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Abstract

The objective of this paper is to establish a new class of dynamic inequalities of the Hardy type which generalize and
improve some recent results given in the literature, and we derive some new weighted Hardy type integral inequalities on the
time scale.
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1. Introduction
In [5], Hardy proved the following result.

Theorem 1.1. If {Q)(z)}3° , is a sequence of non-negative real numbers and w > 1, then

;;}(;Q(M) g(w“_)l) Zlgw(z). (1.1)

In [6], Hardy obtained the continuous of inequality (1.1) in the next theorem.

Theorem 1.2. For ¢ > 0 is continuous function on [0, c0), if w > 1, then

LOO - <J ¢(C)dc> Tz (‘”) ) ro 0 (2)dz, (1.2)

0 w—1 0
where the constant (w/(w —1))® can’t be found smaller than it.

In [8], Hardy and Littlewood proved the following theorem.
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Theorem 1.3. If ¢ > 0 is continuous function on [0,00) and 0 < w < 1, then
00 1 00 w w W roo
i < [ —— w . .
[ ([o@ac) s (7)) [ ov e 13)
In [7], Hardy generalized (1.2) and (1.3) in the following result.
Theorem 1.4. If & > 0 is continuous function on [0, co), then
00 1 z w w W roo
J s <J ¢(C)dC> dz < <> J zV7 %Y (2)dz, for w=k>1, (1.4)
o 2z \Jo k—1 0
and
00 1 00 w w W  roo
J — (J cl)(C)dC> dz < < > J 297 % (z)dz, for w>1>k>0. (1.5)
0o z°\Jz 1—x 0
Remark 1.5 ([1]). We note that the inequalities (1.4) and (1.5) are equivalent to that
o0 1 z w w W  roo 5
< ——— w — .
Jo oy <JO d)(C)dC) dz < <w—6—1> L z°$p%¥(z)dz, for d<w-—1, (1.6)
and
00 1 00 w w W roo
J 5 (J d)(C)dC) dz < () J 220%(z)dz, for &> w—1. (1.7)
0 2

z 1—i—6—w 0

In [2], Zeki et al. extended the classical Hardy inequality in the next results.

Theorem 1.6. Let ¢, 0,9 be non-negative functions on (0,00),0 <r<t<oo,1<w <y <ooand k> 1.If

©1(z) Q%Z)J H(0)0(b(0))AC and A > wi_Kl_1
then
t ﬁ(z) w Aw \ % t 1-3 t 19(2) %
L QK(Z)q)l (z)dz < <K_1> (L ¥(z)d > <L Q%(Z)ey((b( ))d ) )
where

(1.8)

(1.9)

Qi) = | v
0
Theorem 1.7. Let ¢, 0,9 be non-negative functions on (0,00),0 <r<t<oo,l<w <y <ooand w+«k <1
If
B1(z) = Jtsme( (@)dC and A> 17K <o
1Z_Q(Z) . ¢ an /1—K—w> !
then
L3z -, Aw \C ([ Y v, v
Lgmgumn<@_J Gﬁma> Lﬂmﬂ(wnm ,
where
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In 1988 Stefan Hilger [1] gave a new definition for time scales T to unify continuous and discrete
analysis. In the last decades, many researchers studied the dynamic inequalities on time scales. For
example, in [10], Rehak proved the time scales versions of (1.1) and (1.2) as follows.

Theorem 1.8. Let T be a time scale. If v € T and w > 1, then
o0 o w w roo
J Q°(z) Az<(—— J $“(z) Az,
» \o(z)—r w—1 .

Q(Z):J SO)AL for zelr oo,

where

unless ¢ = 0. In addition, the constant (w/(w —1))% is the best constant if u(z)/z — 0 as z — oo.

In [9], Saker et al. proved a new dynamic Hardy-type inequalities that can be considered as extension
of (1.4) and (1.5), respectively, as follows.

Theorem 1.9. Let T be a time scale. If r € T and w > «k > 1, then

® (Q7(2)” w \“[* (ofz) =)<V
J 2x5 () |

r (0(z) —7)" K—

T (Z—T)

where

IfreTand w>1> k>0, then

JOOQw(Z)Azg( w >meGw_K(Z)¢w(Z)AZ,

. o%() .

where

Q(z) = J’oo d(Q) AL for z e [r,o0)T.

z
The general idea of this paper is to prove the dynamic inequalities for (1.8) and (1.9) on time scales and
have a continuous inequality and discrete inequality when T =R and T = Z, respectively. The paper is
organized in the following way. In second section, we give some basic concepts about the delta calculus.
In third section, we state and prove the main results.

2. Preliminaries

In this section, we will introduce some basic definitions and properties about delta calculus on time
scales. For more details, we recommend reader reading books [1, 3].

Definition 2.1 ([1]). A time scale T is a non-empty closed subset of real numbers R.
Definition 2.2 ([1]). The forward jump operator o : T — T is defined by
o(Q)=inf{seT:s > (},
and the backward jump operator p : T — T is defined by
p(¢) =sup{seT:s <.

A point ¢ € T is right-dense if o(() = (, is right-scattered if o(() > (, is left-dense if p(¢) = ¢ and is
left—scattered if p() < ¢. If T has left-scattered maximum m, then T¥ = T — {m}, otherwise, T = T.
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Definition 2.3 ([1]). A function ¢ : T — R is said to be rd-continuous provided ¢ is continuous at
right-dense points and left sided limits exist (finite) at left-dense points in T. The set of all rd-continuous
functions is denoted by C,4(T).

Theorem 2.4 ([1]). Let ¢,0: T — R be differentiable at € T*. Then
($0)° = 20+ $p702 = $20% + $O°, where 6° = 0o

and

A VAN VAN
<¢> :u, where 00° # 0.

0 00°

Theorem 2.5 (Integration by parts [1]). Let r,t € T and u,v € C+q(T). Then

Jt u?(2)v(z) Az = ulz)v(z)]t — r u’(z)v?(z) Az (2.1)

T T

Theorem 2.6 (Chain rule [1]). For 0 : T — R is continuous and delta differentiable on T*, if ¢ : R — R is
continuously differentiable, then

(b00)™ (0) = ' (6(5))0°(C), where s € [, 0(Q)g-

Theorem 2.7 (Leibniz integral [4]). Assume h,u:T — T are delta differentiable. If ¢ and G2 are continuous,
then

h() A h(Q)
U . d>(c,zmz] —J (63 A4 REQB(6(D), MO) —u b(o(D) (),

where &2 (L, z) is the delta derivative with respect to C.

Lemma 2.8 (Holder inequality [1]). If $,0 € C;q(T) and v,t € T, then

t t © /ot 3
J [ $(200(2) | Az < (j $(z) @ Az) ([ 0(z) Az) , 22)

where w > 1land 1/w+1/y =1.

Lemma 2.9 ([1]). Let $,0 € C;q(T),$ > 0,0 > 0andd > 0. If 1l <wand 1/w+1/y =1, then

1

J:‘b” zAzs (J AZ>w<£9w(z)8(z)Azy,
>

Lemma 2.10. Let ¢,0 € C.q(T),d > 0,0

t t -9 /et
J dL (20 (z) Az < <J dz) A z> <J Y (2)9(z) A z>

Proof. Let 0 < w <y < oo. Applying Lemma 2.9 with 6 =1 and using v/w > 1, we obtain

Oandd® > 0.1f0 < w <y < oo, then

w
Y

w

t t Y /ot 1-5
J dL(2)0(z) Az < (J Y (2)d(z) Az) (J ¥(z) Az) .
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Lemma 2.11. Let $,0 € Cq(T),$ >0,0 >20and ¥ > 0. If 0 < w <y < o0,k # 1 and

then
t 19(2) w t 1 Y t S(Z) %
| ekee ) sz ([ o az) (J e (0 ))Az) @3)
Proof. By applying Lemma 2.10, we get
| argeeesz=| (FE2) o as
' IR v
(faoea) ([ (02 009
t =9 7/t ¥
~([fas) ([ oot o)
O
Remark 2.12. If we put k = w — 9, then

RRIC) PO ' T8
| guagee@inazs (| ooz (J ZeV«b(zMz)

3. Main results

In this section, we will assume that r,t € T,0 < r < t < +co with functions ¢, 0,9 are rd-continous
and non-negative functions. We define a nondecreasing function

k—1
A w+k—1’
then
¢ V(z) o w Aw Y[t =5 t d(z) [QO‘(Z)] KY(ufl] ¥
L Q9 (2]~ (@7 (2)]" Az < <|<—1) Ur ¥(z) Az} {J} 0 (2] V(b)) Azl , (31)
where 1 .
D1 (2) e1E) J ¥()6(P(C)) AL, (3.2)
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Proof. By applying (2.1) on the left hand side of (3.1) with

A _ 19(2) o _ o w
u-(z) = Q0 ()% and v9(z) = (®7(z))",
we have C s .
JT [QG(ZZ)]K [@F(2)]Y Az = [u(z)v(z)]; + L (—u(z)) (O (2))° Az, (3.3)
where © 9(0)
uE = _L Qo ¢
Applying Theorem 2.6 with Q“(z) > 0 and s € [z, o(z)], to obtain
1—k A —K A 1 A(Z) . QA(Z)
(@) = (1= 05108 =) = (1= K5 < (1=K e (3.4)
Therefore, integrating (3.4) from z to co with respect to ¢, we get
—u(z) < éQl_K(z), (3.5)

from (3.3) and (3.5), we see that

vty © we [ D oot ©

:[-cp;v(t)ro D(¢) Ac]+ ! JtalK(z)(qagv(z))AAz (3.6)

Now, from (3.2), we have

O2(z) = 3(2)0(d(2) — 57 7ae7

Applying Theorem 2.6, we have

(@) (2) = WL ()07 (2) < w [@F (2)]V7 @ (2)

_ orw—1 [9(2)0(d(z))  d(z) o (3.7)
—wiop(e)e ! TN A qr()
Substituting (3.7) into (3.6), we get
A2 I N . orw—1 [9(2)0(d(2)  d(z)
[ o s aze 2o ot ot |PESSED B ope) 4
o w [("9(2)0(d(2) 4o w1 w [* A2 e
-2 | R e az- 20 | SEf e A
w [("9(2)0(d(2) o/ w1 w (Y dz2) (o
e B T R (I o MO
Hence,
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This implies that

LG B Ao [3(2)0(0(2) (g
L[Q."(Z)]K[(Dl (27 Az < K_lL 0~(2) (@7 (2)] Az
A YD) e @S Q)]
=225, (g orer) o 0@ Az
By applying (2.2) with w and w/ (w —1), we have
tod(z) o W Aw \ ¢ [t (QO(z))(@-D\*<
L[O.G(Z)]K[(Dl (z)] AZS(K_1> Lﬁ(z) <Qw(2)> 0% (d(z)) Az (3.8)

Applying (2.3) on the right hand side of (3.8), we obtain

t w ot =5t (L)< e
J L)K [@F(2)]° Az < (KAw1> U ¥z) A z] U bz) [%K(j()]Z) 0Y(d(z)) Az

<e

In Theorem 3.1 if T = N, then we have that c(n) = n + 1 and we obtain the following corollary.

Corollary 3.2. Let {9(C)}32; and {6(([)(&))}%0:1 be increasing and non-negative sequences. For any 1 < w <y <
oo and k > 1, if there exists constant A > 0 such that

S kK—1
“wH+k—1"
then
=g, A \@ [ Y e 00 S Y (4 v
Y g™ s (2 <C_T19(C)> (; T ew(cn) ,
where
1 &
D1(C) === Y d(1)O(P(1)) and Q(oo0) = oo

Remark 3.3. For T = R Theorem 3.1 reduces to Theorem 1.6.
The next result follows from Theorem 3.1 by choosing (¢ (z)) = ¢(z),d(z) =1 and vy = w.
Corollary 3.4. Let w > 1 and x > 1. If there exists A > 0 such that

k—1
z—,
w+k—1

then

t 1 o(z) @ Aw \ @ tO.K((,U—l)(Z) ©
L oK) (L CD(C)AC) Nz < <|<—1> L Td) (z) A z.

Remark 3.5. For T =R, Corollary 3.4 reduces to [2, Corollary 1].
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Theorem 3.6. Let 1 < w <y < oo and k + w < 1. If there exists constant A > 0 such that
1—-x
A2 1—k—w’
then
N 1C) N A N[ Y[ 2200 (0(2))
J, megrat e oz <1 = K> U o) A"‘] U QorE CF G2
where
- 1 t
Dilz) =~ | D100 A C (3.10)
and J‘go % A C < 00.
Proof. By applying (2.1) on the left hand side of (3.9) with
A _ S(Z) _ AW
u-(z) = BRI and v(z) = ©{"(z),
we have
t t
L [ Qi((zz))] O (2) Az = ulz)v()]t + J uw0(2) (~0¢)> (2) Az
00 t t
= V(Z)J H(e) A C] +J u(z) (—CT){”)A (z) Az
. 0o “ LT -
© () ‘ By A -
= _—V(T) L Qo (O] A C] —i—L u’(z) (—9°)" (z2) Az
rt _ R
< | w2 (~08)% (1) Az,
where © ()
el == | e A¢
By applying Theorem 2.6 with Q% (z) > 0 and s € [z, o(z)]g, We obtain
1—x AN —K A 1 QA(Z) . QA(Z)
Q7 (2))” =1 —-x)Q *(s)Q%(z) = (1 —«) 0 (s) < (1—«) UG (3.12)
Therefore, integrating (3.12) from z to oo with respect to ¢, we obtain
u(z) < ] 1 KQ1_K(2), (3.13)
substituting (3.13) into (3.11), we see that
t 8( ) Ty W 1 t o —K 7 W
L [Qg(zz)]KCDl (2) Az < = J Q)% (~0(2))° Az (3.14)

Now, from (3.10), we have




K. A. Mohamed, et al., J]. Math. Computer Sci., 30 (2023), 150-167 158

Applying Theorem 2.6 with CT)lA (z) <0, we have

(0 (2))° = wdL ()DL (2) > WD (2) DL (2) = —w DL (2) [ + ®1(2)|, (3.15)

substituting (3.15) into (3.14), it yields

F ) e W [*9(2)0((2)) 5o CdE)
L [QG(Z)]Kq)l (z) Az < 1« L Q9 (2)]< O (z) Az+ T« L [QU(Z)]KCDl (z) ANz
Hence,
T—k—w (Y 32 -, w  [*¥2)0(d(2) £ 1
1—k L [QO‘(Z)]K(Dl (z)Az < 1_KL [Q° (2] O (z) Az
This implies that
fE) sw Aw [t 9(2)0((2)) & 1
L Qoe B Az 1—KJT Qe o Bz
Aw [T 19(2) = w771 1 o e
N 1—KJT ([QG(Z)JK®1 m) 94 (2)(Q%(2))"w0(P(z)) Az
By applying (2.2) with w and w/ (w —1), we have
FE) g Aw \© [T9(z)0% (p(2)
JT [QG(Z)]K(Dl (z) ANz < <1 — K) Jr W Az (316)

Applying (2.3) on the right hand side of (3.16), we obtain

w

PERICIY A (T V(e )T
[ oo as< (i) ([ owas) (J Qe E AZ) '

In Theorem 3.6 if T = IN, then we obtain the following corollary.

Corollary 3.7. Let {d(0)}; and {9((1)(&))}%0:1 be increasing and non-negative sequences. For any 1 < w <y <
oo and Kk + w < 1, if there exists constant A > 0 such that

1—«k
ARy
then
SR O Ao\ (& Y s v
c:TQK(CH)(Dl (c) <1—.<> (Zf’@) (CZTQ@”(C“) Y (bl ))) ,
where
D1 (() —1tzla(1)e(q>(1))
00 =

Remark 3.8. For T = IR, Theorem 3.6 reduces to Theorem 1.7.

The next result follows from Theorem 3.6 by choosing 0(¢(z)) = ¢(z),d(z) =1 and vy = w.



K. A. Mohamed, et al., J]. Math. Computer Sci., 30 (2023), 150-167

159

Corollary 3.9. Let 1 < w <y < oo and k + w < 1. If there exists A > 0 such that

11—«
A>—
l1—-k—w

t 1 1 t w }\w w et 1 .
[ GLewad) see(P2) [ Shecmas

Remark 3.10. For T = R, Corollary 3.9 reduces to [2, Corollary 2].

7

then

Theorem 3.11. Let 3, U(ZZ) € T,w > 1and x > 1. If there exists constant A > 0 such that

}\>K7*1,
w+k—1

then

w rt o K(w—1)
M ) | OIS @ Az,

k—1 0 Qr@(z)

where

o 9(0)
ﬂ]’ld fo WAC<OO

Proof. By applying (2.1) on the left hand side of (3.17) with

Alz) = [Q‘?f("jﬂK and v°(z) = (OF(2))*,

we have

where

8
el == | e Ac

By applying Theorem 2.6 with Q% (z) > 0 and s € [z, 0(z)]g, we obtain
~(2)
Qx(s)

(Q*(2))® = (1—-KQ *(s)Q%(z) = (1—k)

therefore, integrating (3.20) from z to oo with respect to ¢, we obtain

1
k—1

—u(z) < Q7 (2),

substituting (3.21) into (3.19), we see that

FoE) o T o A
J, o 5@ sz < Ty [ @@ @) Az

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)
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Now, from (3.18), we have

Applying Theorem 2.6, we have

(0L (2))° = WL (s) D5 (2) < w (OF(2))¥ ! 0 (2)

3.23
(Z)} . (3.23)

Substituting (3.23) into (3.22), yields

D) e W [*9(2)[(z)]
L oo 95N Bz < K_lj

Hence,

w—f—K—lJt d(z)
k=1 Jo [Q°(z)]*

This implies that

[ o) g azc 2 [ ML
0
O

S [ w—1
o [Qo(z)]x " ? S k-1 (@3 (z)] Az

w—1

)
A (Y0 e ) © 98 (2) fh(z)] [Q0(z)]<()
=2 ) (v 050 0 ) bz

Now, applying Holder’s inequality (2.2) with w and w/ (w —1), we have

Jt d(z)
0 [Q(z)]¥

w—1
w

¥z) Wp(2)|? Az

w et o K(w—1)
@9 (2)] Az < ( A ) | Q%@

k—1 0 QKw(Z)

In Theorem 3.11 if T = N, then we obtain the following corollary.

Corollary 3.12. Let {9(0)}72, and {6(4)((’,))}‘20:1 be increasing and non-negative sequences. For any w > 1 and
k > 1, if there exists constant A > 0 such that

k—1
w+k—17

=

then
) t—1
(2) w Aw \© QK(wil)(Z-Fl) w
;)QK(Z 1)(D3 (z+1) < (K_1> ya Qro (7] ¥z) W (2)7,
where
z—1 ; .
() =515 3 owe(e), for SN, v =00 -0 M) i ol oo

Remark 3.13. For T = IR, Theorem 3.11 reduces to [2, Theorem 3].
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The next result follows from Theorem 3.11 by choosing 6(d(z)) = $(z),d(z) =1 and vy = w.

Corollary 3.14. Let w > 1 and x > 1. If there exists A > 0 such that

11—«
A>—m——
1—-k—w

t 1 o(z) w Aw \ @ [t orlw=1)(y)
L e (z) <Lm ‘“C)M) A“(vl) Jo oo

2

7

then

Remark 3.15. For T = IR, Corollary 3.14 reduces to [2, Corollary 3].
Theorem 3.16. If 6 < w—1and 1 < w <7y < oo, then

Jt 9(z)
. [QG(Z)]w—é

where

9(d)
and J‘go W A C < 0Q.

Proof. By applying (2.1) on the left hand side of (3.24) with

d(z)

A _
w2 = oo

and v°(z) = (@5 (z))”,

we have

where

(@==92)" = (1 - (0 - 5)a"“(s)04 2)

Therefore, integrating (3.26) from z to co with respect to ¢, we get

1

s L

—u(z) <

(3.24)

(3.25)

(3.26)

(3.27)
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Substituting (3.27) into (3.25), we see that

Jt m(,‘z;% @9 (2)]° Az < — Jt Q1= (@=3) () (02)2 (2) A 2. (3.28)
Applying Theorem 2.6, we have

(@)% (2) = w @57 (s)D7 (2) < w [@F ()] 0P (2) = w [ ()] (3.29)
Substituting (3.29) into (3.28), we have

9
| et (02 a2

(z)]w—®
w [t 1 (w—s) ., 2(2) o w1
<mdrﬂ (Z)Q(z)e(d)( ))((Dz( ) Az

w  [*9(z)8(d(2)

- o w—1
T w—5—-1)J), Qw-3(z) (@3 (2) Az

-1

_ rt ¥(z) e legé(z)e(q)(Z)) o)t
% 5.1, (W((DZ(Z)) ) W[ﬂ (z)] Az.

Now, applying Holder’s inequality (2.2) with w and w/ (w —1), we have

t9(z) oW w @t (10o(z)(@-D w=o .
JT[()cr(Z)]cué[(Dz(Zﬂ Az<(w_6_1> J <Qw(z) 3(2)0% (d(2)) A z. (3.30)

Applying (2.3) to the right hand side of (3.30), we have

Yo92) P
|, metes o o

w t 1_$ o w—1 Yo
(=) (Lo ™ ([ (25E057) o)

In Theorem 3.16 if T = IN, then we obtain the following corollary.

<l

Corollary 3.17. Let {8(2)}°; and {8(d(z))};, be increasing and non-negative sequences. If 6 < w —1 and
1<w<y<oo, then

t—1 3(z2) ©
qu’z (z+1)

w 1_$ t—1 wl %
<<w 5_1) (2:8 ) (;;(Q Z+1U suww¢&n) ,

<e

where
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Remark 3.18. For T = IR, Theorem 3.16 reduces to [2, Theorem 4].
The next result follows from Theorem 3.16 by choosing 0(¢$(z)) = zd(z),d(z) =1 and vy = w.

Corollary 3.19. If 6 < w—1and 1 < w < oo, then

t 1 o(z) @ w w rt O‘wfl(z) w—>5 w
LUM(Z) (J ¢(C)AC> Azg(w_é_J J( - ) (26(2))® Az

Remark 3.20. In Corollary 3.19, if T = R,r = 0 and t — oo, then (3.31) reduce to (1.6).

Theorem 3.21. If 6 > w—1and 1 < w <7y < oo, then

<e

E se w U Yt o)
Jr W(DZ (Z) Nz < <6—(U—§—1> <J’r 19(2) AZ) (Jr WQY(CI)(Z)) AZ)

where

Daz) = | Jor0(@(0) AC

Proof. By applying (2.1) on the left hand side of (3.32) with
AMz) = ————— and v(z) = DL (2),

we have

Jt ¥(z)
r [Qo(2)]®°

where

By applying Theorem 2.6 with Q% (z) > 0 and s € [z, o(z)]R, we obtain

<Q1—(w—6) (Z)>A _ (1 _ ((,U _ 5))_()_(“’_6) (S).()A (Z)

A
(1= (@=8) ey > (1 (@=8)

Q4 (z)
[Qo(2)]°

Therefore, integrating (3.34) from r to z with respect to ¢, we have

1
u(z) - (
Now, from (3.35) and (3.33), we obtain

Jt d(z)

7[(20(2)]&)_5 O (z2) Az <

applying Theorem 2.6 with CT)ZA (z) <0, we have

(D) (2) = WL (5)D2 (2) > WDL 1 (2)DL(2) = —w DL (2)

(3.31)

(3.32)

(3.34)

(3.35)

(3.36)

(3.37)
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Substituting (3.37) into (3.36), we obtain

w t z) - = 9% (2)
= 5 — Az
db—w+1 Jr ([QG(Z)}w—é ®2 (Z)) [QU(Z)]%9(¢(Z)) Z

Now, applying Holder’s inequality (2.2) with w and w/ (w —1), we have

LG w O\t )
_L W@Z (Z)AZ < <6—(,U+1> _L We (d)(Z)) Nz, (338)

4

by applying (2.3) on the right hand side of (3.38), we get
o3z - w U =y
" pw < | -—
L Qe 2 PAES <6 —w+ 1) <J o1 AZ) (

In Theorem 3.21 if T = N, then we obtain the following corollary.

Corollary 3.22. Let {8(2)}° ; and {8(dp(z))};2, be increasing and non-negative sequences. If & > w —1 and
l<w<y<oo,then

t—1 1-< @

S g0 < (smas) You) (Y22 o)
Z:TQw_é(Z—i—l) 2 S\d—w+1 = Z:TQv—%(Z+1) ’

where

t—1 .
Bale) = 3 i 170600

Remark 3.23. For T = R, Theorem 3.21 reduces to [2, Theorem 5].
The next result follows from Theorem 3.21 by choosing 6(¢$(z)) = zd(z),d(z) =1 and vy = w.
Corollary 3.24. If 6 > w—1and 1 < w < oo, then

t 1 t w w w et Zu) w
L o8 (z) <L d)(C)AC) Az < (6—w+1) L 01—5(2)(1) (z) Az (3.39)

Remark 3.25. In Corollary 3.24, if T = R,r = 0 and t — oo, then (3.39) reduces to (1.7).

Theorem 3.26. If 6 < w —1and 1 < w < oo, then

t ¥(z) o 1w W w rt [QU(Z)](wfl)(wfé) ©
L Qoo i Azs <w_5_1> L Qe @RI Az (3.40)
where
- 9(2)Q
osie)=| 200 8¢ ale) =00l - BSEew(ZN, and Oloo)=oe, (4D
2 2
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Proof. By applying (2.1) on the left hand side of (3.40) with

9 w
u(z) = [ch(z()z])wé and v°(z) = (®F(2))%,

we have

where

By applying Theorem 2.6 with Q% (z) > 0 and s € [z, o(z )]]R, we obtain

(Ql—w—m(z))A =(1—(w=258)Q (@™¥(5)Q%(z)

Q4 (z)
waé(s)

Q4 (z)

<(1—(w—3))

Therefore, integrating (3.43) from z to oo with respect to ¢, we have

1

g L

—u(z) <

substituting (3.44) into (3.42), we see that

t t
L m(ﬁ(‘z)s(@i’(z))wAK L Q@0 (2) (0) 2 (2) Az

(z)]°~

Now, from (3.41), we obtain

w—56-—1

Applying Theorem 2.6, we have

(0L)2 (2) = wOL ()DL (2) < w (BF(2)) 7 O (2)

Substituting (3.46) into (3.45), it yields

to9(z) ol W
L oS [R5 A

(3.43)

(3.44)

(3.45)

(3.46)
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w F22(2) oyt

Sw—5-1 L Qu-o(y PIEIT Az

w t ¥(z) o1 W o QO (2)) (@8 |

Now, applying Holder’s inequality (2.2) with w and w/ (w — 1), we have
Y d(z) ol W w @t QO (z))(@=8)(w-1) .
L Qo (2o (@7 (2))" Az < <w 5 1> L Qoo 93 V25 (z) Az
O

In Theorem 3.26 if T = IN, then we obtain the following corollary.

Corollary 3.27. Let {9(()}3, and {9((1)(&))}‘20:1 be increasing and non-negative sequences. If & < w —1 and

1 < w, then
= 0 w w  \Y & Qw14 ) ©
;}W(D‘L (z+1) < <w—6—1> L Qulw () ¥(z) W2(2)[™,
where
z—1 . 9(2)0
oi2) =Y 2oto), for 2500 €N (o) =00z -y Do 00, ad o
i=% 2

Remark 3.28. For T = R, Theorem 3.26 reduces to [2, Theorem 6].
The next result follows from Theorem 3.26 by choosing 0(d(z)) = zd(z) and 9(z) = 1.

Corollary 3.29. If 6 < w —1and 1 < w, then

0

2

t 1 o(z) w w ot (w—8)(w—1) ©
LM(JM “D(C)AC) Azs <wu§1) [ - Dlapz) - Zo )| 2z

Remark 3.30. For T = IR, Corollary 3.29 reduces to [2, Corollary 4].

4. Conclusion

In this paper, we obtained some new types of the dynamic Hardy inequalities on time scales by using
weighted mean operators @ := (@1)3 and @, := (ch)g are defined as in Theorems 3.1 and 3.21, where 0, %
are rd-continous and non-negative functions. Our results are the variants and extension of the previous
result of [2] in the case of T = IR. In additional, we obtained some new inequalities in the case of T = 1IN
which are essentially new. In the future work, we will continue to generalize more fractional dynamic
inequalities on time scales and it will also be very enjoyable to introduce such inequalities in quantum

calculus.
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