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Abstract

In this paper, we will discuss some generalized sub-classes of analytic function related with close-to-convex functions in
conic domains by using q -calculus. We investigate some important properties such as necessary and sufficient conditions,
coefficient estimates, convolution results, linear combination, weighted mean, arithmetic mean, radii of star likeness and growth
and distortion for these classes. It is important to mention that our results are a generalization of several existing results.
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1. Introduction

A function § is analytic at a point & if QI(E) exists at &y as well as in some neighborhood of &y. A
function §(&) is analytic in a domain D if it is analytic at each point of ID. In most of the cases it is much
harder to use an arbitrary domain. Riemann mapping theorem allows us to replace any arbitrary domain
with open unit disk which is given by

U={£cC:[E<1].

An analytic function § is univalent in U, if §(&;) = §(&,), then &; = &,. A function §(&) is said to be the
class 20 if it has a Taylor series of the form

GE) =&+ af, £ (1.1)

t=2
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A collection of functions of the form (1.1), which are analytic and univalent in U are placed in the class
S. An analytic function p (&) having positive real part, i.e.,, Re{p (&)} > 0 and p (0) = 1 is placed in class
B. Or equivalently

peEP:p(E)=1+) at' <= Rep(&)>0, £cU. (1.2)
t=1

The class of normalized convex functions is given by

!/

o>
—

;Q) >0, £€U

e Joracore|
—9r9ebRe )

[{a})

Similarly, the class of normalized starlike functions concerning origin is defined as:

N £ (&)
G* — : S; R 2 0, U,
{9 I e(@(a)>> S € }

for details, see [1-4].

In 1952, Kaplan [9] introduced the class KC of close-to-convex functions. A function is of the form

(1.2) is in KC if and only if there exists h(&) € S* such that Re (&9 (£)> > 0. Let (&) is of the form (1.1)

h(&)
and h(&) is of the form

R(E) =&+ ) biE, £€U.
t=2

Then the Hadamard product (convolution) of § and h is defined as:

(§+R) (&) =&+ ) abe&t = (Rxg) (&)
t=2

The g-derivative of a function § belonging to 2 defined as:

(&) —4(&)

quaﬁzgam—q) ,  for& 0, (1.3)

where q € (0,1) and & € U, see [5] for more details. For & =0, (1.3) can be written as Q’(O) provided that
the derivative exist. By using (1.1) and (1.3), the Maclaurin’s series representation of D g is given by

o0

Dqg(&) =1+) [tqlaid"!, teN.
=0

It can be noted from (1.3) that

A oA , 1—qt
lim (DqQ(E,)) — lim <g(g(£2|_51;)(£)> =g (&), where [t q] = 1_2-

For any non negative integer t, the g-number shift factorial is given by

N t =0,
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see [4]. For y > 0, the g-genralized Pochhammer symbol is defined as:

by, qly = 4 t=0,
YTy, gy +1,q - ly+t—1,q, teNlN.

For p > —1, we defined a function §_} . (&) such that

q,l+pn
Fartul(8) *F 1. (8) = EDqd(E),

where

14+,
Sq1+ull) =&+ Z( t—ul qt 1E,t> for £ € U.

The study of operators plays an important role in the geometric function theory. Many differential and
integral operators can be written in terms of convolution of certain analytic functions. In [4], g-analogue
of Noor integral operator Jg : A — 2 is define as:

350(8) = G(E) T by W (E) = £+ D braaE!, (1.4)
t=2
where i gl
. t, qlt
b= T+waqli

From (1.4) we can easily obtain the following identity
[1+u,ql344(8) = [, ql T4 §(8) + q*EDg (TEH1§(8)) .

It can be seen that 3% (&) = £€D4§(&), T5G(&) = (&), and
s !
lim (349(8) =&+ Y (t‘atat. (1.5)

From (1.5), we can observe that by applying limit ¢ — 1, the operator defined in (1.4) reduces to well
known Noor integral operator, see [13, 15].

In [7, 8], Kanas and Waniowska introduced the concept of a conic domain = for 1 > 0 as:
== {U—HV:U >1 V2+(U—1)2}.

This domain merely represents the right half plane for 1 = 0, a hyperbola for 0 < 1 < 1, parabola for 1 =1
and ellipse for 1 > 1. The extremal functions @; for this conic region = is given by

= 1=0,
1+{ <log;ﬁ\+ﬁ1)} 1=1,
@1 (&) = 1+ 1= 12 sinh? [( arccos ) (arctanhv/€)], 0<l<1,
E,
1 1
1—1—121s1n[2R fo <mm)dx]+lzl' 1>1,

where U (§) = = ﬁ, forall{ € U,0< 1< 1and1l=cosh [ n))], where R (n) is Legendre’s complete
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elliptic integral of the first kind and R’ (n) is complementary integral of R (n), for more details, see [7]. If
we take @1 (§) =146 (1) &+ 81 (1) &2+ - - -, then

S(arccosl)2
m, 0 g l < 1,

s(U=¢ %, l=1, (1.6)

n 1>1
M- imRem),
Let 81 (1) = 65 (1) 86 (1), where

2+(%a;ccosl)2’ 0 < 1< 1/

52 (1') - %/ 1 — 1,
4R2(n)(1+n2+6n)77rz 1> 1.

24(14+m)y/nR2(n)
Definition 1.1 ([6]). Let p be a analytic function with p(0) = 1. Then p € B(A, M) if and only if

AE+1

p(&) < m/

where -1 < M <A< 1.

In [6] it was shown that p € P(A, M) if and only if there exists a function p € P such that

(1+AN)p(E) —(A—-1) <7\<E+1
1+M)p(&) —(M—1) ME+T

Definition 1.2 ([11]). Let a function § € 2 considered in the class k — ST (N, O) if and only if

(0L — L) (=52

-1/, (@Y

ql
gl
(OL; + L) (£Pg(gf=]

wherek >0, -1 <O <N <1,L; =q+1and L, = 3— q. Or equivalently % € k—P4(N,0). One

can observe that, for ¢ — 1, the class k — ST (N, O) reduces to well known class defined in [14].

2. Set of lemmas

Lemma 2.1 ([18]). Suppose d (&) =1+ 3 {2 ci&' <1+ {2, Ce&' =H (&) . IfH (U) is convex and H (&) €
A, then
IC1l > [eel,  for1 <t

Lemma 2.2 ([11]). Suppose 1+ Y $2 1 ce&t = d (&) € k—ST4(N, O), then

L(A-M)

4 6(1) = |6 (1IAI M)| 2 ‘Ct|/

where & (1) is given by (1.6).

Lemma 2.3 ([11]). If d (&) = £+ ) 21 &' € k—ST4(N,O) for & € U and k > 0, then

7

t—2
IN—0)d(l1)L;1 —40 [p, qll
|bt|<£[0[ 4lp+1,qlq

where & (1) is given by (1.6).
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Lemma 24. Ifd €5, € Gand § € C, then

g(&)*d(&)S (&)
g(&)«d(&)

where c6 (G (U)) is the closed convex hull G (U) .

€co(G(W), foralléel,

Lemma 2.5. [[11]] A function § € A will be in the class k — ST4(N, O), if

D {2(k+1)Lqlt—1,q] + (0L + L) [t, gl — (NLy + L) ae < L1 |0 —NJ.
t=2

Motivated by the work of Mahmood et al. [11], Noor and Malik [14] and Arif et al. [4], we define new
subclasses of Janowski type g-starlike functions associated with g-conic domain as following.

Definition 2.6. A function §(&) € 2l is apparently in the function class k — UKq4(w, A, M, N, O) if and only
if there exists h(&) € k — STq(u, N, O) such that

EDq(T54(¢&
(ML~ L) (2243505)) — oz, - 1
Re

EDq(359(&) EDg (T
(ML; +Ly) (%) — (AL; + L) (ML +Ly) <§qh(

where k>0, -1<O <N, -1<M<ALL,pu>—-1 L =q+1and [, = 3—q. Or equivalently,
"

B0 g

It is noted that for p = 1, the function class k — UKq (1, A, M, N, O) reduces to well known class
k —UKq4 (A, M, N, O) introduced by Naeem et al. [12], for p = 1 along with g — 1, the class k —
UK4 (1, A, M, N, O) bring to well-known class interpreted, see details in [10], 0 — UK4_1(1,A, M, N, O) =
K(A,M,N, O) studied by Srivastava et al. [21], k — UK4_1(1,1,—1,1,—1) = k — UK is the class of k-
uniformly close-to-convex investigated by Acu et al. [1] and 0 — UKy_,1(1,1,—1,1,—1) = K the class of
close-to-convex, see [9, 17, 19, 20, 22-24] for more details.

All around the article, we will presume thatp > -1,k >0, -1< O <N <1, =1+qand [, =3—q,
if not mentioned.

3. Main results

3.1. Necessary and sufficient conditions

Here we have listed the necessary and sufficient conditions.

Theorem 3.1. A function §(&) € 2 and of the type (1.1) is considered in the class k — UKq(1, A, M, N, O), if it
satisfies the following criterion

o0

Z {2L2(14+Kk) by — [t, q] a¢l + [(MLy + L2) [t, ql ay — (ALy + Lo) [} 1] < Ly IM—AJ. (3.1)
t=—2

Proof. Assuming that relation (3.1) holds, then it is enough to prove that

(LM —1L2) <£D;u:{52§5))> — (LA —1) (LlM—L2)<‘{"D‘;&(:f”)—(le—Lz)
q
k —1|—Re £Dq(3f0(e) ) <1,
aDQ(jgg(‘E)) “‘2+L1M)(%T) (Ly+ALy)
(Ly+ ML) | —F=== ] — (L, + ALy)
IER(E) "
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we have,
~1 A [TIN
(MLl — Lz) (E'D;é{q(gga))> _ ()\Ll _ LZ) (ML, LZ)(%%)—(}\Ll—LZ)
k — 1| —Re &Dq(359(8))
N (ML1+L>) - —(AL1+L2)
£Dq(T59(& k()
(ML; + L) ( ;é}{‘(gg ))> — (AL + Lp) ( T )
EDq(T549(8)
< (kK+ _
£Dq(754(8))
(ML + Lp) IER(E) (AL + L)

Y o {be— [t qlag b &"
Li (M=A) £+ 3> 2, (ML + 1) [t, gl ag — (AL + L) by e &L
(k+1)2L, Ziozz {l(o¢ — [t, q) a)pr_1al}
S L IM=A| - Ziozz {(ML; +L2) [t, gl ax — (AL; + Lp) b} g

= (k+1)2L,

The right-hand side of the above inequality is bounded above by 1 if
2(1+K) 12 ) {(be—[t qla)berar} < LiIM=A— > K(MLy + L) [t, gl ag — (ALy + L2) b} 4],
t=2 t=2

which reduces to

> H2Ly(k+1) b — [t, gl agl + (L2 + LiM) [t, q) a¢ — (Lo + ALy) be[}he—1] < Ly IM=A|.
t=2

For p =1, the above Theorem reduces to the result proved by Naeem et al. in [12].
Corollary 3.2. Let § € 2. Then § € k—UK4(A, M, N, O), if
3 {2La(k+1) by — [t, q) ael + [(ML; + La) [t, g ag — (ALy + L2) bel) < Ly [M=A.
t=2

For u =1 and q — 1, above theorem reduces to following corollary proved by Mahmood et al., for
details see [10].

Corollary 3.3. Let § € . Then § € k — UK(A, M, N, O), if the following holds true
> 2(k+1) by — ta + (M +1) tag — (A+1) bel} < [M—A].
t=2

3.2. Coefficient bound for the class k — UK (u, A, M, N, O)
Theorem 3.4. If § € k—UKq(w, A\, M,N,0) and h € k—STq (1, N, O), then for (t € N \{1}),

lag] <

1 1—[2 <(N —0) L1511 — 4G0Wy, [m, q1|>
[t, q] 4qm+1,qlPmpr

m=0

S1ly (A — MVZ‘1 = < (N —=M) L1511 —4G0,, [m, q]|>
41t ql W1l '

e

41 m+1,qlq

):] m=0
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Proof. Let us take

£Dq (359(8)) _ -
- =] (&) 3.2
Whe .
where | € k—Py(A,M) and h € k—ST4(u, N, O). Now from (3.2), we have
EDq (I44(8)) =T (&) I5R(8),
which implies that
&+ Z Pt qlagt = (E + Z 1-|)t1bt5»t> (1 + Z Ct£t> ,
by equating &' coefficients,
t—1
[t, gl bi—1at = Pe_1be + Z bjcijbj-1,a1 =1,b; =1.
j=1
This implies that
t—1
[t, q el lael < Wpeallbel+ Y [bs] [eej| [bs-a]- (33)
j=1
Since h € k— STq(w, N, O), therefore by using Lemma 2.2 on (3.3), we get
S1L (A—M)
[t, al el lael < Mool fbel + == —— Zl |5 [j—1] -
j
Again h € k—ST4(p, N, O), therefore by using (1.7), we get
wl< 1 TT <| (N—0)Li&ipm 1 —4q0[m, g wm|)
' ol 4qPm i1 m+1,q]
1L1 A-M) & [ ( (N — M) Li8i$m—1 — 40 [m, q]|>
, (teN\1),
41, ql b1l =, nll__[ 41 m+1,qlq ( W
as required. O

For p =1, Theorem 3.4 reduces to the following results studied by Naeem et al. in [12].

Corollary 3.5. If g € k—UKq4(A, M, N, O) and hek— ST4(N,O), then

1 2 /I(N=0) L8 —4q0 [m, q]]
S g l—_[()( 4q[m+1,q] )

L BLA-M) =12 /1N —M) L8y —4q0 [m, q]|
nen M ;po( rricEa >,(t€]N\{1}).

Further if ¢ — 1 in corollary 3.5, then we have following results studied by Mahmood et al. in [10].
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Corollary 3.6. If § € k— UK(A,M,N,0) and h € k— ST(N, O), then

N

t 2

m=0 j=1

—.

ﬁ:I

< |(N—M) & —20m|

S 2o, N,

If we take A = N =1, M = O = —1 in Corollary 3.6, then we have following results studied by Noor
et al. in [16].

Corollary 3.7. If § € k—UK(1,—1,1,—1) = k — UK, then

lae] <

(B, 5 tzl ((6 (V) 4

) o) e,

j=0

Further if we take k = 0 in Corollary 3.7, then we have following well-known results studied by Kaplan
in [9].

Corollary 3.8. If § € 0—UK(1,—1,1,—1) =K, then [a¢| < t, (t e N\{1}).
3.3. Convolution property
Following is the convolution property of our defined class.
Theorem 3.9. If § € k— UK (1, A, M,N,O) and x € C, then § +x € k—UKq(1,A, M, N, O).

Proof. As § € k—UKq(n, A, M, N, O), there exist h e k —STq(1,N,0O), such that
P4 (1, A, M). It follows from Lemma 2.4 that x * hek— ST4(w,N,O). Now consider

4

EDgq (x(&) J4
(x (&) = T§a(

where [ € k— ST (i, A, M). We arrive at our needed result using Lemma 2.5. O

9(&)) _ x (&)= (£Dq (3§9(8))) _ x (&) * F (£) IGh(E)
£)) 349(8) +x (&) X (&) * Jgh(&)

For p = 1, the above theorem reduces to the Corollary, a result demonstrated by Naeem et al., for
details see [12].

Corollary 3.10. If § € k— UKy (A, M,N,O) and x € C, then § xx € k—UKq(A,M, N, O).

For p =1 and q — 1, the above theorem reduces to the Corollary, a result demonstrated by Mahmood
et al., for details see [10].

Corollary 3.11. If § € k—UK(A, M, N, O) and x € C, then §xx € k—UK(A, M, N, O).

4. Conclusions

By using the g-analogue of the Noor integral operator, we studied various properties such as neces-
sary and sufficient conditions, coefficient bounds, convolution properties, linear combinations, weighted
means, arithmetic means, distortion and covering theorems and radii of starlikenss etc for a newly de-
fined class of analytic functions. We also pointed out many special cases in the form of corollaries by
specializing the parameters.
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