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Abstract

Cancer is the most dangerous disease in the world. Therefore, this paper is devoted to studying a mathematical model of
diffusive cancer and the effect of its treatments. One of the cancer treatments currently being explored is stem cell transplant,
which works to stimulate and strengthen the immune system while the patient receives chemotherapy. This work introduces a
mathematical system for the temporal and spatial interactions between the tumor, stem cells and effector cells during chemother-
apy and the extent of the spread of these interactions within the tissue. Also, we study the stability of the system through the
equilibrium points of the reaction-diffusion model. In addition, the existence, uniqueness, positivity, and boundedness are
proven. We found a numerical simulation by the finite difference method and observed a dynamic of the solutions. Also, we
described the tumor behaviour before and after the treatments and the effect of its diffusion.
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1. Introduction

Cancer is a disease that killed millions of people globally and becomes one of the causes of death
in the world. It starts from the abnormal growth of cells in different organs in the body and these cells
divide and spread inside the human body without control and are able to penetrate and damage tissues.
It is generated by a mutation in a chain of deoxyribonucleic acid-DNA found in cells. This chain in the
human body contains a set of instructions prepared for the cells of the body that determine how to grow,
develop and divide. While uninfected cells sometimes tend to make changes in their DNA, but they are
still able to correct the bulk of these changes. But if they cannot make these corrections, the distorted cells
often die. However, some of these deviations are not correctable, which leads to the growth of these cells
and their transformation into cancerous cells. These deviations can extend the life of some cells more
than their normal life average, this phenomenon causes the accumulation of cancer cells. It is known
that many types of treatments are currently available for cancer such as surgery, chemotherapy, radiation
therapy, stem cells transplantation, biological (immunotherapy), hormonal therapy, drug therapy, and
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clinical trials. There are many articles that have studied the effect of these treatments on tumor cells by
describing the interaction between the tumor and its treatment as a mathematical model [1, 12, 17, 24].
For example, references [15, 18] introduced a mathematical model to describe the interaction between
the tumor and the immune therapy. Suddin et al. [22] studied the interactions between the tumor,
the immune system, effector cells and the cytokine Interleukine-2 ( IL-2) treatment with spread cells by
modeling a three-dimensional system of partial differential equations (PDEs) that subjects to initial and
boundary conditions. The reference [26] studied the cancer model with immune therapy that containing
interleukine-10 (IL-10) and anti-PD-L1 inhibitor. Mathemtically speaking, the cancer model has been
examined by fuzzy logic in order to reduce tumor uncertainty and achieve a degree of realism [21].
The interaction between immune system and cancer cells by adding IL-12 cytokine and anti-PD-L1 was
studied by considering the system of equations in term of Caputo and Caputo-Fabrizio (CF) derivative
[25].

Stem cells have become a great scientific revolution in the treatment of many diseases because they are
supporting body cells by differentiation and proliferation in tissue [3, 4, 9, 14, 16, 23]. Researchers believe
that it is one of the important solutions in the future to help medical scientists [11]. The mathematical
model can describe the dynamics of cancer and help physicians to predict the optimal treatments and
control cancer growth by using stem cell and chemotherapy [8]. Practically, we know the ability of the
tumor to spread in cells and weaken them, but the stem cells work to develop within tissues during
chemotherapy and reduce the destroyed cells [13].

The mathematical model [8] is the first model that combined the cancer mathematical model with
stem cell therapy. The model is also represented by fractional order differential equations [19]. However,
this model is a system of ordinary differential equations (the functions are only dependent on time). The
solutions of this system indicate that the stem cell therapy increase the immune system response and
reduce the tumor growth. It is very important to study the effect of spread the tumor or its treatments
in the model. The novelty of this work is to study the effect of a diffusion of tumor and treatments.
Thus, this article is devoted to extend the mathematical model in reference [8] by accounting the diffusion
terms in the mathematical model. In this case, the mathematical model is converted to a system of partial
differential equations (PDEs). The article will study the stability, existence and uniqueness of the diffusive
mathematical model as well as prove the positivity and boundedness of the solutions. The finite difference
method (FDM) will be applied to obtain the numerical simulation. Then, we will explain the dynamic of
the solutions and the behavior of tumor cells before and after treatments.

2. The model formulation

We formulated a mathematical model of tumor interactions with chemotherapy and stem cells. The
model consists of four populations: S(t) is stem cells, E(t) is effector cells, T(t) is tumor cells, and M(t)
is chemotherapy concentration drug of PDEs system, we set the spatial domain B = (a, b), and the space-
time domain Q =B x (0,t*) as below form:

0S 9%S
a——}lls—quS‘i‘Chw, VX,tEQ,

oE I'ES 0%E

— =c—AE+——p(T+ME+dr—, Vx,teQ,
ot S+1 0x?

oT 02T @1)
— =B1-bTT—(cE+ooM)T+d3— , Vx,teQ,
ot 0x2

oM M
— =— WM+ V() +ds——, Vx,te Q.

ot 0x?

The description of the parameters are proposed in Table 1.
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Table 1: Descriptions and values of the parameters in system (2.1), see [8].

Initial/Parameters  Description Estimated values
S(0) The initial concentration of stem cells 1

E(0) The initial concentration of effector cells 1

T(0) The initial density of tumors 1

M(0) The initial concentration of chemotherapy drug 0

ol The decay rate of the stem cells 0.02825

c The growth rate of the effector cells 0.17

A The natural death rate of the effecror cells 0.03

b Carrying capacity of tumor cells 1x107°

o Parts stem cells killed by chemotherapy 1

r Maximum proliferation rate of effector cells 0.1245

B The growth rate of tumor base in the stability condition
. Decay rate of the effector cells 1

killed tumor cells and chemotherapy
x Parts tumor cells killed by chemotherapy 0.9
Decay rate of the tumor cells

¢ killed by the effector cells 09

U2 Decay rate of chemotherapy drug 6.4

V(t) The time refer to external flow of 1
chemotherapy drug

V(0) The initial value of V(t) 0

3. Description of the model

The system of PDEs (2.1) explains the relationship between stem cells S(t) proliferation, tumor cells
T(t) and the interaction of effector cells E(t), as well as the effect of chemotherapy compounds M(t). In
addition, the system includes the effect of diffusion term which is expressed by the second-order partial
derivatives with respect to x. The first equation shows the rate change of the stem cells, they can decay
naturally at the rate p; and by the chemotherapy at the rate «;. In the second equation, the rate change
of effector cells can be effected positively by the natural growth (c) and the stem cells differentiation (I").
Also, they can be decayed by the natural death (A) and by chemotherapy or cancer (p). The third equation
is the rate change of tumor cells which grow by natural growth (). Also, tumor T decays based on its
carrying capacity b and by the effect of chemotherapy (o) and effector cells (). In the last equation, it
shows the rate change of chemotherapy which decreases by the rate p, and increase by the effect of the
function V(t) which is dependent external influx of chemotherapy. Then, d;, d, d3, and d4 are diffusion
coefficients of stem cells, effector cells, tumor cells, and chemotherapy, respectively. Also, they show the
random motility and supposed to be positive. The diagram in Fig. 1 describes the interactions between
the components in aforementioned mathematical model.
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Figure 1: The diagram of the mathematical model (2.1).
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4. Equilibrium points and stability

In general, the stability analysis of equilibrium points is important to determine the behavior of the
system in the neighborhood of each equilibrium point. The system of equations (2.1) can be rewritten as
following:

0S 2°S oE 9°E I'ES

& 42— S — aqMS, —ad — C—AE+ —> _p(T+M)E,

ot oz T M T I ts7 PO EM @)

oT 2T oM M '
—B(1—bT)T— (6E+ coM)T, & —a, ™ — UM+ V(1).

3t d3a 5 = B(1—bT)T — (0 + cM]T, ot dg 2 M + V(t)

The equilibrium points for two cases as in [8], are as follows:

Free-cancer: In case of free cancer, we have no treatments (i.e., S =0, M = 0), and the equilibrium positive
point is given by:
c
P et E, T ==,
v=ET =5

This point is defined if A # 0 and indicates the case of free cancer. The Jacobin matrix for this point is:

— _¢tp
Jamz((fﬁ_%)-

The eigenvalues are: —A and 3 — £2. The eigenvalues have negative real part if f < &2, i.e., Ryg < 1, where

0).

Ro = % Therefore, the point is asymptot1cally stable if Ry < 1.

Endemic point before treatment: The endemic point before treatment is: P; = (E, T) = (ﬁpT*,T*),
where

(Bp —bBA) + v/(Bp — bBA)Z —4(Bbp)(co — PA)
2bBp ‘

The point is positive if Rg = % > 1. The Jacobin matrix at P; is:

(A4 pT* e
ey = (AP L

The eigenvalues of Jg(P1) is in the form

T =

—A1 £ /AT —4A;

20 !

where A, = A (B(ZbT* -1+ 7\+pT*> +BpT*(2bT* —1) and Ay = B(2bT* —1) + }\+pT* +A+pT*. Thus,
if A, =0, we have

ERY

- 20

there is one eigenvalue. If A, > 0, we have two eigenvalues with negative real parts, if A, < 0, we have
at least one positive eigenvalue. Therefore, Py is asymptotically stable if A, > 0. Therefore, the point is
stable if T* > 2% and Rgp > 1.

Endemic point after treatment: The third positive equilibrium point for system is:

c
P,=(S,E,T,M)=(0, ———————, T, M»),
= ( ) =( AT Map £ 7T 2, M2)
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where

. —B1 + \/B% —4Bb (cu3po+p (02 — Buz) (Auz +p))
2T 2bB2p ’

My =L, By = (bBAu2 + bPp + oop — Bugp) . The point P, exists if

cudo+ o (A +p)
2 (Apz +p)

B>

The Jacobin matrix at the point P, (Ja (P2)) is as follows:

—X1 M2 — W 0 0 0
r cp cp
)\+M§p+pT2 —A—p(Mz2+Tp) T A+Mop+pT, T AMop+pT,
0 —oT, —2bBTr+ B — W{m — oM, —opTy
0 0 0 —H2

The characteristic polynomial of Ja (P2) satisfies:
(—t2 = L)(—oqMz — g — L)(L? + D1L + D),

where L denotes the eigenvalues, D; = $ (2bT, —1) + W}fﬂﬁz +A+My(axa+p)+pTr and Dy, =
(2bT, —1) + My ([5 (2bT, — 1) p + ﬁ,\/@% + o (A +pT2)> + #&pn + xoM3p + B (A+pT,) . The

cuso+on (Ap+p)
w2 (Apz+p)

point is asymptotically stable if : T, > %, and 3 >

Cure of cancer: The fourth positive equilibrium point for system (4.1) is:

1
CL 0,—).

Py =(S,E,T,M) = (0,2
3= )= A +p° 7 2

This point indicates cure of cancer. The point is defined if u; # 0, and p # 0. The Jacobin matrix for this
point is:

—% — 0 0 0
el N N _ _Cwp _ _Cwp
Ja(P3) = Ap2+p 2 N Mlzﬂ?c - Apa+p
0 -2 4Bt 0
H2 AH+p
0 0 0 —U

The characteristic polynomial of L satisfies:

det(Ja (P3) — LI) = (—uz—L)(—% i~ L2+ CL+Ca),

— + — % (Artp) B int i i
where C; = —p + 525 +A+ 42, and C; = —BA+co+ % — T, The point is asymptotically
stable if: A > 3, and 1 > Ry + Cﬁfc (i.e., Ro < %).

5. Numerical simulation

In literature there are many numerical methods to solve system of PDEs [5-7, 10, 20]. In this section,
we will use the Finite Difference Method (FDM) with exponential technique. Assume the real numbers
a,b,t* such that a > b and t* > 0. We fix the spatial domain B = (a,b) and the space-time domain
QO = B x (0,t*), where 0B is the boundary of B. The PDEs in the system (2.1) are two-dimensional
equations subjected to the initial-boundary conditions. In this section, we proposed numerical simulations
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by applying the finite-difference method [2]. Beforehand, notice that the discrete model is an explicit
scheme and the initial and boundary conditions are as follows:

S(x,0) = Gs(x), Vx€B, E(x,0) = Gg(x), Vx e B,
T(x,0) = Gt(x), Vx€B, M(x,0) = Gm(x), Vxe€B,

and the boundary conditions are:

S(x,t) = ws, Vx,teoBxI[0,t*], E(x,t) = wg, Vx,teoBxI[0,t*],
T(x,t) = wT, Vx,teodBx]I[0,t*], M(x,t) = wm, Vx,tedB x[0,t*].

We consider that S,E, T, and M are positive vectors of solution of system (2.1), and let ¢ € R be a
constant. Dividing both sides of each equation in the system by S(x,t) + &, E(x,t)+ &, T(x,t) + &, and
M(x, t) + &, respectively, and using the chain rule at the left-hand side of each equation we obtain the
following form:

) 1 0%S

| — _ — M g

5t n(S+§&) (S—FE,) _ mS — o S-i—dlaxz],

0 1 [ I'ES 0%E

ot n(E+E) (E+ &) _C A +S+1 pT+M) +dzax2}’

3 In(T+§) = 1 -(5(1 —bTT — (cE+ ooM)T + d. aj o
ot i x2 30|

0 1 M

For fixed N, K € IN, define the sets I, =12..7p for each p € {N, K}, and Tp = {0} U I,, where Tp is the
closure of I,,. Also, we define 0] = In N 0B. Assume the discrete partition for the t and x on the domain
[a,b], and [0, t*] as following:

Aa=%X0 <X, o0, Xn <Xna1<---<xny=Db, Vnely,
O=tog<ty....tke <tgr1 <---<tg =t*, Vkelk.

The discrete operators for each n € In_1, k € Ix_; are

5 Wk _ M 62Wk _ WT‘i-O-l _ZWTE +WT]?.—1
t¥Vn — T ’ xVWn — h2 ’

where W = {S, E, T, M}. Substituting these discrete operators at the time ty into model (5.1) gives:

1
Sln(Sy +&) = SEE (1S — aaMSK + di83S5],
n
S¢In(EX +&) = L[e —AEK + MEnSn —p(TE + MFX)EK 4+ 62 EK]
t n (E%—&—E) n S]T<L+1 n n/tn xEnls
1
Seln(TX +&) = T Bl- bTX)TN — (0ES + ooMI)TX + d3d3 Y],
n
1
5t1n(M1<1 +&) = m[—HZM]ﬁ +V(t) + d4636M‘]I'<L:|'
n

We have obtained an exponential mathematical system that can be rewritten as follows:

Skt —Fg = (Sk +&)exp (ds) —&,  EXTI=Fp = (EX + &) exp (b)) — &,

52
TE =Fr=(TE+ 8 exp (dpr) —& MET =Fy = (MK + &) exp (dm) — &, 62
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where
s = T((—pu1 Sk — oy MESK +d;82SK)
> Sk +¢& '
k gk
(e —AEK + 25 — p(TX + MIEEK + d282EK)
e = EX +& '
~ T((BA—=bTHTE — (0K + coMK)TE + d382TK)

ot = TE+£ ’
O = T(— My +V + didI M)

subjected to:
SO =Gs(xn),E% =Ge(xn) , T = Gr(xn) ,MY% = Gm(xn), Vneln,

also,

SK = ws(xn, tx), V(n,k) e dJ x I, EX = we(xn, t), V(n, k) € 9] x Ik,

TN =wrlxn, t), V(n k) €] x Ik, ME = wpm(xn, te), V(n, k) €3] x Ik,
and define the (N + 1)-dimensional real vectors as

WE = (W, WE, WE, . WE, W, WR).

Theorem 5.1 (Existence and uniqueness). Let WX > 0 and & > 0. Then, the discrete model (5.2) has a unique
solution WK1,
Proof. Since WX > 0, & > 0, and WX*! is defined uniquely in the system (5.2), the solution exists and is

unique. O

Theorem 5.2 (Constant solutions). Let WX be the zero vectors for fixed k € Ix. Then, the sequence (WX)K_, is
a solution for the system (5.2) if Gy =0, ww =0, and ¢ = 0.

Proof. Assume the vectors W = 0 satisfy the system (5.2) and the initial and boundary conditions. For
some k € Ix_1, if W& =0, then Gy = 0 and wyw =0, by the system (5.2) becomes: WKt = F,(0) =0,
for each n € In_1. Therefore, the zero vector is the constant solution. O

Lemma 5.3. Define the function Fy(w) = gw exp(dw ) — &, where gw(w) = w + & as in (5.2). Assume Fy/,
and g are mapping from [0,1] to R, ¢ and g are differential for each w € [0, 1] and for some & € R, then Fy/(w)
is increasing in [0, 1] if F{y, (W) = gw (W)’ (w) + g1, (W) > 0.

Theorem 5.4 (Increasing functions). Assume the function Fw (w) is as defined in Lemma 5.3. Then, Fs(w),
Fe(w), Fr(w), and Fap(w) are increasing functions if they satisfy the following conditions respectively:

I'S
TBs < &, TBE<E,<S+T1+1>, Bt < &(B+1), ™Bm < &,

where

2&
Bs = d; <a]§,n +e§ + hz) +&(m+oME),

2d
Be =c+dr(af,, +efn)+§& (1122 +A+pM§+pT‘;> ,

2d
Br=ds (af, +ef,)+& (b[sTT‘f + h—j + MK + cEli) ,

2d
Bm = ds (afgn +€fin) +E <h24 + m) +V(1).
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Proof. Let Hw (w) = gw(w)d’'(w) + gy, (W), where gw(w) = w+ & and gy, (W) = 1, and for each W €
{S,E, T, M}, Hw (w) can be found as

Hetw) = ) gy = REO ) = RO ey = B 0,1,

w+§’ w+§ w+§’ w+E
where
I'S
Rs(w) =w+ & —1Bs, Yw € [0,1], Re(w)=w+§— TBE+§+I
Rr(w) =w+&—1B1 + &B, Rm(w) =w+&—1Bp,
where

2¢,
Bs = d; (a‘s‘,n—i—els‘n h2> +&(m+oaME),

2d;
BE_c+d2(aEn+eEn)+£< +7\+pMk pT'{),

2d;
Bt =ds (aTn—i—eTn)—i—E(bBTk—i— —i—ocQMk—i—GEk)

h2
" " 2dy
Bm =ds (apin +epin) +£ T2 FH2 ) H V(L.
It is obvious that Hs(w) > 0, Hg(w) > 0, Hy(w) > 0, and Hm(w) > 0, if they satisfy the following
conditions, respectively,

'St
S+1

™Bg < &, TBE<E,< +1>, Bt < &(B+1), 1Bm <&

By Lemma 5.3 the functions Fk ( ) are increasing functions forVw € [0,1], Vn € In_jand k € Ix_;.

Using the hypotheses, the vectors aW and eW are defined as follows: | aW < 2 and | eW |< }}2 for
eachk € Ix and W € {S,E, T, M}. O

Theorem 5.5 (Boundedness). Let w € [0,1], £ > 0. Ifc+T/2 <A+2p, p < bR+ 0+ g, and V(t) < po
hold, then there are unique sequences of vectors (W*)K_ that satisfies 0 < W* < 1, for each W € {S,E, T, M}.

Proof. Let Fyy is a mapping function in the domain [0, 1]. Then, we have the initial value at w =0 as

Fs(0) = Eexp (0) — &, FE(O)zaexpgc)—a, Fr(0) = £exp (0) — &, FM(O)zaexp(gwtn—a.

Thus Fy/(0) =0 if c =0 and V(t) = 0. On other hand, we get

ds(1) < g (- —oa), Ge(l) < gle—A+T/2-2p),
br(1) < ﬁ(ﬁu—b)—c—m bm(1) < ﬁ(—uﬁvm).

Thus, dw (1) < 0if c+T/2 <A+2p, B <bP+0+ 0z, V(1) < up. If dw (1) < 0, then Fy (1) < 1. Since
the functions are increasing in [0,1], and 0 < Fw/(0) < Fw(1) < 1, then Fy/(w) is bounded in [0, 1]. Let the
sequence WX such as 0 < WK < 1, we have WK1 = F,/ (WK), therefore 0 < WK1 < 1. O
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6. Dynamics of the system

6.1. Before treatment

First, we study the system (2.1) before starting the treatments (i.e., M = S = 0). Assume the initial
conditions of system (5.2) as follows:

T(x,0) = Toe*, E(x,0) = Ege!™>.

The value of 3 has been chosen based on stability condition and the other value of parameters are in
Table 1. Figure 2 Shows decrease in the concentration of effector cell Eq to fight cancer, and tumor cell Ty
grows fast. The parameters used are 3 =5.2, ¢ =0.17, £ =0.1, T = 0.0001, and N = 1000, with diffusion
coefficients: dp = 0.1, and d3 = 0.98111. Figure 2 indicates that the tumor cells are expected to grow and
the effector cells decay.

6.2. After treatment

Next, we study the diffusive system which includes stem cells transplant and chemotherapy. In this
case, we consider S > 0 and M > 0. We assume the initial conditions of the system (5.2) as follows:

S(x,0) = Spe ™, T(x,0) =Tpe*, E(x,0) =Ege!™, M(x,0) = Mge*.

The stem cells decay because of their ability to differentiate, the chemotherapy drug and effector cells
increase in space while the tumor cells decay as we can see in Figure 3. Also, the numerical solutions
at the time t = 1,3,5 are plotted in Figure 3. However, Figures 2 and 3 present the biological meaning.
Before the treatment, tumor infection starts in Figure 2, the concentration of effector cells tends to decrease
because interaction with tumor cells into the tissue, while tumor cells increasing. While after treatment,
the stem cells decrease because they differentiate into other type of cells or another stem cells. Also,
the tumor cells decrease as a results of the treatments effects, which means an infected cell could die or
return to being an uninfected cell. As a result, the infected cells, and the concentration of chemotherapy
decreases as we see in Figure 4.

(@) (b)

Stem cell if S=0 Effector cell

0.5

8 05

Population concentration
,
o
Population concentration

0 5 10 0 5 10
Distance into tissue x Distance into tissue x
(c) (d)

60 Tumor cell ; Chemotherapy if M=0

0.5
40

20
-0.5

Population concentration
o

Population concentration

0 5 10 0 5 10
Distance into tissue x Distance into tissue x

Figure 2: The plots present the beginning of infection where no therapy started (S =0, M = 0).
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Stem cell
0.5
0
0 5 10
Distance into tissue x
(e)
Stem cell
0.5
0
0 5 10
Distance into tissue x
(U}
] Stem cell
0.5
0
0 5 10
Distance into tissue x
(9)

Effector cell

0

5 10
Distance into tissue x
(e)
Effector cell

0

5 10
Distance into tissue x
)
Effector cell

0

5 10
Distance into tissue x
(9)

5 %x10* Tumor cell

0 5 10
Distance into tissue x

(e)
: %1012 Tumor cell

0 5 10
Distance into tissue x
(®

%1015 Tumor cell
7

0 5 10
Distance into tissue x
(9)

Chemothera
0.175 2
0.17
0.165
0.16
0.155
5 10
Distance into tissue x
(e)
Chemotherapy
0.15625004
0.15625003
0.15625002
0.15625001
0.15625
0 [ 10
Distance into tissue x
(f)
Chemotherapy
0.1562500000001
0.15625000000008
0.15625000000006
0.15625000000004
0 5 10
Distance into tissue x
@

Figure 3: The plot of S,E,T,M at t = 1 graph (e), t = 3 graph (f), t = 5 graph (g); with diffusion coefficients: d; = 0.1,d, =
0.1, d3 = 05, and d4 =0.1.

Figure 4: The 3D-plot of S,E,T,M, d; =0.1,d, =0.1,d3 = 0.5, and ds =0.1.
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7. Conclusion

In this paper, we reviewed a new mathematical model and studied the interaction between cancer cells,
chemotherapy and stem cells, and the effect of effector cells by their diffusion terms. As well, we deduced
the numerical simulation by (FDM) with helping an exponential type technique. Also, We observed the
dynamics of the mathematical system of two cases with proposed conditions. So that, the first case is
that the cancer is present and free of treatment as a result the previously used parameters and coefficients
indicate that the cancer continues its attack inside the tissue cells and spreads despite the resistance of the
effector cells. Finally, in the second case, the treatment is present (under the initial conditions) so that the
stem cells with effector cells are supportive of the chemotherapy, which strengthens the resistant immune
system and can eliminate cancer and reduce its spread. As a results of this work, we are able to notice
the behavior of the components of the system with respect to the space (x) as following: (i) the stem cell
decay in the body as a result of its ability to differentiate to different type of cell; (ii) the concentration of
chemotherapy increase in cells; (iii) the tumor decays; and (iv) the concentration of effector cell decreases
in space x because the effect of chemotherapy.
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