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Abstract

In this paper, we employ soft w’-open sets to establish four new classes of soft functions in STSs: soft w -continuity,
soft weak wV-continuity, soft w* -continuity, and soft w*-wC-continuity. We show that soft weak w’-continuity and soft w*-
w? -continuity are distinct notions, each of which is strictly weaker than soft w%-continuity. Furthermore, we get a soft w’
-continuity decomposition theorem via both weak w-continuity and soft w*-w’-continuity. In addition, we demonstrate that
soft w*-continuity is precisely between soft continuity and soft w*-w’-continuity. We further show that soft w* -continuity
and soft weak continuity are distinct concepts. In addition, we develop a soft continuity decomposition theorem via soft w*
-continuity and soft weak continuity. Finally, we examine the connection between our new soft topological ideas and their
corresponding topological concepts. Include keywords, mathematical subject classification numbers as needed.
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1. Introduction and preliminaries

This work adheres to the principles and nomenclature presented in [8, 9]. STS and TS will be used in
this study to signify soft topological space and topological space, respectively. Molodtsov [26] developed
the concept of soft sets as a generic mathematical tool for coping with uncertainty in 1999. Let Y represent
a universal set and E represent a set of parameters. A function H : E — P(Y) is a soft set over Y relative
to E. SS (Y, E) denotes the family of all soft sets over Y relative to E. The null soft set and the absolute
soft set shall be represented by O and 1g, respectively, in this work. STS was defined as a contemporary
mathematical structure in [30] as follows: A STS is a triplet (Y, 5, E), where 6 comprises Og and 1¢, and is
closed under finite soft intersection and arbitrary soft union. If (Y,9,E) is a STS and K € SS(Y, E), then
K is a soft open set in (Y, 5, E) if K € & and K is a soft closed set in (Y,5,E) if 1g — K € 5. Soft topology
principles and applications are still a hot field of research ([1-9, 12-21, 23, 27, 31]).

Generalizations of soft open sets play an effective role in soft topology through their use to improve on
some known results or to open the door to redefine and investigate some of the soft topological concepts
such as soft compactness, soft correlation, soft class axioms, soft assignments, etc. Authors in [10] defined
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and investigated w-open sets as a generalization of open sets, which are a strong form of w-open sets.
The author in [3] has extended wo—open sets to include STSs.

In this paper, we employ soft w’-open sets to establish four new classes of soft functions in STSs:
soft w’-continuity, soft weak wC-continuity, soft w*-continuity, and soft w*-w’-continuity. We show that
soft weak w’-continuity and soft w*-w’-continuity are distinct notions, each of which is strictly weaker
than soft w®-continuity. Furthermore, we get a soft w®-continuity decomposition theorem via both weak
wV-continuity and soft w*-w?-continuity. In addition, we demonstrate that soft w*-continuity is precisely
between soft continuity and soft w*-w’-continuity. We further show that soft w*-continuity and soft
weak continuity are distinct concepts. In addition, we develop a soft continuity decomposition theorem
via soft w*-continuity and soft weak continuity. Finally, we examine the connection between the new soft
continuity concepts and their corresponding continuity concepts.

In the next work, we hope to find an application for our new soft topological notions in a decision-
making problem.

Let (Y,8,E) be a STS, (Y,J) be a TS, K € SS(Y, E), and W C Y. Throughout this paper, Cls(K), Ints (K),
Bd;s(K), Cl5(W), Int5 (W), and Bd; (W) will denote the soft closure of K in (Y, d, E), the soft interior of K
in (Y, 9, E), the soft boundary of K in (Y, 9, E), the closure of W in (Y, J), the interior of W in (Y, J), and
the boundary of W in (Y, J), respectively. Also, the family of all soft closed sets in (Y, 5, E) (resp. closed
sets in (Y,J)) will be denoted by &€ (resp. J€).

The following definitions will be used in the sequel.

Definition 1.1 ([10]). Let (Y,J) be a TS and U C Y. Then

(a) U is said to be an w-open set in (Y,7J) if for every y € U, there exist V € J and a countable subset
B C Y such thaty € Vand V—B C Inty (U);

(b) U is said to be an wP-closed subset of (Y,J) if Y — U is an w’-open subset of (Y, J);

(c) the collection of all w’-open subsets of (Y,J) will be denoted by J 0.

Definition 1.2. A function g: (Y,J) — (Z, X) is said to be

(a) weakly continuous aty € Y if for every N € N such that g(y) € N, there exists W € J such thaty € W
and g(W) C Clx(N). g is said to be weakly continuous if g is weakly continuous at each y € Y, [25];

(b) w*-continuous if g~ (Bdwx (W)) € ¢ for each W € ¥, [25];

(c) w-continuous aty € Y if for every N € X such that g(y) € N, there exists W € J, such thaty e W
and g(W) C N. g is said to be w-continuous if g is w-continuous at each y € Y, [24];

(d) w’-continuous at y € Y if for every N € X such that g(y) € N, there exists W € J 0 such thaty € W
and g(W) C N. g is said to be w’-continuous if g is w’-continuous at each y € Y, [11];

(e) weakly wC-continuous at y € Y if for every N € X such that g(y) € N, there exists W € J 0 such that
y € W and g(W) C Clx(N). g is said to be weakly w’-continuous if g is weakly w’-continuous at
eachy €Y, [11];

(f) w*-wO-continuous if g~ (Bdx (W)) € 3¢, for each W e X, [11].

Definition 1.3 ([22]). Let Y be a non-empty set and E be a set of parameters. A soft set F € SS(Y,E) is
called a soft point over Y relative to E if there exist e € E and y € Y such that

[y}, ifa=e,
F(a)_{(ﬁ, if a # e.
We denote F by ey. The family of all soft points over Y relative to E is denoted by SP (Y, E).

Definition 1.4 ([3]). A soft set K of a STS (Y, 6,E) is said to be a sofjcv wo-open set in (Y, 9, E) if for any
ey €K, there exists S € 6 and C € CSS(Y, B) such that eyés and S — C Clnt; (K). Soft complements of soft
wo-open sets in (Y, 8, E) are said to be soft w’-closed sets in (Y, 5, E).

The collection of all soft wo-open sets in (Y, 8, E) will be denoted by 9 0.
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Definition 1.5. A soft function fp : (Y,6,E) — (Z, 3, D) is said to be

(a) soft weakly continuous at ey € SP(Y,E) if for every S € 3 such that fpu(ey)és, there exists K €
such that ey €K and fp,, (K)CClg (S). fpy is said to be soft weakly continuous if fp,, is soft weakly
continuous at each e, € SP(Y, E), [29];

(b) soft w-continuous at ey € SP(Y,E) if for every S € B such that fpu(ey)ES, there exists K € &, such
that ey €K and fpu(K)CS. fpy is said to be soft w-continuous if fp,, is soft w-continuous at each
ey € SP(Y,E), [7].

Definition 1.6 ([28]). A STS (Y, 9, E) is said to be soft Lindelof if for every X C o such that 1 = UkexcK,
there exists a countable subfamily X;C X such that 1g = Uk, exK.

2. Soft w’-continuity

In this section, we introduce the notion of soft w%-continuous soft functions and establish their main
properties. We characterize them by several methods. With the help of examples, we show the re-
lationships between soft w-continuous functions and some types of soft functions, such as soft con-
tinuous functions and soft w-continuous functions. Also, we examine the connection between a soft
wV-continuous soft function and its corresponding topological concept.

Definition 2.1. A soft function fp : (Y,8,E) — (Z, 3, D) is said to be soft wY-continuous at ey € SP(Y,E)
if for every S € B such that fpy(ey)ES, there exists K € §,,0 such that e, €K and fpy, (K)CS. fpy, is said to
be soft w’-continuous if fpu is soft wV-continuous at each ey € SP(Y,E).

Theorem 2.2. For a soft function f, :(Y,0,E) — (Z,3, D), the following conditions are equivalent:

(a
(b

) f pu is soft wO-continuous;
) f ( ) € 80 for each K € f3;
(c) for a soft base H of (Z,3,D), ( ) € &0 for each H € X;
(d) for a soft subbase T of (Z, 3, D) (T) €00 foreach T € T;
) fp
) f
)

(e) 51 (R) € 8¢ for each R € [SC

() fpu(Cls , (M ))CCl[g, (fpu(M)) for each M € SS(Y, E);
(g) Cls_, ( SL(F) C pu(CIB F)) for each F € SS(Z,D).
Proof.

(a) = (b): Let K € B. Let eyef,(K), then fou (ey) EK. By (a), we find | € 8,0 such that ey€] and

fpu(])iK. Therefore, we have eyélif;}l (fpu())) gf;u (K). Hence, f;}i(K) € 5 0.

(b) = (c) and (c) = (d): They are clear.

(d) = (e): Let R € B°. Itis sufficient to show that 1¢ — ( ) € 80. Letey€lg — p}l(R) = f;&(lD —R).
Then fpy, (ey) €lp—RePB.By(d), wefind Ty, Ty, ... ,Tm e T such that f, (ey) ETNATLN---NTmClp — R
Thus,

eyEfpn (TN (T) A Af L (Ti) Cfph (Ip —R) = 1g — 4 (R).
By (d), f,h (T) Nfpl (T2) N -+ - Af 0 (Tn) € 80 and so, Te — 1 (R) € 84,0,
(e) = (f): Let M € SS(Y,E), then Clg (fp.(M)) € BC and by (e), f, Clrg( u(K))) € 8, As
MCF L (Fpu (M) S, (Clg (fpu(M))), then Cls , (M) Cf, L(Clg (fy (M))) and thus,

o (Cla,o (M) Efp (Frd (Clp (Fpu(M)))) ECg (Fpu (M)
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() = (g): Let F € SS(Z,D), then by (f), fpu(Cls_, (o (F)))EClg (fpu(fps (F))) CClg (F). Thus,

Cls o (o (7)) Cfk (fpu(Cls  (F5 (F)))) SF,L(Clg (F).
(g) = (a): Let ey € SP(Y,E) and S € 3 with f,(ey) € S. Then by (g),
Cls , (1e —fu(S)) =Cls_, (fpi (1p —$)) Cf,u(Clg (1p —S)) = fou(1p —S) = 1 — £, 4(S).
So, 1g — 1 (S) € 8¢ . Thus, we have ey Ef; L (S) € 540 and fpy (f5 (S))CS. This ends the proof. O

Theorem 2.3. If fpy ¢ (Y,8,E) — (Z,B, D) is soft wl-continuous at ey, then p : (Y,8¢) — (Z,Bu(e)) is
w'-continuous at y.

Proof. Let fpy : (Y,0,E) — (Z,$, D) be soft w’-continuous at ey. Let W € B, () with p (y) € W. There
exists K € 3 such that K (u(e)) = W. Then we have fy (ey) = (u(e))p(y) €K € B. So by soft wo—continuity

of fpy at ey, we find M € § 0 such that e;,€M and fpu(M)iK. Hence, we have y € M(e) € (8,0).. Also,
by Theorem 12 of [3], (6,0). C (8¢) 0 and thus, M(e) € (8¢) 0. We are going to show that p(M(e)) C W.

e =

Let x € M (e), then ex€M. As fp,, (M)CK, fpy(ex) = (u (€))px) €K. Thus, p(x) € K (u(e)) = W. O
We leave the validity of the converse of Theorem 2.3 as an open question.

Corollary 2.4. If fpy : (Y,8,E) — (Z,B,D) is soft w -continuous, then p : (Y,8e) — (Z,Bu(e)) is w-
continuous for every e € E.

Theorem 2.5. For any function p : (Y,J) — (Z,X) between TSs and any function uw : E — D between sets
of parameters, p : (Y,3) — (Z,R) is wO-continuous at a point y € Y if and only if fpu @ (Y,7(3),E) —
(Z,7(X),D) is soft wO-continuous at ey for each e € E.

Proof.

Necessity. Let p : (Y,J) — (Z,X) be w’-continuous at y. Let e € E and K € 7(X) with fpu(ey)EK.
Then p(y) € K(u(e)) € X and by w-continuity of p aty, we find W € J 0 such that y € W and p(W) C
K(u (e)). Since by Corollary 4 of [3], T(J0) = (T (JDwo and ew € T(J0), then ey € (1(J)) 0. So, we
have eyéew € (1(3)) o with fp (ew) = (u(e))p(w) CK. It follows that f,, : (Y,7(J3),E) — (Z,7(X),D)
is soft w%-continuous at ey.

Sufficiency. Suppose that f,y, : (Y,7(J3),E) — (Z,7(X),D) is soft wY-continuous at ey for every e €
E. Then, according to Theorem 2.3, p : (Y, (t(J)).) — (Z, (T(X))u(e)) is w’-continuous at y. Since
(t(3)), =T and (7 (X)) (e) = N, we get the result. O

u

Corollary 2.6. For any function p : (Y,J) — (Z, X) between TSs and any function uw : E — D between sets
of parameters, p : (Y,J) — (Z,R) is w’-continuous if and only if fou 0 (Y, 7(3),E) — (Z,7(X),D) is soft
w'-continuous.

Theorem 2.7.

(a) Every soft continuous soft function is soft w®-continuous.
(b) Every soft w-continuous soft function is soft w-continuous.

Proof. The proof of each of (a) and (b) follows from the definitions and Theorem 5 of [3]. O]

The two examples below demonstrate that the class of soft w’-continuous functions is strictly between
the classes of soft continuous functions and soft w®-continuous functions.
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Example 2.8. Let Y = {1,2}, 7 = {0,Y,{1}}, X = {(,Y,{2}}, and E = Q. Consider the identities functions
p:Y—Yand u:E — E. Then fp, : (Y,7(3),E) — (Y, 7T(X),E) is soft w’-continuous but not soft
continuous.

Example 2.9. Let Y = R, Z = {1,2}, J be the usual topology on Y, X = {(), Z,{1}}, and E = {a, b}. Define
p:(Y,J) — (Z,X) as follows:

2 ifyeqQ,
p(y)_{ 1, ifye R—Q.

Let u: E — E be the identity function. Then fp, : (Y,7(J),E) — (Z,7(X), E) is soft w-continuous
but not soft w-continuous.

Theorem 2.10. If f, : (Y,5,E) — (Z,$3,D) is soft wO-continuous and fgv : (Z,B,D) — (W,v,L) is soft
continuous, then f(gop)(vou) : (Y,8,E) — (W, v, L) is soft w -continuous.

Proof. Let G € y. By soft continuity of fq,, qV(G) € B. Because of the soft wo—continuity of fpu,
fgu(fgv(G)) = f(_qop)(vou) (G) € 8,0. This ends the proof. dJ
Theorem 2.11. Let f,y, : (Y,8,E) — (Z,3, D) be soft w'-continuous and let W C Y such that Cyy € 8,0 —{0g ).
Then f(mw Ju (W,dw,E) — (Z,3,D) is soft wO-continuous.

Proof. Let K € B. Then by soft w-continuity of f 1(K) € 8,0. Thus, 1 (K) = fg}l(K)ﬁCW €

(Pow )u

(840)w - Hence, by Theorem 11 of [3], f(_p ] (K) € (dw) 0. Therefore, f(p‘w)u (W, 0w, BE) — (Z,3,D)
wju

is soft w%-continuous. O

pus pu

Corollary 2.12. Let fpy : (Y,0,E) — (Z, 3, D) be soft w-continuous and let W C Y such that Cy € & —{0g).
Then f(mw)u : (W, dw,E) — (Z, 3, D) is soft wO-continuous.

Theorem 2.13. Let fpy : (Y,0,E) — (Z,3,D) be a soft function and let e, € SP( Y E). If thereisa W C Y
such that Cw € 8,0, eyéCw, and f(p‘w)u (W,dow,E) — (Z,B,D) is soft wO-continuous at ey, then
fou: (Y,8,E) — (Z,B, D) is soft w-continuous at ey.

Proof. Let K € 3 such that fp,,(ey) € K. As f(p‘w)u is soft w’-continuous at ey, we find M € (dw) 4o

such that eyéM and f( (M)CK. Since Cy € b0 and M € (dw) then M € 6 0. It follows that

fou: (Y,8,E) — (Z, B, D) is soft w-continuous at ey. O

Piw u w0

Corollary 2.14. Let fpy : (Y,5,E) — (Z,B,D) be a soft function. Let {Cy, : i € I} C 8,0 such that 1g =
OieICyi. If for each i € 1, f(p ) : (Yy, 0y, E) — (Z,B,D) is soft wO-continuous, then fpu 1 (V,8,E) —
vy JY

(Z,B,D) is soft w-continuous.

Proof. Let ey € SP(Y,E). It is sufficient to see that fy, : (Y,5,E) — (Z,B,D) is soft w -Contmuous
at ey. Choose j € I such that eyeCy] Then, by Theorem 2.13, f,y : (Y,5,E) — (Z,3,D) is soft w?-
continuous. O

Theorem 2.15. Let f,y : (Y,0,E) — (Z,3,D) be soft w-continuous and soft surjective. If (Y,5,E) is soft
Lindelof, then (Z, 3, D) is soft Lindelof.

Proof. Let X C ® such that 1p = UxexK. Then 1g = OKexf;th (K). Also, since fpy, is soft w-continuous,
then {f;}i(K) :K € X} C 8. Since (Y,8,E) is soft Lindelof, then by Theorem 35 of [9], (Y, 8, E). Thus,
there exists a countable subset K; C X such that 1 = OKeylf;& (K). Hence, 1p = fpy (OKegclf;}l (X)) =
Okex, fpu (fpa (K)) CUkex, K. It follows that (Z, B, D) is soft Lindelof. O
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Corollary 2.16. Let fpy : (Y,5,E) — (Z,B,D) be soft w’-continuous and soft surjective. If (Y,8,E) is soft
Lindelof, then (Z, 3, D) is soft Lindelof.

Proof. Follows from Theorems 2.7 (b) and 2.15. 0

Corollary 2.17. Let f,y, : (Y,8,E) — (Z, 3, D) be soft continuous and soft surjective. If (Y, 0, E) is soft Lindelof,
then (Z,3, D) is soft Lindelof.

Proof. Follows from Theorems 2.7 (a) and Corollary 2.16. 0

3. Decomposition theorems of soft continuity and soft w’-continuity

In this section, we offer three new forms of soft functions: soft weak w’-continuity, soft w*-continuity,
and soft w*-w’-continuity. We demonstrate that soft w*-w’-continuity and soft weak w’-continuity are
separate concepts, each of which is strictly weaker than soft w’-continuity. Furthermore, using both weak
w-continuity and soft w*-wO-continuity, we get a soft w’-continuity decomposition theorem. Further-
more, we show that soft w*-continuity is precisely between soft continuity and soft w*-w?-continuity.
Furthermore, we demonstrate that soft w*-continuity and soft weak continuity are separate notions. Fur-
thermore, we prove a soft continuity decomposition theorem using soft w*-continuity and soft weak
continuity. Finally, we investigate the relationship between our novel soft topological notions and their
related topological concepts.

Definition 3.1. A soft function f,y : (Y,0,E) — (Z, 3, D) is said to be soft weakly wo—continuou~s atey €
SP(Y,E) if for every S € B such that fpy(ey)€S, there exists K € §,0 such that ey €K and fp,..(K)CClg (S).
fpu is said to be soft weakly w’-continuous if fpy, is soft weakly w’-continuous at each e, € SP(Y, E).

Theorem 3.2. For a soft function fpy, : (Y,8,E) — (Z, 3, D), the following conditions are equivalent:

(@) fpu is soft weakly w -continuous;

(b) for each S € B, Cls_, (f,5(S)) Sf,L(Clg (S));

() foreach S € B, f,L(S)CInts_, (f,4(Clg (S))).

Proof.

(a) = (b): Let S € B. Suppose to the contrary that there exists eyCl;_, (fou(S)) — o (Clg (S)). Since
fpuley)#Clg (S), then there exists G € B such that fpuley) € G and GNS = Op. By (a), there exists
K € 80 such that ey €K and fpp.. (K)CClg (G). Since eyéClz—,wO (f;ﬁl(S)) and ey €K € 8,0, then Kﬁf;lll(S) £
Og. Choose b,€K such that fp, (b,)€S. Since b,€K and fpu(K)éCIB (G), then fpy(b,)EClg (G). Since
fpu(bz)ES € B and fpy(b)ECl (G), then GNS # Op, a contradiction.

(b) = (c): Let S € . Then 1p —Clg (S) € B and by (b),
Cls_, (fpu(1p —Clg (S))) Sf, 4 (Clg (1p — Clg (8))),

and so N
1e — f,u(Clg (1p —Clg (S)))Cle —Cls_, (fpu(lp —Clg (S))) .

Now,
1e — 0 (Clg (1o —Clg (S))) = f,, i (1p — Clg (1o —Clg (S))) = f,,, (Inta(Clg (S))).

Also, since S € f3, then Silntﬁ(Clg (S)) and so f;&(S)éf;&(Intg(Clﬁ (S)). Thus, we have

fou(S)C1e — f,4(Clg (1p — Clg (S)))C1e — Cls_, (fou(1p —Clg ()
=1 —Cls_, ((1e — oy (Clg (9)))) =Ints_, (fu(Clg (S))) .
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(c) = (a): Let ey € SP(Y,E) and let S € B such that fp, (ey)€S. Then by (c), f;}L(S)ilnt%o (f;}l(Cl(g (S))).
Put K = Ints_, (fou(Clg (S))). Then fpy(ey)€K € 8,0 and

fou(K) = Fpu(Ints_, (Fod(Clg (5)))EFp((Foh(Clg (5))))ECIG (S).
This ends the proof. O

Theorem 3.3. For any function p : (Y,J) — (Z,X) between TSs and any function uw : E — D between sets
of parameters, p : (Y,J) — (Z,X) is weakly continuous at a point y € Y if and only if fp,, = (Y,T(J),E) —
(Z,7(X), D) is soft weakly continuous at e, for every e € E.

Proof.

Necessity. Let p : (Y,J) — (Z,X) be weakly continuous aty. Let e € E and K € t(X) with fp,,(ey)€EK.
Then p(y) € K(u(e)) € X and by weak continuity of p aty, we find W € J such thaty € W and p(W) C
Clx (K(u(e))). So, we have ey€ew € T(J) with fpyu(ew) = (u(e))p(w) C (u(e €))Cly (K (u CCl x) (K).
It follows that f,,, : (Y,7(J3),E) — (Z,7(X), D) is soft weakly continuous at e,.

Sufficiency. Let fy : (Y,7(J3),E) — (Z,7(X),D) be soft weakly continuous at e, for every e € E. Let

W € X such that p(y) € W. Choose e € E. Then we have f,(ey) = u(e)p(y) € (u(e))y € T(X). By

soft weak continuity of fp,,, at ey, there exists G € 1 (J) such that ey €G and fp, (G )iClT(N) (w(e)y) =
w(e)i(w)- Thus, we have y € Gle) € J and p(G(e)) C (fpu(G)) (w(e)) € (ulelayw)) (u(e) =

Clx(W).

Corollary 3.4. For any function p : (Y,J) — (Z,X) between TSs and any function u: E — D between sets of

parameters, p : (Y,J) — (Z,X) is weakly continuous if and only if fpy, : (Y, T(3),E) — (Z,T(X), D) is soft
weakly continuous.

Theorem 3.5. For any function p : (Y,J) — (Z, X) between TSs and any function w: E — D between sets of
parameters, p : (Y,J) — (Z, N) is weakly w°-continuous at a point y € Y if and only if fpu: (Y, 7(3),E) —
(Z,T(X),D) is soft weakly wO-continuous at ey for every e € E.

Proof.

Necessity. Letp: (Y,J) — (Z,X) be weakly w’-continuous at y. Let e € E and K € 7 (X) with fpu(ey)éK.
Then p(y) € K(u(e)) € X and by weak w-continuity of p at y, we find W € J 0 such that y € W and
p(W) C Clx (K(u(e))). Since by Corollary 4 of [3], T(J o) = (T (3))wo and ey € T( ) then ey €
(T(3)) 0- So, we have ey ey € (T(J)) 0 with fpy(ew) = (u(e))p(w) C (ule))crg (k (u CC] x) (K). It
follows that fp,. : (Y, 7(J3),E) — (Z,7(X), D) is soft weakly wV-continuous at ey-

Sufficiency. Letfpy : (Y,T(3),E) — (Z,7(X), D) be soft weakly wY-continuous at ey forevery e € E. Let
W e X such that p(y) € W. Choose e € E. Then we have fp (ey) = u(e)p(y) € (u(e))yy € T(X). By soft
weak w -continuity of fpy, at ey, there exists G € (1(J)) 0 such that ey €G and fp., (G )aCl y((u(e)w) =

ule e)ci. (w)- Since by Corollary 4 of [3], T(Jo) = (T(T)) 0, then G € T(J0). Thus, we have y € Ge) €

30 and p(G( ) € (Fpul6)) (ule)) C (ule )GX(W)) (u(e)) = Clx (W). O

Corollary 3.6. For any function p : (Y,J) — (Z,X) between TSs and any function w: E — D between sets of
parameters, (Y,J) — (Z, R) is weakly wO-continuous if and only if fou : (Y,7(3),E) — (Z,7(X),D) is soft
weakly w°-continuous.

Theorem 3.7. Every soft w®-continuous soft function is soft weakly w’-continuous.
Proof. Straightforward. O

The following example shows that the converse of Theorem 3.7 is not always true.
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Example 3.8. Let Y =R, Z ={a, b, c}, J be the co-countable topology on Y, X = {0, Z,{a},{b},{a, b}}, and
E =IN. Definep:(Y,J) — (Z,X)and u: E — E by

[ a ifyeQ,
p(y){c, ifye R—Q,

and u(e) = e for all e € E. To see that p is weakly w’-continuous, lety € Y and N € X such that p(y) € N.
If y € Q, there exists R € J,0 such that y € R and p(R) = {a,c} = Clx({a}) € Clx(N). If y e R—Q,
then N = Z and so there exists R € J 0 such that y € R and p(R) ={a,c} C Clx(N) = Z. On the other
hand, since {a} € X but p~! ({a}) = Q ¢ J 0, then p is not w’-continuous. Thus, by Corollaries 2.6 and
3.6, fpu : (Y, 7(3),E) — (Z,7(X),E) is soft weakly w?-continuous but not soft w®-continuous.

Theorem 3.9. If f,. : (Y,0,E) — (Z, 3, D) is soft weakly wO-continuous such that (Z,B,D) is soft regqular, then
fpu is soft wO-continuous.

Proof. Let ey € SP(Y,E) andletS € 3 such that fpy (ey)€S. Since (Z, 3, D) is soft regular, then there exists
T € B such that fp}(ey )éTgClB (T) CS. By soft weak wo—continuity of fp, there exists K € 8,0 such that
ey €K and fpu(K)CClg (T) CS. Therefore, fp,y, is soft wV-continuous. O

Theorem 3.10. Every soft weakly continuous soft function is soft weakly w®-continuous.

Proof. Straightforward. O

The following example will show that the converse of Theorem 3.10 need not to be true in general.

Example 3.11. Let Y ={qa,b,c}, T=1{0,Y,{a},{c},{a,c}}, X ={0,Y,{a},{b},{a,b}},and E=IN. Letp: Y —
Y and u: E — E be the identities functions. Since J o is the discrete topology on Y, then p : (Y,J) —
(Y, R) is w-continuous and by Theorem 3.7 it is weakly w-continuous. Suppose that p : (Y,J) — (Y, X)
is weakly continuous, then it is weakly continuous at b. Since p(b) =b € {b} € X, then there exists U € J
such that b € Uand p(U) = U =Y C Clx ({b}) = {b, c} which is not true. Hence, p : (Y,J) — (Y, X) is not
weakly continuous. Therefore, by Corollaries 3.4 and 3.6, fp. : (Y, T(J),E) — (Z,T(X), E) is soft weakly
wV-continuous but not soft weakly w’-continuous.

Definition 3.12. A soft function fp,:(Y,5,E) — (Z, 3, D) is said to be soft w*-continuous if f;}L(BdB (K)) e
5¢ for each K € f3.

Theorem 3.13. For any function p : (Y,J) — (Z,X) between TSs and any function u : E — D between sets
of parameters, p : (Y,J) — (Z,X) is w*-continuous if and only if f,y : (Y,T(3),E) — (Z,7(X),D) is soft
w*-continuous.

Proof.

Necessity. Let p : (Y,J) — (Z, X) be w*-continuous. Let K € 7(X). Then for every e € E, K(u(e)) € X
and by w*-continuity of p, p1(Bdx (K(u(e)))) € 3¢. Now, for every e € E we have

Therefore, f;}l(BdT(x) (K)) € (t(3)). Hence, fpy : (Y,T(J),E) — (Z,T(X), D) is soft w*-continuous.
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Sufficiency. Suppose that f,, : (Y,7(3),E) — (Z,7t(X),D) is soft w*-continuous. Let V € N. Choose
e € E. Then we have (u(e)), € T(X) and so, fglll (BdT(x)((u(e))v) € (t(3))€. Thus,

(fpu (Bdrx)((u(e))y)) (€) = (fpu (Clerx) (((w(e)y) = (ule))y)) (e)
1
(

Therefore, p : (Y,J) — (Z, X) is w*-continuous. O

The following two examples will show that soft weak continuity and soft w*-continuity are indepen-
dent concepts.

Example 3.14. Let Y = {1,2}, 3 = {0, Y,{1}}, X ={0,Y,{2}}, and E = IN. Consider the identities functions
p:Y — Yand u: E — E. Then clearly that p : (Y,J) — (Y, N) is weakly continuous. On the
other hand, since {2} € X, while p~! (Bdx ({2})) = p~' ({1}) = {1} ¢ 3¢, then p : (Y,J) — (Y, X) is not
w*-continuous. Therefore, by Corollary 3.4 and Theorem 3.13, f,,, : (Y,7(J),E) — (Y, T (X),E) is soft
weakly continuous but not soft w*-continuous.

Example 3.15. Let Y ={1,2}, 3 ={0,Y}, X = {(),Y,{1},{2}}, and E = IN. Consider the identities functions
Pp:Y — Yand u:E — E. Since for each V € X, p~! (Bdx (V)) = p 1 (0) = 0 € 3¢, then p :
(Y,3) — (Y, N) is w*-continuous. Suppose that p : (Y,J) — (Y, N) is weakly continuous. Since p(2) =
2 € {2} € X, then there exists U € J such that p(U) = p(Y) =Y C Clx ({2}) = {2} which is impossible.
Thus, p : (Y,J) — (Y,X) is not weakly continuous. Therefore, by Corollary 3.4 and Theorem 3.13,
fou: (Y, T(3),E) — (Y, T(X),E) is soft w*-continuous but not soft weakly continuous.

Theorem 3.16. Every soft continuous soft function is soft w*-continuous.

Proof. Let fpy : (Y,5,E) — (Z,3, D) be soft continuous and let K € (3. Since fp, is soft continuous and
Bdg(K) € B¢, then f;}i(Bdﬁ(K)) € 6. Therefore, fp,, is soft w*-continuous. O

Since every soft continuous function is soft weakly continuous, then Example 3.15 shows that the
converse of Theorem 3.16 need not to be true in general.
The following theorem is a decomposition of soft continuity.

Theorem 3.17. A soft function f,y : (Y,0,E) — (Z, 3, D) is soft continuous if and only if it is both soft weakly
continuous and soft w*-continuous.

Proof.

Necessity. Suppose that fp,, : (Y,8,E) — (Z, 3, D) is soft continuous. Then by Proposition 5.3 of [11], f,,
is soft weakly continuous. Also, by Theorem 3.16, f, is soft w*-continuous.

Sufficiency. Suppose that f,., : (Y, 8, E) — (Z, B, D) is both soft weakly continuous and soft w*-continuous.
Letey € SP(Y,E) and let S € B such that f,y (ey)€S. Since fpy, is soft weakly continuous, there exists K € §
such that ey €K and f,,,(K)CClg (S). Since fpy (ey)ES and Bdg (S) = Clg (S) — S, then f,y(ey)¢Bdp (S)
and so ey %f;ﬂl (Bd(g, (S)). Also, since Since fp, is soft w*-continuous, then f;lll (B dg (S)) € 6¢. Therefore,
we have ey €K — f;}l (Bdg (S)) € 6.

Claim. fpy(K— f;,llL (Bdg (S))) C S, which ends the proof.
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Proof of claim. Suppose to the contrary that there exists d,Efpy (K — f;}l (Bdg (S))) — S. Choose by €K —
o3 (Bdg (S)) such that d, = fpy(by). Since bi€K and fp (K)CClg (S), then d. = fpu(by)ECL (S)
and so bief, (Clg (S)). Since bedfyl (Bdg (S)) = ol (Clg (S)—S) = ok (Clg (S)) — i (S) and
btéf;i (Cl[_:, (S)), then btéf;& (S). But since fpy (b¢) = d. ¢S, then btgéf;& (S). This is a contradiction. O

Definition 3.18. A soft function fpy : (Y,8,E) — (Z,B,D) is said to be soft w*-w’-continuous if
o5 (Bdg(K)) € 8¢, for each K € B.

Theorem 3.19. For any function p : (Y,J) — (Z, X) between TSs and any function uw: E — D between sets of
parameters, p : (Y,3) — (Z,X) is w*-w -continuous if and only if fpu : (Y,7(3),E) — (Z,T(X),D) is soft

w*-w -continuous.

Proof.
Necessity. Letp: (Y,J) — (Z,X) be w*-w’-continuous. Let K € T (X). Then for every e € E, K(u(e)) € X
and by w*—wo—continuity of p, p_l(de (K(u(e)))) € 3¢ 0- Now, for every e € E we have

fou (Bde(x) (K) (Bd ) (u(e)))
)

Cl —K)(u(e)))
( )) (u(e)) —K(u(e)))
Clx( ( (e))) —K(u(e))))

)

'(Bdx (K (u(e))) € 3¢,
Therefore, fpu(Bd y(K) e (J(CUO Hence, by Corollary 4 of [3], f;&(BdT(N) (K)) € (t(3))g0- It follows

)-
that fp. @ (Y, T(J), ) —> (Z,7(X), D) is soft w*-wO-continuous.
Sufficiency. Suppose that f,,, : (Y, 7(J3),E) — (Z T(X), D) is soft w*-wcontinuous. Let V € X. Choose
e € E. Then we have (u(e)), € T(X) and so, f L (Bd(xy((u(e))y) € (t(3))g0. Thus, by [3, Corollary 4],
fod (Bdrx)((u(e))y) €T (3¢,0) and

—1

—1

=p~(
p ' ((Cl,
P ((
p o ((
=p

(fpu (Bde(x)((u(e))y)) (e) = (fpu (c1T (((u(e)y) = (u(e)y)) (e)
= (f;&( w(@agv) — (ule)y)) (o)
= (f;lll. < cmw-v)) (e)
= ((((w(eagv)-v) ()
=p ! (Clx (V)= V)
=p ! (Bdx (V) € 3%,
Therefore, p : (Y,3) — (Z, X) is w*-w’-continuous. O

The following two examples will show that soft weak w’-continuity and soft w*-wP-continuity are
independent concepts:

Example 3.20. Let Y = IR, J be the usual topology on Y, X be the discrete topology on Y, and E = Z
Consider the identities functions p : Y — Y and u : E — E. Since for each V € X, p~! (Bdx (V)) =
p L) =10 ¢ 3¢, then p : (V,7) — (Y,N) is w*-w’-continuous. To see that p is not weakly w®-
continuous, suppose to the contrary that p is weakly w’-continuous. Since 1 € p ({1}) = {1}, then there
exists U € J 0 such that 1 € U and p(U) = U C Clx({1}) = {1}. Thus, U = {1} € J 0. Thus, there
exists S € J and a countable set C C Y such that 1 € S and S — C C Int5({1}) = (). Hence S is countable
which is a contradiction. Hence, p : (Y,J) — (Y, N) is not weakly wV-continuous. Therefore, by Theorem
3.19 and Corollary 3.6, fpy : (Y,7(3),E) — (Y, T(X),E) is soft w*-wP-continuous but not soft weakly

wV-continuous.
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Example 3.21. Let Y = R, Z = {1,2}, J be the co-countable topology on Y, X = {,Z,{1}}, and E = Z
Define p : (Y,J) — (Z, X) as follows:

1, ifyeqQ,
p(y)_{z, ifye R—Q.

Let u : E — E be the identity function. Then fp, : (Y,7(J),E) — (Z,7(X),E) is soft weakly w?-
continuous but not soft w*-w?-continuous.

Theorem 3.22. Every soft w-continuous soft function is soft w*-wO-continuous.

Proof. Let fpu : (Y,5,E) — (Z,3,D) be soft w O_continuous and let K € B. Since fpu is soft w?-continuous
and Bdg(K) € 3¢, then by Theorem 2.2 (e), f,, (Bdﬁ( )) € 8¢ o Therefore, fpy, is soft w*-wP-continuous.
O

Example 3.20 and Theorem 3.7 shows that the converse of Theorem 3.22 need not to be true in general.
The following theorem is a decomposition of soft w’-continuity.

Theorem 3.23. A soft function f, : (Y,8,E) — (Z,3,D) is soft wO-continuous if and only if it is both soft
weakly w-continuous and soft w*-wO-continuous.

Proof.

Necessity. Suppose that fpy : (Y,8,E) — (Z,3, D) is soft wV-continuous. Then by Theorems 3.7 and 3.22,
fpu is both soft weakly w-continuous and soft w*-w?-continuous.

Sufficiency. Suppose that fpy, @ (Y,8,E) — (Z,B,D) is both soft weakly w’-continuous and soft w*-w’-

continuous. Let ey € SP(Y,E) and let S € 3 such that fpu(ey)ES Since fpy, is soft weakly w O-continuous,
there exists K € § 0 such that ey €K and fpu(K)CCIB (S). Since fpy (ey)€S and Bdg (S) = Clg (S) — S, then
fpu(ey);éBdﬁ (S) and so ey%fgi (Bdg (S)). Also, since fy, is soft w*-w’-continuous, then £}, (Bdg (S)) €
5 . Therefore, we have e, €K — fgllL (Bdg (S)) € 840

Claim. fp (K— 1‘_1 (Bdg (S))) C S which ends the proof.

Proof of claim. Suppose to the contrary that there exists dzefpu (K— fp 1 ( ) —S. Choose b{eK —

(Bd[_z, (S)) such that d, = fpu(by). Since bieK and fpy (K )CCIB S), then d, = fpu(be)eClg (S)
and so bféfg}l (Clg (S)). Since btgéf;i (Bdp (S)) = f,h (Clg(S)—=S) = f,u (Clg (S)) — fp}l (S) and
bief, L (Clg (S)), then btéfg}l (S). But since fpy (by) = d-£S, then by ¢, (S). This is a contradiction. [

4. Conclusion

The continual supply of topological space classes, instances, characteristics, and relationships has
aided topology’s progress. As a result, it is critical to increase the structure of soft topological spaces in
the same way.

The goals of this study are to examine the behaviors of soft w’-open via soft topological spaces, to
introduce new classes of soft functions, and to pave the way for the definition and investigation of certain
new soft topological notions in the future.

In this paper, four new classes of soft functions are introduced. Several characterizations, relationships,
and examples are given. Also, two decomposition theorems via them are obtained. The following topics
could be considered in future studies:

1) to define soft w’- homomorphisms;
2) to define weaker and stronger forms of soft w’-continuous functions.
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