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Abstract

We investigate the Peterson hit problem for the polynomial algebra P4, viewed as a graded left module over the mod-2
Steenrod algebra, A. For d > 4, this problem is still unsolved, even in the case of d = 5 with the help of computers. In this
article, we study the hit problem for the case d = 6 in the generic degree 6(2" — 1) + 6.2", with r an arbitrary non-negative
integer. Furthermore, the behavior of the sixth Singer algebraic transfer in degree 6(2" — 1) + 6.2 is also discussed at the end of
this paper.
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1. Introduction

Let X be a topological space. Cohomology operations are generated by the natural transformations of
degree i which are so-called Steenrod squares

Sqt: H* (X, Fa) — H*'Y(X, Fy),

where H*(X, F,) is the singular cohomology of X with coefficients in the two-element field F,, and i is
arbitrary non-negative integers. In 1952, Serre [13] proved that the Steenrod squares generate all stable
cohomology operations with the usual addition and the composition of maps. The algebra of stable
cohomology operations with coefficients in F, is known as the modulo 2 Steenrod algebra, A. Then, for
each topological space X, H*(X, F) is an A-module.

Hence, the Steenrod algebra is able to be defined algebraically as a quotient algebra of F,-free graded
associative algebra generated by the symbols Sq! of degree i where i is a non-negative integer, by the
two-sided ideal generated by the relation Sq° = 1 and the Adem’s relations

la/2]

b—1—j L
Sanqb = Z < a—2j J)SanerSq), 0 < a<?2b.
j=0
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Let Eq be an elementary abelian 2-group of rank d. Let us denote by BE4 the classifying space of
Eq. It may be thought of as the product of d copies of real project space RP*°. Then, using the Kiinneth
formula for cohomology, one has an isomorphism of F,-algebras

Pq:=H* (BEd; F2) = F[x4] RF, ... QF, Falxal = Falx1, %2, ...,%xdl,

where x; € H!(BEg4; F») for every i.
As is well-known, P4 is a module over the mod-2 Steenrod algebra A. The action of A on P4 is

determined by the formula
Xj , k= O,
Sq(x5) =< x5, k=1,

0, k>1,

and the Cartan formula Sq*(uv) = Zlfzo Sqt(u)Sq* t(v), where u,v € P4 (see Steenrod and Epstein [16]).

The Peterson hit problem is to find a minimal generating set for Pq regarded as a module over the
mod-2 Steenrod algebra. If we treat F; as a trivial A-module, the hit problem is analogous to the problem
of finding a basis for the F,-graded vector space Fo®4Pg4.

This issue has first been studied by Peterson [7], Singer [14], Wood [29], Priddy [11], who show its
relationship to several classical problems in cobordism theory, modular respresentation theory, Adams
spectral sequence for the stable homotopy of spheres, stable homotopy type of the classifying space of
finite groups.

Let o(n) be the number of digits 1 in the binary expansion of a natural n. The function pu: N — N is
defined as follows:

m
w0) =0, and p(n) =min{m e N : n= Z(Z“i —1),m>0=minfmeN : x(n+m) <m}h

i=1

Peterson [7] hypothesized that as a module over the Steenrod algebra A, P4 is generated by monomials
of degree m obeying the inequality x(m + d) < d, and proved it for d < 2. After then, Wood [29] proved
this in general. This is a fantastic tool for figuring out A-generators for Pq.

The squaring operation of Kameko is one of the most essential tools in the study of the hit problem

0
Sq, =59, (F2®4Pa)2m+a = (F204Pa)m,

which is induced by an Fp-linear map Sq4 : Pq — Pg4, given by

Sa(x) = y, ifx:xlxz-~-xky2,
it 0, otherwise,

for any monomial x € Pg4. Clearly, S, is an Fy-epimorphism.

From the results of Wood [29], Kameko [4], and Sum [18], the hit problem is reduced to the case of
degree n of the form n = r(2* — 1) + 2'm, where , m, t are non-negative integers such that 0 < p(m) <
r<d.

Recently, the hit problem and its applications have been interested and studied by many authors
(see Silverman [15], Repka-Selick [12], Janfada-Wood [2, 3], Nam [6], Sum [17, 18], Mothebe-Kaelo-
Ramatebele [5], Phuc-Sum [8], Sum-Tin [20], Tin-Sum [22], Tin [23-26] and others).

The Fp-vector space Fo® 4 (Pq was entirely calculated for d < 4 (see Peterson [7] for d = 1,2, Kameko [4]
for d = 3, Sum [18] for d = 4), but it remains unresolved for d > 5, even with the aid of computers in the
case of d =5.

In this paper, we study the hit problem for the case d = 6 in the generic degree 6(2" — 1) + 6.27, with
T an arbitrary non-negative integer. The main goal of the current paper is to explicitly determine an
admissible monomial basis of the F;-vector space F,® 4 P¢ in these degrees.
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One of the primary applications of the hit problem is in surveying a homomorphism proposed by
Singer [14], which is a homomorphism from the homology of the Steenrod algebra to the subspace of
Fo®4 P4 consisting of all the GL(d; F;)-invariant classes.

Noting that the general linear group GL(d;F,) acts naturally on P4 by matrix substitution. Due to the
fact that the two actions of A and GL(d; F,) upon P4 commute with each other, there is an inherited action
of GL(d;F) on F, ® 4 Pgq.

Recall that P; is the submodule of F, [x1,%; '] spanned by all powers xt with i > —1. The usual A-
action on P; = F[x;] is cannonically extended to an A-action on F; [xl,xl_l]. Hence, ?71 is an A-submodule

of F, [xl,xfl]. The inclusion P; C ‘}: gives rise to a short exact sequence of A-modules:
O—>T1—>§Z—>Z*1F2—>O.

Let e; be the corresponding element in Extly (3 ~'F», P1). Using the cross and Yoneda products, Singer
set
€q = (61 X CPd—l) o (61 X ?d—Z) o...(e1 x j)l) oe| € EXt%(Z _sz, '.Pd)

Then, he defined

Qq: Torél(Fz,Z *1F2) — Torgl(Fz,’Pd) =F ®4 Pq,

z—>egnz.

GL(d;F2)

Remarkably, Im@y is a submodule of (F, ® 4 P4) . S0, ¢4 induces the homomorphism

©®q: TOTQ(Fz,Z “IR) — (Fa @4 Pg)CHdT),

d;F

Let F2®¢1 (a;F,)PH m((RP*®)4) be dual to (F, ®4 ?d)TGnL( 2 By passing to the dual, we have an alge-

braic homomorphism called Singer’s algebraic transfer
Va : P26 (asr,) PH (RP®)) — ExtG 4 (Fy, Fa).

This is a useful tool in describing the cohomology groups of the Steenrod algebra, Ext‘j{‘”* (F2, F2). At
the conclusion of this article, the behavior of the sixth Singer algebraic transfer in degree 6(2" — 1) +6.27
is also discussed.

Next, in Section 2, we recall some needed information on admissible monomials in P4. The main
results are presented in Section 3.

2. Preliminaries

We will review some key facts from Sum [18], Kameko [4], and Singer [14] in this section, which will
be used in the next section. Let us denote by Ng ={1,2,...,d} and

X] = X{jlljzr“'rjs} = H Xj’ I = {]1Ij21 . 'IjS} C Nd
JENa\J

In particular, Xn, =1, Xp =x1%2...%q, Xj =%1...%5...xq, 1 <j < d,and X:=Xgq € Pgq_1.
Let o (n) be the t-th coefficient in dyadic expansion of n. Then, n = Zt>0 at(n).2t where o (n) €
{0,1}. Let x = x{"x52...xg* € Pq. Denote vj(x) = a;j,1 <j < d. Set

Je(x) ={j € Na : ot (v;(x)) =0},

for t > 0. Then, we have x = [ [, X2 T (x)
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Definition 2.1. For a monomial x belongs to P4, define two sequences associated with x by

w(x) = ((,Ul (X), wZ(X)/ sy (,Ui(X), .- ')/ G(X) = (Vl (X)/ VZ(X)/ ceey Vd(X)),

where w;i(x) = Zlgjgd oi—1(vj(x)) = deg Xy, ,(x), 1 = 1. The sequences w(x) and o(x) are, respectively
called the weight vector and the exponent vector of x.

The sets of all the weight vectors and the exponent vectors are given the left lexicographical order.
Let w = (w1, wy,...,wi,...) be a sequence of non-negative integers. The sequence w is called the weight
vector if w; = 0 for i > 0. Then, we define degw = Y ;_,2" 'w;. Denote by P4(w) the subspace of
P4 spanned by all monomials y such that degy = degw, w(y) < w, and by P, (w) the subspace of Pq
spanned by all monomials y € P4(w) such that w(y) < w.

Definition 2.2. Let A" be an ideal of A generated by all Steenrod squares of positive degrees, and u, v
two polynomials of the same degree in P4. We define the equivalence relations “ = ” and “ =4, ” on P4
by stating that

(i) u=vifand only if u—v € ATPy;
(ii) u =y vifand only if u,v € Pg(w) and u—v € (ATPaNPg(w) + Py (w)).

Then, we have an F,-qoutient space of P4 by the equivalence relation “ =, ” as follows:

APa(w) = Pa(w)/((ATPaNPa(w)) + Py (w)).

If a polynomial u in Py can be expressed as a finite sum u =} ;- Sq? (f;) for suitable polynomials
fi € Pq, it is called a hit. That means u belongs to AT Pq.

Definition 2.3. Let u, v be monomials of the same degree in P3. We say that u < v if one of the following
holds:

1) wlu) <w(v);
(i) w(u) = w(v), and and o(u) < o(v).

Definition 2.4. Let u be a monomial in P4. The monomial u is said to be inadmissible if there exist mono-
mials vi,vy,..., v such that vi <ufori=1,2,...,mand u— Y ", v;i € ATP4. If u is not inadmissible,
we say it is admissible.

It is crucial to note that the set of all admissible monomials of degree n in P4 is a minimal set of
A-generators for P4 in degree n. And therefore, (Fo®.4P4)n is an Fo-vector space with a basis consisting
of all the classes represent by the elements in (Pg)n.

Definition 2.5. Let u be a monomial in P4. We say u is strictly inadmissible if there exist monomials
V1,V2,...,Vm such that v; < u, for j = 1,2,...,m and u = Z)"Ll Vj —i—Z%S;ll Sqi(fi) with s = max{k :
wk(u) > 0}, fi € Pq.

Observe that if u is strictly inadmissible monomial, then it is inadmissible monomial, as defined by
the Definitions 2.4 and 2.5. In general, the inverse is not true.

Theorem 2.6 (Kameko [4], Sum [18]). Let u,v, w be monomials in P4 such that w¢(u) = 0 for t > k > 0,
wr(w) # 0and w¢(w) =0 for t > r > 0. Then,

(1) ww?® is inadmissible if w is inadmissible;
(i) wv?' is strictly inadmissible if w is strictly inadmissible.

Definition 2.7. Let z = x]"x52...x3* in Pq. The monomial z is called a spike if aj = 2% —1 for t; a

non-negative integer and j = 1,2,...,d. Moreover, z is called the minimal spike, if it is a spike such that
1>t >...>t._ 1>t >0and tj =0 forj >
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The following is a Singer’s criterion on the hit monomials in Pg4.

Theorem 2.8 (Singer [14]). Assume that z is the minimal spike of degree n in Pq, and w € (Pq)n satisfying the
condition pu(n) < d. If w(u) < w(z), then w is hit.

The A-submodules of P4 that spanned all the monomials xflxsz .. .xfld such that s1...sq = 0, and
$1...8a > 0, respectively, will be denoted by P9 and P}. It is easy to check that P4 and P} are the
A-submodules of P4. Then, we have a direct summand decomposition of the Fy-vector spaces:

Fo24Pa = (R204PY) @ (F204P]).

From now on, we set APg = F,04Pq, APY = F,04PY, AP} = Fa04P]. Let us denote by DT (m)
the set of all admissible monomials of degree m in P4. For f an element of P4, we denote by [f] the class
in AP4 represented by f. The cardinality of a set U is denoted by [U].

3. The main results

First, we study the hit problem for the polynomial algebra of six variables in the generic degree
m, == 6(2" — 1) + 6.2, with r an arbitrary non-negative integer. For r =0, and 1 < 1i,j,k,{,t, m,s, v <6,
we set

6
F = {Hxi; x?x?; xixjxkx‘z; x]-xkxextxfn; xtxmxixf tt<m,s< r} .
i=1

An easy computation shows that the following proposition, which is an immediate consequence of
the result in [18].

Proposition 3.1. The set M = {[ai] : a; € F,1 < i < 190} is a basis of Fp-vector space (APg)g(20_1)46.20-
Consequently, M| = 190.

For r = 1, then m; = 6(2' — 1) + 6.2'. Consider the homomorphism Tj : P5 — Pg, for 1 < j < 6 by
substituting:
Xi, if 1<i<j—1,
Tj(xi) =< " e :
xir1, if j<i<e6.
Then, the Fo-vector space (APs)g(21_1)4621 is explicitly determined by the following theorem.

Theorem 3.2. Let wy = (2,2,1,1), wy := (2,2,3), w3 = (2,4,2), wy := (4,1,1,1), ws := (4,1,3), wg :=
(4,5,1), Gy == (4,3,2). Then :
(i) TmS6,,

monomials of the form [1S_, xia]?, forall 1 <j < 190. Consequently, dimImS$, = 190.

(i) The set {[bi]: b; € U?:l T;(C2(18)),1 < i < 2865} is a basis of the Fr-vector space (APY)m,. This implies
that (A?g)ml has dimension 2865.

(iii) We have (KerSS, N (AP )m,) = P, APE (wy). Moreover, the space (KerSS, N (AP )m,) is 886-
dimensional.

is isomorphic to a subspace of (AP¢)m, generated by all the classes represented by the admissible

Proof. Since Pq = ®m>0(Pa)m is the graded polynomial algebra, and the homomorphism SA6/ml is an
Fo-epimorphism, it follows that

(AP6)m, = (AP)m, @D (KerS§,, N (AP )im,) @D ImSS, .

The proof of Part (i) of the above theorem is straightforward. It is an immediate consequence of
Proposition 3.1.
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Recall that, Phuc [9] demonstrated that the space (AP5)g(21_1)4621 is an Fp-vector space of dimension
730 with a basis consisting of all the classes represented by the monomials aj, 1 < k < 730. Consequently,
|D§3’(6(21 —1) +6.21)| = 730. An easy computation shows that

6
U 7502 (602 — 1) +6.21))| = 2865,

and the set
6

{by: b; € U Tjlat), 1 <t<730,1<1<2865}
j=1
is a minimal set of generators for A-modules ﬂ’g in degree 6(2! — 1) + 6.2!. This implies (Ang)mp,l) 1621
has dimension 2865. Part (ii) is proved.
Remark 3.3. We set Hgr) = {I = (i1,1p,...,1t) : 1 <11 < ... <ig <6}, with1 <t <6. For H € Hgy),
consider the homomorphism @ : Py — P of algebras by substituting @ (x¢) = xi, with 1 < £ < t. Then,
@H is an A-modules monomorphism. From the result in [5], one has

AP =P P (Qon(®))),

1<t<5 HEH 6.0)

where Qou(P)) =Fa®4 en(Py). Then, dim(Qe (P ))n = dim(AP{ )n, and |H(6,1)] = (i) Combining
with the results in Wood [29], one gets

dim(APn = ) (f) dim(AP{ ).

() <t<6

Since n(6(2! —1) 4+ 6.21) = 2, the vector space (AP1)g(21_1)+621 is trivial. Using the results in Peterson
[7], Kameko [4], Sum [18], and Phuc [9], we have

3, if t=2,

12 if t=3

d flfP = ! !
im( J6(21—1)+6.21 60, if t—4
280, if t=>5.

From the above results, we get

: 6 6 6 6
dim(APY)g (21 1) 4621 = (2> 3+ <3> 12+ ( 4> 60 + <5> 280 = 2865.

Next, we prove Part (iii) of the theorem by explicitly determining the admissible monomial basis of
the F-vector space (KerS$, N (AP )m,).
Denote Dg@(w) = D?(m) N Pe(w). It is easy to see that D?(m) = U @?(w). Put

deg w=m
QP == ({[xl € AP¢: w(x) =w, and x € Dg@(w)}>.

It is simple to verify that the map APs(w) — QP¢’, [x]ow — [x] is an isomorphism of Fy-vector
spaces. Hence, QP¢” C APg can be used to identify the vector space APs(w). As a result of this, one
obtains
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APlm= P QP= P APs(w

deg w=m deg w=m

From this, it follows that (AP{ )m;, = Dgegw—m, AP¢ (W).

Assume that x belongs to (@? 6(2' —1)+6.21) N P¢) such that [x] does not an element of ImSi’S. It is
easy to check that y = x%5xg is the minimal spike of degree eighteen in P and w(y) = (2,2,1,1). Since
x is an admissible monomial, by Theorem 2.8 it shows that wi(x) > w(y). Moreover, deg(x) is an even
number, it implies wq(x) =2, or w1(x) =4, or wi(x) =6.

If wq(x) =2, then x = x;xju? with u a monomial of degree eight in P and 1 < i < j < 6. By Theorem
2.6, u is an admissible monomial. Moreover, using Theorem 2.8, we also have w;(u) > w>(y) = 2. Hence,
wi(u) =6, 0r wy(u) =4, or wi(u) =2.

If wi(u) =6, then wy(x) = 6. Using the results in Sum [17], we see that x is strictly inadmissible. And
therefore, x is inadmissible. This contradicts the fact that x belongs to D? (18). In case of wq(u) =4, then
U= XmXrXsXxV2withl <m<r<s<t<6 wherev e D?Q), and w(v) = (2,0). From this, we obtain
w(x) = ws.

If wi(u) =2, then u = X XxmwW? with 1 < n < m < 6, where w € D®(3). Since w € @?(3), yields
w(w) = (3,0) or w(w) = (1,1). So, either w(x) = w7, or w( ) = w>.

If wi(x) =4, then u = xixjkang, where f is an admissible monomial of degree seven in P¢ and
1 <1i<j<k<{<6. An easy computation, using the result in [21], we obtain the set

6
{[xixjxkxextxfn] 1<1,j,kLtm<6, t< m} U{ 1q € U ‘J'm(Dg@W))}

m=1

is a basis of Fy-vector space (AP¢)7. Since f € @?(7), it yields that w(f) = (5,1) or w(f) = (3,2), or
w(f) =(1,3), or w(f) =(1,1,1). So, w(x) = w; for4 <i< 7.

If wi(x) = 6, then x = []¢_, xig? with g an admissible monomial of degree six in Ps. By Theorem 2.6,
g is an admissible monomial, and therefore [g] # 0. Thus, we have [g] = S?S ([x]) = 0. This contradicts the

fact that [x] belongs to KerSN?8
From the above results, we get w(x) = wj, for all 1 < i < 7. Furthermore, one gets

N 7
KerS% N (AP )18 = EP AP (7).
i=1

We will denote by @*( ) the set of all admissible monomials in fP*( ). In order to explicitly deter-

mine the space KerS (A1P+)18, we show all admissible monomials in 93 (W), forall1 < i< 7 The
proof is divided into the following steps.

Step 1. Consider the weight vector w = wj. Assume that x is an admissible monomial in P¢ such that
w(x) = wq, then x = xixjyz, where y € Dg@(l, 1,1),and 1 <1< j < 6. We set

Mg = {xixy? rw(y) = (1,1,1), 1<i<j<6r N P

It is easy to see that Span{M } = Pf(w7), and if u is an element in Mé, then u has the form

X X: xix%xg x121, withk < { < m, where (i,j,k, {, m, n) is an permutation of (1,2,3,4,5,6).

Clearly, the monomials xlx X; x%xixg are inadmissible (more precisely by Sql), where (1,j,k,{, m) is

an arbitrary permutation of (2,3,4,5,6). Furthermore, for 1 < i;j < {, one has

2.2 4.8

XXIXTXOX Xy = = Sq®(xyx;x?

xexix )+ Sqt (x3x; x; xgxix )+ smaller than.

From this, the monomials x1x2x2xexix8 are inadmissible.
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As may be seen from the preceding findings, P, (1) is generated by 9 elements cy;1, with 1 <1i <9,
as follows:

1. x%x%x%xﬁxéxg, 2. x}xixéxixéxg, 3. x%x%x%xixgx%, 4. x}x%x%xix‘éxg

5. xpxaxixaxdx, 6. xix3xdxixdxZ, 7. xIxdxaxgxdx®, 8. xdxddxixEx2, 9. x{x3xixdxixd.

We then prove the set {[ci;l] 1<ig 9} is linearly independent in AP4(w1). Denote Ng = {(i; :1=
(i1,i2,...,1t),1 <i<ip <...<1i <d,0 < t < d}, where by convention I = 0 if t = 0. Write t = {(I) for
the length of 1.

For each (i;I) € Ng, consider the homomorphism Q ;.1 : Ps — P5 which is defined as:

Xi, f1<k<izl,
Q) = ¢ Zserxs—1, if k=1,
Xk—1, if i<k<eé.

We use them to prove that a given set of monomials is the set of admissible monomials in P by
showing that they are linearly independent in APs.
Assume that there is a linear relation

81 = Z vicii =0, wherey; € Fp. (3.1)

1<ig9

From a result in [9], one has dim APJ (w;) = 25, with a basis consisting of all the classes represented
by the monomials ay,1 < k < 25, which are determined as follows:

1. x%x%x%xixéz, 2. x%x%x%xizxé, 3. x%x%x%xﬁxéz, 4. x%x%x%x}fxé,
5. xixdxdAxgxd, 6. x1xaxdxxd’, 7. x1x3xdxgxa’, 8. xi1x3xgxixa’,
9. x%x%x%xgxg, 10. x%x%xgxﬁxg, 11. x%x%xéxgxg, 12. x%xgxﬁxﬁxg,
13. x{x3x3x3x8, 14. x{x3x3x8x2, 15. x{x3x3x3x8, 16. x1x3x3x4x8,
17. x%xgx‘éxixg, 18. x%xgxéxgxé, 19. x%x%x%xﬁxg, 20. xi’x%x%xﬁxg,
21. xIxdxaxdng, 22. xIxdxaxixg, 23. xIx3xaxdxd, 24 xx3xdxax8, 25, xixgxixgx3.

Acting the homomorphism 54y on both sides of (3.1), and explicitly computing ) 5,)(81) in terms
of ay,1 < k <25 in P5(mod(A*Ps)), we obtain

Q56)(81) =@, Yiar + (v2 +v3)as +vaas + (vs +ve)az + (v7 +vs)as + yoazs =g; 0.

From the above equation, we can derive that y; = y4 =v9 =0.
Similarly, the homomorphism Q 4;5) sends the relation (3.1) to the following relation in P5(mod (A*Ps))

O 45)(81) =@; Y2a9 +Yv3a2 + Y5011 + V64 +Y7a22 + Y8025 =g; 0.

From the above results, one gets y; =0, forall 1 <i<9.
In summary, the set {[ci;1] : 1 < i < 9} is a basis of the F,-vector space AP} (w7). Consequently,
D¢ (1) =9.

Step 2. Consider the weight vector w = (4,1,1,1). Let us denote by
MZ = {xixjxexez? w(z) = (1,1,1), 1<i<j<k<l<6} N P

It is easy to see that ng“ (wg) = Span {M%}, and if v is an element in Mé, then v has the form:
2.,4.4 26 3,2.,4.4 4 2,524 4 - . .
X X5 X XX X3, Xy XX XX Xy, X XX XX Xy, where (1,j,k, {, m,n) is an permutation of (1,2,3,4,5,6).
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By direct calculations, using Theorem 2.6, we remove the inadmissible monomials in M2, and we see
that ngL (wy) is generated by 50 elements ci4, 1 < 1 < 50, as follows:

1.X1111212

1X2X3XgX5Xg

6.X1112112

11.
16.
21
26.
31.
36.
41.
46.

1X2X3X4X5Xg

1,112,121
X1X2X3X4X5 Xgs

1,121,112
X1XoX3X4X5Xg s

1,121 .12 1

- X1X2X3Xy X5 Xg,

1.1.2,12.11
X1XoX3X4 X5Xg,

1.2.1,1.112
X1X2X3X4X5Xg s

1,211,121
X1X2X3X4X5 X,

1.2.1,12.11
X1X2X3X4 X5Xg,

1,212,111
X1X2X3 XqX5Xg,

2X311148

1X2X3X4X5X¢,
7. x?x%x%xﬁx%xg,
12. x3xdxdxgxdxd,
17. x%x%xgxixéxg,
22, xIxdxaxixdxg,
27. x%x%xgxixéxé,
32. xIxxdxaxdxg,
37. x%x%x%x};xgxé,
42 x3xaxixdxix,
47. x%x%xgxixéxé,

3.X131148

1X2X3X4X5X¢,
8. x%x%x%xixéxg,
13. x{x3xxixdxs,
18. x%xgxgx}lxéxg,
23. x1x3xgxixdx¢,
28. x%xgxgxgxéxé,
33. x1x3xqxaxixg,
38. x%x%xgx}lxgxé,
43. xIxxixixd,
48. x}x%x%x?lxéxé,

4X113148

1X2X3XgX5X ¢,

9.X113418

14.
19.
24.
29.
34.
39.
44.
49.

1X2X3XgX5Xg,

1,1.3.4.8.1
X1X2X3X4X5Xe,

1.,1.,2.5.1.8
X1X2X3X4X5Xg,

1.,1.2.5.8.1
X1X2X3X4X5X6,

1,1,2.4.9 1
X1X2X3X5X5 X,

1,2.1.5.1.8
X1X2X3X4X5Xg,

1.2.1.5.8.1
X1X2X3X4X5Xg,

1.2.1.4.9.1
X1X2X3X4X5X6,

1.2.4.1.9.1
X1X2X3X4X5Xg,

5.X111348

10.
15.
20.
25.
30.
35.
40.
45.
50.

1X2X3XgX5X¢g,

1.1,1.2.5.8
X1X2X3X4X5Xg,

1,1,1.,2.4.9
X1X2X3X4X5X6,

1.1.2.1.5.8
X1X2X3X4X5Xg,

1,1.,2.1.4.9
X1X2X3X4X5X6,

1,1.2.4.1.9
X1X2X3X4X5Xg,

1,2.,1.,1.5.8
X1X2X3X4X5Xe,

1,2.1.,1.4.9
X1X2X3X4X5Xg,

1.,2.,1.4.1.9
X1X2X3X4X5Xe,

XS xxAxixg.

We now show that the set {[ci;4] 1 <ig 50} is linearly independent in APs(wy4). Assume that there
is a linear relation

Sy = Z YiCis = 0, where vi € Fp,1 € Nso.

1<i<50

(3.2)

Recall that dim APZ (w4) = 40, with a basis consisting of all the classes represented by the monomials
ay,26 < k € 65, which are determined as follows:

26.
31.
36.
41.
46.
51.
56.
61.

1.1.1.,1,14
X1X2X3X4X5 ",

1.1.,2.1,13
X1XoX3X4X5",

1,1,1.3.12
X1X2X3X4X5",

1.3.,12.1.1
X1X2X3 X4 X5,

1.,2.1.5.9
X1X2X3X4X5,

1,3,4,1,9
X1X5X3X4X5,

1.,1.3.5.8
X1X2X3X4X5,

3,15 1.8
X1XX3X4X5,

1,11 .14 1

- X1X2X3X4 X5,

1,12 13 1

- X1XpX3X4 X5,

1,1,3.1,12

- X1X2X3X4X5,

3,1,1.,1.12

- X1XpX3X4X5",

1,2,5.1.9

- X1X5X3X4X5,

1,3,4.9 1

. X1X3X3X3X5,

1,3,1,.5.8

- X1X9X3X4 X5,
62.

3.1.5 8 1
X1XX3Xy4 X5,

1,114 1.1

- X1X2X3 Xy X5,

1,211 13

- X1X9X3X4 X5,

1,1,3 .12 1

- X1X9X3Xy4 X5,

3,1,1.,12 1

- X1XpX3X4 X5,

1,2,5.9.1

- X1X2X3Xy X5,

3,1,1.4.9

. X1X2X3X3X5,

1,3,5,1.8

. X1X5X3X4X5,
63.

3.5,1.1.8
X1X3X3X4X5,

29

34.
39.
44.
49.
54.
59.

64

1,14.1.1 1
- X1X) X3XyX5,

1.,2.,1.13,1
X1XpX3Xy X5,

1.3.1.1.12
X1X2X3X4X5

3,112,101
X1X2X3 X4Xs5,

1,1.3.4.9
X1X2X3X4X5,

2,14 1.9
X1X2X3X4X5,

1.3.5.8.1
X1X2X3X4X5,

3,5,1,8 1
. X1X3X3X4 X5,

30.
35.
40.
45.
50.
55.
60.
65.

1,1,1.2.13
X1X2X3X4 X5,

1.,2.,13 .11
X1X2X3 X4X5,

1.3,1.12.1
X1X2X3Xy4 X5,

1,1,2.5 9
X1X2X3X3 X5,

1.3.1.4.9
X1X2X3X4X5,

3,1.4.9.1
X1X2X3X4 X5,

3,1.1.5.8
X1X2X3X4X5,

3,5.8,1, 1
X1X3X3X4X5.

Acting the homomorphism 45y on both sides of (3.2), and explicitly computing ) 45)(82) in terms
of ay,26 < k < 65 in P5(mod(A*P5)), we obtain y; = 0, foralli € L = {11,12,13,14}. Therefore, the

relation (3.2) becomes

U= Z Yicia =0,

ieNg\L

(3.3)

By the same calculation as above, we explicitly compute Qj,1)(8), (j;I) € Ne, in terms of ay,26 < k < 65
in P5(mod(A*Ps)), and from the relation ©;) (W) =0, with £(I) =1, we gety; = 0 forall i € N5p \ L. That
means, the set {[01;4] 1 <ig 50} is a basis of the Fp-vector space A’Pg(@). Consequently, |D6+ (wy)] = 50.

Step 3. Consider the weight vector w = w;i, with i € J = {2,3,5,6,7}. Let us denote by Dg (wy) =
Uiej D¢ (w7). For each i € J, by the same method as in the previous section, we explicitly determine the F,-

vector spaces AP/ (w3 ). By direct calculations, using Theorem 2.6, one gets | D/ (wy)| = Y dim AP, (w7)

827.

i€]

Hence, one gets dim (KerS/6vm1 N (fLinL )ml) = 886. Part (iii) has been established. So, the theorem is
proved.

O
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From the above results, we obtain the following corollary.

Corollary 3.4. There exist exactly 3941 admissible monomials in Pg of degree 6(2! — 1) + 6.21. Consequently,
IDZ(6(21 — 1) + 6.21)| = 3941.

Next, we consider the degree m, := 6(2" — 1) + 6.2", for any r > 2. Since the homomorphism S,
(APs)m, — (APs)m, is an Fr-epimorphism, it shows that

(APelgp = (.A‘.Pg);lz @ (KerSZZ N (.A:Pg)zlz) @ Imsgz

Consider the homomorphism I" : Ps — P¢ is an F-homomorphism determined by I'(x) = ]_[?:1 xix?,
for x € Ps. Thus, we have the following theorem.

Theorem 3.5. The following statements are true.

(i) ImSmz is isomorphic to a subspace of (APe)m, generated by all the classes represented by the admissible
monomials of the form I'(u for every u belongs to D (18). Consequently, dim ImS62 = 3941.

(i) The set {Idi] : di € US_; T3(DE(42)),1 < i < 13020} is a basis of the Fy-vector space (APY)m,. This
implies that (AT0)42 has dzmenszon 13020.

Proof. The proof of Part (i) of the above theorem is straightforward. It occurs as a direct result of Corollary
3.4. Observe, from the result in Corollary 3.4, it shows that

N 6
dim ImS$, = |{Hxix2 X € 2)?(18)}‘ = 3941.

i=1

Consider the degree m, := 6(2" —1) +6.2", for r = 2. By using the MAGMA computer algebra
system, Phuc showed in [10] that the F,-vector space (A®Ps5)4 has 2520-dimensional (see [10], pp.4), where
dim(APY)4, = 700, and dim(APS )4 = 1820. Assume that the set {e; € (P5)s : 1 < i< 2520} is a minimal
set of generators for A-modules Ps5 in degree forty-two.

That means, D§ (42) = {e; € (P5)p 1 1 <1< 2520}. Itis easy to check that | Jj_; T;(€F(42))| = 13020,
and the set

Ui € U‘J’ ex), 1<k <2520,1 <1<13020
j=1

is a minimal set of generators for A-module P in degree forty-two. This implies that (APY)4 has dimen-

sion 13020. The second part has been established.

Remark 3.6. By the same argument as the previous part, we set
Higo ={I="(ir,ip..., i) : 1<i1 <...<ig <d}, withl<t<d.

For each H € H (4 ), consider the homomorphism Fy : Py — Pq of algebras by substituting Fy(x¢) =
xi, with 1 < € < t. Then, Fy is an A-modules monomorphism. From the result in [5], we have a direct
summand decomposition of the F,-vector subspaces:

APy = P P (QFu(P),

1<t<d—1HEHK (g1

where QF(P{) = F2 ®4 Fu(Py ). Hence, dim(QF (P ))m = dim(AP{ ) and |H g4y = (f) Combining
with the results in Wood [29], one gets
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dim(APY)m = > <f> dim (AP )m

p(m)<t<d

Since W(6(2% —1) + 6.22) = 4, then for t < 4 the vector space (APt)g(22-1)1622 is trivial. On the other
hand, using the result in Sum [18] we have dim(A‘.Pzr)@ = 140.

From the above results, one obtains

dim(AT2)42 = (Z) . dim(.AfPZMZ + (g) . dim(ﬂ?g)zg = 13020.

The theorem has been established. O
Putting&v::( 3,2,1,1), ©p) = (4,3,2,3), @3 == (4,3,4,2), 0y = (4,5,5,1), 05 = (4,5,3,2),
=(4,5,1,3), wi :=(4,5,1,1,1), then we have the followmg theorem

Theorem 3.7. Suppose that u belongs to (D®(42) N PJ) such that SNZZ([ 1) is not an element of ImS/vfiZ. Then
w(u) = wyy for 1 < i< 7. Furthermore, we have an isomorphism of the Fy-vector spaces:

N 7
(KerSS, N (AP )a2) = EP AP (w
i=1

Proof. Let w be a weight vector of degree m, we set
QPY = Span{[u] € APq: w(u) =w, andu e DI (w)}.

By the same arguments as in the proof of the previous theorem, it is easy to check that the map
APgq(w) — QPY, o — [u] is an isomorphism of Fo-vector spaces. Thus, QPY C APq4 can be used
to identify the vector space AP4(w). As a result of this, one gets

APdm= P QY= P APalw

deg w=m deg w=m

Hence, it follows that (AP )4 = Daeg w—1 APL (w).

Assume that u is an admissible monomial of degree forty-two in Pg such that [u] belongs to KerS$,.
Observe that v = xi’lxgxgm is the minimal spike of degree forty-two in Ps, and w(v) = wp). Using
Theorem 2.8, one obtains wi(u) > wi(v) = 4. Since the degree of u is even, one gets either w;(u ) =4, or
wi(u) =6.

If wq(u) = 4 then u = X(; ;;w?, with w a monomial of degree nineteen in P, and 1 <1 < j < 6. By
Theorem 2.6, it shows that w is admissible. Clearly, y = x}°x3x3 is the minimal spike of degree nineteen
in Pg, and w(y) = (3,2,1,1). Using Theorem 2.8, we have w;(w) > 3. Since the degree of w is even, one

gets either wi(w) =3, or wi(w) =5.

)
Case 1. If wi(w) = 3 then w = xyxexf2, where f is an admissible monomial of degree eight in P,
and 1 € k < L < t € 6. Since f € D?(S), and using the result in [5], one has w(f) belongs to
{(21 1/ 1)1 (2/ 3)/ (412)/ (6/ 1)}
Remarkably, if w is a monomial in Pg such that w(w) = (3,6,1) then w is strictly inadmissible (see
Sum [17], Prop. 4.3). Hence, w is inadmissible. Thus, w(w) belongs to {(3,2,1,1),(3,2,3),(3,4,2)}. So
w(u) =wp fori=1,2,3.
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Case 2. If wi(w) = 5 then w = X{k}gz, with g a monomial of degree seven in Ps, 1 < k < 6. Us-
ing the results in the previous section, we see that if g belongs to D?W), one has w(g) belongs to
{(5,1),(3,2),(1,3),(1,1,1)}. Then, w(w) belongs to {(5,5,1),(5,3,2),(5,1,3),(5,1,1,1)}. So w(u) = wp
fori=4,5,6,7.

If wi(u) = 6 then x = Xgh?, with h a monomial of degree eighteen in Ps. Since u is admissible, by
Theorem 2.6, it shows that h is also admissible, and [h] # 0. From this, it implies [h] = KerSfiz([u}) £ 0.

This contradicts the fact that [x] € KerSZz.
In summary, w(u) = wp for all 1 < i < 7. From the above results, one obtains

. 7
KerS$, N (AP ) = P AP (wpy)).

i=1
The theorem has been established. O

For each integer r > 2, we consider the degree m, = 6(2" —1) 4+ 6.2". Let m be an arbitrary non-negative
integer, and let £(m) be the greatest integer v such that m is divisible by 2V. That means m = 2Vk, with k
an odd integer. Put

Ald, m) =max{0,d — x(d+m) —&(d+m)}.

Then, the map
—~0. .
(Sq,)°7 " (APa)as—1)42sm — (APa)a2r—1)12tm
is an isomorphism of GL(d; F,)-modules for every s > t if and only if t > A(d, m) (see Tin-Sum [22]).

Ford=m =6, m, = 6(2" —1)+6.2", then a(d+m) = «(12) =2, and &(d+m) = £(22.3) = 2. And
therefore A(n, d) = 2. Using the above result, we have an isomorphism of F,-vector space

(APs)6(2r—1)+2r6 = (AP6)m,

for all v > 2. Hence, the set {[x] : x € I""2(D2(m,))} is a basis of the Fp-vector space APs in degree
6(2" —1) +6.2" for any interger r > 2. So, we obtain the following theorem.

Theorem 3.8. The set {[x] : x € " 2(DZ(my)) } is a busis of the Fo-vector space AP¢ in degree 6(2" —1) +6.27,
forany r > 2.

Remark. It could be seen from the work of Singer the meaning and necessity of the hit problem. In [14],
Singer defined the algebraic transfer, which is a homomorphism

Va : F2®G1 (a5, PH((RP®)Y) — Ext§ 4T (Fa, Fa),

where F2®GL(d;F2)PHm((RT°°)d) is dual to (.ATd)gL(d;FZ), and Extﬂl’dJr*(Fz, F,) is the cohomology groups
of the Steenrod algebra.

Singer has indicated the importance of the algebraic transfer by showing that 14 is an isomorphism
with d = 1,2 and at some other degrees with d = 3,4, but he also disproved this for {5 at degree 9, and
then gave the following conjecture.

Conjecture 3.9. The algebraic transfer \pq is a monomorphism for any d > 0.

Boardman [1] then corroborated this by demonstrating that 13 is likewise an isomorphism using the
modular representation theory of linear groups. Singer’s conjecture, however, remains open for d > 4.

In [19] and [24], we based on the results for the hit problem to verify Singer’s conjecture is true for
n = 5 and the generic degrees ds = 5(2° — 1) +2°m, where m € {1,2,3}. Continuing this work, using
the results of the hit problem, we will investigate and validate Singer’s conjecture for the sixth algebraic
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transfer in the aforementioned degrees by combining the computations of the cohomology groups of the
Steenrod algebra Exti’f’(ztl)%‘zs%(Fz, Fo).

Remarkably, by using the result in Tin-Sum [22] (see Theorem 3, pp. 2), we also obtain an isomorphism
of GL(6; F,)-modules

GL(6F ~ GL(6;F
(Ayé)é(zr(—nziazr = (‘A{‘Pé)6(22(71)24)rl22’ forall v > 2.

Hence, one obtains

Fa®G1 (6:F,) PHo(2r 1) 1627 ((RP®)®) = (F2®G1 (6F,) PH6(22—1)+6.22((R?°°)6)),

forallr > 2.

And therefore, we need only to compute the dimension of spaces F2®g1 (¢;7,)PHe(2r—1) 1o ((RPX)6)
for r < 2. This is an open problem.

Furthermore, Walker and Wood have recently published volumes on the hit problem and its applica-
tions to representations of general linear groups in the books [27] and [28]. This is yet another application
of the hit problem that has to be investigated further in the future.

4. Conclusion

In the article, we study the hit problem for the polynomial algebra of six variables, viewed as a module
over the Steenrod algebra in the generic degree 6(2" —1) +6.2" with r an arbitrary positive integer, and its
application to the sixth algebraic transfer of Singer. In the future, we will verify the Singer conjecture for
the sixth algebraic transfer in degree 6(2" — 1) 4+ 6.27, with r an arbitrary positive integer, by combining
the computations of the cohomology groups of the Steenrod algebra in these cases.
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