKl +e5) Y Y il

j=li=n;_1+1 j=11i=ny_1+1
By assumption (H1), we get ||u|| < co and therefore u € L. O

Now, we will study the following degenerate abstract Cauchy problem

{Bu(oc) (t) = Au(t) +f(t)z, 0<t<1, (P2)

u(0) =x,

where A : Dom(A) C ¢ — (2,B : Dom(B) C £ — {? are two densely defined linear operators on 2,
such that the domains of A and B contain the elements of the natural basis of ¢2. Also u(t) € Dom(A)N
Dom(B), ul®(t) € Dom(B), f € C(I) and z € 2. We assume that A(Y %, u;i(t)8;) = Y 2, ui(t)Ad; and

B(X 52 uilt)8) = Y2 wi(t)BS:.
We look for a solution to problem (P2) among infinite rank functions of the form u(t) = > 2, ui(t)d; €
X. So, we need the following assumptions.

Assumption 3.5. A and B are semi-diagonal with the same decomposition, i.e., there exist orthogonal
subspaces {V;}52, such that

(i) dimV;j < oo;
(i) A(V; ) CVjand B(V;) C V;,Vj;
(iii) 12 = EB Vj.

Assumption 3.6. Aj [ier(B;) is invertible for every j, where A; = A |y;.

Theorem 3.7. Under Assumptions 3.5 and 3.6, and (H1), with f € C(*)(I), problem (P2) has a unique solution.

Proof. Since A and B are semi-diagonal, there exist orthogonal subspaces {V;};, such that for each j,

dimVj < oo, A(V;) CV;, B(V;) CV;, and 12 = EB Vj. We may assume that {on, ;+1,...,8n;}, where ng =0,
j=

j = 1,2,..., is the corresponding basis for Vj. Now, u(t) = > {2, ui(t)d; = Z) 121 4 u; (t)6;.
Put v;(t) = 1Jn ]+1u1( )0; € Vj and write z = Z;’il zj, where z; = l’n 41 Yidi € V. Since
u(t) = Y2, ui(t)d; € X, we have ) 2 ui(t)d; and Y 7, uga)(t)éi converge uniformly in C(I,¢?), and

we get ule(t) = > ugo‘) (t)81. Then we can write (P2) as

{z] S W OB = 2 T WA ) T 5,
LL(O) = Z]:l X]/

where x; = Z?:jnj_l +1¢idi € Vj. Since the subspaces {V;j};2; are orthogonal, A(Vj) C V;,B(V;) C Vj and
Z?Jn 1 ui(t)dg €V, we get

n;j ny
Z ugo‘) (t)Bd; = Z u; (t)Ad; + f(t)Z]' . (3.7)
i=ny_1+1 i=ny 1+1

Taking the inner product of both sides of (3.7) with &, (n;—1 +1 <k < mny), we have

i) o)

S o uM B o) = > wilt)(AS, &) + () (zj, Ok). (3.8)

i:nj,1 +1 i:nj,1 +1
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Let Bj = B |v; be the restriction of B on V;. So B; has a matrix representation which is B; = [biy], such
that bix = (Bdx, di). Thus equation (3.8) can be written as

By (1) = Ajv; (1) + f(t)z;. (3.9)
Since dim Vj < oo, then V; = ker B; @ ker Bl so v;(t) = yj(t) +wj(t), x; = x} + x]z, and z; = z} + ZJZ, where

y,-(’c),x},zj1 € ker Bj and wj(t), x),z € (kerB )+

Define B; = B; |(kerB;)+ and A = Aj |(kerB;)+- Then B; is invertible (since Bj is one to one in a finite
dimensional space), so we can restrict equation (3.9) on (ker B; )1 to obtain
Byw ™ (1) = Ajwj (1) + f(1) 2.

This equation has a unique solution of the form

—1 & o t s —1 & pox_gox
wj(t) = eBi AJTXZ —|—J s* 1f(s)eBi At B; 1z)gds.
0
Now, let us restrict equation (3.9) on ker Bj. Suppose Cj = Aj [xer; Which is invertible by Assumption

3.6. So equation (3.9) becomes
0= ijj (t) + f(t)Z)l.

This equation has a unique solution given by:
yj(t) = —F(1)C; 'z

Hence v;(t) = y;(t) +w;j(t) is a unique solution of equation (3.9). Now, it remains to show u € .

[Villoo < [[Wjlloo + lYjlleo

1511 57 1 ||f|| 1y
<e = [Kll+e = HB 125 117>+ 1C5 1z 1l
M 12 2112\ 1 ”EiL~71”fHoo 12 2112\ 1 -1 112 2112\ 1
<e =« (IxlIT+Ix5l17)2 +e B5 ~II7—=Ulz 1"+ lz517)2 + [IC5 [[Iflloo (llz5 I~ + [I5117)>
I8 1A HB; -1, Il 1
=e = |[xj[[+e ||B | °°H zi| + 1G5 I lloo Iz,

I8, 1A HB' - -1 HfHOO
= |—=

Villeo < e 1511 +e HB | I3 1+ 11C57 o231

On the other hand, we have

(o) (o) (o)
||Vj0( oo < HW)'(X lloo + ||‘JjOc ||oo

1x
~—1 ~ HB‘ g ]

<18 Aplle = G + 118

||f|| -
231722+ 15 125 11 oo

s —1 % 18451 12 211243 5 —1 HfHoo 2 211243
1B Aslle < (1P + G112+ 1185 1= (llz} I1* + 1|5 [*)2

—1 2 2112\ %
1S I oo 2] 1P + 11251%)2

c 1 VA -1, |Ifl .
— I8, A e Il 4+ 185 1= 22 i+ 1C5 I o251,
21 I TA s —1,|If]l 1
195 llso < 185 Aslle s ey 4185 17 2z 4 1€ 2

We put

s —1 ¢ s —1
my = sup [|B;j "Ajl|, ma= sup [|B; |, msz= Sup IG5

§=12,. §=12,. j=12,
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Then we obtain

3 («) S )
> il + oo =3 3 futlloo + il
j=1

]:1 i:TLj,1+1

o
()
<MY [vjlloo + v lloo

j=1
m SR Iflo ™ v ¥
<MKe= (1+m1)) Y Icil—i—MszToo(eT—i—l)Z > il
j=1i=n;_;+1 j=11i=nj_1+1
[e'e) ny
+ MKms([[flloo + 1) 3 > il
j=1i=nj_;+1
By (H1), Y52 [[ujlloo + [[11;*’ oo < 00. Consequently u € I, O

Corollary 3.8. Under Assumption 3.5, condition (H1), and the assumption that B is one to one, problem (P2) has
a unique solution.
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