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Abstract
In the present article, we introduce some new classes of I-convergent double sequence spaces defined by Orlicz function

using the Nörlund mean. We also find the condition for any sequence in these spaces to be I-convergent and draw some inclusion
relations between them.
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1. Introduction

Orlicz Sequence space lM was first introduced by Lindenstrauss and Tzafriri [18], in the year 1971.
They proved that this sequence space contains a subspace isomorphic to lp (1 6 p < ∞). Later, Orlicz
function was employed by several authors to construct different classes of sequences [12, 21]. Let c0, c,
and l∞denote the spaces of all null, convergent, and bounded sequence, respectively, with the usual
sup-norm defined by

‖x‖∞ = sup
k

|xk| for each k ∈N.

Orlicz function is defined asM : [0,∞)→ [0,∞) which is continuous, non-decreasing, and convex with
M(0) = 0, M(x) > 0 for x > 0 andM(x)→∞, as x→∞, [18, 21, 24, 25]. The integral representation of the
Orlicz function M is given as M(x) =

∫x
0 η(t)dt where η is the kernel of M, η(t) > 0, η is non-decreasing

and right differentiable for t > 0. Also η(t)→∞ as t→∞, [6].
A double sequence, denoted by x = (xij) is a double infinite array of elements xkl ∈ R for all k, l ∈N.

For a detailed study of double sequences, one can go through numerous articles available, naming a few
[3, 8, 14, 16]. A double sequence (xjk) is called statistically convergent to L if

lim
(m,n)→∞

1
mn

|(j,k) : |xjk − L| > ε, j 6 m,k 6 n| = 0,
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where the vertical bars indicate the number of elements in the set.
Furthermore, let 2ω = {x = (xn,m) : xn,m ∈ R} denote the linear space of all real double sequences. If

λ and µ denote two double sequence spaces and A = (an,k) is an infinite matrix of real numbers (an,k)
for n,k ∈ N, then A determines a matrix transformation from λ into µ that is A : λ → µ such that for
every double sequence x = (xjk) ∈ λ, the A-transform of x, which is Ax = Amn(x), is in µ. The double
sequence Amn(x) is given as

A(x) =

∞∑
k=0

akmnxmn, for each (m,n) ∈ N×N.

In 1949, Hardy [7], introduced the notion of sequence of non-negative real numbers (tk) and con-
structed the sequence Tn, the sequence of the partial sums as Tn =

∑n
k=0 tn for all n ∈ N and t0 > 0.

Later, the Nörlund mean for the sequence tk was defined as Nt = (atnk) for all k,n ∈N. This concept of
Nörlund mean was used to construct sequence spaces by Wang in the year 1971, [26]. Further studies on
Nörlund mean can be found in [1, 9, 10, 13, 15, 23].

From [19], the double transform of Tn is given as Tm,n =
∑m
j=0
∑n
k=0 tjk for all (m,n), (j,k) ∈N×N

with t00 > 0. Therefore, the Nörlund mean for the sequence t = tjk is given by Nt = (atmnjk) as

atnk =

{
tm−j,n−k
Tm,n

, if 0 6 j 6 m and 0 6 k 6 n,

0, if j > m and k > n,

for all (j,k) and (m,n) ∈ N×N. It can be proved that the Nörlund matrix with respect to Nt-transform
are in the space l∞ as follows:

l∞(Nt) :=
{
x = (xm,n) ∈ 2ω : sup

(m,n)∈N×N

∣∣∣∣ 1
Tm,n

m∑
j=0

n∑
k=0

tm−j,n−kxjk

∣∣∣∣ <∞}.

The notion of I-convergence has been generalized from statistical convergence given by [5]. Initially, it
was studied by Kostyrko et al. [17]. Later, it was extensively used by others, [2, 4, 8, 11, 22]. Henceforth,
we give some useful definitions about I-convergence.

Definition 1.1. Let X be a non empty set. Then a family of sets I ⊆ 2X (power set of X) is said to be an
ideal in X if ∅ ∈ I, I is additive, i.e., A,B∈ I⇒ A ∪ B∈ I and I is hereditary, i.e., A∈ I, B⊆A⇒B ∈ I, [3, 20].

Definition 1.2. An ideal I ⊆ 2X is called non-trivial if I 6= 2X. A non-trivial ideal I ⊆ 2X is called
admissible if {{x} : x ∈ X} ⊆ I. A non-trivial ideal I is maximal if there cannot exist any non-trivial ideal
J 6= I containing I as a subset [8].

Definition 1.3. For each ideal I, there is a filter F(I) corresponding to I, that is a non-empty family of sets
F(I) ⊆ 2X is said to be filter on X if and only if Φ /∈ F(I), for A,B ∈ F(I), we have A∩B∈ F(I), and for
each A∈ (F(I)) and A⊆B implies B ∈ F(I), [8].

Definition 1.4. A double sequence (xij) ∈2 ω is said to be I-convergent to a number L if for every ε > 0
we have {(i, j) ∈N×N : |xij − L| > ε} ∈ I, [19]. In this case we write I− lim xij = L.

Definition 1.5. A double sequence (xij) ∈2 ω is said to be I-Cauchy if for every ε > 0, there exists
(m,n)(ε) such that we have {(i, j) ∈N×N : |xij − xmn| > ε} ∈ I, [19].

Definition 1.6. A sequence space E is said to be solid or normal if for every sequence of scalars αij with
|αij| < 1, we have αij(xij) ∈ E, [19].

Definition 1.7. A sequence space E is said to be convergence free if for (xij),yij ∈ E we have yij = 0
implies (xij) = 0, [19].

Lemma 1.8. Every solid space is monotone.

In [15], Khan et al., introduced the Nörlund ideal convergent sequence spaces cI0(N
t), cI(Nt), and

lI∞(Nt), which were later extended to double sequences in [19]. Hence we get our motivation to use
Orlicz function on these spaces and study its topological and algebraic properties.
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2. Main results

In this section we introduce the new sequence spaces 2c
I
0(N

t,M), 2c
I(Nt,M), and 2l

I∞(Nt,M). More-
over, we study topological and algebraic properties of double sequences in these spaces and introduce
some inclusion relations between them. Throughout the article, we assume that I2 is an admissible ideal
in N×N and Ntm,n(x) is the Nt-transform of double sequence x = (xjk) ∈ 2ω, where Ntm,n(x) is given
by

Ntm,n(x) :=
1

Tm,n

( m∑
j=0

n∑
k=0

tm−j,n−kxjk

)
.

Define,

2c
I(Nt,M) :=

{
(xjk) ∈ 2ω : {(j,k) ∈N×N :

∣∣∣∣ 1
Tm,n

m∑
j=0

n∑
k=0

M(tm−j,n−kxjk) − L

∣∣∣∣
> ε for some L ∈ R} ∈ I2

}
,

2c
I
0(N

t,M) :=

{
(xjk) ∈ 2ω : {(j,k) ∈N×N :

∣∣∣∣ 1
Tm,n

m∑
j=0

n∑
k=0

M(tm−j,n−kxjk)

∣∣∣∣ > ε} ∈ I2

}
,

2l
I∞(Nt,M) :=

{
(xjk) ∈ 2ω : {(j,k) ∈N×N :

∣∣∣∣ 1
Tm,n

m∑
j=0

n∑
k=0

M(tm−j,n−kxjk)

∣∣∣∣ > K} ∈ I2

}
.

Henceforth, for convenience we will write

M(Ntm,n(x)) =

∣∣∣∣ 1
Tm,n

m∑
j=0

n∑
k=0

M(tm−j,n−kxjk)

∣∣∣∣.
Also we construct the spaces

2m
I(Nt,M) := 2c

I(Nt,M)∩ 2l
I∞(Nt,M), 2m

I
0(N

t,M) := 2c
I
0(N

t,M)∩ 2l
I∞(Nt,M).

Definition 2.1. Let I2 is an admissible ideal of a subset of N×N. If for each ε > 0, there exists a number
(m,n) ∈ N depending on ε such that {(j,k) ∈ N×N : |Ntj,k(x) − (x)Ntm,n(x)| > ε} ∈ I, then a sequence
{x = (xjk ∈ 2ω} is called Nörlund I-Cauchy double sequence.

Example 2.2 Consider a non-trivial ideal I2d = {A×A ⊆ N×N : d(A) = 0}, where d(A) denotes the
natural density of the set A. In this case, 2c

Id(Nt,M) = S(Nt,M), where S(Nt,M) is the space of all
Nörlund statistically convergent double sequences under Orlicz function. It is defined as

S(Nt,M) := {x = (xj,k) ∈ 2ω : d({(m,n) ∈N×N : |M(Ntm,n(x)) − L > ε}) = 0, for some L ∈ R}.

Theorem 2.2. The sequence spaces 2c
I
0(N

t,M), 2c
I(Nt,M), 2l

I∞(Nt,M), 2m
I(Nt,M), and 2m

I
0(N

t,M) are all
linear vector spaces.

Proof. Let x = (xjk) and y = (yjk) be two arbitrary sequences in 2c
I(Nt,M) and α, β are two scalars. By

the definition of 2c
I(Nt,M), for some ε > 0 there exist L1, L2 ∈ R such that{

(m,n) ∈N×N :

∣∣∣∣M(Ntmn(x)) − L1

∣∣∣∣ > ε

2

}
∈ I,

{
(m,n) ∈N×N :

∣∣∣∣M(Ntmn(y)) − L2

∣∣∣∣ > ε

2

}
∈ I.

Now let

A1 =

{
(m,n) ∈N×N :

∣∣∣∣M(Ntmn(x)) − L1

∣∣∣∣ < ε

2α

}
∈ F(I),
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A2 =

{
(m,n) ∈N×N :

∣∣∣∣M(Ntmn(y)) − L2

∣∣∣∣ < ε

2β

}
∈ F(I),

such that Ac1 ,Ac2 ∈ I. Then

A3 =

{
(m,n) ∈N×N :

∣∣∣∣M(αNtmn(x)) +M(βNtmn(y)) − (αL1 +βL2)

∣∣∣∣ < ε} ⊇ {A1 ∩A2}.

Since, the set on the right is in filter F(I), so the complement of the set on left is in the ideal I. Therefore,
(αx+ βy) ∈ 2c

I(Nt,M). For other sequence spaces, result follows in a similar way. This completes the
proof.

Theorem 2.3. A sequence x = (xjk) ∈ 2ω is Nörlund I-convergent if and only if for every ε > 0, there exists
(r, s) ∈N×N depending on ε such that

{(m,n) ∈N×N : |M(Ntrs(x)) −M(Ntmn(x))| < ε} ∈ F(I). (2.1)

Proof. Let the double sequence x = (xjk) ∈ 2ω be a Nörlund I- sequence to some number L ∈ R. Then,
for a given ε > 0,

Aε = {(m,n) ∈N×N : |M(Ntmn(x) − L)| <
ε

2
} ∈ F(I).

For any two fixed numbers (r, s) ∈N×N depending on ε, we have

M

(
|Ntmn(x) −N

t
rs(x)|

)
6M|(Ntmn(x) − L)|+M|L−Ntrs(x)| <

ε

2
+
ε

2
= ε,

for all m,n ∈ Aε. Hence (2.1) holds.
Conversely, assume that (2.1) holds for all ε > 0. Then

Eε =

{
(m,n) ∈N×N : Ntmn(x) ∈ [Ntmn(x) − ε,Ntmn(x) + ε]

}
∈ F(I), ∀ ε > 0.

Let Jε = [Ntmn(x) − ε,Ntmn(x) + ε]. Hence we have Eε ∈ F(I) and also Eε
2
∈ F(I) for fixed ε > 0.

Therefore Eε ∩ Eε2 ∈ F(I). This implies that J = Jε ∩ Jε2 6= φ and thus, diam(J) 6 1
2 diam(jε), where diam

of J denotes the length of the interval J. Proceeding inductively, we get a sequence of closed intervals

Jε = I ⊇ I1 ⊇ I2 ⊇ I3 · · · ⊇ Ik ⊇ · · · ,

where diamIn 6 diamIn−1 for n = (1, 2, 3, . . .) and

{(m,n) ∈N×N : |M(Ntmn(x))| < ε} ∈ F(I).

Then there exists a number ξ ∈ ∩k∈N(I) such that ξ = (I) − lim(Ntmn(x)), which implies L = M(ξ) =
(I) − limM(Ntmn(x)). Therefore the double sequence x = (xjk) ∈ 2ω is Nörlund-I2 convergent.

Theorem 2.4. Let I ⊆ 2N be a non trivial ideal. Then the inclusion 2c(N
t,M) ⊂ 2c

I(Nt,M) is strict.

Proof. The inclusion 2c ⊂ 2c
I is obvious and for any spaces X and Y, if X ⊆ Y, then X(Nt) ⊆ Y(Nt).

Therefore we have 2c(N
t) ⊆ 2c

I(Nt).

Consider the following example to verify strict inclusion.

Example 2.5. Define the sequence x = (xjk) ∈ 2ω such that

Ntmn =

{√
(mn), if m = j2,n = k2 for (j,k) ∈N×N,

mn, otherwise.

Then x ∈ 2c
Id(Nt,M) but x /∈ 2c(N

t,M).
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Theorem 2.6. The inclusions 2c
I
0(N

t,M) ⊂ 2c
I(Nt,M) ⊂ 2l

I∞(Nt,M) hold.

Proof.

(i) 2c
I
0(N

t,M) ⊂ 2c
I(Nt,M). The inclusion 2c

I
0(N

t,M) ⊂ 2c
I(Nt,M) is obvious. To show the strictness

of the inclusion, consider the double sequence x = (xj,k) ∈ 2ω such that Ntm,n(x) = 1, which gives
M(Ntm,n(x)) =M(1) > 0. Therefore the double sequence x = (xjk) ∈ 2c

I(Nt,M) \ 2c
I
0(N

t,M).

(ii) 2c
I(Nt,M) ⊂ 2l

I∞(Nt,M). Let x = (xjk) ∈ 2c
I(Nt,M), then there exists a number L ∈ R such that

I− limM|Ntm,n − L| = 0. That is

{(m,n) ∈N×N : |M(Ntm,n) − L| > ε} ∈ I.

Therefore we have
|M(Ntm,n)| = |M(Ntm,n) − L+ L| 6 |M(Ntm,n) − L|+ |L|.

This implies that the double sequence x = (xjk) must be in 2l
I∞(Nt,M).

For strict inclusion consider the example given below.

Example 2.7. Define the sequence x = (xjk) ∈ 2ω such that

Ntmn =


√

(mn), if mn is square,
1, if (mn) is odd non-square,
0, if (mn) is even non-square.

Then double sequenceNtmn(x)∈ 2l
I∞ butNtmn(x) /∈ 2c

I, which implies that x ∈ 2l
I∞(Nt,M)\ 2c

I(Nt,M).
Hence the inclusions are strict.

Theorem 2.8. The spaces 2m
I(Nt,M) and 2m

I
0(N

t,M) are Banach spaces with the given norm

‖x‖X(Nt) = sup |M(Ntmn(x)|, where X ∈ { 2m
I, 2m

I
0}.

Proof. Since the double sequence spaces 2m
I(Nt) and 2m

I
0(N

t) are Banach spaces with the norm

‖x‖X(Nt) = sup |(Ntmn(x)|, where X ∈ { 2m
I, 2m

I
0}

and Orlicz function is a bounded function, therefore the sequence spaces 2m
I(Nt,M) and 2m

I
0(N

t,M)
are also Banach under the given norm.

Theorem 2.9. The sequence spaces cI(N
t,M)

0 and mI(Nt,M)
0 are solid and monotone.

Proof. We prove the result for cI(N
t,M)

0 . Let x = (xjk ∈ c
I(Nt,M)
0 for ε > 0, the set

{(m,n) ∈N×N : |M(Ntmn(x))| > ε} ∈ I. (2.2)

For a double sequence of scalars α = (αjk) with |α| 6 1 for all (j,k) ∈ N×N, and the Orlicz function
being non-decreasing, we have

M|Ntmn(α.x)| =M|α.Ntmn(x)| 6 (|α|)M|Ntmn(x)| 6M|Ntmn(x)|, for all (m,n) ∈N×N.

Using this inequality in (2.2) we get{{
(m,n) ∈N×N : |M(Ntmn(α.x))| > ε} ⊆ {(m,n) ∈N×N : |M(Ntmn(x))| > ε

}}
∈ I.

This implies {
{(m,n) ∈N×N : |M(Ntmn(α.x))| > ε

}
∈ I.

Therefore the sequence α.(xjk) ∈ 2c
I
0(N

t,M). Hence the space 2c
I
0(N

t,M) is solid, which by Lemma 1.8
becomes monotone as well.
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Theorem 2.10. The spaces cI(Nt,M) and cI0(N
t,M) are not convergence free.

Proof. The result is established by considering the following example. Let I = Id. Then consider the
double sequences (xjk) =

1
jk and (yjk) = jk, for all (j,k) ∈ N×N. Then we see that (xjk) ∈ cI(Nt,M)

and cI0(N
t,M) but (yjk) /∈ cI(Nt,M) and cI0(N

t,M). Therefor the spaces are not convergence free.

Theorem 2.11. The function g : 2m
I(Nt,M)→ R defined by g(x) = |I− limM(Ntmn(x))|, where

2m
I(Nt,M) := 2c

I(Nt,M)∩ 2l
I∞(Nt,M),

is a Lipschitz function and hence it is uniformly continuous.

Proof. First, we show that g is well defined. Let x,y ∈ 2m
I(Nt,M) such that x = y, then

Ntmn(x) = N
t
mn(y), M(Ntmn(x)) =M(Ntmn(y)), |I−M(Ntmn(x))| = |I−M(Ntmn(y))|, g(x) = g(y).

This shows that g is well defined. Next, we check if g satisfies Lipschitz criterion. Consider the double
sequences x = (xjk) and y = (yjk) both in 2m

I(Nt,M) such that x 6= y. Then

A1 = {(m,n) ∈N×N : |M(Ntmn(x)) − g(x)| > |x− y|∗} ∈ I,

A2 = {(m,n) ∈N×N : |M(Ntmn(y)) − g(y)| > |x− y|∗} ∈ I,

where
|x− y|∗ = sup

(m,n)
|M(Ntmn(x)) −M(Ntmn(y))|.

Therefore
B1 = {(m,n) ∈N×N : |M(Ntmn(y)) − g(y)| < |x− y|∗} ∈ F(I),

and
B1 = {(m,n) ∈N×N : |M(Ntmn(x)) − g(x)| < |x− y|∗} ∈ F(I).

Hence we get B = B1 ∩B2 ∈ F(I), so that B is non-empty. Let (m,n) ∈ B such that

|g(x) − g(y)| 6 |g(x) −M(Ntmn(x))|+ |M(Ntmn(x)) −M(Ntmn(y))|+ |M(Ntmn(y)) − g(y)| 6 3|x− y|∗.

Thus we find the Lipschitz constant L = 3 and g satisfies Lipschitz condition therefore it is uniformly
continuous.

Theorem 2.12. If x = (xjk),y = (yjk) ∈ 2m
I(Nt,M) with

M(Ntmn(x.y)) =M(Ntmn(x)).M(Ntmn(y)), (2.3)

then (x.y) ∈ 2mI(Nt,M) and g(x.y) = g(x).g(y), where g : 2mI(Nt,M) → R is defined as g(x) = |I −
limM(Ntmn(x))|.

Proof. For ε > 0,
A = {(m,n) ∈N×N : |M(Ntmn(x)) − g(x)| < ε} ∈ F(I),

and
B = {(m,n) ∈N×N : |M(Ntmn(y)) − g(y)| < ε} ∈ F(I),

where
ε = |x− y|∗ = sup

(m,n)
|M(Ntmn(x)) −M(Ntmn(y))|.

Consider

|M(Ntmn(xy)) − g(x)g(y)| = |M(Ntmn(x))M(Ntmn(y)) −M(Ntmn(x))g(y) +M(Ntmn(x))g(y) − g(x)g(y)|
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6 |M(Ntmn(x))||M(Ntmn(y))g(y)|+ |g(y)||M(Ntmn(x)) − g(x)|,

as 2m
I(Nt,M) ⊂ 2l∞(Nt,M). Therefore there exists a number L ∈ R such that |M(Ntmn)| < L. Therefore

from (2.3), we have

|M(Ntmn(xy)) − g(x)g(y)| = |M(Ntmn(x))M(Ntmn(y)) − g(x)g(y)| 6 Lε + |g(y)|ε = ε1

for all (m,n) ∈ A∩B ∈ F(I). Hence (x.y) ∈ 2m
I(Nt,M) and g(x.y) = g(x).g(y).
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