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Abstract

In this paper, we prove new «-fractional inequalities of Opial type using conformable calculus. From our results we obtain
classical integral inequalities as special cases.
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1. Introduction

In 1960, Opial in [23] proved that

b b
J £ (x) F ()] dx < b ; “J (f (x))* dx, (1.1)
where f € Cl[a, bl and f(x) > 0, f(a) = f (b) = 0. The constant 1/4 is the best constant. Also he proved
that

b b b By

J ’f(x) f (x)‘ dx < J (f' (x))" dx,

0 2 Jo

where f (0) = 0.
In 1962, Beesack in [5] generalized (1.1) and proved that

b , 1 b 1 b ,
L I ()| [ (x)| dx < ZL Yo de h(x) (f (x))? dx, (1.2)

where f is an absolutely continuous function on [a, b], f(a) = 0 and h is a continuous and positive
function such that [7 (h(lx)> dx < oo.
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In 1966, Yang in [27] presented a simple proof of inequality (1.2) and obtained an extension of the
form

b b b
J s (%) IF ()| (x)| dx < ;J h?x) de s(x)h(x)(f (x))2 dx,

where f is an absolutely continuous function on [a, b] and f(a) = 0, and s is a bounded, nonincreasing

and positive function on [a, b], and h is a positive and continuous function such that fz (h(lx)) dx < oo.
Also, Yong in [27] proved that

b b
J £ )M [ ()] ™ dx < “(b—aﬁj £ )M dx, for A, w1,
a At p a

where f is an absolutely continuous function on [a, b] with f (a) = 0.
In 1967, Boyd and Wong in [8] proved that

a

1
Bo(A+1) Jo

where 3¢ is the smallest eigenvalue of the boundary value problem

Ja s (%) [f )M | (x)] dx < dx,
0

r(x) | ()M

/
(r(x) (o ()) =28’ (%) 6 (x),
where 1, s € C1[0, a] are nonnegative functions such that
r(a) (g’ (a))" =As'(a) g* (a) and g(0) =0 for 0 < g’ € [0, al.

In 1968, Beesack and Das in [6] proved the following inequality

a

Jav (x) 1 () |t (x)‘PL dx < K(a, A, u)J h (x) |f (x)‘)hLPL dx, (1.3)
0 0

where f is an absolutely continuous function on [0, a], f(0) = 0, f' is of constant sign, A, p are real
numbers with Ap > 0 and either A+ p < 0 or A+ p > 1, h, v are nonnegative measurable functions with

o R (t) dt < oo, and

el AR L x A+p—1 e
K(a, A, u) = (7\4-”“) <L s x (x)r* (x) (L AT (1) du) dx) .

In 1983, Yong in [28] proved that

b b
| rerear i ot ax < - vl ax,
a —"_ H a
for A > 0, u > 1, f is absolutely continuous on the interval [a, b] such that f (a) = 0 and r is a bounded
and positive function. For more details about Opial type inequalities, we refer readers to [3, 8, 13, 22, 23].
Various integral inequalities and their extensions are important in the study of qualitative behavior of
differential equations (see, e.g., [7, 9, 10, 18, 19] for more details) and partial differential equations (see,
e.g., [17, 20] for more details). Recently, Opial type inequalities and their extensions have become an
important tool for all types of differential equations by using it to prove the uniqueness and existence of
initial and boundary value problems.
By utilizing the conformable calculus, many authors proved some integral inequalities like Cheby-
shev’s type [21, 26], Hardy’s type [24], Hermite-Hadamard’s type [2, 15, 16], and Iyengar’s type [25].
The paper is organized as follows. In Section 2, we present some concepts on conformable calculus.
In Section 3, we prove some Opial type inequalities for a-fractional differentiable functions and obtain
the classical ones as special cases when o = 1.
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2. Preliminaries and basic lemmas

In this section, we present some basic definitions and lemmas on conformable calculus. The results
are adapted from [14], for more details, we refer the reader to [1, 4, 14].

Definition 2.1. The conformable derivative of order « of a function w : [0, co) — R is defined by

Daw(s) = lim * (7T Zw ()

, foralls >0, xc(0,1).
e—0 €

Definition 2.2. The conformable integral of order « of a function w: [0, co) — R is defined by

(Isw) (x) = JXW (s) dos = JX s*w(s)ds, 0 <« < 1.

a a

Theorem 2.3. Let w and v be x-differentiable such that x > 0. Then for « € (0, 1],

1. Dy (aw+bv) (x) = aDgw (x) + bDyv (x);

2. Do (X)) =M forall A € R;

3. D« (0) =0, for all constant functions w (x) = 6;
4. Dy (Wv) (x) =wDyv (x) +vDow (x);

5. Dy (%) (X) _ vD(xw(x)v—zwD(xv(x);

6. if w is differentiable, then D w (x) = x1 7% dvgix).

Lemma 2.4. Let v (x) be x-differentiable with respect to x and w be «-differentiable with respect to v. Then the
chain rule by using conformable derivative is defined by

Daw (v(x)) =v* 1 (x) (Daw (v (x))) DoV (x) . (2.1)

Lemma 2.5. Let w and v be o-differentiable with respect to x on [a, b]. Then the integration by parts using
conformable calculus is defined as

b b
J Dgw (x) v (x) dax =W (x) v (x) Ilc’1 —J w(x) (Dgv(x)) dax.

a a

Lemma 2.6. Let 0 < « < 1and w, v : [a, b] = R. Then the Holder inequality by using conformable integral is

defined by
b b B b Y
J w (%) v (x)| dax < (J w (x| dw) (J v (x)Y dch> , (2.2)

for%+%:1andﬁ>1.

3. Main results

Theorem 3.1. Let A, p € R" such that A\+p > 1, a, x € R, g, h be nonnegative continuous functions on (a, x)

with fz gﬂffl (s) dos < 00, and @ : [a, x] — R be ath differentiable with D o ® of constant sign in (a,x) and
®(a) =0. Then

r R () () Da® ()* dut < Ky (@, x, A, 1 J g (8)[Da® (1) H dat, (3.1)

a a

t 1 A+pn—1 ﬁ
a ghit (s)

where
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Proof. Suppose that

t t 1
(1) =J D (5)] dacs =J 11( 977 (9D (5] dus.
a a g?\+u S

Since g is nonnegative on (a, x), then by using the Holder inequality (2.2) such that f = A+ p and

Y= A}:L: and
1
w(s) =g (s)[Da® (s)], and v (s) = ———,
gre (s)
where that
1 A+p—1
t t A t 1 A
| Do s)aus < (f g(s)|D“<D(s)|”+“das> [[—t—as)
a a a gm (s)
This leads to
A AA+p—1)
t Atn t 1 Atp
@ (1) < (J g(snDa@(s)F*“das) J ———das
a a grTET (s)
Let

Q(t):= J g (s) [Da® (s)MH dys.

Then Q (a) =0, and
Do () = g (t) [Da® ()M > 0.

Hence, we have that

w
pears
D@ (t)|* = (D‘XQ(t)) " and D@ (t)l}‘“* _ M (3.2)
g(t) g(t
Since h is a nonnegative function on (a, x), then by using (3.2) we find that
A AA+p—1)
A t At A t 1 Atu
(010 (0] D@ (1] < b (1106 (0 (| g (511Da@ (9P 0s) (|| L s
a a g)\+u—] (S)
AA+p—1)
A n 1 rw [t 1 w
=075 (1 a0 ) n i () ([t das
g (t) a gitu-1 (s)
Integrating the above inequality from a to x, we have
X
| R0 P Dot (1 dut
a
X n 1 e [t 1 MA?\T;U (33)
< J O (1) (Do (1)) % ho(t) <> J —1———das dt.
a g9 (t) a giFuT (s)

By employing the Holder inequality (2.2) on the right side of integral of (3.3) with 3 = (A4 p)/pn and
Y = (A+u)/A, we have

Jx R (1) 0 (O Da® (O]* dat

a

x Wuu x 1 % t 1 A+pn—1 ﬁ (34-)
< U Q¥ () (DeQ (t))dat} [J R (1) (g(t)> (J l()d(xs> d“t] .
a a a g?\+p71 S
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By using the chain rule (2.1), we get that

Do (@ (1) =Da (QF") (Q (1) Da (O (1) 0% (1)

— 20 e (D () 07 (1) = 0l (1 Da (@ 1),
Then we have . " -
0¥ (t) Da (Q (1) = 51 Da (0 ). (3.5)

Since Q(a) = 0 and from (3.4) and (3.5), we deduce that

th(t) © (O Da® (D" dat

a

w ﬁ x At ﬁ x A 1 % t 1 Atp—l S
< () U Do (Q% (t)) dat} J R () () J 1 dgs dot
At a a 9 (t) a gitu-l (s)
—Ki(a, % A )| 90D (O dat,
a
which is the inequality (3.1). The proof is complete. O

Corollary 3.2. In Theorem 3.1, if x =1 and a = 0, then we get
X

J:h(t) @ (W) [0 (1)]* dt < Ka(x, A, p) JO g (1)@ ()M at,

where

(Ve o (L)
Kz(x,7\,u)—<7\+u> Uoh (t)(g(t))(

which is the inequality of (1.3).

. , Ap—1 e
J — s at|
0 gAFeT (s)

Theorem 3.3. Let A, p € R such that \+p > 1, x, b € R, g, h be nonnegative continuous functions on (x,b)

with f:' gkfulfl (s)das < 0o, and @ : [x,b] — R be ' differentiable with D, ® of constant sign in (x,b) and
®(b) =0. Then

b b
J R (1) D (1) D@ (1)* dot < K3 (x, b, A, H)J g(t) Da® ()M dat, (3.6)

X X

where

W\ R
K3 (x, b, A, n) = m

Proof. Suppose that
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Since h is nonnegative on (x, b), then by using the Holder inequality (2.2) such that 3 = A+ p and

A+p

Y= 3T and

w(s) = g7 (s)[Da® (s)], and v (s) = — -,

A ()

where that

t

b b At b 1 A+
J Do (5)] das < (J g(s)|Da<D(s)|““das> (J 1das> .

This gets us that

A AA+p—1)

b At b 1 At
J g (s) [Do® (s)M " dgs J —————dus
t t greT (s)

b
Q) = J 9() Do (s)* dacs,

Letting

then we see that Q (b) =0, and
DoQ (1) = —g (1) [Do® (1)} <0,

Hence we have that

M
— A —
Da® (Y] = (w) " and Do (0 = —P2Y (37)
g(t) g(t)
Since h is a nonnegative function on (x, b), then by using (3.7) we find that
AA+p—1)

b A+ b At
R (1)@ () Da® (D" < (1) Da® (1" (J g(s) D@ (s)M* doc5> (J 11doc5>
t t gm (s)

AA+p—1)
b 1 Atu

dys

A b 1 =
= Q5 (t) (~DoQ (1) ™5 h(t) | —— YT (s)
(t) ( (t)) (t) <g (t)> (L g et (s)

Integrating the above inequality from x to b, we have

b
J R (010 ()] Da® (V1" dect

X

. o 3
gJ Q%7 (t) (=D Q (1)) M7 h(t) (i)) " (J 1()da5> dot.
S

x 9( t gx+i—1’
By using the Holder inequality (2.2) on the right side of integral of (3.8) such that 3 = (A + u)/p and
v = (A4 u)/A, we have

b
j RO 1D (O Da® ()" dt

X

< Ub 0} (1) (—Da0 (1) dat] ’ {
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Using the chain rule (2.1), we get that

Do (07 (1)) =Da (0™ (Q (1) Da(Q (1) 0% 1 (1)
=20 e (D, () 07 (0 = ol [ Da (@ 1)
Then we have . " -
0¥ (1) Da (O (1) = 51 Da (Q ; (t)). (3.10)

Since Q(b) = 0 and from (3.9) and (3.10), we deduce that
b A
| nwio P Dao @F du

ooy [ '

b
—Ks(x, by A W) J g (1) Da® (OMH dut,

X

which is the inequality (3.6). The proof is complete. O

Corollary 3.4. In Theorem 3.3, if x = 1, then we have the following inequality

b b
| o @@ e < ki v A w0 | g0 j0 @] a,

X X

woO\TE [P e 1NN (> 1 S
Kalx, b, A ”Z(w) [L“ (®) (m) (L g()d> “o

Assume that there exists x € (a, b) which is the unique solution of the equation

where

KA, u)=Ki(a, x, A, u) =Ks(x, b, A, n) < oo,

where Kj(a, x, A, n) and Kz(x, b, A, i) are given in Theorems 3.1 and 3.3, now since

b
(D) (1) |Dac1>(t)|”d(xt+J R (0| (O] Do (1)* dat,

X

X

b
J h (1) [© () Do (t)l”d(xt:J

a a

then we have the following theorem.

Theorem 3.5. Let A, i € RV such that A\n > 0and N+ > 1, a,b € R, g, h be nonnegative continuous functions

on (a, b) with fz gH_ulfl (s) das < oo, and @ : [a, b] — R be oth differentiable thus D @ of constant sign in (a,
b), and ®(a) =0 = ®(b). Then

b
jb RO 10 (O [Da® (O] dot <K, ) J g (1) Do () dict,

a a

Proof. The proof can be obtained by making a combination of the proof of Theorems 3.1 and 3.3. O
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