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Abstract

In this paper, we will discuss some generalized sub-classes of analytic function related with close-to-convex functions in
conic domains by using q -calculus. We investigate some important properties such as necessary and sufficient conditions,
coefficient estimates, convolution results, linear combination, weighted mean, arithmetic mean, radii of star likeness and growth
and distortion for these classes. It is important to mention that our results are a generalization of several existing results.
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1. Introduction

A function ĝ is analytic at a point ξ0 if ĝ
′
(ξ) exists at ξ0 as well as in some neighborhood of ξ0. A

function ĝ(ξ) is analytic in a domain D if it is analytic at each point of D. In most of the cases it is much
harder to use an arbitrary domain. Riemann mapping theorem allows us to replace any arbitrary domain
with open unit disk which is given by

U = {ξ ∈ C : |ξ| < 1} .

An analytic function ĝ is univalent in U, if ĝ(ξ1) = ĝ(ξ2), then ξ1 = ξ2. A function ĝ(ξ) is said to be the
class A if it has a Taylor series of the form

ĝ(ξ) = ξ+

∞∑
t=2

atξ
t, ξ ∈ U. (1.1)
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A collection of functions of the form (1.1), which are analytic and univalent in U are placed in the class
S. An analytic function p (ξ) having positive real part, i.e., Re {p (ξ)} > 0 and p (0) = 1 is placed in class
P. Or equivalently

p ∈ P : p (ξ) = 1 +

∞∑
t=1

atξ
t ⇐⇒ Re {p (ξ)} > 0, ξ ∈ U. (1.2)

The class of normalized convex functions is given by

C =

ĝ : ĝ ∈ S;Re


(
ξĝ
′
(ξ)
)′

ĝ(ξ)

 > 0, ξ ∈ U

 .

Similarly, the class of normalized starlike functions concerning origin is defined as:

S∗ =

{
ĝ : ĝ ∈ S; Re

(
ξĝ
′
(ξ)

ĝ
′
(ξ)

)
> 0, ξ ∈ U

}
,

for details, see [1–4].

In 1952, Kaplan [9] introduced the class KC of close-to-convex functions. A function is of the form

(1.2) is in KC if and only if there exists ĥ(ξ) ∈ S∗ such that Re
(
ξĝ
′
(ξ)

ĥ(ξ)

)
> 0. Let ĝ(ξ) is of the form (1.1)

and ĥ(ξ) is of the form

ĥ(ξ) = ξ+

∞∑
t=2

btξ
t, ξ ∈ U.

Then the Hadamard product (convolution) of ĝ and ĥ is defined as:

(
ĝ ∗ ĥ

)
(ξ) = ξ+

∞∑
t=2

atbtξ
t =

(
ĥ ∗ ĝ

)
(ξ).

The q-derivative of a function ĝ belonging to A defined as:

Dqĝ(ξ) =
ĝ(qξ) − ĝ(ξ)

ξ(q− 1)
, for ξ 6= 0, (1.3)

where q ∈ (0, 1) and ξ ∈ U, see [5] for more details. For ξ = 0, (1.3) can be written as ĝ
′
(0) provided that

the derivative exist. By using (1.1) and (1.3), the Maclaurin’s series representation of Dqĝ is given by

Dqĝ(ξ) = 1 +

∞∑
t=0

[t,q]atξt−1, t ∈N.

It can be noted from (1.3) that

lim
q→1−

(Dqĝ(ξ)) = lim
q→1−

(
ĝ(qξ) − ĝ(ξ)

ξ(q− 1)

)
= ĝ

′
(ξ), where [t,q] =

1 − qt

1 − q
.

For any non negative integer t, the q-number shift factorial is given by

[t,q]! =

{
1, t = 0,
[1,q] [2,q] · · · [t,q] , t ∈N,
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see [4]. For y > 0, the q-genralized Pochhammer symbol is defined as:

[y,q]t =

{
1, t = 0,
[y,q] [y+ 1,q] · · · [y+ t− 1,q] , t ∈N.

For µ > −1, we defined a function F−1
q,1+µ(ξ) such that

Fq,1+µ(ξ) ∗ F−1
q,1+µ(ξ) = ξDqĝ(ξ),

where

Fq,1+µ(ξ) = ξ+

∞∑
t=2

(
[1 + µ,q]t−1

[t− 1,q]!
ξt
)

, for ξ ∈ U.

The study of operators plays an important role in the geometric function theory. Many differential and
integral operators can be written in terms of convolution of certain analytic functions. In [4], q-analogue
of Noor integral operator =µq : A→ A is define as:

=µqĝ(ξ) = ĝ(ξ) ∗ F−1
q,1+µ(ξ) = ξ+

∞∑
t=2

ψt−1atξ
t, (1.4)

where

ψt−1 =
[t,q]!

[1 + µ,q]t−1
.

From (1.4) we can easily obtain the following identity

[1 + µ,q] =µqĝ(ξ) = [µ,q] =µ+1
q ĝ(ξ) + qµξDq

(
=µ+1
q ĝ(ξ)

)
.

It can be seen that =0
qĝ(ξ) = ξDqĝ(ξ), =1

qĝ(ξ) = ĝ(ξ), and

lim
q→1−

(
=µqĝ(ξ)

)
= ξ+

∞∑
t=2

t!
(1 + µ)t−1

atξ
t. (1.5)

From (1.5), we can observe that by applying limit q → 1, the operator defined in (1.4) reduces to well
known Noor integral operator, see [13, 15].

In [7, 8], Kanas and Waniowska introduced the concept of a conic domain Ξl for l > 0 as:

Ξl =

{
U+ iV : U > l

√
V2 + (U− 1)2

}
.

This domain merely represents the right half plane for l = 0, a hyperbola for 0 < l < 1, parabola for l = 1
and ellipse for l > 1. The extremal functions $l for this conic region Ξl is given by

$l (ξ) =



1+ξ
1−ξ , l = 0,

1 +

{
2
π2

(
log

√
ξ+1

1−
√
ξ

)2
}

, l = 1,

1 + 2
1−l2 sinh2 [( 2

π arccos l
) (

arctanh
√
ξ
)]

, 0 < l < 1,

1 + 1
l2−1 sin

[
π

2R(n)

∫U(ξ)√
n

0

(
1√

1−n2y2
√

1−x2

)
dx

]
+ 1
l2−1 , l > 1,

where U (ξ) = ξ−
√
n

1−
√
nξ

, for all ξ ∈ U, 0 < l < 1 and l = cosh
[
πR
′
(n)

4R(n)

]
, where R (n) is Legendre’s complete
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elliptic integral of the first kind and R
′
(n) is complementary integral of R (n), for more details, see [7]. If

we take $l (ξ) = 1 + δ (l) ξ+ δ1 (l) ξ
2 + · · · , then

δ (l) =


8(arccos l)2

π2(1−l2)
, 0 6 l < 1,

8
π2 , l = 1,

π2

4
√
n(l2−1)(1+n)R2(n)

, l > 1.
(1.6)

Let δ1 (l) = δ2 (l) δ (l) , where

δ2 (l) =


2+( 2

π arccos l)
2

3 , 0 6 l < 1,
2
3 , l = 1,
4R2(n)(1+n2+6n)−π2

24(1+n)
√
nR2(n)

, l > 1.

Definition 1.1 ([6]). Let p be a analytic function with p(0) = 1. Then p ∈ P(λ,M) if and only if

p(ξ) ≺ λξ+ 1
Mξ+ 1

, where −1 6M < λ 6 1.

In [6] it was shown that p ∈ P(λ,M) if and only if there exists a function p ∈ P such that

(1 + λ)p(ξ) − (λ− 1)
(1 +M)p(ξ) − (M− 1)

≺ λξ+ 1
Mξ+ 1

.

Definition 1.2 ([11]). Let a function ĝ ∈ A considered in the class k− STq(N,O) if and only if

Re

(OL1 − L2)
(
ξDq(ĝ(ξ))
ĝ(ξ)

)
− (NL1 − L2)

(OL1 + L2)
(
ξDq(ĝ(ξ))
ĝ(ξ)

)
− (NL1 + L2)

 > k
∣∣∣∣∣∣
(OL1 − L2)

(
ξDq(ĝ(ξ))
ĝ(ξ)

)
− (NL1 − L2)

(OL1 + L2)
(
ξDq(ĝ(ξ))
ĝ(ξ)

)
− (NL1 + L2)

− 1

∣∣∣∣∣∣ , (1.7)

where k > 0, −1 6 O < N 6 1, L1 = q+ 1 and L2 = 3 − q. Or equivalently ξDq(ĝ(ξ))
ĝ(ξ) ∈ k− Pq(N,O). One

can observe that, for q→ 1, the class k− STq(N,O) reduces to well known class defined in [14].

2. Set of lemmas

Lemma 2.1 ([18]). Suppose d (ξ) = 1+
∑∞
t=1 ctξ

t ≺ 1+
∑∞
t=1Ctξ

t = H (ξ) . If H (U) is convex and H (ξ) ∈
A, then

|C1| > |ct| , for 1 6 t.

Lemma 2.2 ([11]). Suppose 1 +
∑∞
t=1 ctξ

t = d (ξ) ∈ k− STq(N,O), then

L1 (λ−M)

4
δ (l) = |δ (l, λ,M)| > |ct| ,

where δ (l) is given by (1.6).

Lemma 2.3 ([11]). If d (ξ) = ξ+
∑∞
t=1 btξ

t ∈ k− STq(N,O) for ξ ∈ U and k > 0, then

|bt| 6
t−2∏
p=0

[
|(N−O) δ (l)L1 − 4O [p,q]|

4 [p+ 1,q]q

]
,

where δ (l) is given by (1.6).
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Lemma 2.4. If d ∈ S∗, G ∈ S and ĝ ∈ C, then

ĝ (ξ) ∗ d (ξ)G (ξ)

ĝ (ξ) ∗ d (ξ)
∈ cō (G (U)) , for all ξ ∈ U,

where cō (G (U)) is the closed convex hull G (U) .

Lemma 2.5. [[11]] A function ĝ ∈ A will be in the class k− STq(N,O), if

∞∑
t=2

{2(k+ 1)L2q [t− 1,q] + |(OL1 + L2) [t,q] − (NL1 + L2)|} |at| < L1 |O−N| .

Motivated by the work of Mahmood et al. [11], Noor and Malik [14] and Arif et al. [4], we define new
subclasses of Janowski type q-starlike functions associated with q-conic domain as following.

Definition 2.6. A function ĝ(ξ) ∈ A is apparently in the function class k−UKq(µ, λ,M,N,O) if and only
if there exists ĥ(ξ) ∈ k− STq(µ,N,O) such that

Re

(ML1 − L2)

(
ξDq(=µqĝ(ξ))

=
µ
qĥ(ξ)

)
− (λL1 − L2)

(ML1 + L2)

(
ξDq(=µqĝ(ξ))

=
µ
qĥ(ξ)

)
− (λL1 + L2)

 > k
∣∣∣∣∣∣∣∣
(ML1 − L2)

(
ξDq(=µqĝ(ξ))

=
µ
qĥ(ξ)

)
− (λL1 − L2)

(ML1 + L2)

(
ξDq(=µqĝ(ξ))

=
µ
qĥ(ξ)

)
− (λL1 + L2)

− 1

∣∣∣∣∣∣∣∣ ,
where k > 0, −1 6 O < N 6 1, −1 6 M < λ 6 1, µ > −1, L1 = q+ 1 and L2 = 3 − q. Or equivalently,
ξDq(=µqĝ(ξ))

=
µ
qĥ(ξ)

∈ k− Pq(λ,M).
It is noted that for µ = 1, the function class k − UKq(µ, λ,M,N,O) reduces to well known class

k − UKq(λ,M,N,O) introduced by Naeem et al. [12], for µ = 1 along with q → 1, the class k −
UKq(µ, λ,M,N,O) bring to well-known class interpreted, see details in [10], 0 −UKq→1(1, λ,M,N,O) =
K(λ,M,N,O) studied by Srivastava et al. [21], k − UKq→1(1, 1,−1, 1,−1) = k − UK is the class of k-
uniformly close-to-convex investigated by Acu et al. [1] and 0 −UKq→1(1, 1,−1, 1,−1) = K the class of
close-to-convex, see [9, 17, 19, 20, 22–24] for more details.

All around the article, we will presume that µ > −1, k > 0, −1 6 O < N 6 1, L1 = 1+q and L2 = 3−q,
if not mentioned.

3. Main results

3.1. Necessary and sufficient conditions
Here we have listed the necessary and sufficient conditions.

Theorem 3.1. A function ĝ(ξ) ∈ A and of the type (1.1) is considered in the class k−UKq(µ, λ,M,N,O), if it
satisfies the following criterion

∞∑
t=2

[{2L2(1 + k) |bt − [t,q]at|+ |(ML1 + L2) [t,q]at − (λL1 + L2)|}ψt−1] 6 L1 |M−λ| . (3.1)

Proof. Assuming that relation (3.1) holds, then it is enough to prove that

k

∣∣∣∣∣∣∣∣
(L1M− L2)

(
ξDq(=µqĝ(ξ))

=
µ
qĥ(ξ)

)
− (L1λ− L2)

(L2 +ML1)

(
ξDq(=µqĝ(ξ))

=
µ
qĥ(ξ)

)
− (L2 + λL1)

− 1

∣∣∣∣∣∣∣∣− Re


(L1M−L2)

(
ξDq(=

µ
qĝ(ξ))

=
µ
qĥ(ξ)

)
−(L1λ−L2)

(L2+L1M)

(
ξDq(=

µ
qĝ(ξ))

=
µ
qĥ(ξ)

)
−(L2+λL1)

−1

 < 1,
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we have,

k

∣∣∣∣∣∣∣∣
(ML1 − L2)

(
ξDq(=µqĝ(ξ))

=
µ
qĥ(ξ)

)
− (λL1 − L2)

(ML1 + L2)

(
ξDq(=µqĝ(ξ))

=
µ
qĥ(ξ)

)
− (λL1 + L2)

− 1

∣∣∣∣∣∣∣∣− Re


(ML1−L2)

(
ξDq(=

µ
qĝ(ξ))

=
µ
qĥ(ξ)

)
−(λL1−L2)

(ML1+L2)

(
ξDq(=

µ
qĝ(ξ))

=
µ
qĥ(ξ)

)
−(λL1+L2)

−1



6 (k+ 1)

∣∣∣∣∣∣∣∣
(ML1 − L2)

(
ξDq(=µqĝ(ξ))

=
µ
qĥ(ξ)

)
− (λL1 − L2)

(ML1 + L2)

(
ξDq(=µqĝ(ξ))

=
µ
qĥ(ξ)

)
− (λL1 + L2)

− 1

∣∣∣∣∣∣∣∣
= (k+ 1) 2L2

∣∣∣∣ ∑∞
t=2 {bt − [t,q]at}ψt−1ξ

t

L1 (M−λ) ξ+
∑∞
t=2 {(ML1 + L2) [t,q]at − (λL1 + L2)bt}ψt−1ξt

∣∣∣∣
6

(k+ 1) 2L2
∑∞
t=2 {|(bt − [t,q]at)ψt−1at|}

L1 |M−λ|−
∑∞
t=2 |{(ML1 + L2) [t,q]at − (λL1 + L2)bt}ψt−1|

.

The right-hand side of the above inequality is bounded above by 1 if

2 (1 + k)L2

∞∑
t=2

{|(bt − [t,q]at)ψt−1at|} < L1 |M−λ|−

∞∑
t=2

|{(ML1 + L2) [t,q]at − (λL1 + L2)bt}ψt−1| ,

which reduces to
∞∑
t=2

[{2L2(k+ 1) |bt − [t,q]at|+ |(L2 + L1M) [t,q]at − (L2 + λL1)bt|}ψt−1] 6 L1 |M−λ| .

For µ = 1, the above Theorem reduces to the result proved by Naeem et al. in [12].

Corollary 3.2. Let ĝ ∈ A. Then ĝ ∈ k−UKq(λ,M,N,O), if

∞∑
t=2

{2L2(k+ 1) |bt − [t,q]at|+ |(ML1 + L2) [t,q]at − (λL1 + L2)bt|} 6 L1 |M−λ| .

For µ = 1 and q → 1, above theorem reduces to following corollary proved by Mahmood et al., for
details see [10].

Corollary 3.3. Let ĝ ∈ A. Then ĝ ∈ k−UK(λ,M,N,O), if the following holds true

∞∑
t=2

{2(k+ 1) |bt − tat|+ |(M+ 1) tat − (λ+1)bt|} 6 |M−λ| .

3.2. Coefficient bound for the class k−UKq(µ, λ,M,N,O)

Theorem 3.4. If ĝ ∈ k−UKq(µ, λ,M,N,O) and ĥ ∈ k− STq(µ,N,O), then for (t ∈N \ {1}),

|at| 6
1

[t,q]

t−2∏
m=0

(
|(N−O)L1δlψm−1 − 4qOψm [m, q]|

4q [m+ 1,q]ψm+1

)

+
δlL1 (λ−M)

4 [t,q] |ψt−1|

t−1∑
j=1

[
j−2∏
m=0

(
|(N−M)L1δlψm−1 − 4qOψm [m,q]|

4ψm+1 [m+ 1,q]q

)]
.
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Proof. Let us take
ξDq

(
=
µ
qĝ(ξ)

)
=
µ
qĥ(ξ)

= Ĵ (ξ) , (3.2)

where Ĵ ∈ k− Pq(λ,M) and ĥ ∈ k− STq(µ,N,O). Now from (3.2), we have

ξDq
(
=µqĝ(ξ)

)
= Ĵ (ξ) =µqĥ(ξ),

which implies that

ξ+

∞∑
t=2

ψt−1 [t,q]atξt =

(
ξ+

∞∑
t=2

ψt−1btξ
t

)(
1 +

∞∑
t=1

ctξ
t

)
,

by equating ξt coefficients,

[t,q]ψt−1at = ψt−1bt +

t−1∑
j=1

bjct−jψj−1,a1 = 1,b1 = 1.

This implies that

[t,q] |ψt−1| |at| 6 |ψt−1| |bt|+

t−1∑
j=1

∣∣bj∣∣ ∣∣ct−j∣∣ ∣∣ψj−1
∣∣ . (3.3)

Since ĥ ∈ k− STq(µ,N,O), therefore by using Lemma 2.2 on (3.3), we get

[t,q] |ψt−1| |at| 6 |ψt−1| |bt|+
δlL1 (λ−M)

4

t−1∑
j=1

∣∣bj∣∣ ∣∣ψj−1
∣∣ .

Again ĥ ∈ k− STq(µ,N,O), therefore by using (1.7), we get

|at| 6
1

[t, q]

t−2∏
m=0

(
|(N−O)L1δlψm−1 − 4qO [m, q]ψm|

4qψm+1 [m+ 1,q]

)

+
δlL1 (λ−M)

4 [t,q] |ψt−1|

t−1∑
j=1

[
j−2∏
m=0

(
|(N−M)L1δlψm−1 − 4qOψm [m,q]|

4ψm+1 [m+ 1,q]q

)]
, (t ∈N \ 1) ,

as required.

For µ = 1, Theorem 3.4 reduces to the following results studied by Naeem et al. in [12].

Corollary 3.5. If ĝ ∈ k−UKq(λ,M,N,O) and ĥ ∈ k− STq(N,O), then

|at| 6
1

[t,q]

t−2∏
m=0

(
|(N−O)L1δl − 4qO [m,q]|

4q [m+ 1,q]

)

+
δlL1 (λ−M)

4 [t,q]

t−1∑
j=1

j−2∏
m=0

(
|(N−M)L1δl − 4qO [m,q]|

4q [m+ 1,q]

)
, (t ∈N \ {1}) .

Further if q→ 1 in corollary 3.5, then we have following results studied by Mahmood et al. in [10].
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Corollary 3.6. If ĝ ∈ k−UK(λ,M,N,O) and ĥ ∈ k− ST(N,O), then

|at| 6
1
t

t−2∏
m=0

(
|(N−O) δl − 2Om|

2 (m+ 1)

)
+
δl (λ−M)

2t

t−2∑
j=1

j−2∏
m=0

(
|(N−M) δl − 2Om|

2 (m+ 1)

)
, (t ∈N \ {1}) .

If we take λ = N = 1, M = O = −1 in Corollary 3.6, then we have following results studied by Noor
et al. in [16].

Corollary 3.7. If ĝ ∈ k−UK(1,−1, 1,−1) = k−UK, then

|at| 6
(δ (l))t−1

t!
+
δ (l)

t

t−1∑
j=0

(
(δ (l))j−1

(j− 1)!

)
, (t ∈N \ {1}) .

Further if we take k = 0 in Corollary 3.7, then we have following well-known results studied by Kaplan
in [9].

Corollary 3.8. If ĝ ∈ 0 −UK(1,−1, 1,−1) = K, then |at| 6 t, (t ∈N \ {1}) .

3.3. Convolution property
Following is the convolution property of our defined class.

Theorem 3.9. If ĝ ∈ k−UKq(µ, λ,M,N,O) and χ ∈ C, then ĝ ∗ χ ∈ k−UKq(µ, λ,M,N,O).

Proof. As ĝ ∈ k − UKq(µ, λ,M,N,O), there exist ĥ ∈ k − STq(µ,N,O), such that
ξDq(=µqĝ(ξ))

=
µ
qĝ(ξ)

∈ k −

Pq(µ, λ,M). It follows from Lemma 2.4 that χ ∗ ĥ ∈ k− STq(µ,N,O). Now consider

ξDq
(
χ (ξ) ∗ =µqĝ(ξ)

)(
χ (ξ) ∗ =µqĝ(ξ)

) =
χ (ξ) ∗

(
ξDq

(
=
µ
qĝ(ξ)

))
=
µ
qĝ(ξ) ∗ χ (ξ)

=
χ (ξ) ∗z (ξ) =µqĥ(ξ)

χ (ξ) ∗ =µqĥ(ξ)
,

where z ∈ k− STq(µ, λ,M). We arrive at our needed result using Lemma 2.5.

For µ = 1, the above theorem reduces to the Corollary, a result demonstrated by Naeem et al., for
details see [12].

Corollary 3.10. If ĝ ∈ k−UKq(λ,M,N,O) and χ ∈ C, then ĝ ∗ χ ∈ k−UKq(λ,M,N,O).

For µ = 1 and q→ 1, the above theorem reduces to the Corollary, a result demonstrated by Mahmood
et al., for details see [10].

Corollary 3.11. If ĝ ∈ k−UK(λ,M,N,O) and χ ∈ C, then ĝ ∗ χ ∈ k−UK(λ,M,N,O).

4. Conclusions

By using the q-analogue of the Noor integral operator, we studied various properties such as neces-
sary and sufficient conditions, coefficient bounds, convolution properties, linear combinations, weighted
means, arithmetic means, distortion and covering theorems and radii of starlikenss etc for a newly de-
fined class of analytic functions. We also pointed out many special cases in the form of corollaries by
specializing the parameters.
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