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Abstract

In this paper, we develop a mathematical model that describes the spatiotemporal dynamics of business cycle under the
goods and services market as well as the money market. We first prove that the developed model is mathematically and
economically well-posed. The conditions for the existence of economic equilibrium are rigorously established. Moreover, the
stability analysis and the existence of Hopf bifurcation are carefully investigated. Finally, our theoretical results are illustrated
with some numerical simulations.
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1. Introduction

Recently, IS-LM models are used to describe the dynamics of business cycle by taking into account the
interest rate. The acronym IS stands for “investment-savings” and LM for “liquidity preference-money
supply”. The first formulation of this type of models was introduced by Hicks [12] based on Keynesian
theory. In this formulation, the curve of the equilibrium interest rates and incomes in the commodity
market is usually labeled by IS, and the curve of the equilibrium interest rates and incomes in the money
market is usually labeled by LM.

In the literature, several IS-LM macroeconomic models have been developed based on the idea of
Hicks [12] in order to better understand the dynamics of business cycle. For instance, Torre [21] proposed
a standard IS-LM model governed by two ordinary differential equations (ODEs) in order to study the
existence of limit cycles in the set of complete Keynesian systems by means of bifurcation theory. Gabisch
and Lorenz [3] considered an augmented IS-LM business cycle model with three ODEs. Based on the
ideas given in [3, 14], Cai [2] proposed a delayed IS-LM model by assuming that the investment, the
saving and the demand for money functions depend linearly on their arguments. The delay in [2] denotes
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the time lag between the decision of investment and his implementation. Abta et al. [1] extended the
model of Cai [2] to a nonlinear case of investment function of the form given in [17]. A recent IS-LM
model was introduced in [20] in order to improve and generalize the above models.

All the mathematical models cited above ignored the diffusion of macroeconomic aggregates. How-
ever, in this paper, we propose an IS-LM business cycle model involving time and space. This model is
expressed by the following nonlinear system of reaction-diffusion equations:

VLX) gy AY(t, %) + alI(Y(t, %), K(t, %), R(t, %)) — s1Y(t,x) — s2R(t, )],
OKIEX) _ gy AK(t,x) + I(Y(t —1,x), K(t,x), R(t, X)) — 8K(t,x), (1.1)
OR(LX) _ g3 AR(t, %) + BIL(Y(t, %), R(t,x)) — M,

where Y(t,x), K(t,x), and R(t, x) respectively represent the gross product, the capital stock and the interest
rate at time t, and location x. A is the Laplacian operator as well as d;, dy, and d3 are the diffusion
coefficients of Y, K, and R, respectively. The parameter « is the adjustment coefficient in the goods
market while {3 is the coefficient of adjustment in the money market. The demand for money or liquidity
preference function is labeled by L(Y,R) while the investment is presented by I(Y,K,R). The constant
money supply is denoted by M. The delay 7 is the time lag between the decision of investment and his
implementation. The positive constants s; and s, are the propensities to save. Finally, 5 is the depreciation
rate of the capital stock. In addition, we consider model (1.1) with the initial conditions:

Y(t/X) = b1 (tr X)/ K(t/ X) = ¢’2(t/X)/ R(t/X) = d)3(t/ X)/ (t/ X) € [-1,0] x ﬁ/ (12)
and Neumann boundary conditions:

Z—I = 2—5 = 2—5 =0, on (0,+00) x0Q, (1.3)
where Q is the market capacity and a% indicates the outward normal derivative on the smooth boundary
0Q).

It is important to note that our IS-LM model formulated by system (1.1) improves and generalizes
various economic models existing in the literature. For example, when we neglect the diffusion effect,
we get the model introduced in [20] that includes the temporal models proposed in [1, 2]. Further, the
spatiotemporal model presented by Hu et al. [13] is a special case of our model (1.1) when the interest
rate is absent and the investment function has a particular form.

The organization of the present paper is as follows. Section 2 deals with the existence of economic
equilibrium and the properties of solutions including the existence, uniqueness and uniform bounded-
ness. Section 3 establishes the local stability of the economic equilibrium and the existence of Hopf bifur-
cation. Section 4 presents some numerical simulations to illustrate our main theoretical results. Finally,
the paper ends with a conclusion presented in Section 5.

2. Existence of solutions and economic equilibrium

To establish the existence of the solutions of problem (1.1)-(1.3), we introduce some notations. Let
X=C (ﬁ, IRS) be the Banach space of continuous functions from Q into R® and € = C ([—,0], X) be the
Banach space of continuous functions of [T, 0] into X with standard uniform topology. For simplicity, we
identify an element ¢ € € as a function from [—7,0] x Q into R> defined by ¢ (s,x) = ¢(s)(x). For any
continuous function w(.) : [—1,b) — X for b > 0, we set w¢ € C by w¢(s) = w(t+s) for s € [—1,0].

As in [9, 19], we assume that the general investment function I(Y, K, R) satisfies the following hypoth-
esis:

(Hy) there exist two constants A > 0 and g > 0 such that [I(Y,K,R) + gK| < A forall Y, K, Re€ R.
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As in [20], we assume that the liquidity preference function L(Y,R) is of the form L(Y,R) = £(Y) — VR,
where y measures the variation of demand of liquidity related to interest rate and £(Y) satisfies the
following hypothesis:

(Hz) There exists a constant B > 0 such that |£(Y)| < B forall Y € R.
Based on these hypotheses, we have the following result.

Theorem 2.1. If (H;) and (Hy) hold, then for any given initial ¢ € C there exists a unique solution of problem
(1.1)-(1.3) defined on [0, +-00). Furthermore, this solution is uniformly bounded.

Proof. For each ¢ = (@1, @2, @3)T € €and x € Q, we define F = (F,Fp, F3) : € — X by

Fi(@)(x) = «[I(@1(0,x), 2(0,%), ©3(0,x)) — s191(0, %) — s2¢03(0,x)],
FZ(@)(X) = I((pl(_T/ X)I QZ(OIX)I (P3(O/X)) - 6([)2(0/7()/

Fs(@)(x) = BlL(91(0,x)) —v93(0,x) —MI.
Then problem (1.1)-(1.3) can be rewritten as the following abstract functional differential equation

{ u'(t) = Eu(t) + F(ug), t >0,

u(0) =¢ € G, 2.1)

where u = (Y, K, R)T and Eu = (d1AY, dpAK, d3AR)T. Tt is obvious that F is locally Lipschitz in €, and as
in [10], we conclude that problem (2.1) has a unique local solution on [0, Tmax), Where Tayx is the maximal
existence time for solution of system (2.1).

From the second equation of (1.1) and (H;), we get

K —dHAK < A—(5+79)K,
9K _
b) ’ _
K(0,%) = ¢2(0,x),x € Q,
According to Lemma 1 presented in [6], we have
A _
K(t,x) < max {,max (])Z(O,x)} , Vix,t) € Q x [0, Tmax).

o + q xeQ

This implies that K is bounded. From the third equation of (1.1) and (H»), we obtain

9 — d3AR < B(B—M) — BYR,
9R _
ov 4 _

R(0,x) = ¢3(0,x),x € Q.
Similarly to above, we get

R(t,x) < max{ ,max ¢3(0,x)} , V(x,t) € Qx [0, Tmax).

Y x€Q

This implies that R is bounded. According to the first equation of the system (1.1), we have

Y — 41AY < p—asy,
Y —,
(0,x) = $1(0,x),x € O,
B—M
B

,max ¢3(0,x)}. Hence,

where p = «(A +qny +sony) withny = max{ﬁ, max $»(0,x)} and ny = max{
xeQ xeQ

Y(t/ X) < max {p/max d)l(olx)} s V(X, t) S 6 X [O/ Tmax)z
XS1 xeQ

which implies that Y is bounded. It follows from the standard theory for semilinear parabolic systems
[11] that Tmax = +o0. This completes the proof. O
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To study the existence of economical equilibrium of (1.1), we need the following hypotheses:

(Ha) 1 (0, EOM) LOZM) g, (£(0) — M) > 0;

(Ha) v25 + (X2 4+ 2L(Y)) 2L+ £/(Y) &% < ys1+52£'(Y), V(Y,K,R) € R3.

Theorem 2.2. If (H1)-(Hs) hold, then the system (1.1) has a unique economic equilibrium defined by

E* (Y*, VSIY*HZ%(Y*)_M), L(Y*)_M) such that Y* is the positive solution of the following equation

VI <Y, vs1Y + s2(L(Y) —M)’L(Y) —M) CystY — sy (L(Y) M) — 0.

Yo Y

Proof. Any equilibrium of (1.1) is a solution of the following equations:

I(Y,K,R) —s1Y — 53R =0, (2.2)
I(Y,K,R) — 86K =0, (2.3)
L(Y)—yR—M =0. (2.4)

From (2.2)-(2.4), we have

R — L(Y)— and K — vs1Y + s2(L(Y) — M). 2.5)
Y Yo
By replacing (2.5) in (2.2), we get
vI (Y, ysiY+ Szég(Y) -M) L(Y)y_ M> —vs1Y — 55 (L(Y) = M) =0.

Therefore, we consider a function 1 defined on interval [0, +00) as follows

”}/81Y+82(L(Y) — I\_/l), L£(Y) M> Y — s (L) = M).

b(Y) =1 (Y
Y8 Y

From (H7)-(Hy), we obtain {(0) > 0, Ylim P(Y) = —o0, and
—+00

ol ol ol
(V) [

_ o =i 872 / o / o _ /
=Y3y 5 +6£)(Y) aK—i—L(Y)aR vs1—s2L°(Y) < 0.

Consequently, there exists a unique Y* € (0,4o00) such that Y* is the positive solution of the equation
P(Y) = 0. This completes the proof. O

3. Stability analysis and Hopf bifurcation

In this section, we focus on local stability of the economic equilibrium E*(Y*, K*, R*) and the existence
of Hopf bifurcation analysis. Lety = Y—Y*, k = K—K*, and r = R— R*. By substituting these new
variables into (1.1) and linearizing, we get following system:

oy d1Ay(t, x) + al(a —s1)y(t, x) + bk(t, x) + (c — s2)r(t, x)],

ot
% = dpAk(t,x) + ay(t —T,x) + (b —8)k(t,x) +cr(t, x), 3.1)
9 = daAr(t,x) + Blliy(t,x) —yr(t,x)], '
W=k —0 t>0,x€00Q,

where a = 2L (Y*, K*,R*), b = 2L (Y* K*,R*), c = 2L (Y*,K*,R*), and |y = £'(Y*).
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Let ¢ = C([—T, 0], X) be the Banach space of continuous functions of [—t, 0] into X, where X is defined

by
oy(t,x)  Ok(t,x) or(t,x)
_ 2,2 . _ _
X_{y,k,rew (Q): == = =

=0,x¢€ OQ}

with the inner product (.,.). Hence, system (3.1) can be rewritten as an abstract differential equation in
the phase space C as follows

Uu'(t) = DAU+ L(Uy), (3.2)
where U = (y,k,r)T, D = diag(dy, d2, d3), and L : ¢ — X defined by

L(¢) = Ad(0) +Bo(—1),

a(la—s1) ab  alc—s) 0 0O
A= 0 b—9 c and B=|a 0 0].
Rl 0 —By 0 00

Then the characteristic of system (3.2) is as follows

with

Ay — DAy —L (eMy) =0, y € dom(A)\{0} (3.3)

Let —k? (k e N ={0,1,2,...}) be the eigenvalue of the operator A under the Neumann boundary condi-
tions on X and the corresponding eigenvectors take the form:

B]1< = (Yk/ O/OJT s B]2< = (O/Yk/ O)T s Bi = (O,O,Yk)T,'Yk = COS(kX), k= O/ 1/21 LR

and {[5]1« B2, Bi}:i% construct a basis of the phase space X. Hence, we can expand in the form of Fourier
on the phase space X, which is as follows:

0 B]1< <yr B]1<>
k=0 By (v, B3

7

Bl B
L{o" | B2 =L(p)" 21, keN. (3.5)
By %

Substituting (3.5) and (3.4) into (3.3), we can have

N xla—s1) ab  alc—sp) K
> Y| (Als+DK*)—| ae™ b-3 c 2 | =o0.
k=0

k
Pli 0 —By By

The characteristic equation of (3.5) is as follows:

Then by calculation, we get

A+ dik%2—a(a—sq) —ab —a(c—s)
—ae M A dok2—b+06 —c =0,
—[311 0 A+ d3k2 + ﬁY

which leads to
A+ PoiA +PraA + Pox + (1A + qox)e M =0, (3.6)
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where

Pox = [d1k? — o(a — 51)](d2k? — b + 8) (dsk? + By),

p1k = —Blix(c —s2) + (d3k® + By) (d2k? — b +8)

+ (d3k? 4 By)[d1k? — a(a — s1)] + [d1k? — a(a — s1)](dak® — b +5),
Pox = d1k* — a(a —s1) + dak? — b+ 8 + d3k* + B,
qox = —(By + dsk?)arba,
qi1 = —«ab.
Clearly, for k € IN, A = 0 is not a solution of Eq. (3.6). When T =0, Eq. (3.6) reduces to
A° 4 PoiA” + (P1i + q1)A + Pox + qox = 0. (3.7)

If a < sy, then it not hard to see that the coefficients of the equation (3.7) satisfy:

P2k >0 and poi(pik+q1) — (Pox + qox) > 0.

By the stability criterion of Routh-Hurwitz, we deduce that all the roots of (3.7) have negative real parts

and we have the following result.

Lemma 3.1. If a < sy, then the economic equilibrium E* is locally asymptotically stable in the absence of delay.

When 1 # 0, let A = iw (w > 0) be a purely imaginary root of the equation (3.6). Then
—1w® = pok? + p1xiw + po + (driw + qox)e T =0.
Hence,

P2k w? — Pk = qrw sin(wT) + po x cos(wT),
w? —p1xw = grw cos(wT) — g,k sin(wT),

which implies that
w® + (P%,k —2py i) + (P%,k — 2po P2k — 41w’ + P(Z),k - q%,k =0.
Let z = w?. Thus, the equation (3.9) becomes
h(z) = 2% + corz® + ez +cor =0,
where
Cok = P%,k — 2Pk, CLk = P%,k —2poxp2k —qi, and cok = P%,k - q%,k-
By calculations, we obtain
cox = [d1k? — a(a — s1)1%(d2k? — b+ 8)*(d3k® + By)* — [(d3k® + By)xab)?,
ek = (—Bhia(c—s2))? + 2[=Bli(c — 52)][(dsk? + By)(dak? — b +8)
+(dsk? + By) (dik® — ala —51)) + (dok? — b +8) (dik* — (@ —51))]
+(dsk? + By)*(dak? — b +8)% + (dsk® + By)*[dik? — a(a —s1))?
+ [d1k? — o(@ — 51))*(dak? — b+ 8)? — (ab)?,
cox = [dik? — o(a—s1)1* + (d2k? — b+ 8)? + (dsk? + By)? + Blice(c — 82).
When k = 0, it is easy to show that
coo = [=Bya(a—s1)(—b+8)* — (Byxab)?.
If the following condition:
(A1) IByoabl > [—Byox(a—s1)(—b+3)]

(3.8)

(3.9)

(3.10)
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holds, then cog < 0. In this case, Eq. (3.10) has a unique positive root zyg, and thus Eq. (3.9) has a unique
positive root wy = /zg. By (3.8), we get
o1 — 2+ — 2j
) = L oresin (P2,091 — qo,0) u;o (P21,0<210,0 Pood) @ 27
Wo dp0 T qiw Wwo

, §=0,1,2,...,

at which Eq. (3.6) with k = 0 has a pair of purely imaginary roots of the form +iwy and all roots of
Eq. (3.6), except +iwy, have no zero real parts. Then, by the general theory on characteristic equations of
delay differential equations from [18, Theorem 4.1], we see that if a < s; and (A1) hold, E* remains stable
for T < 19, where 1) = T(()O). Let A(T) = v(T) +iw(T) be a root of Eq. (3.6) satisfying v (19) =0, w (1) = wy.
We now verify that

d(ReA)

dt

This will prove that there exists at least one eigenvalue with positive real part for T > 1¢. In addition, the
conditions for the existence of a Hopf bifurcation [5] are then satisfied yielding a periodic solution. To
this end, differentiating Eq. (3.6) with respect T, we derive that

( dA > T WM adtpe @ T
dt AN+ po A +pikA+pok)  AlgiA+dqox) A
By direct calculations one obtains that

d(ReA) e da
o {16 (@) )
A=iwg

— sign 3(,061 + 2cz,kw3 +eox | sign h (zo)
qiws + 4§ qiwi+qg, |

where z5 = w%. Hence, the transversal condition holds and a Hopf bifurcation occurs at w = wyp, T = 7.
Further, if iwq(wq > 0) is a solution of (3.6) with k > 1, by calculation, we get that

> 0.

T=T0

W§ + (P31 — 2p1k)wi + (PTy — 2P0 P2k — 1) WT +Pox — Aok = O-
Then, we get
(d1 — a(a—s1))*(d2 — b +8)*(d3 + By)* — [(ds + By) xabl?,
(—Blix(c —s2))* +2[—Blix(c — s2)][(d3 + By)(dy — b + &)
+(d3 +By)(d1 — a(a—s1)) + (d2—b+8)(d; — x(a—s7))]
+(d3+ By)*(d2 — b +8)* + (dz + By)*(d1 — er(a—51))?
+ (d; — a(a—s1))*(dy — b +8)? — (xab)?,
ok > (di — a(a—s1))*+ (d2 —b+8)* + (ds + By)* + Blix(c — s2).

Cok =
ClLx =

Clearly, if the following conditions:
(A2) (di —«(a—s1))(d2—b+8)(d3+ By) > |(d3 + By)xabl;

(A3)
(—Blioc(c —$2))* +2[—Blix(c — s2)][(ds + BY)(d2 — b +8) + (d3 + By)(d1 — (@ —s1))

+(d2 —b+8)(d1 — «x(a—s1))] + (d3 + BY)*(d2 — b+ 8)* + (ds + By)*(d1 — (@ —s1))?
+(dy —a(a— sl))2(d2 —b+ 6)2 > (ocab)z;
(Ag) (d1—ala—s1))2+ (Ao —b+8)>+ (d3 + By)? > —Blix(c — s2),

hold, then Eq. (3.6) with k > 1 has no purely imaginary roots. In conclusion, we have the following
results.

Theorem 3.2. If a < sy and (A1)-(A4) hold, then the economic equilibrium E* is locally asymptotically stable forall
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T € [0,70) and becomes unstable when T > To. In addition, the system (1.1) undergoes a Hopf bifurcation at E*
when t =1y, forj € N.

4. Numerical simulations

In this section, we present some numerical simulations to illustrate our theoretical results. Here, we

consider I(Y,K,R) = I(Y) + —1‘1\/% + 2R, where q1,q2 < 0, € > 0 and I(Y) is the Kaldor-type investment

function defined by % The liquidity preference function is chosen as L(Y,R) = s3Y — s4R, where
s3,84 = 0. We use the following parameter values: « = 3, 6 = 0.2, 1 = —0.3, q2 = —0.2, ¢ = 0.01,
M =0.05,s, =02, 50 =0.1,53=0.3, 54 =0.2, fp =0.2,dy =dy; =d; =0.1. In this case, our model has an
economic equilibrium E*(0.65775,1.02607,0.73663). By a simple computation, we can obtain tg ~ 1.8666.
First, we choose T = 1.5 < 19. According to the result of Theorem 3.2, we know that the economic
equilibrium E* is locally asymptotically stable for all T € [0, Tp), Figures 1 and 2 demonstrate this result.
Next, we choose T = Tg. By Theorem 3.2, the system (1.1) undergoes a Hopf bifurcation at the economic
equilibrium E*, Figures 3 and 4 illustrate this result. Finally, we choose T = 1.92 > 7. It follows from
Theorem 3.2 that E* is unstable, which is illustrated in Figures 5 and 6.

Space x oo Time t Space x ] Time t Space x ] Time t

Figure 2: The economic equilibrium E* is stable, when T = 1.5 and x = 5.
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R(t,x)

Space x 0 0 Time t Space x 0 0 Time t Space x 0 0 Time t

Figure 3: Spatiotemporel dynamics of system (1.1), when T = 7.

o8 101 o728

[ 50 100 150 200 250 300 0 50 100 150 200 250 300 [ 50 100 150 200 250 300
Time t Time t Time t

1.04

Figure 5: Spatiotemporel dynamics of system (1.1), when T = 1.92.

5. Conclusion

In this paper, we have proposed a delayed IS-LM model with diffusion effect, interest rate and general
investment function under homogeneous Neumann boundary conditions. We have studied the existence,
the uniqueness, and the uniform boundedness of solutions as well as the existence of economic equilib-
rium. Using the Routh-Hurwitz criterion and the analysis of the roots of the characteristic equation of



M. Elkarmouchi, S. Lasfar, K. Hattaf, N. Yousfi, ]. Math. Computer Sci., 31 (2023), 70-80 79

0.85 1.08 u 0.76 n"“n
08 bl o 0755 P \
| 106 e bt . | ‘
v'|"ﬁ\‘1\n\“‘||\“|‘“ “‘,‘,.‘,wﬁl\"\\“‘l‘\”“HH 075 P HHHHHHHHHH
oS OO T T H O e HH|| T H H
AN RAN AL sl WA AL et A A
NNV TR N YT CRR VLR
UL VI T L T
i U T L I i I
g A A A AT A A AT AT EREATA T i A AR AR
IAIRIRIRIRIRIRIRIRI \H i [l PUV YUY L ‘ onf A ‘
Dﬁu\.‘,’w\j“‘\‘\l‘\‘l‘““‘l” HH (| ‘ ) Jv‘-“u“n'ul\‘H\H‘”H H\H ’H'.“".H\H\“H\NH\HH| ‘|‘
“““"ﬂ‘u'\.‘u\\”ul\HHH YV o728 Vu‘uulu'b\\\l‘\‘\\ll“‘u
0.5 ‘”UUMHUHHH “U‘uUU”HH ﬂly‘\dhh\\“l‘\l‘“l“‘
bl | 0.72 v
U 0.98 | “‘I“\‘\“
05 ‘! ! I“Ill
0.715 AJ‘
|
0.45 0.96 07
0 50 100 150 200 250 300 0 50 100 150 200 250 300 0 50 100 150 200 250 300
Time t Time t Time t
0.76
0.75
0.74
[i4
0.73
0.72
0
11
1.05 08 08
1 0.7
o5 086
K 095 04 Y

Figure 6: The economic equilibrium E* is unstable, when T =1.92 and x = 5.

the linearized system, we have established the local asymptotic stability of the economic equilibrium and
the existence of Hopf bifurcation. Furthermore, the business cycle models and the IS-LM macroeconomic
models presented in [1, 2, 13, 20] are improved and extended by considering other economic factors.

In economics, memory refers to the ability of economic agents to remember past events and use them
to make economic decisions in the present. In addition, most economic systems have long-term memories.
Therefore, the impact of memory effect on the dynamics of our model by using the new generalized Hattaf
fractional (GHF) derivative [7, 8] and other fractal-fractional derivatives as used in [4, 15, 16], will be the
main purpose of our future works.

Acknowledgments

The authors express their gratitude to the editor and anonymous referees for their helpful suggestions
and comments, which improved the final version of this paper.

References

(1]

A. Abta, A. Kaddar, H. T. Alaoui, Stability of limit cycle in a delayed IS-LM business cycle model, Appl. Math. Sci., 2
(2008), 2459-2471. 1,1, 5

[2] J. P. Cai, Hopf bifurcation in the IS-LM business cycle model with time delay, Electron. J. Differ. Equ., 15 (2005), 1-6. 1,

(3]
(4]

1,5

G. Gabisch, H. W. Lorenz, Business Cycle Theory: A survey of methods and concepts, Springer, New York, (1987). 1
E. FE. D. Goufo, Y. Khan, A new auto-replication in systems of attractors with two and three merged basins of attraction via
control, Commun. Nonlinear Sci. Numer. Simul., 96 (2021), 19 pages. 5

[5] J. Hale, Theory of Functional Differential Equations, Springer-Verlag, Heidelberg, (1977). 3

K. Hattaf, Spatiotemporal dynamics of a generalized viral infection model with distributed delays and CTL immune response,
Computation, 7 (2019), 1-16. 2

K. Hattaf, A New generalized definition of fractional derivative with non-singular kernel, Computation, 8 (2020), 1-9. 5
K. Hattaf, On the stability and numerical scheme of fractional differential equations with application to biology, Computa-
tion, 10 (2022), 1-12. 5

K. Hattaf, D. Riad, N. Yousfi, A generalized business cycle model with delays in grossn product and capital stock, Chaos
Solitons Fractals, 98 (2017), 31-37. 2


https://www.researchgate.net/profile/Abdelilah-Kaddar/publication/228420425_Stability_of_Limit_Cycle_in_a_Delayed_IS-LM_Business_Cycle_model/links/5d3598a24585153e5916be8d/Stability-of-Limit-Cycle-in-a-Delayed-IS-LM-Business-Cycle-model.pdf
https://www.researchgate.net/profile/Abdelilah-Kaddar/publication/228420425_Stability_of_Limit_Cycle_in_a_Delayed_IS-LM_Business_Cycle_model/links/5d3598a24585153e5916be8d/Stability-of-Limit-Cycle-in-a-Delayed-IS-LM-Business-Cycle-model.pdf
https://eudml.org/serve/126257/accessibleLayeredPdf/0
https://doi.org/10.1007/978-3-662-01178-2
https://doi.org/10.1016/j.cnsns.2021.105709
https://doi.org/10.1016/j.cnsns.2021.105709
https://link.springer.com/book/10.1007/978-1-4612-9892-2
https://doi.org/10.3390/computation7020021
https://doi.org/10.3390/computation7020021
https://doi.org/10.3390/computation8020049
https://doi.org/10.3390/computation10060097
https://doi.org/10.3390/computation10060097
https://doi.org/10.1016/j.chaos.2017.03.001
https://doi.org/10.1016/j.chaos.2017.03.001

M. Elkarmouchi, S. Lasfar, K. Hattaf, N. Yousfi, ]. Math. Computer Sci., 31 (2023), 70-80 80

(10]
(1]

(12]
(13]

(14]
(15]

(16]

(17]
(18]

(19]
[20]

[21]

K. Hattaf, N. Yousfi, A generalized HBV model with diffusion and two delays, Computers, Comput. Math. Appl., 69
(2015), 31-40. 2

D. Henry, Geometric Theory of Semilinear Parabolic Equations, Lecture Notes in Mathematics, Springer-Verlag, (1993).
2

J. R. Hicks, Mr. Keynes and the “classics”, a suggested interpretation, Econometrica, 5 (1937), 147-159. 1

W. Hu, H. Zhao, T. Dong, Dynamic Analysis for a Kaldor-Kalecki Model of Business Cycle with Time Delay and Diffusion
Effect, Complexity, 2018 (2018), 1-11. 1,5

M. Kalecki, A macrodynamic theory of the business cycle, Econometrica, 3 (1935), 327-344. 1

Y. Khan,A variational approach for novel solitary solutions of FitzHugh-Nagumo equation arising in the nonlinear reac-
tion—diffusion equation, Int. J. Numer. Methods Heat Fluid Flow, 31 (2021), 1104-1109. 5

Y. Khan, N. Faraz, Simple use of the Maclaurin series method for linear and non-linear differential equations arising in
circuit analysis, COMPEL - Int. J. Comput. Math. Electr. Electron. Eng., 40 (2021), 593-601. 5

A. Krawiec, M. Szydlowski, The Kaldor-Kalecki business cycle model, Ann. Oper. Res., 89 (1999), 89-100. 1

Y. Kuang, Delay Differential Equations with Applications in Population Dynamics, Academic Press, New York, (1993).
3

D. Riad, K. Hattaf, N. Yousfi, Dynamics of a delayed business cycle model with general investment function, Chaos
Solitons Fractals, 85 (2016), 110-119. 2

D. Riad, K. Hattaf, N. Yousfi, Mathematical analysis of a delayed I1S-LM model with general investment function, J. Anal.,
27 (2019), 1047-1064. 1,1, 2,5

V. Torre, Existence of limit cycles and control in complete Kynesian systems by theory of bifurcations, Econometrica, 45
(1977), 1457-1466. 1


https://doi.org/10.1016/j.camwa.2014.11.010
https://doi.org/10.1016/j.camwa.2014.11.010
https://books.google.com/books?hl=en&lr=&id=uWF7CwAAQBAJ&oi=fnd&pg=PA1&dq=Geometric+Theory+of+Semilinear+Parabolic+Equations&ots=HzXLGogpRo&sig=hIq6m-dsXaNYg3z0JHWLIadu9-o
https://doi.org/10.2307/1907242
https://doi.org/10.1155/2018/1263602
https://doi.org/10.1155/2018/1263602
https://doi.org/10.2307/1905325
https://doi.org/10.1108/HFF-05-2020-0299
https://doi.org/10.1108/HFF-05-2020-0299
https://doi.org/10.1108/COMPEL-08-2020-0286
https://doi.org/10.1108/COMPEL-08-2020-0286
https://search.ebscohost.com/login.aspx?direct=true&profile=ehost&scope=site&authtype=crawler&jrnl=02545330&AN=18654363&h=lK6baJ3pgDjXmt6%2Bye1AKp0f0tjuk1anXQH9ZYbd1LWclYL2UXinN0sCqN%2BKn%2BsVpY%2B7e5a7%2FZKh%2BeMWgroSMA%3D%3D&crl=c
https://books.google.com/books?hl=en&lr=&id=YWsz1IXkvy0C&oi=fnd&pg=PP1&dq=Delay+Differential+Equations+with+Applications+in+Population+Dynamics&ots=2AxRtigeHh&sig=PA0v_DPpvtsiP9zMTwgzoiYPjcE
https://doi.org/10.1016/j.chaos.2016.01.022
https://doi.org/10.1016/j.chaos.2016.01.022
https://doi.org/10.1007/s41478-018-0161-y
https://doi.org/10.1007/s41478-018-0161-y
https://doi.org/10.2307/1912311
https://doi.org/10.2307/1912311

	Introduction
	Existence of solutions and economic equilibrium
	Stability analysis and Hopf bifurcation
	Numerical simulations
	Conclusion

