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Abstract

In this paper, we introduce a new class of partially degenerate Hermite-Bernoulli polynomials of the first kind and gener-
alized Gould-Hopper-partially degenerate Bernoulli polynomials of the first kind and present some properties and identities of
these polynomials. A new class of polynomials generalizing different classes of Hermite polynomials such as the real Gould-
Hopper, as well as the 1-d and 2-d holomorphic, ternary and polyanalytic complex Hermite polynomials and their relationship
to the partially degenerate Hermite-Bernoulli polynomials of the first kind are also discussed.
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1. Introduction

Recently, by using different methods and techniques, multiple sums of special functions involving
products of power series and multivariate generating functions for special polynomials and numbers of
higher-order have been introduced and investigated systematically by many authors. Therefore, modifi-
cation, unification, and generalization of various special polynomials and numbers including Bernoulli
and Euler-type polynomials and numbers have been studied systematically. Among others, Bell derived
many new and interesting generating functions by applying symbolic methods (see [1-31]). By using
multiple sums of special functions involving trigonometric functions and Bessel functions, Brychkov [4]
derived many identities and relations for not only Bernoulli and Euler polynomials but also some or-
thogonal polynomials. Using (1.3)-(1.12), in this paper, we derive several new and novel formulas and
relations among the Bernoulli numbers and polynomials, the Hermite numbers and polynomials, the de-

generate type polynomials, other special polynomials, the Daehee numbers, the Stirling numbers, and the
combinatorial sums.
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Let p be a fixed odd prime number. Throughout the article, Z,,Q,, C, will respectively denote the
ring of p-adic integers, the field of p-adic rational numbers and the completion of algebraic closure of
Qp. The normalized p-adic is given by | p |p = %. For f : Z, — C;, (f being a continuous function), the
bosonic p-adic integral of f is defined by:

| feanale) = tim S fEale+pNZy) = lim 3 fle). (1.1)
z, N—o0 =0 N—oo P £=0
It is apparent from (1.1) that
j—1
| e naue - | e =23 rw,6eN),
Zy Zy 1=0

where f; (&) = f(& +j) (see [17, 21, 22]).
The Bernoulli polynomials are defined by the generating function

e e]

e =) B (a)‘;‘j, (see [12, 14]).
— [

z
ez—1

JZ (&2 dy0(n) =

When & =0, B; = B;(0) are called the Bernoulli numbers.
The two variable Hermite Kampé de Fériet polynomials H;(&,n) [3, 6] are defined by

ra] —2r

j(&m) =j! Z ST (1.2)

These polynomials are usually defined by the generating function
ebztnz’ Z H;(E,m) 5, (1.3)

and reduce to the ordinary Hermite polynomials H;(£) when nn = —1 and & is replaced by 2&.
Jedda et al. [13] introduced a class of two-index real Hermite polynomials of degree p +j by

min(p,j)

. —1)kEP~*H,_
hp i (&) = (— iﬁza) (&) =plY! Z (k!)(jik)!gp_%‘i). (1.4)
k=0

Note that hy, o(&) = Hp&(E), ho;e(E) = & and hp;(0) = 0, if p < j. The generating function of hy, ; is
given by

e Py
Z Z u '?’; — e—u2+(2u+v)£—uv‘ (1.5)
p—0 =0 P-)-
Furthermore, for n = u = —v, Jedda et al. [13] proved that
ad . nPti
et = Z (_1))hp’j(£)ﬁ' (1.6)
p,j=0

The generating function of Gould-Hopper polynomials G (why) introduced by Dattoli et al. [6, p.
72]) are given by

eIt = Z Gr( ww (1.7)
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so that for every complex numbers u, v,z and w, we have (see [6, pages 5 and 6]):

= u  (q)
E H (2, why) = = G (wluPy)e?, (1.8)
=0 n!
and
= (P q) v _ ~(a) P zv
E Hm' (z, Wh/)m =G; " (whPy)e, (1.9)

0

3
[

where the polynomials HJ (z,wh/) contain all the classes given above. Moreover, they give rise to
new classes of polynomials of Hermite type. The concrete study of this polynomial is presented in [6]
in a unified way and includes the connection to Gould-Hopper polynomials [9], operational representa-
tions and connection to hypergeometric function, generating functions, addition formulas of Runge type,
multiplication formulas, Nielson formulas and higher order differential equations they obey.

The Daehee polynomials are defined by the generating function

(1+2)% ZD) .(see[25]) (1.10)
j=

log(1+ z)

In the case £ = 0, Dj = Dj(0) are the Daehee numbers.
The Bernoulli polynomials of the second kind are defined by the generating function

z

= &
log(1 + z) (1+2)" =

bj(é)?j, (see [12]). (1.11)

e

i
o

)

At the point x = 0, b;, = b,(0) are called the Bernoulli numbers of the second kind.

For A,z € Cp, with | Az [, < p_ﬁ, the partially degenerate Bernoulli polynomials of the first kind are
defined by the generating function (see [23])

log(1+?\z)% 2w b2
o ;O (EM5- (1.12)

When & =0, Bj(A) = B;(0A) are called the partially degenerate Bernoulli numbers of the first kind.
Kwon et al [25] roved that

i
) = Z ({)D{T)()\)ajl,

where

10g14D 1 oxi_ 3 p (1.13)
log(1 + At)x n

The falling factorial sequence is defined by
(Eo=1, (&);=&&—-1)---(E=j+1),(j=1).
The first kind of Stirling numbers is defined by

j
£ =) S1(,KES, (7 = 0), (see [1-10]). (1.14)
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and as an inversion formula of (1.13), the Stirling numbers of the the second kind is given by (see [3, 5-11]):

j
=Y S5, %) (E)x. (1.15)
k=0

From (1.14) and (1.15), we note that the generating function of Stirling numbers of the first kind and
that of the second kind are respectively given by (see [12-31]):

1 ©
log(1+2) =3 sm,k)%,
. 2 .

and

1 (e* —1)¥ Zsz >0).

For each p > 0, S;,(j) [28] defined by

j
=) 17,
1=0

is called the sum of integer power sum or simply powers sum. The exponential generating function for
Sp(j) is
e(j+1]z -1

1.1
1 (1.16)

e .
Z —_1+e +e¥ 4 el =

In this paper, we introduce partially degenerate Hermite-Bernoulli polynomials of the first kind and
deduce some relevant properties by using a preliminary study of these polynomials. We derive some
theorems on implicit summation formulae for partially degenerate Hermite-Bernoulli polynomials of
the first kind HB]FT) (&,MIA). We derive a definition of the two-index real partially degenerate Hermite-
Bernoulli polynomials of the first kind and generalized Gould-Hopper-partially degenerate Hermite-
Bernoulli polynomials of the first kind combined with their properties and special cases. Finally, we
derive some symmetry identities for partially degenerate Hermite-Bernoulli polynomials of the first kind.

2. Partially degenerate Hermite-Bernoulli polynomials of the first kind

In this section, we introduce partially degenerate Hermite-Bernoulli polynomials and investigate some
properties of these polynomials. We begin with the following definition.

Definition 2.1. Let us assume that A,z € C,, such that [Az], < p_ﬁ. Then, we consider the partially

degenerate Hermite-Bernoulli polynomials of the first kind which are given by the generating function:

log(1+)\z bt
ﬁ znz? ZHB &TIP\ (2.1)

At the point, £ =n = 0 in (2.1), 4B;(0,0/A) = 1 Bj(A) are called the partially degenerate Hermite-
Bernoulli numbers of the first kind. From (2.1), we note that

ad . log(1+?\z)% Ezinz? oizt
JZOhmHB anp\). lim =5~ et :ez— z+nz? ZHB an (2.2)
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Thus, we get
lim yB;(&,nA) = nuB;(E,m), (j = 0),
A—0

where 11B;(&,m) are called the Hermite-Bernoulli polynomials.
Theorem 2.2. Letj > 0. Then
= [
HB;(E,nIA) = Z < 1 ) BiaH;j_1(&,m). (2.3)

1=0
Proof. From (2.1), we have

— P log(l+A2)X ¢, 02
j;) HBj(E.,T]P\)jT = ﬁe
> zt > 2] ) j b2
= ZBI,?\ﬁ ZH;‘(E,T])].T =) ( 1 ) BuaHj—1(&m) 3
1=0 j=0 1=0
Comparing the coefficients of ?—:, we get (2.3). O

Corollary 2.3. Forn = 0 in (2.1), we have

j .
BjA(E) = Z <]1) Bj_1a&h.

1=0

Theorem 2.4. Letj > 0. Then

i 1
_ i\ (=17,
By (e = 3 (1) T A (e 4
Proof. Form (2.1), we have
1
log(1+ Az)» eztnz _ log(1+ Az z £z4n22
ez —1 Az ez —1
= (Z A ZHBJ'(E"”)]'T (2.5)
1=0 i=0
%) j 1
]> (D', j
=> (> HBj_1(&,m)
can (1_0 <1 I+ DU v
In view of (2.1) and (2.5), we get the result (2.4). O

Corollary 2.5. For y = 0 in Theorem 2.4, we get

j R
Bia(E) = ({) (lfluxlle(a).

1=0

Theorem 2.6. Let j > 0. Then

j .
uBs(enn) = 3 (])uia&ninDi0) 26)

1=0
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Proof. Since

S (gD = OBLEAZ ez
j=0 ): ez —1
= < z > etz tnz? <108(1 +7\z>
e*—1 Az
j=0 1=0
=2 |2 (1>HB] (& n)A1D1(0)> z
j=0 \1=0
In view of (2.1) and (2.7), we get the result (2.6). ]

Corollary 2.7. On taking v = 0 in Theorem 2.6, we acquire

Theorem 2.8. Let j > 0. Then

j . j .
V=00 B m ) = Y () DA B, £). 2.8)
l 1

1=0 1=0

Proof. Consider equation (2.1), we have

00 j 1
Y Bl cm% _ 18N g

7

) <log 1+7\z> (14 2)6en=+2?

= Di(&) () Z Bj(n,a?
1=0 u j=0 ):
>

(1+2) Z i, CI7\
(2.9)

j . .
(Z G) HBj_1(n, C)DL(E»)A1> ?:

On the other hand, we have
1

Y 0oy X uBin &) =3 (

1=0 " j=0 T =0

iy j
> (})uBian cum) = @10

Therefore, by (2.9) and (2.10), we get the result (2.8). O

Theorem 2.9. Let j > 0. Then

HB;(&m) = Z <{>7\1bL,A(O)HBj1(E;TI|}\)- (211)
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Proof. In (2.1), we note that
log(1 + Az)*
g(ez—l aHnZ Z HBj Efﬂp\
Z  fzin? _ Az = z
ez_le (log(]+7\z)> ()ZO HBJ(fi/TW\) ') s
(2.12)
00 11
z ¢ 2 ?\ z
ez _1°¢ #mz —(%bw\ > (ZHB (& mlA) ,)
00 j ) 2
=) (Z <I) A1 (0)1B; 1 (&, 11|7\)> 3T
j=0 \1=0
Therefore, by (2.1) and (2.12), we get the result (2.11). O
Theorem 2.10. Let j > 0. Then
j .
By (E ) = Y (1) B 1 (b an (1= pIE, (1= q) 13
1=0
Proof. Rewrite (2.1), we have
Z WB; (&, n|7\ 2 108(1 +A2)2 (1-p)Ez+(1-qIn2? pez+qnz?
—1
=Y uBiAlpE qn) Y Hi(1—p)E, (1—q)n) >
j=0 J! 1=0 u
Replacing j by j — 1l and comparing the coefficients of 2, we get the result (2.13). O
Corollary 2.11. For p,q € R, we have
j
n
B (EnA) = 3 () 1By (1= )e (1 @) H (o, an).
1=0
Theorem 2.12. Let j > 0 and d € IN. Then
_ - 5
Bj(&,nA) =d Z HBjA/d
Proof. From (2.1) in the form
00 5 d—1
z) log(l—i—?\z) bz tnz log(1+Az)» (14Az)x (14+&)z+
= 1 _ (2.14)
- 1+ 12 )
= Z Z iazda |\ T3 M BTI
=0 —0 ):
by (2.1) and (2.2), we get (2.14). O

Corollary 2.13. Let j > 0 and d € IN, we have

' L+x
Bn)\( )—dn lZBn?\/d< d )

1=0
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3. Higher-order partially degenerate Hermite-Bernoulli polynomials of the first kind

This section incorporates the definition of higher-order partially degenerate Hermite-Bernoulli poly-
nomials of the first kind and a preliminary study of these polynomials.

Definition 3.1. Let us assume that A,z € C,, such that | Az [, < p_l/ P—1 we define higher-order partially
degenerate Hermite polynomials are as follows

10g(1~|—7\z)% ' Ez4nz2
( e efztn Z B ET]|7\ (3.1)

When n = 0, then HB (E, OA) = HB (EI?\) and higher-order partially degenerate Hermite-Bernoulli
polynomials of the first kmd reduce to hlgher-order partially degenerate Bernoulli polynomials of the first

kind. When & =1 = 0, we write HB].(” (A) = HB]m (0,0lA), the higher-order partially degenerate Bernoulli
numbers of the first kind for j > 0.

Theorem 3.2. Let j > 0. Then
4] j
T) o
w7 enn =3 () ) Birhlenn’

1=0

Proof. In (3.1), we expand e in series, use (1.2) and then compare the coefficients of z on both the sides
to get the result. O

Theorem 3.3. Let j > 0. Then

j k
Mg ) = ZZ( ) )1Sa(k, UseB; (0, 1A). (32)

= ez—1
:<10g(elixf)x> " e —141)¢
= (r) Zj 1 z 1
=) uB (o,nm).—,Z(anﬁ(e —1)
j=0 T 1=0 ’
0 j 0 k
=3 BN Y (@) SV
j=0 ): 1=0 k=1
00 () Zj o k Zk
=2 uBT O Y D (EnSak D
j=0 ) 010
00 ) k ] z
=) (ZZ (k)(a)lsz(k UnB;" (0, nlM) =
j=0 \k=01=0

Comparing the coefficients of z, we get (3.2). O
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Theorem 3.4. Let j > 0. Then

6—1—0(11\7\ ZZ() J1S2(k 4 &, L4+ o)1 Bj—i (0,m[A).

k=01=0

Proof. By changing & by & + o in (3.1), we see that

o 7 log(1 +Az)*
5 s ) - (22 e,
j=0

" k=01=0

1
:<log1+7\zx> "‘Ze i1t
= > uB;(0, e e Y (Eh U(e -1
j=0 ]' 1=0
:ZHBT(OTIP\ Z 1ZSZkl
j=0 ) 1=0
o0 j k
:goHBr 0n|7\ ZZ 152k+<x,l+oc)k'
>

\_a
|
o

k=0 1=0
In view of (3.1) and (3.4), we obtain the result (3.3).

Theorem 3.5. Let j > 0. Then

i
HBi (e ) =Y <]>HB;'(T_LK)(E,nIA)HB{k)(OIOP\)'

Now comparing the coefficients of z, we get the required result.

Theorem 3.6. Let j > 0. Then

j .
r](C,ul?\)zz<)>Hk(oc—fi+C,B n+u)HB k(& —o,m—BIA).

k
k=0

)k . .
(Z <> 152(k+oc,l—|—oc)HB].mk(O,np\)) j).

(3.3)

(3.4)



W. A. Khan, M. S. Alatawi, J. Math. Computer Sci., 30 (2023), 255-271 264
Proof. In (3.1), we have
0 ; I\ T
ZHB)“)(C,LLI?\)@: _ <1Og(i+7;7~)*> elE—a)zt(n—B)z? o~ (£—C-a)z—(n—u—B)z*
o j! ez —
= e bz B BT B (E—on— BN T
j=0
~ ayr (3.5)
=Y Hila—E+0B— n+u)kuHB](”(£—oc,n BIA)
k=0 j=0
= (¢ () (™) :
=) |2 <k>Hk(cx—a+c,rs—n +wnB L (E—an—BIA) | T
j=0 \k=0 )
Therefore, by (3.1) and (3.5), we arrive at the desired result. O
Remark 3.7. Letting u = ¢ = 0 in Theorem 3.6, we get following.
Corollary 3.8. Let j > 0. Then
(r) = (] (r)
B0 = 3 () ruloc— & Bl (€~ an— B
k=0
Theorem 3.9. Let j > 0. Then
i : ( >1 HB Sy (ENBET() i B (A)nB; ) (n, &) 66
27 72 _ 2t T 1 :
S\ @) ual-a- iggn o = Ut
Proof. By changing z with £ and r by k, we can write (3.1) as
© g [log(l+Ax)k\ " .. 2
Y B o = | | & (37)
- ) &j! et —1
j=0
Now interchanging & by 1, we have
o0 2 log(1+?\5)% ¢ £
[y
D wB MmN = | T (58)
— ) en —1
j=0
Comparison of (3.7) and (3.8) yields
512 nzZ 2 K o (k) z
e m? & HB; ™ (E,mlA)
(1+A2)x +1 ;0 ! &j!
log(1+7\2)% K o
== BJX n, &N
( en —1 ) J;)H S
I LT TR =B PN R =Y 7
=) ) BTN Y wB (e oy (3.9)
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2

:ZBk Z J( n,il )]l’

1=0 =0
i i[ : ]<E,_n)l B (BB (A) j:i iB{k)()\)HB]FE)I(n,aM) J
j=0 \q=0 1=0 n? &) Uqlj—q-— 21)'““5] a2t o\ U —Dtugty =
Thus, by (3.9), we obtain the result (3.6). O

Theorem 3.10. Let j > 0. Then

q,l
WBGL(Cn) = Y (f' ) ( ; ) (C— &V "Bl (&N,

j,p=0

Proof. Replacing z with z 4+ win (3.1), we get

<log(1+?\(z+u))7\> en(zH1)? _ o—E(z+w) Z (n,il ) (see [21]).

ezt —1 q! l' ’
q,1=0

Changing & by C in the above equation, we get

00 o
B z9u z9u
elc-8l=tu) 3 HB(q:)q(E,T]P\)a* =) HB(CIQL(C/“P‘)E*

! T
o & o &
o [(C—&) Z+U-)]N - (r) FARTLERG (r) FARTE
Z Z HBq+1(afﬂ|A)$? - Z HBq_._]_(C/nP\)aﬁ/
N=0 q,1=0 q,1=0
S E+m™ ¢ I
> (N = .Z f()—Hn)J,TW,
N=0 j,m=0
— ((—&)TPIuP & z9ut & zdu!
Z T Z HBEQL(E/T]P\)*,T = Z HBE;ITi]'(C/‘Iﬂ )7'?/
520 j'p! o o U 4o ru
00 q,l : 1 0 1
=P 2w S
> ) By (B M) —— =Y uB (LN
! HPatl—i—p N a=p)! q+1 T
ioie0 P (@=)t-pt 4= qt U
Equating the like powers of z and u in the above equation, we get the required result. O

4. A class of two-index real Hermite polynomials and partially degenerate Bernoulli polynomials of
the first kind

This section is a consequence of the definition of the two-index real Hermite partially degenerate
Bernoulli polynomials of the first kind and generalized partially degenerate Gould-Hopper-Bernoulli
polynomials of the first kind combined with their properties and special cases.

We define partially degenerate two-index real Hermite-Bernoulli polynomials of the first kind by the
generating function

T
log(1 +Az)R 222 (Quztv)E—
(el 1 e WETlAHETVIETIVE — Z hB (&, vl?\) (4.1)
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For v =0, (4.1) reduces to

T .
10g(1—|—7\z)% 224 (2uz)E = = — u™
(ez-l e Wz uz :Z E» u, 0|A )ZOB E,P\ J TnZOHm(E,)m

j=0
Replacing j by j — m and comparing the coefficients of zJ, we get
j .
Y on = Y ( o )umBJF:)m(aMHm(a),

m=0

where H, (&) is ordinary Hermite polynomials.

m

Note that the above result for u = 1 is a special case of (3.1) because when § is replaced by 2& and

1 = —1, then we have

log(1+A2)%\ 5, 2 2
<ez—1 e Z B )28, — 1|>\)7

In other words
Bi"(£,1,0h) = nB;" (28, —1).

Theorem 4.1. Let j > 0. Then

mfsvj

oo m
u
(e wvA) =Y > B Mg j(8)
oo (m—s)lj!
Proof. On replacing u by uz in (1.6), we have
oo [e¢] )'
Z Zh’ v — efuzzer(Zuerv)E,fuvz
mj( ml]l )

Then using (4.1), we can write

1\ T [N
z log(1+ Az)x 2224 (o v z
3 e = (BELEE ) e § a0 55
=0

m=0

Now replacing m by m — s and comparing the coefficients of z°%, we get the required result.

Theorem 4.2. Let j > 0. Then

T]Tﬂ.*S

E,T]|7\ gZB ") hi s,j(a)m-

s=0

log(1+Az)% |
ez —1 ’
and replace 1 by nz to get

<log(1+7\z);‘>re£nz _ (108(1+7\Z)’1‘>r i (—])jh (E) (mz)m™*
= mj(&)————

Proof. We multiply both sides of (1.7) by

ez—1 ez—1

(uz)
) ml!j!

mvj
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e 725 = . 2)M+j
=Y BUWNE S (e 2
= st =2, mlj!
Thus we have
(1) - j (nz)™*)
> BL E,nl?\ ZB Z (=1 R (6) = e
s=0 ' m,j=0 U
Now replacing m by m — s and comparing the coefficients of z°%, we get the required result. O

Ghanmi and Lamsaf [9] analyzed a new class of polynomials generalizing different classes of Her-
mite polynomials such as the real Gould-Hopper, as well as the 1-d and 2-d holomorphic, ternary and
polyanalytic complex Hermite polynomials. In the following theorem, we are concerned with a special
and unified generalization. More precisely, we deal with the generalized Gould-Hopper polynomials and
partially degenerate Bernoulli polynomials of the first kind.

First, we define generalized partially degenerate Gould-Hopper-Bernoulli polynomials of the first kind
by the generating function

ad (v)( ) log(1+ Az) R ! W CuztyuP v
Z GB]. (w, vy, zlu, v|7\) —e_1 | © . 4.2)
=

Note that for r =0, (4.2) reduces to

m

Gl (Wl(uz)Py) —etus
m!

_ wv+luz+yuPvi
—e ,

M ¢

0

3
[

where G%ﬁ” is defined by (1.8). The next generating function is a consequence of the above one (see [11])
and gives the closed expression of RY'9(Z, wiu,v) in the form

, _ plutwytyuPye
R$ q (C,W|u,\)) =e UT-WV-ryurv ,
where
P.q _ -
RYA(z, wlu,v) = ];0 mZ_O HP C,wh/ e (4.3)

Furthermore, the polynomials H (¢, wly) are given by (1.8) and (1.9).
Theorem 4.3. For every uw,v,w, (, € C and j,v > 0, we have

ujfsvm
(G—s)m!’

6B} (w,, thy,vA) = Z ZH (G why)BIT ()

m=0s=0

Proof. Start with (1.8), replace y by uPy and multiply both sides by e“"* to get

ym
ewv+vupvquuz _ Z G( W| LLZ py)ieC
m!

log(1+Az)%
ez —1 ’

Again, we multiply both sides by
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to get

log(1+A2)x | & " i
GWVEYUPVE Cuz <Ogiz+_12))‘) — Z GET(L])(WHLLZ)]D'Y)%eZU”t ZBgr)(}\)i.

Thus by using (4.2) and (4.3), we have

st 4 ’ il m!

= z® S = uz) vt & z
S By duE =S HE G why BV )2
s=0 =

Now replacing j with j — s and comparing the coefficients of z/, we get the required result. O
As an immediate consequence of the above theorem, we have the following.
Corollary 4.4. For every u,v,w,(, € Cand j > 0, we have

6B;” (W, v, Clu, VIA) = REA (L, why, v) = eCurwyivurve,

5. General identities

In our previous articles (Pathan and Khan [26, 31], Hiba and Khan [12], and Khan et al. [16, 19, 20]), it
was shown that symmetric identities for Hermite-based generalized polynomials unify many properties
and identities of Hermite-Bernoulli and Hermite-Euler polynomials. In this section, we give general
symmetric identities for partially degenerate Hermite-Bernoulli polynomials of the first kind B; (&, n|A)
by applying the generating functions (1.3) and (3.1).

Theorem 5.1. Let j > 0. Then
SO ( (
> <1>a’—lblHBj”l(ba,b2n|7\)HBJ)(aa,aznlm

1=0

) .
({) b ta'B;" (ag, a®nA)uB{" (bE, bPnA).
1=0
Proof. Suppose

1

1 1 T
A(Z) = <(10g(1 + 7\(12,) A )(log(l + )\bZ) A )) eab£z+azb2ﬂzzl

(ew= —1)(eb= —1)

) (5.1)
(¢ 9 ) . .
. b2
Alz) =) <Z ({) @' BT (bE, bPnIA) B (ag, a2n|A)> T
j=0 \1=0
On similar lines, we can show that
. b2
Alz) =) <Z ({)bl 'a'yB;") (ag, aznm)HB{”(ba,bznm) T (5.2)
j=0 \1=0
Given (5.1) and (5.2), we arrive at the desired result. O]

Corollary 5.2. By setting b =1 in Theorem 5.1, we get

i i,
> () uBre mnnl ag a2n) = 3 ()t ot a6 ),
1=0 1=0



W. A. Khan, M. S. Alatawi, J. Math. Computer Sci., 30 (2023), 255-271 269

Theorem 5.3. Let j > 0. Then

j a—1b-1 b
>y ( >aJ b'yB <bn+ ai+p,b2CI7\> B\" (anlA)

1=0 i=0 p=0

j a—1b-1 (5:3)

—ZZZ() b talyB]" (an+ i+, a%A) BLY (bniA).
b

1=0 p=0 i=0

Proof. Let
 ( (log(1 +Aaz)* )(log(l—l-?\bz)?l\)(eabz—l))Teab(a+n)z+azbzaz
1 (5.4)

bz_1

< eaz 1)2(ebz )2

1IN\ T —1 1\T
108 (1 + AQZ )X ) eabéz+a?b?(z? aZ ebzi (108(1 +Abz)A ) pabnz Z dzP
i=0

%) j a—1b-—-1 ,. ;
i T b. T ]
B(z) = Z' (2 Z S <]1> ool BT (ba+a1+p,b2(:|>\> B! )(anA)) ‘;;' (5.5)

%) j a—1b—-1 ,. :
B(z) =) (Z 2 ) ({) bitalyBy") (ag+ £+ p, 0% B{”(bm)) j? (5.6)

Therefore, by (5.5) and (5.6), we get (5.3). O
Theorem 5.4. Let j > 0. Then

=)
—
(o

;) ;} <]1 o' yB", <bn+ 24, b2C|7\> '(an+ bp)
a-1b-1 (5.7)

= Z : (’l) bj’lalHB (an + bl a2C|7\> <bn + p|7\>

=0 i=

il
o
o]

Proof. The proof is analogous to Theorem 5.3, but we need to write (5.4) in the form

J

0 j a—1b-1 .
B(z) = ) (Z > ( ! ) a1ty (bn + 2, b2cw\> ' (an+ pr)) 5 69

On the other hand (5.4) can be shown equal to

00 j a—1b—1 . .
B(z) = Z (Z >y ( 11 >bilalHBj(")1 (an+ cha c|7\) <bn—l— p7\>) j: (5.9)

1=0 p=0 i=0

n

By (5.8) and (5.9), we get (5.7). O]

Now, we prove the following symmetric identity involving a sum of integer powers Sk(') given by
equation (1.16) and partially degenerate Hermite-Bernoulli polynomials of the first kind HB (&, mIN).
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Theorem 5.5. Let j > 0. Then

J . k
: N K .
S () )@ erunnoe w3 (F ) sio- 1 e

k=0 =0 (5.10)

j . k
=y ( L > bi—kakHBj“ (ag, a®ZN) ) ( > (a—1)BL". (bnfA).
i=0

k=0

Proof. Consider

.
<log (1+Aaz)t )(log(ﬁxbzﬁz)( eab: 1)) Jab(Etn)z+a?bice?
(eaz —1)%(ebz —1)

— T & 0 . b k
= > B oe, b2 LS s -1 Y B (@)
j=0 )’ i k=0 :
o ) . . k " J
— Z (Z < > al—kkaB§i)k(ba,b2C|?\)Z ( ) > Si(b— 1)Bk l(an|7\)> =
J=0 Ak=0 i=0 !

On the other hand, we have

00 j . k .
Clz) =) (Z ( L >bi—kakHBj(T)k(a£, OV < ]: ) Si(a—l)B](:)i(bnl)\)> ‘;‘:

j=0 \k=0 i=0

By comparing the coefficients of z on the right-hand sides of the last two equations, we obtain the result
(5.10). O

6. Concluding remarks

In this paper, we have presented the generalized partially degenerate Hermite-Bernoulli polynomials
of the first kind and discussed, in particular, some interesting series representations. We have deduced
some relevant properties by using the structure and the relations satisfied by the recently generalized Her-
mite polynomials that incorporate the definition of partially degenerate Hermite-Bernoulli polynomials of
the first kind and a preliminary study of these polynomials. We derived some theorems on implicit sum-
mation formulae for partially degenerate Hermite-Bernoulli polynomials of the first kind HB].(T) (&,1IA)
and their special cases are given. We derived the consequence of the definition of the two-index real
Hermite-partially degenerate polynomials of the first kind and generalized Gould-Hopper-partially de-
generate Bernoulli polynomials of the first kind combined with their properties and special cases. Finally,
we derived symmetry identities for type partially degenerate Hermite-Bernoulli polynomials of the first
kind.
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