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Abstract

In the present article, we introduce some new classes of J-convergent double sequence spaces defined by Orlicz function
using the Norlund mean. We also find the condition for any sequence in these spaces to be J-convergent and draw some inclusion
relations between them.
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1. Introduction

Orlicz Sequence space 1M was first introduced by Lindenstrauss and Tzafriri [18], in the year 1971.
They proved that this sequence space contains a subspace isomorphic to 1, (1 < p < oo). Later, Orlicz
function was employed by several authors to construct different classes of sequences [12, 21]. Let ¢y, c,
and l,denote the spaces of all null, convergent, and bounded sequence, respectively, with the usual
sup-norm defined by

IX|loo = sup [xk| for each k € IN.
K

Orlicz function is defined as M : [0, c0) — [0, co) which is continuous, non-decreasing, and convex with
M(0) =0, M(x) > 0 for x > 0 and M(x) — oo, as x — o0, [18, 21, 24, 25]. The integral representation of the
Orlicz function M is given as M(x) = fg n(t)dt where n is the kernel of M, n(t) > 0, n is non-decreasing
and right differentiable for t > 0. Also n(t) — co as t — oo, [6].

A double sequence, denoted by x = (xy;) is a double infinite array of elements xy; € R for all k,1 € IN.
For a detailed study of double sequences, one can go through numerous articles available, naming a few
[3, 8, 14, 16]. A double sequence (x;i) is called statistically convergent to L if

1
hm 7‘(j/k)|X]k_L|>8/j<m/k<n|:0/
mn

(m,n)—oo
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where the vertical bars indicate the number of elements in the set.

Furthermore, let 2% = {x = (xn,m) : Xn,m € R} denote the linear space of all real double sequences. If
A and p denote two double sequence spaces and A = (an k) is an infinite matrix of real numbers (ay k)
for n,k € IN, then A determines a matrix transformation from A into pu thatis A : A — u such that for
every double sequence x = (xj1) € A, the A-transform of x, which is Ax = An(x), is in p. The double
sequence Amn(x) is given as

A(x) = Z ak  Xmn, foreach (m,n) € N x N.

k=0
In 1949, Hardy [7], introduced the notion of sequence of non-negative real numbers (ti) and con-
structed the sequence T, the sequence of the partial sums as T, = } | _;tn for alln € N and ty > 0.

Later, the Norlund mean for the sequence ty was defined as N = (al!,, ) for all k,n € IN. This concept of
Norlund mean was used to construct sequence spaces by Wang in the year 1971, [26]. Further studies on
Norlund mean can be found in [1, 9, 10, 13, 15, 23].

From [19], the double transform of T, is given as Tynn = Zjn;O Y k—otjx forall (m,n),(j,k) e NxN

with top > 0. Therefore, the Norlund mean for the sequence t = t;y is given by Nt = (a;m)-k) as

Anx =

. %, f0<j<mand0<k<n,
0, if j >mand k > n,

for all (j, k) and (m,n) € IN x IN. It can be proved that the Norlund matrix with respect to N-transform
are in the space l, as follows:

1 m n
loo(Nt) = {X = (Xm,n) 2% . sup ’T Z Z tm—jn—kXjk| < OO}
(mn)eENxN | 'mmn j=0 k=0

The notion of J-convergence has been generalized from statistical convergence given by [5]. Initially, it
was studied by Kostyrko et al. [17]. Later, it was extensively used by others, [2, 4, 8, 11, 22]. Henceforth,
we give some useful definitions about J-convergence.

Definition 1.1. Let X be a non empty set. Then a family of sets J C 2% (power set of X) is said to be an
ideal in X if ) € J, J is additive, i.e., A Be I = A U Be J and J is hereditary, i.e., Ac J, BCA =B € J, [3, 20].

Definition 1.2. An ideal J C 2X is called non-trivial if J # 2X. A non-trivial ideal 3 C 2X is called

admissible if {{x} : x € X} C J. A non-trivial ideal J is maximal if there cannot exist any non-trivial ideal
d # J containing J as a subset [8].

Definition 1.3. For each ideal J, there is a filter F(J) corresponding to J, that is a non-empty family of sets
F(J) C 2% is said to be filter on X if and only if ® ¢ J(J), for A,B € F(J), we have AnBe JF(J), and for
each Ae (J(J)) and ACB implies B € F(J), [8].

Definition 1.4. A double sequence (xij) €2 w is said to be J-convergent to a number L if for every e > 0
we have {(i,j) € N x N : |xi; —L| > €} € J, [19]. In this case we write ] —limx;; = L.
Definition 1.5. A double sequence (xij) €» w is said to be J-Cauchy if for every € > 0, there exists
(m,n)(e) such that we have {(i,j) € N x IN : [xij —xmn| > €} € J, [19].
Definition 1.6. A sequence space E is said to be solid or normal if for every sequence of scalars o; with
|O(ij| < 1, we have ocij(xij) €E, [19].
Definition 1.7. A sequence space E is said to be convergence free if for (xij),yi; € E we have yi; = 0
implies (xi;) = 0, [19].
Lemma 1.8. Every solid space is monotone.

In [15], Khan et al., introduced the Norlund ideal convergent sequence spaces cg(Nt), ¢?(NY), and

1J_(N?%), which were later extended to double sequences in [19]. Hence we get our motivation to use
Orlicz function on these spaces and study its topological and algebraic properties.
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2. Main results

In this section we introduce the new sequence spaces »cj(Nt, M), 2¢?(Nt, M), and 512 (N, M). More-
over, we study topological and algebraic properties of double sequences in these spaces and introduce
some inclusion relations between them. Throughout the article, we assume that J, is an admissible ideal
in N x N and N;Ln(x) is the N*'-transform of double sequence x = (xjx) € 2w, where N}n,n(x) is given

by
Nt )= (Zztm jmn— kX]k>

j=0 k=0

Define,

M=

m
N M) = {5 € 2w (3,0 €N XN |3 5 Mt jmosd — L

Tm ™ j=0 k=0
> e forsomeL € R} € 52},
1 m n
2c)(NY, M) == {(Xjk) € 2w:{(j,k) e NxIN: ‘T Z Z M(tm—jn-xXjk)| = €} € 32},
T =0 k=0
1 m n
zlio(Nt’ M) = {(Xjk) € rw: {(),k) eENxN: ‘T Z Z M(tmf)',nkajk) > K} e 52}.
T =0 k=0
Henceforth, for convenience we will write
1 m n
M(N}, ’ Z Z M(tm—jn—kXjk)|-
Tmn j=0 k=0

Also we construct the spaces
m?(NY, M) := 2c?(NE, M) N o2 (NE, M), omd(NE,M) == »cd(NE, M) N ol (NE, M),

Definition 2.1. Let J, is an admissible ideal of a subset of IN x IN. If for each € > 0, there exists a number
(m,n) € N depending on € such that {(j, k) € N x N : IN]-t/k(x) — ()N} 1 (x)| = €} € T, then a sequence
{x = (xjx € 2w} is called Norlund J-Cauchy double sequence.

Example 2.2 Consider a non-trivial ideal J,, = {A x A € IN x N : d(A) = 0}, where d(A) denotes the
natural density of the set A. In this case, 2¢’4(Ng, M) = S(Ny, M), where S(N¢, M) is the space of all
Norlund statistically convergent double sequences under Orlicz function. It is defined as

S(NY, M) = {x = (xj,k) € 2w:d({(mn) e NxN: |M(N$n,n(x)) —L > e€}) =0, for some L € R}.

Theorem 2.2. The sequence spaces o¢)(Nt, M), 2¢?(Nt, M), 215 (Nt, M), ,m? (Nt, M), and ,m3 (N, M) are all
linear vector spaces.

Proof. Let x = (xjx) and y = (y;x) be two arbitrary sequences in »¢?(NY, M) and «, P are two scalars. By
the definition of ,¢’(Nt, M), for some € > 0 there exist L1, L, € R such that

{(m’n)eNXN:'M(N;[nn(X))_Ll >§}EI, {(m,n)e]Nx]N:'M(ann(y))—Lz >§}EL
Now let
A= {(m'“) €N xIN: ‘M(N}ﬁn(X))—Ll < ;OC} € 3(J),
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Ay = {(m,n) eINxIN: ’M(Nﬁnn(y)) — L

€
< 2[3} € F(7),

such that A{, AS € J. Then

As— {(m,n) ENXN: \M(ocNam(x)) - M(BN () — (oLy + BLo)

< 6} D{A1NALL

Since, the set on the right is in filter F(J), so the complement of the set on left is in the ideal J. Therefore,
(ox + By) € 2c¢?(Nt, M). For other sequence spaces, result follows in a similar way. This completes the
proof. O

Theorem 2.3. A sequence x = (xjx) € 2w is Norlund J-convergent if and only if for every € > 0O, there exists
(v,s) € N x N depending on € such that

{(m,m) € N x IN : IM(NY, (x)) — M(NS,,, (x))] < €} € F(9). (2.1)

Proof. Let the double sequence x = (xj1) € 2w be a Norlund J- sequence to some number L € R. Then,
for a given € > 0,

Ac={mmn) e NxN:|M(N_ (x)—L) < %} e F(9).

For any two fixed numbers (1, s) € IN x IN depending on €, we have

€ €
M(|N$m(x) —Nis(xn) < MIN () = DI+ ML= N () < 2+ =,

for all m,n € Ac. Hence (2.1) holds.
Conversely, assume that (2.1) holds for all € > 0. Then

E. = {(m,n) €N xIN:NL_(x) € [NL L (x)—e NL. (x) —I—E]} €eF(), V e>0.

Let Je = [NY . (x) —¢ N (x)+ e]l. Hence we have E. € F(J) and also Ec € J(J) for fixed e > 0.
Therefore E. N E% € J(J). This implies that ] = J. N ]g # ¢ and thus, diam(]) < %diam(je), where diam
of | denotes the length of the interval ]. Proceeding inductively, we get a sequence of closed intervals

Je=I2hL 2L 2I3---2Ix 2+,
where diaml,, < diaml,,_; forn =(1,2,3,...) and
{(tm,m) € N x N : [IM(NL_ (%)) < €} € F(J).

Then there exists a number & € Nien(J) such that & = (J) — lim(N% , (x)), which implies L = M(§) =
(J) —lim M(NY, (x)). Therefore the double sequence x = (xjx) € w is Norlund-J, convergent. O

Theorem 2.4. Let 3 C 2N be a non trivial ideal. Then the inclusion ,c(Nt, M) C »c”?(Nt, M) is strict.

Proof. The inclusion ,c C »c” is obvious and for any spaces X and Y, if X C Y, then X(N!) C Y(N?!).
Therefore we have >¢(N') C ,c?(N?). O

Consider the following example to verify strict inclusion.

Example 2.5. Define the sequence x = (xji) € 2w such that

¢ { (mn), ifm=j%n=%kfor (jk) € NxN,
Nmn = .
mn, otherwise.

Then x € 2c?4(Nt, M) but x ¢ c(Nt, M).
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Theorem 2.6. The inclusions >cj(N', M) C »¢?(Nt, M) C 12 (N, M) hold.
Proof.

(i) 2c}(NY, M) C 2c?(NY, M). The inclusion c](Nt,M) C 2¢?(Nt, M) is obvious. To show the strictness
of the inclusion, consider the double sequence x = (xjx) € »w such that N} | (x) = 1, which gives
M(NY | (x)) = M(1) > 0. Therefore the double sequence x = (xjx) € 2¢”(N*, M)\ 2¢](N', M).

(i) 2¢7(NY, M) C 1 (N, M). Let x = (xjx) € 2¢”(N¥, M), then there exists a number L € R such that
J—limMINY, . — L] = 0. That is

{(m,n) e NxIN:M(Nj, ) —Ll >e}ed

Therefore we have
IM(NT, )l =IM(NF, ) =L+ LI <IM(NE, ) — LI+ L.

This implies that the double sequence x = (xj1) must be in 21 (NE, M). O
For strict inclusion consider the example given below.
Example 2.7. Define the sequence x = (xji) € 2w such that
(mn), if mn is square,

NE L =<1, if (mn) is odd non-square,
0, if (mn) is even non-square.
Then double sequence Nt (x) € 212 but Nt (x) ¢ »c”, which implies that x € 51 (Nt, M)\ 2c¢”(Nt, M).
Hence the inclusions are strict.

Theorem 2.8. The spaces om’ (N, M) and zmg(Nt, M) are Banach spaces with the given norm
Ix|Ix(nt) = sup IM(NY L (x)], where X € { ;m?, ;mg).
Proof. Since the double sequence spaces ;m’(N') and ,mJ(N') are Banach spaces with the norm
IXlIx(nt) = sup [(Njun (x)], where X € {am, mg}

and Orlicz function is a bounded function, therefore the sequence spaces »m’(Nt,M) and ,mJ(Nt, M)
are also Banach under the given norm. O

J(Nt,M

Theorem 2.9. The sequence spaces c M)

are solid and monotone.

t
) Letx = (xjx € cg(N

) and mg(Nt

J(Nt,M

Proof. We prove the result for c; M) for e > 0, the set

{(m,m) e N x N : [M(NL  (x))] > e} €. (2.2)

For a double sequence of scalars o« = (oyi) with [«| < 1 for all (j, k) € IN x N, and the Orlicz function
being non-decreasing, we have

MINS, L (aex)| = MIaeNE L (x)] < (Jo)MINE L ()] < MINE L (x)], for all (m,n) € N x N.
Using this inequality in (2.2) we get
{{mmn) e NxN:M(N} (ex)) = e} C{(m,n) e NxN:[M(N}, (x))]>e}} €

This implies
{{tmmn) e NxN:[M(N}, (0x)) > €} €.

Therefore the sequence .(x;x) € 2¢) (N, M). Hence the space »cj(Nt, M) is solid, which by Lemma 1.8
becomes monotone as well. O
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Theorem 2.10. The spaces ¢’ (N', M) and cg(Nt, M) are not convergence free.

Proof. The result is established by considering the following example. Let J = Jq. Then consider the
double sequences (xji) = )ik and (y;x) = jk, for all (j, k) € IN x N. Then we see that (xji) € ¢ (N, M)
and ¢j(Nt, M) but (yji) ¢ c’(N*, M) and c}(N*, M). Therefor the spaces are not convergence free. O

Theorem 2.11. The function g : ,m’(Nt,M) — R defined by g(x) = |J —lim M(N% . (x))|, where
m (NS, M) == 5! (NE, M) N ol (NY, M),
is a Lipschitz function and hence it is uniformly continuous.
Proof. First, we show that g is well defined. Let x,y € »m? (N, M) such that x =y, then
Nin () = N (y), M(NL (6)) = MING L (4)), 19— M(NG (0)] = 19 = M(NG L ()], g(x) = g(y).

This shows that g is well defined. Next, we check if g satisfies Lipschitz criterion. Consider the double
sequences x = (x;jx) and y = (yjx) both in »m? (N, M) such that x # y. Then

Ar={mmn) e NxN:M(Ny,(x)) —gx)| = x—yl} €7,

Az ={(mn) € NxN:M(Ny,(y)) —gy)l > x—yl} €7,

where
X —yl. = sup IM(N} (X)) = M(N ., (y))l-
(mm)
Therefore
By ={(m,n) e NxN:[M(Ny,,,(y) —g(y)l < kx—yl} € F(I),
and

By ={(m,n) € N x N:M(N},,(x)) —g(x)| < Ix —yl.} € F(I).
Hence we get B = B; N B, € F(J), so that B is non-empty. Let (m,n) € B such that
l9(x) — g(y)l < lg(x) = M(NT, ()] + IM(N} 1 (x)) = M(NT L ()] + IM(NTL L (9) — g(y)] < Blx — yls.

Thus we find the Lipschitz constant L = 3 and g satisfies Lipschitz condition therefore it is uniformly
continuous. 0

Theorem 2.12. If x = (xjx),y = (yjx) € »m’ (N, M) with
M(NT (xy)) = M(NG 0 (%).M(NT L (Y), (2.3)

then (x.y) € 2m?(NY, M) and g(x.y) = g(x).g(y), where g : 2m’(N',M) — R is defined as g(x) = |J —
lim M(N, ().

Proof. For € >0,
A={(m,n) e NxN: IM(Nﬁnn(x)) —g(x)| < e} € F(I),

and
B ={(mn) € NxN:[M(N,(y)—gy)l < e} € F(I),
where
e =lx—yl = sup IM(N},(x)) = M(Ni, (y))l.
(mmn)
Consider

IM(NEL (y)) — g(x)g(y)l = IM(NE, L (%) )M(NE L (Y) — MINSL (x))g(y) + M(NE L (x))g(y) — g(x)g(y)
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< IM(NE L GOIMINE L () g ()] + 1 (W) IIMNE L, (%) — g(x)],

as ;m? (N, M) C 51 (Nt, M). Therefore there exists a number L € R such that [M(N%,,)| < L. Therefore
from (2.3), we have

IM(NEL (xy)) — g(x)g(y)l = IM(NE L (x))M(NE L (Y) — g(x)g(y)l < Le +1g(y)le = €1

for all (m,n) € ANB € F(J). Hence (x.y) € »m?(Nt,M) and g(x.y) = g(x).g(y). O
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