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Abstract

Topological, proximal and uniform structures on the fuzzy spaces are defined using
different set of axioms and basic terms. There are various equivalent definitions in
literature even for each of these structures. Since the late seventies and early eighties
uniformity in fuzzy topology was studied by three authors. B. Hutton[5] , U.
Hohle[3,4], and R. Lowen[8]. The approaches of U. Hohle and R. Lowen underpinned
by power sets of the form [ X *X or T X *X and B. Hutton approach is based on

exponential power sets of the form (T X )T

Recently, a different approach to fuzzy uniformities, in terms of T -covers was
introduced which seems the most natural one.

In this paper we investigate some properties of T - valued uniformities and we will
show that a functor between Hutton uniformities and T - valued uniformities.

Keywords: fuzzy spaces, covering fuzzy uniform spaces, Hutton uniform spaces.

1. Introduction

Note: In this paper T will always denote a frame.

Topological, proximal and uniform structures on the T -valued spaces are defined using different set
of axioms and basic terms. There are various equivalent definitions in literature even for each of these
structures. Fuzzy uniformity was studied by three authors : B. Hutton [5], R. Lowen[8], U. Hohle[3,4].
While all these authors, as a starting point, took certain counterpart of the filter approach to uniformities
in fuzzy context ([14], as different from the approach based on uniform covers[13]in set theory). The
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ideas on which these authors based their works, the applied technique and the obtained results are
essentially different.

In [9] the author present a different approach to fuzzy uniformities in terms of T - covers that is
called T -valued uniformity. In this paper we investigate some properties of T - valued uniformities and
we will show a functor between Hutton uniformities and T - valued uniformities.

2.Preliminaries

Definition 2.1 [6] : A frame L is a complete lattice satisfying the distribution law
XA Vv(A)=v{xAa|ae A}, the bottom resp top of L will be denoted by 0 resp 1. The pseudo
complement of x € L by X . An element X is said to be complemented if X v X =1.

Definitions 2.2 [6,12 ] : A cover of a frame L is a subset U < Lsuch that v, , X=1

the set of covers of L will be denoted by ¢ (L), ¢ (L) can be preordered, a cover U refines a cover V,

U <V if for each xe U there is y € V with X < y. This is a preordered set with meets and joins. Take for U
AV the cover {X Ay|x €U, yeV}and for Uv Vjust the union UU V. For xe L, the element st(x, U ) =
v{yeU |yAx # 0}is called the star of xinU.For Ue ¢ (L),PutU @ ={x vy|x,yeU,xAy=#0},U"
={st(x,U)|xeU}.

Definitions 2.3 [6 ]A family Uc ¢ (L) is said to be a uniformity on L if

(i) Uis a filter of ¢ (L)

(ii) every V€ U has a star-refinement i.e. for every Ue U thereisVe UwithV* <U.

Let (L, U ) and (M, V) be uniform frames. A frame homomorphism h : L— M is a uniform

homomorphism if, for every Ue U, h[U | = {h(x)|xe U } € V.We denote by UFrm the category of
uniform frames and uniform homomorphisms.

T -valued Spaces 2.4 [1] : Let T be a complete lattice and let T 1 = T \ {1}. For any set X, T X is a frame.
AT -valued topological space is a pair (X, L) consisting of a set X and a family L of mapping: X—>T.

(1) Containing the constant zero and constant one maps.

(2) Closed under finite meets and arbitrary joints.

If T is a frame then T -valued topologies, being subframes of the frame T X

AT -valued continuous map (X, L) = (Y, M) isamap f: X— Y such that the Correspondence v— v.f
maps M into L. The resulting category will be denoted by T -Top.

Definition 2.5 [5] : Hutton generalized the concept of uniformity to fuzzy case as follows. Let T be a
complete lattice and let H (T, X ) be the set of maps e : T X— T X which satisfies

(Me(g)=¢

(2)e(u) = p

(B e(Via 4 ) =Vig e(w;) for {u}ir = TX.

For every e,h € H (T, X ), we have the following properties.

(D Forall ueTX, el (u)=n{peTX|e(p')< u'}. Thenel eH (T, X).

(2)Forall g eTX,erh(p)=n{e(u1)v h(u2)| g1v u2=pn}theneAnheH(T,X).
(3)Forall ueTX,eoh(u)=e(h(x)). TheneoheH (T, X).

(4) aise-smallif o <e(f ) whenever a A f#0.

A Hutton uniformity on X is a subset D of H (T, X ) such that it satisfies the following
axioms:
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HU1)D#g¢

HU2)e<Dand e<himpliesh€D

HU3)e€Dand h€D implieseAh€D

H U4) e€D implies there exist h€D such that hoh<e

H U5) e€D implies e-1 €D.

Definition 2.6 : Let (X, D), (X', D') be two Hutton uniform spaces .A mapping f : X — X' is said to be
uniformly homomorphism such that for every e € D, there exists g € D'with g.? <f eThe resulting
category will be denoted by Hutt-Unif.

3. T - valued Uniform Spaces

Definition 3.1: Let 1 denote the top element of T X, thatis 1 : X— 1. We say that
U:(Ui X > T
isaT -cover of Xif v Uj=1.ThesetT - Cov(X) of all T -covers of X is preordered byV <U (i.e. For each
VeV there exists Ue U such that V<U ).Furtherlet UAV:={UAV |[UeU, Ve V}.

Proposition 3.2 : Let T be a frame. Then, for every T -covers U and V, UA Vis againa T -cover and it is

the meet of U and Vin (T - Cov(X ), <).
Proof: It suffices to see that
(v W /\V))(X)=U v v(U(X)AV(><))=(U\/UU(X))/\(V\/VV(><))=1-

The second assertion follows immediately.
ForeachUeU, let
st(U,U) :=v {VeU |[VAU=0}

and
U " :={st(U, U)|UeU}.
Clearly U<U * since U<st(U, U ) for every Ue U . Therefore U “is a T -cover whenever U is a T -cover.
We say that a pair (X, # ) consisting of a set X and a non-empty family of T —covers of X is a covering T -
uniform space[9] whenever the following conditions are satisfied:
(CU)ULV,Ue u=Ve pu.
(CU2) ForeveryUVe u,UAVe L.
(CU3) For each Ue u there exists Ve x4 such that V*<U.
A non-void family u is said to be a weak covering T -uniform space on L if there hold CUy, CU; and (CU3').
(CU3 ):for each Ue u there is aV e u such that
V@={UvU'|U,U ev,UAU'%0}<U
A non-void family u# of T -covers of X is said to be a T -valued uniformly basis resp. (a weak T -valued
uniformity basis) if it satisfies (CU3) resp (CU3").
Amap f: (X, #)— (Y, V) is uniform homomorphism if, for every V:= (Vi); eV, f -1[V] := (Vi.f), € u.
The resulting category will be denoted by T -Unif. Of course, for T = 2, this is just the category of
(covering) uniform spaces of Tukey [13].
Now let (X, 1) e T - Unif and define L, :={U eT* |U(x) 0= 3U e p:st(X, U)<U},where X: X —>Tis

defined by X (y) =1ify =xand X (y) = 0 otherwise. Note that, when T = 2, L, is just the crisp
topology 7, induced by the (classical) uniformity 4 onX.
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Proposition 3.3 : L  is a subframe of TX.
In conclusion, (X, L) is T -Top.
Definition 3.4 : For 1 — T - cov(X) put

/~1 ={U |Uy,..., Uke i, Ui Uza . AUx<U}

Lemma3.5: Wehave (Ui AcA Un)@<Uit@ AuA Un@(Up Ao A Un) <Ui" A n Uy®
Proof : Obviously, it suffices to prove the statement for n = 2.
(D(U1A U2)® <U1PA U, P

Let

uv, U u,vy, e Uz U au)vvavy) e (U1a Uz)(z) then Ui AU vV AV,) =0

U, AV, 02U, AV,and henceU, vV, € U@ , U, vV, e U2® Then

U, AU, ) v (Vi AY,) U vV) AU, VV,).
Hence (U1 A U2)@ <U1 @A U@
(I (U1A Uz)"<Uq A U2

(Ui Uz)* ={st(U, AU,, U1 A Uz) U,vU, c(Uin U2)}
stU, AU, U1 A U2) <stu, aU,, U1) astu, aU,, Uz2) <stu, ,U1) astu,,U2)
Theorem 3.6 : If x is a T -valued uniform basis, iz is a T -valued uniformity. If x is a weak T - valued
uniform basis, z is a weak T -valued uniformity.
Proof: the condition (CU1, CU2) are obviously satisfied.
(CUs3, CU'3) : Let U1 AUz...A Uk < U, Uie . Choose Vie usuch thatV *<U; resp.
V ?< U;.Put V=Vi AVa...A Vi.By 3.5 we have V "<U respV ¥ <U.
Definition 3.7 : For a complemented & € TXandUe T - cov(X ) put Uoa ={UiA a |Uie U} v {U;
A& |Uie U}.For u T - cov(X)define ° = { Uog| Ue i, complemented}.
Proposition 3.8 : If i isa T -valued uniform basis (resp weak T -valued uniform basis), ,uo isaT-
valued uniform basis (resp weak T -valued uniform basis).
Proof: It is trivial (Uoa )*< U o« resp (Uoa )@ <U®@oa forUe u,letUoa € u° thenU € u
choose Ve y such that V* < U resp V() < U. We consider Uoa e x°such that (Voa )*<V'oa <U
oa resp (Voa )@ <V@oa <Uoa.
The Functor
¢: Hutt-Unif — T - Unif:
Finally, we want to study that the functors 6 between the categories Hutton uniform spaces and T -
valued uniform spaces. For each entourage e of TX let Ue be the cover of all e-small elements of TX i.e.
Ue={U eT*|U <e(V),U AV =0}
Proposition 3.9 : Let D be Hutton uniformity on X, then z = { Ue|eeD}isa T -valued uniformity on X .
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Proof:
CUy, CUy) Consider Ue, Us € 1y and letg € Dsuch thatg < e A fthenitis obvious that Ug < Ue A Us.

cU3) Let Ue € 1, and take f € D such that f 3 < e we claim U, < Ue consider st(U, Ug)e U, . It suffices to
show that st(U, U , ) is e-small. So, consider V € TX such that V A st(U, Us) # 0 then there is We Urwith

WAU # 0and VAW = 0

then f -smallness of U, W then U<f (W ) < f2(V ). Therefore for every W' € Ugsuch that W' A U # 0
we have W' f (U ) <f3(V) < e(V ) .Then st(U, Us)is e-small.

In the sequel, if D is a Hutton uniformity, & (D) denotes the uniformity generated by Up.

Proposition 3.10: Let f:(X, D) — (X', D') be a Hutton uniform homomorphism then f: (X, & (D)) —
(X', @ (D") is a covering T -uniform homomorphism.

Proof:Let U € ¢ (D) and eeD such thatU ,< U there exists ge D" with. g.? <fe

We show that Ug < f[ Ue ]Let U be a non-zero g-small element of TXSince f[ U ]isacover of TX,

e
—

there exists V e Ue satisfying y A F (V) =0.Consequently U < g. f
(V)< f e(v).But as can be easily proved, the fact V is e-small implies that e(V ) is e3-small. In conclusion

U,< f[U_]< f[U]and f[ Ul (D)

4. Conclusion

From a categorical point of view there is a concrete isomorphism between the category of Hutton
uniform spaces and the category of covering fuzzy uniform spaces (which are concrete categories over
the category

of sets). Informally, this means that the description of these “structured sets”, although distinct, are
essentially the same and we may substitute one structure for the other with no problem.
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