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Abstract

In this paper, we present first time the generalised notion of («, 3,7, §)-convex (concave) functions in mixed kind, which
is the generalisation of functions: convex (concave), P-convex (concave), quasi-convex (concave), s-convex (concave) in 15t kind,
s-convex (concave) in 2™ kind, (s, r)-convex (concave) in mixed kind, (&, §)-convex (concave) in 1%t kind, («, B)-convex (concave)
in 21 kind. Our aim is to establish Ostrowski like inequalities via fuzzy Riemann integrals for («, 3,7y, )-convex functions
in mixed kind by applying several techniques involving power mean inequality and Holder’s inequality. Moreover, we would
obtain various consequences with respect to the convexity of function as corollaries and remarks.
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1. Introduction

To generalise the Ostrowski inequality, we require to generalise the concept of convex functions, by
using this way we may easily see generalisations and its particular cases. From the history, we recall few
definitions for several convex functions [2]. For more study about convex functions see [11, 12, 14-17].

Definition 1.1. Any function g: K € R — R is called convex (concave), if
h(Cy + (1 —0)z) < (2)Ch(y) + (1 —Oh(z),
Vy,zeK,Cel[0,1].

Here we have P-convex (concave) function which is extracted from [4].
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Definition 1.2. Any function h: K C R — R is called P-convex, if
h(Cy+(1—-0)z) < (Z)h(y)+h(z), h=0,

Vy,zeK, Ce[0,1].

We present definition of quasi-convex (concave) function from [8].
Definition 1.3. Any function h: K C R — R is called quasi-convex, if

h(Cy + (1 —¢)z) < (=) max{h(y), h(z)},

Vy,zeK, Ce[0,1].

Here we provide definition of s-convex (concave) functions in the 1% kind as follows (see [19]).

Definition 1.4. Suppose s € (0,1]. Any function h : K C [0,00) — [0, c0) is known as s-convex (concave)
in the 15t kind, if

h(Cy +(1-0)z) < (Z)Ch(y) + (1 - C)h(z),
Vy,zeK,Cel01.

Remark 1.5. In above definition we also include s = 0. Moreover if s = 0, we acquire quasi-convexity (see
Definition 1.3).

For 2™ kind convexity we have following definition from [19].

Definition 1.6. Suppose s € (0,1]. Any function h : K C [0,00) — [0,00) is known as s-convex (concave)
in the 2" kind, if

h(Cy+ (1—0)z) < (Z)Ch(y) + (1 —-0)°h(z),
Vy,zeK,(e[0,1].

Remark 1.7. In the same way, we have slightly improved definition of 2" kind convexity by including
s = 0. Moreover if s = 0, we easily acquire P-convexity (see Definition 1.2).

The following definition of m-convex (concave) function is extracted from [9].
Definition 1.8. Suppose m € [0, 1]. Any function h: [0,00) — R is known as m-convex (concave), if
h(¢y+m(1—0)z) < (=)Ch(y) + m(1 - ¢)h(z),
Vy,z€[0,00), C€0,1].

Remark 1.9. For m = 1 the above definition captures the concept of standard convex (concave) functions
in the interval K and for m = 0 the concept of star-shaped functions.

A new class of (s, r)-convex (concave) functions in the mixed kind is extracted from [6] as following.

Definition 1.10. Suppose (s,7) € [0, 1]2. Any function h : K C [0,00) — [0,00) is called (s, 1)-convex
(concave) in the mixed kind, if

h(Cy+ (1 —0)z) < (Z)C°h(y) + (1 —C¢")h(z),

Vy,z€K,elo,1].
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Definition 1.11 ([5]). Suppose («, ) € [0,1]?. Any function h: K C [0, 00) — [0, c0) is called (o, B)-convex
(concave) in the 15 kind, if

R(Cy + (1 0)2) < (Z)C*h(y) + (1 - P)h(z),
Vy,zeK, Ce[0,1].
Definition 1.12 ([5]). Suppose («, ) € [0,1]?. Any function h: K C [0, 00) — [0, c0) is called (e, B)-convex
(concave) in the 2" kind, if
h(Cy+(1—0z) < (Z)C*h(y) + (1-0)Ph(z),
Vy,zeK, (el01]

Tenthly and finally we initiate a latest class of functions, which will be known as class of («, 3,7, 8)-
convex (concave) functions in mixed kind and containing all above classes of functions. This definition is
used sequentially in this paper.

Definition 1.13. Suppose («, 3,v,8) € [0, 1]4. Any function h : K C [0,00) — [0, 00) is called («, 3,v,5)-
convex (concave) in the mixed kind, if

h(Cy + (1—0)z) < (Z)%h(y) + (1 —¢PY)%h(z), (1.1)
Vy,zeK,Cel01].

Remark 1.14. In Definition 1.13, we have the cases below.

(i) fB=v=1and b = in (1.1), we acquire («, 3)-convex (concave) function in the 27 kind.
(ii) If 5 =y =11n (1.1), we acquire (o, 3)-convex (concave) function in the 1% kind.
(iii) Ify=1,x =0 =sand f = 1in (1.1), where 7, s € [0, 1], we acquire (s, r)-convex (concave) function
in the mixed kind.
(iv) f d=a=sand vy = = 1in (1.1), where s € [0,1], we acquire s-convex (concave) function in the

27 ind.
(v) f =oa=sand 6 =y =11in (1.1), where s € [0, 1], we acquire s-convex (concave) function in the
18t kind.
(vi) If y=sand « = =6 = 11in (1.1), where s € [0, 1], we acquire s-convex (concave) function in the
. q
15t kind.

(vii) If =86 =0, and d =y =1 in (1.1), we acquire quasi-convex (concave) function.
(viii) If 5= =0and y = 3 =1 in (1.1), we acquire P-convex (concave) function.
(ix) If 8 =y =p = « =11in (1.1), we acquire ordinary convex (concave) function.

At this stage, our main focus is on Ostrowski’s like inequalities, which was acquired by Ostrowski in
1938 (see [20]), it is an important inequality for convex functions, which has been extensively studied in
recent decades and stated as follows.

Proposition 1.15. Suppose h : K — R is a differentiable mapping in the interior K° of K, where j, k € K° with
j <k IfIh'(y)l <M, Vy € [j, kI, where M > 0 is constant, then

- <Mk—j) -+ -
k=i J; k=)t a5

1 (v“zkf]_

k
|h(y) — 1J h(t)dt

The value 1 is the best possible constant that can not be replaced by the smallest one.

Anastassiou extends Ostrowski like inequalities into the fuzzy setting in 2003 [1]. The concepts of
fuzzy Riemann integrals were initiated by Congxin and Ming [3].
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2. Preliminaries with notations

Under this heading, we remind few basic definitions and notations that would help us in the sequel
manner.

Definition 2.1 ([3]). p : R — [0,1] is known as fuzzy number if satisfies the following properties.

1. pisnormal (i.e, 3 a yo € R such that p(yp) = 1).

2. pis a convex fuzzy set, i.e.,, yC+ (1 —¢)z) > min{p(y),p(z)}, Vy,z € R, ¢ € [0,1] (p is known as a
convex fuzzy subset)

3. pis upper semi continuous in IR, i.e., Vyp € R and V € > 0, 3 neighborhood V(yo) : p(y) < p(yo) + €,
Vy € V(yo).

4. The set [p]° ={y € R: p(y) > 0} is compact, where A represents the closure of A.

RF denotes the set of all fuzzy numbers. For o € (0,1] and p € R, [p]* = {y € R : p(y) > o}
Then, from (1) to (4) it follows that the o-level set [p]* is a closed interval, V « € [0,1]. Moreover,
[p]* = [p(_“), pifx)], VY o € [0,1], where p'™ < pifx) and p'*, p&“) €R,ie., p(_‘x) and pgfx) are the endpoints

of [p]*.

Definition 2.2 ([22]). Let p,p € R" and a € R. Then, the addition and scalar multiplication are defined
respectively by following equations.

1. [p®pl* = [p]* + [p]%;
2. [a®p]* = alp]?,

V o € [0,1], where [p]* + [p]%, i.e., common addition of two intervals (as subsets of R) and a[p]%, i.e.,
common usual product between scalar and subset of IR.

Proposition 2.3 ([10]). Let p, p € RF and a € R. Then the given properties holds:

1. 10p=0p;

2.p0p=pDp

3. a0p=p0Oq

4. [p]* C [p]*2, whenever 0 < otx < 1 < 1;

5. for any o converging increasingly to « € (0,1], (_;[p]*™ = [p]*.

n=1

Definition 2.4 ([3]). Suppose D : RF x RF — R U{0} is a function, stated as

() (o) ) pgroc),pioc)}}

D(p,p) = sup maX{)pf o
«e(0,1]

for every p, p € RF, then D is metric on RF.

Proposition 2.5 ([3]). Let p, p, 0,e € R" and a € R, we have

1. (RF, D) is a complete metric space;
D(p®o,p®0) =Dlp,p);
a®p,a®p)=laDlp,p);
p@op,0@e)=D(p,0)+D(pe);

p&p,0) < D(p,0)+D(p,0);
6. D(p®p,0) < D(p,0)+D(p,0),

where 0 € RF is stated as 0(y) =0,V y € R.

ARSI

D
D
D
D

— —~ —~ —

Definition 2.6 ([22]). Let y,z € RF if 3 0 € RF such that y = z® 0, then 0 is H-difference of y and z
represented by 6 =y o z.
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Definition 2.7 ([22]). Let T := [yo,yo +7v] € R, where y > 0. A function h: T — RF is H-differentiable at
y € Tif 3h'(y) € RF, i.e., both limits (w.r.t the metric D)

lim h(y+9)@h(y), lim h(y) ©h(y —g)

g—0* g g0+ g

exist and equal to h'(y). We say H-derivative of h or h’ the derivative at y. If h is H-differentiable at each
y € T, we say H-differentiable or h differentiable and it has H-derivetive over T the function h'.

Definition 2.8 ([7]). Let h: [j, k] — RRF, if for each 0 < &, 30 < 1, for any partition P = {[p, p]; 9} of [j, kI
with norm A(P) < n, we have

D (Z(p—p) @h(&K)) <&

P

then we call h is fuzzy-Riemann integrable to the interval K € RF, we write it as

k
K:= (FR)J h(y)dy.

j
For few current consequences linked with fuzzy-Riemann integrals see [13].
The purpose of paper is to derive fuzzy Ostrowski like inequalities for (o, 3,7, §)-convex function in
mixed kind and we obtain various results w.r.t the convexity of function as corollaries and remarks.
3. Fuzzy Ostrowski like inequalities for («, 3,7y, 8)-convex functions in mixed kind

We require the Lemma below for the proof of our main results.

Lemma 3.1. Suppose h : K € R — RF is differentiable mapping on K°, where j,k € K with j < k. If
h' € CFG, kI LFG, X, then

1 K (y_j)z ! ! .
ki_].@(FR) L h(u)du@fQ(FR) J() C@h (Cy+(1—C)J)dC
2 1
—niy) e Y @(FR)J CoN(Qy +(1- DKL,
—) 0

Vye (k).

Proof. We derive the required result by using similar techniques as in the proof of Lemma 3.1 of [21]. O

Theorem 3.2. Under all assumptions of Lemma 3.1 and assuming that D(h'(y),0) is an («, B,7, d)-convex func-
tion on [j, k] and D(h'(y),0) < M, then

K B(2,64+1
o s oo ) n (e HEE

5 xy+2 By

(=i +(k=y)*

Vy € (j,k) and By > 0, where I(y) =

Proof. From Lemma 3.1 and using Proposition 2.5, then we have

)

1 k
D <h(y), K—3 ® (FR) J h(u)du)
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2 1 B 2 1 B
<o( B0 | aviey+-0pacd ) +o( B2 o) | avey+a-amacd) 62
k—j 0 k—j 0

2 1 . —1)2 1 -
B ) (FR)J h(y+ (1—0§)de8 ) + XY p (FR)J Ch'(Qy + (1— DKL, 0
k—j 0 k— 0
(y—ij)? (* < ' o ~) (k—y)? (* ( ; B ~)
<30 J, oo (Wiey+a-07,0)ac+ S5 | o (Wit +1-05,0)ac

As we know that D(h'(y),0) is an («, 8,7, d)-convex functon and D(h’(y),a) < M, we have

D (W'(cy+(1-0),0) < D (W(y),0) + (1- ) D (h'(5),0) <M[c™ + (1-¢*)°],  (33)

D (h'(cy+(1-0)k),0) <D (W(y),0) + (1-¢*) D (W(1),0) <M ¢V + (1-¢F)°] . (34)
Now using (3.3) and (3.4) in (3.2) we get (3.1). O

Note that in above B is Beta function and it is stated as B(l, m) = f(l) 1 —omlde =
since M'(1) = [” e “u'~ldu.

Corollary 3.3. In Theorem 3.2, we have cases below.

1.Ify=B=1and 6 =3, € [0,1], and o« € [0,1] in (3.1), we acquire the fuzzy Ostrowski inequality for
(o, B)-convex functions in 2" kind:

by, o ) | nawau) <m (o 1 1)
Wi 5@ L e s <2+o¢+(r5+1)(r3+2)> o

2. Ifdo=v=1,3€(0,1] and « € [0,1], in (3.1), we acquire the fuzzy Ostrowski inequality for (x, 3)-convex
functions in 1% kind:

K B(%,2
D (h(y),kl.Q(FR)J h(u)du> <M ( 1 (‘5 >) I(y).

+

)

3. Ify=r,0=a=sand 3 =1, wherer € (0,1] and s € [0,1] in (3.1), we acquire the fuzzy Ostrowski
inequality for (s,r)-convex functions in mixed kind:

k 2
D (h(y),kl.CD(FR)J h(u)du) < M( L + B (*’HS)) I(y).

—j sT+2 T

)

4 Ifa=0=sand p =y =1, wheres € [0,1], in (3.1), we acquire the fuzzy Ostrowski inequality for s-convex
functions in 279 kind:

D(h ! FR kh du| <M ! I
W) 0 R | hiwdn ) < () 1)

5. IfB=a=sandd=vy =1, wheres € (0,1] in (3.1), we acquire the fuzzy Ostrowski inequality for s-convex
functions in 15 kind:
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6. Ifd=a=0andy = =1in (3.1), we acquire the fuzzy Ostrowski inequality for P-convex functions:

k

D (h(y),kl. o () | h(u)du> < Mi(y)
- j

7. If6 =v=p =a=1,in (3.1), we acquire the fuzzy Ostrowski inequality for convex functions:

) j

k
D (h(m,kl. o) | h(u)du) < 2ty)

Theorem 3.4. Under all assumptions of Lemma 3.1 and assuming that [D(h’ (y),ﬁ)]q is (o, 3,7, 8)-convex func-

tion on [j, k], 1 < q and D(h'(y),0) < M, then the following inequality holds:
1 k M 1 B (Bylé + 1)
D(h(y), —©® FRJ udu>< + I(y), (3-5)
( ()5 © (R niw (z)lé<w+2 = (y)

Yy € (jk)and By > 0.

Proof. From (3.2) and applying power mean inequality, we have

k
D (h ® (FR) J (u)du>
j

2
CD( "(Qy + (1= 0)j), >dc+(k v)

k—j

1 -3 /1 BRL 3
j tdt) (J C[D(h’(cw(l—ajmﬂ dC)
0 0
2 =3 /0 \14 a
+(k Y) (J CdC> (J C[D(h’(cw(l—(:)k)ﬂﬂ d&) .
k—j 0 0

As we know that [D(h’(y),a)]q is the (&, B,7v, 8)-convex function and D(h’(y),a) < M, we have
\14 . .14
st -on)] < o wng -8 )
< MA [Coﬂ/ + (1 _ CBY)‘S} ,
\149 14 5 14
[D (h’(&y +1- C)k),O)} < ¢ [D (n').0) ] +(1-28) [D (h’(k),O)]

< Md [Cocv +(1- CBY)‘S} ‘

<

1 o~
L (D <h'(Cy + - C)k),O) ac
(3.6)

=
|
/—\ %

q

(3.7)

(3.8)

Now applying (3.7) and (3.8) in (3.6) we get required theorem. O

Corollary 3.5. In Theorem 3.4, we have the following cases.

1. If q =1, we acquire Theorem 3.2.
22 Ify=B=1and 6 =B, 5 € [0,1] and « € [0,1], in (3.5), we acquire the fuzzy Ostrowski inequality for
(o, B)-convex functions in 2nd kind:

1 K M 1 1 g
D<h(y)’k‘®(FR) Jj Mu)du) S o) 4 <(2+ B) (1+B)(2+B)> 1y)-
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3. Ifd=v=1,3€ (0,11, and o« € [0,1], in (3.5), we acquire the fuzzy Ostrowski inequality for (x, 3)-convex
functions in 1% kind:

K B(%,2 @
D(h(y),kl.G(FR)J h(u)du>< M ( L + <B )) I(y).

-] j @ \«t2 B

4. Ify=r,0 =a=sand p =1, wherer € (0,1] and s € [0,1] in (3.5), we acquire the fuzzy Ostrowski
inequality for (s, r)-convex functions in mixed kind:

k B le %
D(h(y),kl,Q(FR)J h(u)du> < (2;\;[_1 <sriz+ (2 r—i—S)) I(y).

)

5. Ifa=0=sand 3 =vy =1, where s € [0,1], in (3.5), we acquire the fuzzy Ostrowski inequality for s-convex
functions in 279 kind:

1 k M 1\«
D<h(y),k, ® (FR) L h(u)du> < (Z)T% <s+1> I(y).

6. Ifa =B =sandy=>5=1,wheres € (0,1] in (3.5), we acquire the fuzzy Ostrowski inequality for s-convex
functions in 1% kind:

k B 212 q
D(h(y),kl.G)(FR)J h(u)du) < (2)’\141 (Siﬁ (Z )> I(y).

)

7. If6 =a=0and vy = =1in (3.5), we acquire the fuzzy Ostrowski inequality for P-convex functions:

k
D(h(y),kl.Q(FR)J h(u)du>< M ).
)

)"
8. If6 =v =P =«a=1,in(3.5), we acquire the fuzzy Ostrowski inequality for convex functions:

k
D(h(y),kl_].@(FR)J h(u)du) <M.
)

2

Remark 3.6. In Theorem 3.4, we have the following cases.

1. Ify = % in (3.5), we acquire the fuzzy Ostrowski mid-point inequality for («, 3,7v,d)- convex
functions in mixed kind:

j _j B(2,0+1 a
(W), o [ ) < M J)( G )) |

—j j 2)%« \oy+2 By

2. Ify = %, Yy=Rf=1and 6 =f,5 € [0,1] and « € [0,1] in (3.5), we acquire the fuzzy Ostrowski
mid-point inequality for (&, B)-convex functions in 2™ kind:

itk 1 K M(k—j) (1 1
D<h(2)’k'®(FR)J h(u)du>< (2)2_% <((X+2)+(f3+1)(f5+2)>

al=

)
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3. Ify = %, d=v=1,p € (0,1 and « € [0,1] in (3.5), we acquire the fuzzy Ostrowski mid-point
inequality for («, 3)-convex functions in 1% kind:

)

j+k, 1 K M(ppb—pa) [ 1 B(%’z> !
D(h(z),k.G)(FR)J h(u)du)< 21 (a+2+ B

4. Ify = %, y=m1,0=a=s,and p =1, wherer € (0,1] and s € [0,1] in (3.5), we acquire the fuzzy
Ostrowski mid-point inequality for (s, r)-convex functions in mixed kind:

j+k, 1 K M) (1 BGs+1))
D<h(2)'kj®(FR)J h(u)du)< (2)2—% <T3+2+ T ‘

)

5 Ify= %, ax=0=s, =v =1 wheres € [0,1], in (3.5), we acquire the fuzzy Ostrowski mid-point
inequality for s-convex functions in 2nd kind:

j+k 1 K M (k—j) 1 @
D<h(2),k_j®(FR)J h(u)du>< (27 <s+1> '

)

6. Ify = %, x=pf =sand vy =05 =1, where s € (0,1] in (3.5), we acquire the fuzzy Ostrowski

mid-point inequality for s-convex functions in 1% kind:

e K M=) (1 B(Z2)\"
D(h(z)’k—jQ(FR)L ) < 22+ <5+2+ * )

7. Ity = %, d=a=0and y = =11in (3.5), we acquire the fuzzy Ostrowski mid-point inequality
for P-convex functions:

. k .
D<h(]+k),1, ® (FR)J w
(2)7

<
7 T j h(u)du> <

8. Ify = %, ax=p =v=2>0=1,in (3.5), we acquire the fuzzy Ostrowski mid-point inequality for
convex functions:

k .
h(u) du> < W

D <h(j+k), L © (FR)J
j

2 k—j

Theorem 3.7. Under all assumptions of Lemma 3.1 and assuming that [D(h'(y),0)]9 is an («, B,y,8)-convex
function on [j, k], 1 < p,qand D(h'(y),0) < M, then following inequality holds:

)

1 k M 1 B (%,6"‘1) a
1 (3.9)
D (hly) 1 0 7R | hiwau) < —— (1+w+ = Ity),

Yy e (j,k)and By >0, where g~ +p~1 = 1.
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Proof. From (3.2) and by inequality of Holder, we have

)

1 k
D (h(y), Tﬂ ® (FR) J h(u)du>

(y—j)?
k—j

1 B 2l _
J CD(h’(Cy+(1—C)i)/0>dC+(kk Y) L CD<h’(Cy+(1—C)k),0>dc

0

2 [l 5/ BRL 3
< (L mc) (L [D(h’(cw(loj),c)ﬂ d&)

=92 ([ ) 1{( ) ~>]q g
0 (JOCdC> (L D(h(y+(1-0k),0)| ac) .

As we know that [D(h/(y),0)]9 is an (e, B,7, §)-convex function and D(h'(y),a) < M, we have

<

(3.10)

q

\14 . .74

o(We+a-0id)| <ev|o (Wwd) |+ 0=’ o (i) |
< M4 [CaV+(1_CBY)5},

A\14 L 5 14

[D(h’(&ym—akmﬂ <C°‘V[D (h’(y),O)} +(1-25) [D (h’(k),O)]

< MY [chv + (1 _ CBV)‘S} )

(3.11)

(3.12)

Now applying (3.11) and (3.12) in (3.10) we get (3.9). O
Corollary 3.8. In Theorem 3.7, we have the following cases.

1L.Ify=B=1and 5 =f,06 € [0,1] and o € [0,1], in (3.9), we acquire the fuzzy Ostrowski inequality for
(o, B)-convex functions in 2nd kind:

1 K M 1 1 \d
D<h(y)'k—j®(FR)J h(u)du) < (1+p)% <1—|—oc+1—|-[5> I(y).

)

2. If6=v=1,pB € (0,1] and x € [0,1], in (3.9), we acquire the fuzzy Ostrowski inequality for (o, 3)-convex
functions in 1% kind:

K B(1,2 0
D(h(y),kl.Q(FR)J h(u)du>< M ( 1 (f’ >> I(y).

+
=) (p+1)p \*+1 B

)

3. Ify=r,0=a=sand 3 =1, where r € (0,1] and s € [0,1] in (3.9), we acquire the fuzzy Ostrowski
inequality for (s, r)-convex functions in mixed kind:

1 k M 1 B(1,1+5) a
D(h(y),k,Q(FR)J h(u)du) < (p+1)% <1+sr+ . ) I(y).

)

4 Ifao=0=sandy = =1, wheres € [0,1] in (3.9), we acquire the fuzzy Ostrowski inequality for s-convex
functions in 2°9 kind:

1 K M 2 \d
D (i) 1 (FR) | hiwan) < e (:35) 1w
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5. IfB=oa=sand d=vy =1, wheres € (0,1] in (3.9), we acquire the fuzzy Ostrowski inequality for s-convex
functions in 1% kind:

1 K M 1 B(L,2) ‘
D<h(y),k_].®(FR)L h(u)du> < ot <1+S +— ) I(y).

6. Ifd=a=0andy = p =1in (3.9), we acquire the fuzzy Ostrowski inequality for P-convex functions:

‘ !
D(h(y),l.@(FR)J h(u)du) < @M 1)
k— j (p+1)»

7. If x = =v =20 =1in (3.9), we acquire the fuzzy Ostrowski inequality for convex functions:

1 k
D (h(y), P ® (FR) J h(u)du> <

B j

M

—1y).
(p+1)v
Remark 3.9. In Theorem 3.7, we have the following cases.

1. Ify = ﬂ in (3.9), we acquire the fuzzy Ostrowski mid-point inequality for («, 3,7y, d)-convex
functlons in mixed kind:

j+k, 1 * Mk—j) [ 1 GREUAN
D(n 55 o (e < 2(p+ 1)t (ow+1+ By

2. Ify = Jzk, vy=pf=1and 6 =p,d € [0,1] and « € [0,1], in (3.9), we acquire the fuzzy Ostrowski
mid-point inequality for (&, B)-convex functions in 2™ kind:

| k a
D<h(J+k),k1_].®(FR)j h(u)du> < N(l(+1)3 <(X_1H+ 511) '
j P P

3. Ify = #, d=v=1p € (0,1 and «x € [0,1], in (3.9), we acquire the fuzzy Ostrowski mid-point
inequality for (&, 3)-convex functions in 1% kind:

j+k, 1 ¢ Mk—j) (1 B(%’2> '
D(h(z) k_)@(FR)J] h(u)du> S 2(pt1) (oc—i—l T8

4. Ify = %, y=1,0=a=sand B =1, wherer € (0,1] and s € [0,1] in (3.9), we acquire the fuzzy
Ostrowski mid-point inequality for (s, r)-convex functions in mixed kind:

j+k K Mk=i) (1 B(Ls+D)*
(3 5 0 (0 [ ) < 2(p+ 1)} <5f+1+ '

5. Ify = %, x=08=sand B =y =1, where s € [0,1] in (3.9), we acquire the fuzzy Ostrowski
mid-point inequality for s-convex functions in 2"¢ kind:

j+k. 1 K 208 M (k—j) / 1 \¢
D<h(2)’k'®(FR)L h(u)du>< (p—l—l)% <s+1> .
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6.

Ify = %, ax=pf =sand y =08 =1, where s € (0,1] in (3.9), we acquire the fuzzy Ostrowski

mid-point inequality for s-convex functions in 1% kind:

j+k, 1 k M) (1 B2

)

Ify= %, d=oa=0and y =P =11in (3.9), we acquire the fuzzy Ostrowski mid-point inequality

for P-convex functions:
k (2)a "M (k—j)

(p+1)r

j 1
D (h(),. ® (FR)J h(u)du) <
k—j j
Ify= %k and o« = 3 =y =6 = 11in (3.9), we acquire the fuzzy Ostrowski mid-point inequality for
convex functions:

. k .
D(h(]—;k),kl. o (FR)J h(u)du) < M)

)

4. Conclusion

We derived the generalised notion of («, 3,7, 8)-convex (concave) functions in mixed kind. This class
of functions have many important classes involving class of convex (concave), P-convex (concave), quasi-
convex (concave), s-convex (concave) in 1% kind, s-convex (concave) in 2" kind, (s, r)-convex (concave) in
mixed kind, (&, p)-convex (concave) in 1%t kind, (x, p)-convex (concave) in 2"¢ kind. We have established
our 1% main consequence in Section 3, the generalisation of Ostrowski inequality via fuzzy Riemann
integrals for (o, 3,7, 8)-convex functions in mixed kind. Further, we used several techniques involving
power mean inequality and inequality of Holder for generalisation of fuzzy Ostrowski inequality. We also
obtained various results w.r.t the convexity of function as corollaries and remarks.
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