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Abstract

In this paper, we present first time the generalised notion of (α,β,γ, δ)-convex (concave) functions in mixed kind, which
is the generalisation of functions: convex (concave), P-convex (concave), quasi-convex (concave), s-convex (concave) in 1st kind,
s-convex (concave) in 2nd kind, (s, r)-convex (concave) in mixed kind, (α,β)-convex (concave) in 1st kind, (α,β)-convex (concave)
in 2nd kind. Our aim is to establish Ostrowski like inequalities via fuzzy Riemann integrals for (α,β,γ, δ)-convex functions
in mixed kind by applying several techniques involving power mean inequality and Hölder’s inequality. Moreover, we would
obtain various consequences with respect to the convexity of function as corollaries and remarks.
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1. Introduction

To generalise the Ostrowski inequality, we require to generalise the concept of convex functions, by
using this way we may easily see generalisations and its particular cases. From the history, we recall few
definitions for several convex functions [2]. For more study about convex functions see [11, 12, 14–17].

Definition 1.1. Any function g : K ⊆ R→ R is called convex (concave), if

h(ζy+ (1 − ζ)z) 6 (>)ζh(y) + (1 − ζ)h(z),

∀ y, z ∈ K, ζ ∈ [0, 1].

Here we have P-convex (concave) function which is extracted from [4].
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Definition 1.2. Any function h : K ⊆ R→ R is called P-convex, if

h(ζy+ (1 − ζ)z) 6 (>)h(y) + h(z), h > 0,

∀ y, z ∈ K, ζ ∈ [0, 1].

We present definition of quasi-convex (concave) function from [8].

Definition 1.3. Any function h : K ⊆ R→ R is called quasi-convex, if

h(ζy+ (1 − ζ)z) 6 (>)max{h(y),h(z)},

∀ y, z ∈ K, ζ ∈ [0, 1].

Here we provide definition of s-convex (concave) functions in the 1st kind as follows (see [19]).

Definition 1.4. Suppose s ∈ (0, 1]. Any function h : K ⊆ [0,∞) → [0,∞) is known as s-convex (concave)
in the 1st kind, if

h(ζy+ (1 − ζ)z) 6 (>)ζsh(y) + (1 − ζs)h(z),

∀ y, z ∈ K, ζ ∈ [0, 1].

Remark 1.5. In above definition we also include s = 0. Moreover if s = 0, we acquire quasi-convexity (see
Definition 1.3).

For 2nd kind convexity we have following definition from [19].

Definition 1.6. Suppose s ∈ (0, 1]. Any function h : K ⊆ [0,∞) → [0,∞) is known as s-convex (concave)
in the 2nd kind, if

h(ζy+ (1 − ζ)z) 6 (>)ζsh(y) + (1 − ζ)sh(z),

∀ y, z ∈ K, ζ ∈ [0, 1].

Remark 1.7. In the same way, we have slightly improved definition of 2nd kind convexity by including
s = 0. Moreover if s = 0, we easily acquire P-convexity (see Definition 1.2).

The following definition of m-convex (concave) function is extracted from [9].

Definition 1.8. Suppose m ∈ [0, 1]. Any function h : [0,∞)→ R is known as m-convex (concave), if

h(ζy+m(1 − ζ)z) 6 (>)ζh(y) +m(1 − ζ)h(z),

∀ y, z ∈ [0,∞), ζ ∈ [0, 1].

Remark 1.9. For m = 1 the above definition captures the concept of standard convex (concave) functions
in the interval K and for m = 0 the concept of star-shaped functions.

A new class of (s, r)-convex (concave) functions in the mixed kind is extracted from [6] as following.

Definition 1.10. Suppose (s, r) ∈ [0, 1]2. Any function h : K ⊆ [0,∞) → [0,∞) is called (s, r)-convex
(concave) in the mixed kind, if

h(ζy+ (1 − ζ)z) 6 (>)ζrsh(y) + (1 − ζr)sh(z),

∀ y, z ∈ K, ζ ∈ [0, 1].
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Definition 1.11 ([5]). Suppose (α,β) ∈ [0, 1]2. Any function h : K ⊆ [0,∞)→ [0,∞) is called (α,β)-convex
(concave) in the 1st kind, if

h(ζy+ (1 − ζ)z) 6 (>)ζαh(y) + (1 − ζβ)h(z),

∀ y, z ∈ K, ζ ∈ [0, 1].

Definition 1.12 ([5]). Suppose (α,β) ∈ [0, 1]2. Any function h : K ⊆ [0,∞)→ [0,∞) is called (α,β)-convex
(concave) in the 2nd kind, if

h(ζy+ (1 − ζ)z) 6 (>)ζαh(y) + (1 − ζ)βh(z),

∀ y, z ∈ K, ζ ∈ [0, 1].

Tenthly and finally we initiate a latest class of functions, which will be known as class of (α,β,γ, δ)-
convex (concave) functions in mixed kind and containing all above classes of functions. This definition is
used sequentially in this paper.

Definition 1.13. Suppose (α,β,γ, δ) ∈ [0, 1]4. Any function h : K ⊆ [0,∞) → [0,∞) is called (α,β,γ, δ)-
convex (concave) in the mixed kind, if

h(ζy+ (1 − ζ)z) 6 (>)ζαγh(y) + (1 − ζβγ)δh(z), (1.1)

∀ y, z ∈ K, ζ ∈ [0, 1].

Remark 1.14. In Definition 1.13, we have the cases below.

(i) If β = γ = 1 and δ = β in (1.1), we acquire (α,β)-convex (concave) function in the 2nd kind.
(ii) If δ = γ = 1 in (1.1), we acquire (α,β)-convex (concave) function in the 1st kind.

(iii) If γ = r, α = δ = s and β = 1 in (1.1), where r, s ∈ [0, 1], we acquire (s, r)-convex (concave) function
in the mixed kind.

(iv) If δ = α = s and γ = β = 1 in (1.1), where s ∈ [0, 1], we acquire s-convex (concave) function in the
2nd kind.

(v) If β = α = s and δ = γ = 1 in (1.1), where s ∈ [0, 1], we acquire s-convex (concave) function in the
1st kind.

(vi) If γ = s and α = β = δ = 1 in (1.1), where s ∈ [0, 1], we acquire s-convex (concave) function in the
1st kind.

(vii) If β = δ = 0, and δ = γ = 1 in (1.1), we acquire quasi-convex (concave) function.
(viii) If δ = α = 0 and γ = β = 1 in (1.1), we acquire P-convex (concave) function.

(ix) If δ = γ = β = α = 1 in (1.1), we acquire ordinary convex (concave) function.

At this stage, our main focus is on Ostrowski’s like inequalities, which was acquired by Ostrowski in
1938 (see [20]), it is an important inequality for convex functions, which has been extensively studied in
recent decades and stated as follows.

Proposition 1.15. Suppose h : K → R is a differentiable mapping in the interior Ko of K, where j,k ∈ Ko with
j < k. If |h ′(y)| 6 M, ∀ y ∈ [j,k], where M > 0 is constant, then

∣∣∣∣∣h(y) − 1
k− j

∫k
j

h(τ)dτ

∣∣∣∣∣ 6 M(k− j)

[
1
4
+

(
y− j+k

2

)2

(k− j)2

]
.

The value 1
4 is the best possible constant that can not be replaced by the smallest one.

Anastassiou extends Ostrowski like inequalities into the fuzzy setting in 2003 [1]. The concepts of
fuzzy Riemann integrals were initiated by Congxin and Ming [3].
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2. Preliminaries with notations

Under this heading, we remind few basic definitions and notations that would help us in the sequel
manner.

Definition 2.1 ([3]). ρ : R→ [0, 1] is known as fuzzy number if satisfies the following properties.

1. ρ is normal (i.e, ∃ a y0 ∈ R such that ρ(y0) = 1).
2. ρ is a convex fuzzy set, i.e., yζ+ (1 − ζ)z) > min{ρ(y), ρ(z)}, ∀ y, z ∈ R, ζ ∈ [0, 1] (ρ is known as a

convex fuzzy subset)
3. ρ is upper semi continuous in R, i.e., ∀ y0 ∈ R and ∀ ε > 0, ∃ neighborhood V(y0) : ρ(y) 6 ρ(y0)+ε,
∀ y ∈ V(y0).

4. The set [ρ]0 = {y ∈ R : ρ(y) > 0} is compact, where A represents the closure of A.

RF denotes the set of all fuzzy numbers. For α ∈ (0, 1] and ρ ∈ RF, [ρ]α = {y ∈ R : ρ(y) > α}.
Then, from (1) to (4) it follows that the α-level set [ρ]α is a closed interval, ∀ α ∈ [0, 1]. Moreover,
[ρ]α = [ρ

(α)
− , ρ(α)+ ], ∀ α ∈ [0, 1], where ρ(α)− 6 ρ(α)+ and ρ(α)− , ρ(α)+ ∈ R, i.e., ρ(α)− and ρ(α)+ are the endpoints

of [ρ]α.

Definition 2.2 ([22]). Let ρ, ρ ∈ RF and a ∈ R. Then, the addition and scalar multiplication are defined
respectively by following equations.

1. [ρ⊕ ρ]α = [ρ]α + [ρ]α;
2. [a� ρ]α = a[ρ]α,

∀ α ∈ [0, 1], where [ρ]α + [ρ]α, i.e., common addition of two intervals (as subsets of R) and a[ρ]α, i.e.,
common usual product between scalar and subset of R.

Proposition 2.3 ([10]). Let ρ, ρ ∈ RF and a ∈ R. Then the given properties holds:

1. 1� ρ = ρ;
2. ρ⊕ ρ = ρ⊕ ρ;
3. a� ρ = ρ� a;
4. [ρ]α1 ⊆ [ρ]α2 , whenever 0 6 α2 6 α1 6 1;
5. for any αn converging increasingly to α ∈ (0, 1],

⋂∞
n=1[ρ]

αn = [ρ]α.

Definition 2.4 ([3]). Suppose D : RF ×RF → R+ ∪ {0} is a function, stated as

D(ρ, ρ) = sup
α∈[0,1]

max
{∣∣∣ρ(α)− , ρ(α)−

∣∣∣ , ∣∣∣ρ(α)+ , ρ(α)+

∣∣∣}
for every ρ, ρ ∈ RF, then D is metric on RF.

Proposition 2.5 ([3]). Let ρ, ρ,σ, e ∈ RF and a ∈ R, we have

1. (RF,D) is a complete metric space;
2. D(ρ⊕ σ, ρ⊕ σ) = D(ρ, ρ);
3. D(a� ρ,a� ρ) = |a|D(ρ, ρ);
4. D(ρ⊕ ρ,σ⊕ e) = D(ρ,σ) +D(ρ, e);
5. D(ρ⊕ ρ, 0̃) 6 D(ρ, 0̃) +D(ρ, 0̃);
6. D(ρ⊕ ρ,σ) 6 D(ρ,σ) +D(ρ, 0̃),

where 0̃ ∈ RF is stated as 0̃(y) = 0, ∀ y ∈ R.

Definition 2.6 ([22]). Let y, z ∈ RF if ∃ θ ∈ RF such that y = z⊕ θ, then θ is H-difference of y and z
represented by θ = y	 z.
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Definition 2.7 ([22]). Let T := [y0,y0 + γ] ⊆ R, where γ > 0. A function h : T → RF is H-differentiable at
y ∈ T if ∃ h ′(y) ∈ RF, i.e., both limits (w.r.t the metric D)

lim
g→0+

h(y+ g)	 h(y)
g

, lim
g→0+

h(y)	 h(y− g)
g

exist and equal to h ′(y). We say H-derivative of h or h ′ the derivative at y. If h is H-differentiable at each
y ∈ T , we say H-differentiable or h differentiable and it has H-derivetive over T the function h ′.

Definition 2.8 ([7]). Let h : [j,k] → RF, if for each 0 < ξ, ∃ 0 < η, for any partition P = {[ρ, ρ]; ϑ} of [j,k]
with norm ∆(P) < η, we have

D

( ∗∑
P

(ρ− ρ)� h(ϑ,K)

)
< ξ,

then we call h is fuzzy-Riemann integrable to the interval K ∈ RF, we write it as

K := (FR)

∫k
j

h(y)dy.

For few current consequences linked with fuzzy-Riemann integrals see [13].
The purpose of paper is to derive fuzzy Ostrowski like inequalities for (α,β,γ, δ)-convex function in

mixed kind and we obtain various results w.r.t the convexity of function as corollaries and remarks.

3. Fuzzy Ostrowski like inequalities for (α,β,γ,δ)-convex functions in mixed kind

We require the Lemma below for the proof of our main results.

Lemma 3.1. Suppose h : K ⊂ R → RF is differentiable mapping on Ko, where j,k ∈ K with j < k. If
h ′ ∈ CF[j,k]

⋂
LF[j,k], then

1
k− j

� (FR)

∫k
j

h(u)du⊕ (y− j)2

k− j
� (FR)

∫ 1

0
ζ� h ′(ζy+ (1 − ζ)j)dζ

= h(y)⊕ (k− y)2

k− j
� (FR)

∫ 1

0
ζ� h ′(ζy+ (1 − ζ)k)dζ,

∀ y ∈ (j,k).

Proof. We derive the required result by using similar techniques as in the proof of Lemma 3.1 of [21].

Theorem 3.2. Under all assumptions of Lemma 3.1 and assuming that D(h ′(y), 0̃) is an (α,β,γ, δ)-convex func-
tion on [j,k] and D(h ′(y), 0̃) 6M, then

D

(
h(y),

1
k− j

� (FR)

∫k
j

h(u)du

)
6M

 1
αγ+ 2

+
B
(

2
βγ , δ+ 1

)
βγ

 I(y), (3.1)

∀ y ∈ (j,k) and βγ > 0, where I(y) = (y−j)2+(k−y)2

k−j .

Proof. From Lemma 3.1 and using Proposition 2.5, then we have

D

(
h(y),

1
k− j

� (FR)

∫k
j

h(u)du

)
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6 D

(
(y− j)2

k− j
� (FR)

∫ 1

0
ζh ′(ζy+ (1 − ζ)j)dζ, 0̃

)
+D

(
(k− y)2

k− j
� (FR)

∫ 1

0
ζh ′(ζy+ (1 − ζ)k)dζ, 0̃

)
(3.2)

=
(y− j)2

k− j
D

(
(FR)

∫ 1

0
ζh ′(ζy+ (1 − ζ)j)dζ, 0̃

)
+

(k− y)2

k− j
D

(
(FR)

∫ 1

0
ζh ′(ζy+ (1 − ζ)k)dζ, 0̃

)

6
(y− j)2

k− j

∫ 1

0
ζD

(
h ′(ζy+ (1 − ζ)j), 0̃

)
dζ+

(k− y)2

k− j

∫ 1

0
ζD

(
h ′(ζy+ (1 − ζ)k), 0̃

)
dζ.

As we know that D(h ′(y), 0̃) is an (α,β,γ, δ)-convex functon and D(h ′(y), 0̃) 6M, we have

D
(
h ′(ζy+ (1 − ζ)j), 0̃

)
6 ζαγD

(
h ′(y), 0̃

)
+
(
1 − ζβγ

)δ
D
(
h ′(j), 0̃

)
6M

[
ζαγ +

(
1 − ζβγ

)δ]
, (3.3)

D
(
h ′(ζy+ (1 − ζ)k), 0̃

)
6 ζαγD

(
h ′(y), 0̃

)
+
(
1 − ζβγ

)δ
D
(
h ′(k), 0̃

)
6M

[
ζαγ +

(
1 − ζβγ

)δ]
. (3.4)

Now using (3.3) and (3.4) in (3.2) we get (3.1).

Note that in above B is Beta function and it is stated as B(l,m) =
∫1

0 ζ
l−1(1 − ζ)m−1dζ =

Γ(l)Γ(m)

Γ(l+m)
,

since Γ(l) =
∫∞

0 e
−uul−1du.

Corollary 3.3. In Theorem 3.2, we have cases below.

1. If γ = β = 1 and δ = β, δ ∈ [0, 1], and α ∈ [0, 1] in (3.1), we acquire the fuzzy Ostrowski inequality for
(α,β)-convex functions in 2nd kind:

D

(
h(y),

1
k− j

� (FR)

∫k
j

h(u)du

)
6M

(
1

2 +α
+

1
(β+ 1)(β+ 2)

)
I(y).

2. If δ = γ = 1, β ∈ (0, 1] and α ∈ [0, 1], in (3.1), we acquire the fuzzy Ostrowski inequality for (α,β)-convex
functions in 1st kind:

D

(
h(y),

1
k− j

� (FR)

∫k
j

h(u)du

)
6M

 1
α+ 2

+
B
(

2
β , 2

)
β

 I(y).
3. If γ = r, δ = α = s and β = 1, where r ∈ (0, 1] and s ∈ [0, 1] in (3.1), we acquire the fuzzy Ostrowski

inequality for (s, r)-convex functions in mixed kind:

D

(
h(y),

1
k− j

� (FR)

∫k
j

h(u)du

)
6M

(
1

sr+ 2
+
B
( 2
r , 1 + s

)
r

)
I(y).

4. If α = δ = s and β = γ = 1, where s ∈ [0, 1], in (3.1), we acquire the fuzzy Ostrowski inequality for s-convex
functions in 2nd kind:

D

(
h(y),

1
k− j

� (FR)

∫k
j

h(u)du

)
6M

(
1

s+ 1

)
I(y).

5. If β = α = s and δ = γ = 1, where s ∈ (0, 1] in (3.1), we acquire the fuzzy Ostrowski inequality for s-convex
functions in 1st kind:

D

(
h(y),

1
k− j

� (FR)

∫k
j

h(u)du

)
6M

(
1

s+ 2
+
B
( 2
s , 2
)

s

)
I(y).
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6. If δ = α = 0 and γ = β = 1 in (3.1), we acquire the fuzzy Ostrowski inequality for P-convex functions:

D

(
h(y),

1
k− j

� (FR)

∫k
j

h(u)du

)
6MI(y).

7. If δ = γ = β = α = 1, in (3.1), we acquire the fuzzy Ostrowski inequality for convex functions:

D

(
h(y),

1
k− j

� (FR)

∫k
j

h(u)du

)
6
M

2
I(y).

Theorem 3.4. Under all assumptions of Lemma 3.1 and assuming that [D(h ′(y), 0̃)]q is (α,β,γ, δ)-convex func-
tion on [j,k], 1 6 q and D(h ′(y), 0̃) 6M, then the following inequality holds:

D

(
h(y),

1
k− j

� (FR)

∫k
j

h(u)du

)
6

M

(2)1− 1
q

(
1

αγ+ 2
+
B
(

2
βγ , δ+ 1

)
βγ

) 1
q

I(y), (3.5)

∀ y ∈ (j,k) and βγ > 0.

Proof. From (3.2) and applying power mean inequality, we have

D

(
h(y),

1
k− j

� (FR)

∫k
j

h(u)du

)
6

(y− j)2

k− j

∫ 1

0
ζD

(
h ′(ζy+ (1 − ζ)j), 0̃

)
dζ+

(k− y)2

k− j

∫ 1

0
ζD

(
h ′(ζy+ (1 − ζ)k), 0̃

)
dζ

6
(y− j)2

k− j

(∫ 1

0
tdt

)1− 1
q
(∫ 1

0
ζ

[
D

(
h ′(ζy+ (1 − ζ)j), 0̃

)]q
dζ

) 1
q

+
(k− y)2

k− j

(∫ 1

0
ζdζ

)1− 1
q
(∫ 1

0
ζ

[
D

(
h ′(ζy+ (1 − ζ)k), 0̃

)]q
dζ

) 1
q

.

(3.6)

As we know that [D(h ′(y), 0̃)]q is the (α,β,γ, δ)-convex function and D(h ′(y), 0̃) 6M, we have[
D

(
h ′(ζy+ (1 − ζ)j), 0̃

)]q
6 ζαγ

[
D
(
h ′(y), 0̃

)]q
+
(
1 − ζβγ

)δ [
D
(
h ′(j), 0̃

)]q
6Mq

[
ζαγ +

(
1 − ζβγ

)δ]
,

(3.7)

[
D

(
h ′(ζy+ (1 − ζ)k), 0̃

)]q
6 ζαγ

[
D
(
h ′(y), 0̃

)]q
+
(
1 − ζβγ

)δ [
D
(
h ′(k), 0̃

)]q
6Mq

[
ζαγ +

(
1 − ζβγ

)δ]
.

(3.8)

Now applying (3.7) and (3.8) in (3.6) we get required theorem.

Corollary 3.5. In Theorem 3.4, we have the following cases.

1. If q = 1, we acquire Theorem 3.2.
2. If γ = β = 1 and δ = β, δ ∈ [0, 1] and α ∈ [0, 1], in (3.5), we acquire the fuzzy Ostrowski inequality for

(α,β)-convex functions in 2nd kind:

D

(
h(y),

1
k− j

� (FR)

∫k
j

h(u)du

)
6

M

(2)1− 1
q

(
1

(2 +β)
+

1
(1 +β)(2 +β)

) 1
q

I(y).
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3. If δ = γ = 1, β ∈ (0, 1], and α ∈ [0, 1], in (3.5), we acquire the fuzzy Ostrowski inequality for (α,β)-convex
functions in 1st kind:

D

(
h(y),

1
k− j

� (FR)

∫k
j

h(u)du

)
6

M

(2)1− 1
q

 1
α+ 2

+
B
(

2
β , 2

)
β


1
q

I(y).

4. If γ = r, δ = α = s and β = 1, where r ∈ (0, 1] and s ∈ [0, 1] in (3.5), we acquire the fuzzy Ostrowski
inequality for (s, r)-convex functions in mixed kind:

D

(
h(y),

1
k− j

� (FR)

∫k
j

h(u)du

)
6

M

(2)1− 1
q

(
1

sr+ 2
+
B
( 2
r , 1 + s

)
r

) 1
q

I(y).

5. If α = δ = s and β = γ = 1, where s ∈ [0, 1], in (3.5), we acquire the fuzzy Ostrowski inequality for s-convex
functions in 2nd kind:

D

(
h(y),

1
k− j

� (FR)

∫k
j

h(u)du

)
6

M

(2)1− 1
q

(
1

s+ 1

) 1
q

I(y).

6. If α = β = s and γ = δ = 1, where s ∈ (0, 1] in (3.5), we acquire the fuzzy Ostrowski inequality for s-convex
functions in 1st kind:

D

(
h(y),

1
k− j

� (FR)

∫k
j

h(u)du

)
6

M

(2)1− 1
q

(
1

s+ 2
+
B
( 2
s , 2
)

s

) 1
q

I(y).

7. If δ = α = 0 and γ = β = 1 in (3.5), we acquire the fuzzy Ostrowski inequality for P-convex functions:

D

(
h(y),

1
k− j

� (FR)

∫k
j

h(u)du

)
6

M

(2)1− 1
q

I(y).

8. If δ = γ = β = α = 1, in (3.5), we acquire the fuzzy Ostrowski inequality for convex functions:

D

(
h(y),

1
k− j

� (FR)

∫k
j

h(u)du

)
6
M

2
I(y).

Remark 3.6. In Theorem 3.4, we have the following cases.

1. If y = j+k
2 in (3.5), we acquire the fuzzy Ostrowski mid-point inequality for (α,β,γ, δ)- convex

functions in mixed kind:

D

(
h(
j+ k

2
),

1
k− j

� (FR)

∫k
j

h(u)du

)
6
M (k− j)

(2)2− 1
q

 1
αγ+ 2

+
B
(

2
βγ , δ+ 1

)
βγ


1
q

.

2. If y = j+k
2 , γ = β = 1 and δ = β, δ ∈ [0, 1] and α ∈ [0, 1] in (3.5), we acquire the fuzzy Ostrowski

mid-point inequality for (α,β)-convex functions in 2nd kind:

D

(
h(
j+ k

2
),

1
k− j

� (FR)

∫k
j

h(u)du

)
6
M (k− j)

(2)2− 1
q

(
1

(α+ 2)
+

1
(β+ 1)(β+ 2)

) 1
q

.
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3. If y = j+k
2 , δ = γ = 1, β ∈ (0, 1] and α ∈ [0, 1] in (3.5), we acquire the fuzzy Ostrowski mid-point

inequality for (α,β)-convex functions in 1st kind:

D

(
h(
j+ k

2
),

1
k− j

� (FR)

∫k
j

h(u)du

)
6
M (ρb − ρa)

(2)2− 1
q

 1
α+ 2

+
B
(

2
β , 2

)
β


1
q

.

4. If y = j+k
2 , γ = r, δ = α = s, and β = 1, where r ∈ (0, 1] and s ∈ [0, 1] in (3.5), we acquire the fuzzy

Ostrowski mid-point inequality for (s, r)-convex functions in mixed kind:

D

(
h(
j+ k

2
),

1
k− j

� (FR)

∫k
j

h(u)du

)
6
M (k− j)

(2)2− 1
q

(
1

rs+ 2
+
B
( 2
r , s+ 1

)
r

) 1
q

.

5. If y = j+k
2 , α = δ = s, β = γ = 1, where s ∈ [0, 1], in (3.5), we acquire the fuzzy Ostrowski mid-point

inequality for s-convex functions in 2nd kind:

D

(
h(
j+ k

2
),

1
k− j

� (FR)

∫k
j

h(u)du

)
6
M (k− j)

(2)2− 1
q

(
1

s+ 1

) 1
q

.

6. If y = j+k
2 , α = β = s and γ = δ = 1, where s ∈ (0, 1] in (3.5), we acquire the fuzzy Ostrowski

mid-point inequality for s-convex functions in 1st kind:

D

(
h(
j+ k

2
),

1
k− j

� (FR)

∫k
j

h(u)du

)
6
M (k− j)

(2)2− 1
q

(
1

s+ 2
+
B
( 2
s , 2
)

s

) 1
q

.

7. If y = j+k
2 , δ = α = 0 and γ = β = 1 in (3.5), we acquire the fuzzy Ostrowski mid-point inequality

for P-convex functions:

D

(
h(
j+ k

2
),

1
k− j

� (FR)

∫k
j

h(u)du

)
6
M (k− j)

(2)2− 1
q

.

8. If y = j+k
2 , α = β = γ = δ = 1, in (3.5), we acquire the fuzzy Ostrowski mid-point inequality for

convex functions:

D

(
h(
j+ k

2
),

1
k− j

� (FR)

∫k
j

h(u)du

)
6
M (k− j)

4
.

Theorem 3.7. Under all assumptions of Lemma 3.1 and assuming that [D(h ′(y), 0̃)]q is an (α,β,γ, δ)-convex
function on [j,k], 1 < p,q and D(h ′(y), 0̃) 6M, then following inequality holds:

D

(
h(y),

1
k− j

� (FR)

∫k
j

h(u)du

)
6

M

(p+ 1)
1
p

 1
1 +αγ

+
B
(

1
βγ , δ+ 1

)
βγ


1
q

I(y), (3.9)

∀ y ∈ (j,k) and βγ > 0, where q−1 + p−1 = 1.
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Proof. From (3.2) and by inequality of Hölder, we have

D

(
h(y),

1
k− j

� (FR)

∫k
j

h(u)du

)
6

(y− j)2

k− j

∫ 1

0
ζD

(
h ′(ζy+ (1 − ζ)j), 0̃

)
dζ+

(k− y)2

k− j

∫ 1

0
ζD

(
h ′(ζy+ (1 − ζ)k), 0̃

)
dζ

6
(y− j)2

k− j

(∫ 1

0
ζpdζ

) 1
p
(∫ 1

0

[
D

(
h ′(ζy+ (1 − ζ)j), 0̃

)]q
dζ

) 1
q

+
(k− y)2

k− j

(∫ 1

0
ζpdζ

) 1
p
(∫ 1

0

[
D

(
h ′(ζy+ (1 − ζ)k), 0̃

)]q
dζ

) 1
q

.

(3.10)

As we know that [D(h ′(y), 0̃)]q is an (α,β,γ, δ)-convex function and D(h ′(y), 0̃) 6M, we have[
D

(
h ′(ζy+ (1 − ζ)j), 0̃

)]q
6 ζαγ

[
D
(
h ′(y), 0̃

)]q
+
(
1 − ζβγ

)δ [
D
(
h ′(j), 0̃

)]q
6Mq

[
ζαγ +

(
1 − ζβγ

)δ]
,

(3.11)

[
D

(
h ′(ζy+ (1 − ζ)k), 0̃

)]q
6 ζαγ

[
D
(
h ′(y), 0̃

)]q
+
(
1 − ζβγ

)δ [
D
(
h ′(k), 0̃

)]q
6Mq

[
ζαγ +

(
1 − ζβγ

)δ]
.

(3.12)

Now applying (3.11) and (3.12) in (3.10) we get (3.9).

Corollary 3.8. In Theorem 3.7, we have the following cases.

1. If γ = β = 1 and δ = β, δ ∈ [0, 1] and α ∈ [0, 1], in (3.9), we acquire the fuzzy Ostrowski inequality for
(α,β)-convex functions in 2nd kind:

D

(
h(y),

1
k− j

� (FR)

∫k
j

h(u)du

)
6

M

(1 + p)
1
p

(
1

1 +α
+

1
1 +β

) 1
q

I(y).

2. If δ = γ = 1, β ∈ (0, 1] and α ∈ [0, 1], in (3.9), we acquire the fuzzy Ostrowski inequality for (α,β)-convex
functions in 1st kind:

D

(
h(y),

1
k− j

� (FR)

∫k
j

h(u)du

)
6

M

(p+ 1)
1
p

 1
α+ 1

+
B
(

1
β , 2

)
β


1
q

I(y).

3. If γ = r, δ = α = s and β = 1, where r ∈ (0, 1] and s ∈ [0, 1] in (3.9), we acquire the fuzzy Ostrowski
inequality for (s, r)-convex functions in mixed kind:

D

(
h(y),

1
k− j

� (FR)

∫k
j

h(u)du

)
6

M

(p+ 1)
1
p

(
1

1 + sr
+
B
( 1
r , 1 + s

)
r

) 1
q

I(y).

4. If α = δ = s and γ = β = 1, where s ∈ [0, 1] in (3.9), we acquire the fuzzy Ostrowski inequality for s-convex
functions in 2nd kind:

D

(
h(y),

1
k− j

� (FR)

∫k
j

h(u)du

)
6

M

(p+ 1)
1
p

(
2

s+ 1

) 1
q

I(y).



F. Mehmood, A. Hassan, A. Idrees, F. Nawaz, J. Math. Computer Sci., 31 (2023), 137–149 147

5. If β = α = s and δ = γ = 1, where s ∈ (0, 1] in (3.9), we acquire the fuzzy Ostrowski inequality for s-convex
functions in 1st kind:

D

(
h(y),

1
k− j

� (FR)

∫k
j

h(u)du

)
6

M

(p+ 1)
1
p

(
1

1 + s
+
B
( 1
s , 2
)

s

) 1
q

I(y).

6. If δ = α = 0 and γ = β = 1 in (3.9), we acquire the fuzzy Ostrowski inequality for P-convex functions:

D

(
h(y),

1
k− j

� (FR)

∫k
j

h(u)du

)
6

(2)
1
qM

(p+ 1)
1
p

I(y).

7. If α = β = γ = δ = 1 in (3.9), we acquire the fuzzy Ostrowski inequality for convex functions:

D

(
h(y),

1
k− j

� (FR)

∫k
j

h(u)du

)
6

M

(p+ 1)
1
p

I(y).

Remark 3.9. In Theorem 3.7, we have the following cases.

1. If y = j+k
2 in (3.9), we acquire the fuzzy Ostrowski mid-point inequality for (α,β,γ, δ)-convex

functions in mixed kind:

D

(
h(
j+ k

2
),

1
k− j

� (FR)

∫k
j

h(u)du

)
6
M (k− j)

2 (p+ 1)
1
p

 1
αγ+ 1

+
B
(

1
βγ , δ+ 1

)
βγ


1
q

.

2. If y = j+k
2 , γ = β = 1 and δ = β, δ ∈ [0, 1] and α ∈ [0, 1], in (3.9), we acquire the fuzzy Ostrowski

mid-point inequality for (α,β)-convex functions in 2nd kind:

D

(
h(
j+ k

2
),

1
k− j

� (FR)

∫k
j

h(u)du

)
6
M (k− j)

2 (p+ 1)
1
p

(
1

α+ 1
+

1
β+ 1

) 1
q

.

3. If y = j+k
2 , δ = γ = 1, β ∈ (0, 1] and α ∈ [0, 1], in (3.9), we acquire the fuzzy Ostrowski mid-point

inequality for (α,β)-convex functions in 1st kind:

D

(
h(
j+ k

2
),

1
k− j

� (FR)

∫k
j

h(u)du

)
6
M (k− j)

2 (p+ 1)
1
p

 1
α+ 1

+
B
(

1
β , 2

)
β


1
q

.

4. If y = j+k
2 , γ = r, δ = α = s and β = 1, where r ∈ (0, 1] and s ∈ [0, 1] in (3.9), we acquire the fuzzy

Ostrowski mid-point inequality for (s, r)-convex functions in mixed kind:

D

(
h(
j+ k

2
),

1
k− j

� (FR)

∫k
j

h(u)du

)
6
M (k− j)

2 (p+ 1)
1
p

(
1

sr+ 1
+
B
( 1
r , s+ 1

)
r

) 1
q

.

5. If y = j+k
2 , α = δ = s and β = γ = 1, where s ∈ [0, 1] in (3.9), we acquire the fuzzy Ostrowski

mid-point inequality for s-convex functions in 2nd kind:

D

(
h(
j+ k

2
),

1
k− j

� (FR)

∫k
j

h(u)du

)
6

(2)
1
q−1M (k− j)

(p+ 1)
1
p

(
1

s+ 1

) 1
q

.
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6. If y = j+k
2 , α = β = s and γ = δ = 1, where s ∈ (0, 1] in (3.9), we acquire the fuzzy Ostrowski

mid-point inequality for s-convex functions in 1st kind:

D

(
h(
j+ k

2
),

1
k− j

� (FR)

∫k
j

h(u)du

)
6
M (k− j)

2 (p+ 1)
1
p

(
1

s+ 1
+
B
( 1
s , 2
)

s

) 1
q

.

7. If y = j+k
2 , δ = α = 0 and γ = β = 1 in (3.9), we acquire the fuzzy Ostrowski mid-point inequality

for P-convex functions:

D

(
h(
j+ k

2
),

1
k− j

� (FR)

∫k
j

h(u)du

)
6

(2)
1
q−1M (k− j)

(p+ 1)
1
p

.

8. If y = j+k
2 and α = β = γ = δ = 1 in (3.9), we acquire the fuzzy Ostrowski mid-point inequality for

convex functions:

D

(
h(
j+ k

2
),

1
k− j

� (FR)

∫k
j

h(u)du

)
6
M (k− j)

2 (p+ 1)
1
p

.

4. Conclusion

We derived the generalised notion of (α,β,γ, δ)-convex (concave) functions in mixed kind. This class
of functions have many important classes involving class of convex (concave), P-convex (concave), quasi-
convex (concave), s-convex (concave) in 1st kind, s-convex (concave) in 2nd kind, (s, r)-convex (concave) in
mixed kind, (α,β)-convex (concave) in 1st kind, (α,β)-convex (concave) in 2nd kind. We have established
our 1st main consequence in Section 3, the generalisation of Ostrowski inequality via fuzzy Riemann
integrals for (α,β,γ, δ)-convex functions in mixed kind. Further, we used several techniques involving
power mean inequality and inequality of Hölder for generalisation of fuzzy Ostrowski inequality. We also
obtained various results w.r.t the convexity of function as corollaries and remarks.
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