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Abstract

In many countries, the decline in red foxes due to Rabbit hemorrhagic disease (RHD) in primary prey European rabbits
is a significant concern. We proposed a four-compartment spatiotemporal rabbits-alternative prey-red fox eco-epidemiological
model with mange disease and hunting in red foxes. The essential theoretical properties, such as existence, boundedness,
stability, and bifurcation analysis, are executed. We have also conducted Turing instability and Higher-order stability analysis
for the spatiotemporal model. Hopf bifurcation is shown at a critical value of hunting rate h = h. using central manifold
theory. Numerical simulation reveals that the present dynamic is chaotic for a mange disease transmission rate’s threshold
value B = B, the most significant factor in the present dynamics. We can control the red fox population by controlling the
mange contact rate despite RHD disease in European rabbits. Also, the model does not have diffusion-driven instability due to
alternative prey, and if the system is linearly stable, it remains stable for higher-order.
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1. Introduction

The red fox is one of the most widely distributed wild carnivores in Eurasia, North America, and
Australia [3, 15]. The red foxes are opportunistic predators as the amount and type of food consumed
by them are just dependent on the supply only [1]. Generally, they feed on rabbits, bunnies, small birds,
wild fruits, and berries [1], but the rabbits act as primary prey for red foxes due to moderate size and
accessibility.

Rabbit hemorrhagic disease (RHD) is a highly infectious and fatal disease of wild and domestic rabbits.
It is a horizontally transmitted disease with no recovery [28, 29, 39]. Also, it is not genetically inherited
as the rabbits less than two months are unaffected by the virus [29]. This disease caused high rabbit
mortality in China (1984), Europe (1988) and Spain (1991) [28, 39]. Based on this, RHD was introduced as
a biocontrol agent to control the rabbit pest population in Australia (1993) and New Zealand (1997), which
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initially results that rabbit numbers started a decline. However, its long-term effects are a decline in the
abundance of healthy red foxes and an increase in alternative prey species [18]. Sarcoptic mange disease
also has a considerable impact on the population level in a wide range of species worldwide, specifically
grey wolves (Canis lupus lupus), red foxes (Vulpes vulpes), and coyotes (Canis latrans) in the USA, and
red foxes in Europe and Australia [2]. It is a highly contagious skin disease of mammals caused by the
burrowing mite Sarcoptes scabiei. Mange spreads among red foxes either via direct contact or indirectly
via den usage [33].

The dynamics of both the host and the interacting species are widely affected by the infectious disease
as it affects the population size. Therefore, many authors studied the spread of infection among either of
prey-predator [5, 10, 17, 29, 30, 37, 38]. Recently many researchers also discussed the dynamical properties
of the system where both prey-predator are suffering from an infection [7, 13, 14, 20, 27]. It is discussed
in [8, 31] that healthy prey is active than the infected one. Some articles [6, 16] discussed models with
the disease in the predator population, where the diseased predator is not capable to predate on healthy
prey [6]. Some researchers discussed the horizontal transmission of disease from predator to predator [13,
34]. Many mathematicians formulated models discussing the effect of alternative prey species whenever
the abundance of predator’s primary prey changed [4, 25]. Pech and Hood [28] have done the only
quantitative analysis of rabbit-alternative prey-fox dynamics and discussed the consequences of RHD on
the red fox population and its alternative prey. Roy and Upadhyay’s [29] studied RHD’s effect on the
European rabbit-red fox spatiotemporal dynamics. This article discussed that the red fox population
is declining due to rabbit hemorrhagic disease in its prey, i.e., European rabbit. The article [29] also
considered that red fox predates only on rabbits, and alternative food supply is constant or static. Both
of these articles [28, 29] have not discussed the effect of mange disease and hunting on the red fox
population.

We have inspired from the model [28] and designed a four-compartment spatio-temporal model with
European rabbits, alternative prey, healthy red fox, and mange-infected red fox populations. We have
done qualitative analysis on rabbit-alternative prey-fox dynamics considering that the population of Eu-
ropean rabbits (primary prey) dramatically declines following RHD-induced crashes, and due to scarcity
of rabbits, foxes switch their diet to alternative prey. The present model is the more realistic model than
[29] as the red fox is a generalist predator, predates on much different prey when rabbits are at low den-
sities [9]. We have also considered mange disease and hunting [40] in the red fox population. This article
aims to discuss the conditions for controlling the red fox population despite RHD disease in rabbits and
the results of incorporating alternative prey species in rabbit-red fox spatio-temporal dynamics presented
by [29].

The following Section 2 contains a four-compartment spatiotemporal model incorporating alternative
prey and mange disease in red fox in rabbit-fox dynamics. In Section 3, we have executed the analy-
sis of the eco-epidemiological system without diffusion to expose its biological importance; Subsection
3.1 shows the positivity and boundedness of the solutions of the system. Subsection 3.2 contains differ-
ent steady-states of the dynamical system following their existing conditions, the mange-reproduction
number, and the linear stability analysis of the equilibrium state of the reduced two-compartment model
system. Subsection 3.3 investigates the linear stability and bifurcation behavior of the steady-state of the
non-spatial four-compartment system following the global stability of the equilibrium state of the same in
3.4. The section 4 contains the analysis of the spatiotemporal model including local stability in Subsection
4.1, Turing instability in Subsection 4.2 and Higher-order stability in Subsection 4.3. In section 5, we have
presented a numerical simulation of temporal and spatiotemporal models to verify our analytical find-
ings. We have discussed and concluded the quantitative results in section 6. It also contains the biological
interpretation of our analytical findings.
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2. The systematic development of the proposed model

We have three types of population: the RHD-infected rabbits (primary prey) denoted by N, the healthy
prey (alternative prey) denoted by A, and the predator (red fox). The predator population is divided into
two-compartment healthy and mange-infected foxes denoted by P and I, respectively. The proposed
model is based on the following assumptions.

Assumption 1. In the absence of a predator population, the rabbit population is growing logistically as
‘(11—]:' =T1N(1— %), despite the decline in rabbit abundance due to RHD, where, r is the intrinsic birth

rate, and K is the carrying capacity.

Assumption 2. The alternative prey population grows exponentially with a growth rate of b and dies at
a natural death rate of ;.

Assumption 3. We assume that 0 is the total feeding capacity of a healthy fox. The healthy fox predates
both rabbit and alternative prey with the linear functional response. The healthy red fox prefers to
predate on a rabbit with a predation rate of w;. Hence, w{N part of its total need is fulfilled by
the rabbit population. Further, the red fox predates on the alternative prey with a predation rate
w3. Hence, w3(0 — w1N) is the rest of the red fox’s total need fulfilled by alternative prey. Here, we
choose a linear functional response for healthy foxes as they can easily search for their food despite
a decline in the abundance of rabbits [11, 19, 23, 26, 32].

Assumption 4. Mange-infected fox predates only on RHD-infected rabbit population with Holling type-
IT functional response with (‘fjm rabbits per fox at a given point in time. We have used Holling
type-1II response for mange-infected foxes as they are physically weak and cannot easily search for
their food [11, 19, 23, 26, 32]. Due to the same reason, mange-infected red foxes cannot hunt on
alternative prey. The mange-infected fox dies with a disease death rate 3.

Assumption 5. The conversion coefficients of healthy fox due to consumption of RHD-infected rabbits
and alternative prey are e; and ej3, respectively. The conversion coefficient of mange-infected fox
due to healthy rabbit is e,.

Assumption 6. Healthy red foxes are susceptible to mange disease and get the infection from mange-
infected foxes with a bilinear incidence rate of 3. The healthy red dies with a disease death rate

H2.

Assumption 7. We considered culling or hunting only in mange-infected foxes as they are weak and can
easily be hunted. The rate of culling or hunting is h.

Above assumptions lead to the following set of the autonomous non-linear differential equations:

dN wo NI
=™ <1_K> —oNP= TN
A N
A A= w0 (1— @1 )AP—ulA,
éll; ’ wqN 2.1)
E = €1w1NP+ 63(1)39 (1 — 1 ) AP — BPI — },L2P,
dI ezszI
— = PI —hI — u3],
dt a+ N +B Ha

with N(0) = No > 0, A(0) = Ag > 0, P(0) = Py > 0, I(0) = Ip > 0, where all the system parameters , K,
w1, wy, w3, b, 0, a, uy, K2, U3, h, ey, ey, and ez are positive constant. Here, the per capita intrinsic and
exponential growth rate of rabbit and alternative prey per day is represented by r and b, respectively. The
parameter K is the environment carrying capacity for rabbits per unit area, and (3 is the mange-infection
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rate from susceptible predator to infected predator. The parameters w;, wy, and w3 are the predation
rates per predator per day. The predation rate on the rabbit and alternative prey by a susceptible fox is
denoted by w; and wj3, respectively. While w; represents the predation rate of the mange-infected fox on
RHD-infected rabbit. The parameter 0 represents maximum food intake per fox per unit of time, and a
denotes the half-saturation constant, which reduces the infection rate due to spatial or social distribution
and time limitation. The death rate for alternative prey and susceptible predator per day is represented by
1 and po, respectively. While p3 denotes the disease death rate of the mange-infected fox. The parameters
e; and e; are the conversion coefficient of infectious rabbits to susceptible and mange-infected predators
per day. While ez is the conversion coefficient of alternative prey to susceptible predator per day. The
hunting or culling rate per day per unit area caused by human activities stands at h.

The prey and predator migrate to other spatial locations for their basic needs, such as searching for
better food, shelter, and mate. So we assume that these populations freely move in x and y directions,
which needs to include the diffusion term in the model, revealing that the animal movement is random
and uniformly distributed in all directions. The diffusion coefficient for rabbit, alternative prey, healthy
fox, and mange-infected fox are Dn, DA, Dp, and Dj, respectively. Suppose all the population is confined
to a fixed bounded domain Q in R%. We led to consider the following set of reaction-diffusion equations:

N oy N wyNI

Tt—DNVN—TN (1 K> wlNP a+N’

dA N

E—DszAsz—wge (1— wé >AP—u1A,

oP LU]N (22)
a—Dpva = e;w1NP + e3w30 <1— >AP—[3PI—p2P,

ol ezszI

— DVl = """~ 4 BPI—hI— 3L

P 1Y N +p U3

The boundary and initial conditions are: (n.V)N = (n.V)A = (n.V)P = (n.V)I =0, for z € 0Q, t > 0,
and N(z,0) = N(0) > 0, A(z,0) = A(0) > 0,P(z,0) = P(0) > 0,1(z,0) = I(0) > 0, where z = (x,y) € Q =
[0,8] x [0,3]. Here, we consider the homogeneous Neumann boundary conditions because the system
(2.2) is self-contained, and there is no population flux across the boundary 9Q. Further, n is an outward
drawn unit normal vector to the boundary 00Q) of the region Q. It is beneficial to understand the temporal
dynamics of a system before analyzing the spatiotemporal system. In the following Section 3, we will
analyze the system (2.1).

3. Temporal model

This section analyzes the positivity and boundedness of the system (2.1) to show that the population
of interacting species in a particular habitat is always positive and never grows exponentially for a long
time due to the limited resources in that area.

3.1. Positivity and boundedness
Theorem 3.1. The solutions of the system (2.1) with initial conditions are positive, ¥t > 0.

Proof. We write the equations of the system (2.1) for t € [0, 1] in the following form:

dp dI
AP—wmA, — > —pPI—wP, — > —hl— 3L

dN N2 woNI  dA wiN
> —w30 (1— ——
“s < dt dt

s _ i
a2 T TP at+ N’ dt 0

Now, we use theory of differential equation and find out the following solutions:

N(t) S N(O) t (,UlN

- N(0) f(t) v +exp{— f{;(wlP +

A(t) > A(0) exp{— L

(w36 (1— > P+ pq)dul,

ag ) duy’



J. Gupta, J. Dhar, P. Sinha, ]J. Math. Computer Sci., 29 (2023), 214-238 218

t

P(t) > P(0) exp{— L (BI+ pz)dul, I(t) > I(0) exp{—(h + us)th
Similarly, N(t), A(t), P(t) and Y(t) are also positive for the intervals [t,27]--- [nT,(n+1)T], Yn € N.
Hence, by mathematical induction N(t), A(t), P(t) and Y(t) are positive for all t > 0. O

Theorem 3.2. The non-negative solutions of the system (2.1) initiate in RY and uniformly bounded for any initial
value.

Proof. Let us assume that W(t) = N(t) + A(t) + P(t) + I(t), then the rate of change of W is,

aw N (e2 —1)w,NI
N
+(e3— 1) w30 <1 - “’1? ) AP — 1yA — 1oP — hl — 3.

Since, eq, ey, e3 < 1, therefore for y = min{r, h + us, wp, 11 — b}, we have obtained:

aw N2 K
W< —TT +2rN = 0 < W(t) < %(1 eV L W(0)e Yt

If we take t — oo, the above expression results lim_, o, sup W(t) < % Thus, W(t) = N(t) + A(t) +P(t) +
I(t) < % Hence, all population are uniformly bounded for any initial value in Q = {(N,A,P,I) Ri :

N <1, A<, P<ns, I <mal [

3.2. The classification and existence of equilibriums
The equilibriums for the proposed system are following.

(@) The trivial equilibrium E((0,0,0,0).
(b) The axial equilibrium E;(K,0,0,0).
(c) The disease-free equilibrium E;(0, A, P, 0).

(d) The diseased equilibrium E3(N,0,0,1).

(e) The alternative prey-free infected predator equilibrium (APFIPE) Es(N,0, P, I).

)
)
)
)
(f) The alternative prey-free without infected predator equilibrium (APFWIPE) E4(N, 0, P,0).
)
(f) The mange-free equilibrium (MFE) E¢(N, A, P,0).
)

(h) The coexistence equilibrium E;(N,A, P, T).

We have used the Kolmogorov theorem [22, 35] to examine the existence and linear stability of equilib-
rium of the system (2.1). We partition the system (2.1) into three independent subsystems (3.1), (3.2), and
(3.3). The interaction functions of subsystems are continuous, and partial derivatives of these functions
are also continuous on the state space R‘i. Also, the Theorem 3.1 refers that the solutions of these sub-
systems, which start in the domain Q, are uniformly bounded. The Kolmogorov theorem assures a stable
equilibrium point in the positive quadrant of the phase space under certain conditions [35] and a stable
limit cycle behavior if these conditions violate.

Subsystem 1. We obtained the first subsystem in the absence of alternative prey and mange-infected
predator as

dN N dp
— =1N (l — K) — w1NP, T e1W1NP — 1wy P. (3.1)
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Subsystem 2. We obtained the second subsystem in the absence of alternative prey and healthy predator
as

N N NI dl NI
aN _ N (1—) _ w2 di _ewoNL ol (3.2)

dat K a+N’ dt a+N

Subsystem 3. We obtained the last subsystem in the absence of RHD-infected rabbit and mange-infected
predator as

A P
C:Tt — bA — w30AP — 1A, % = e3w30AP — P (33)

Now, we observe that the subsystem (3.1)-(3.3) is a Kolmogorov system under the conditions, Ry =
M >1,Rp = #&Kﬂq > 1, and Rp3 = 961702)3]( > 1, respectively. We next proceed to find uniform
steady states of the Kolmogorov systems (3.1)-(3.3) with these three conditions along with their existence

conditions.

3.2.1. Mange reproduction number

The basic reproduction number ensures the number of infective cases; one primary case has over its
infectious period in an uninfected population. The mange reproduction number is

€2w2N + Bﬁ(a—l—m)
(a+N)(h+ ps)

Rman -

3.2.2. Uniform steady states for the reduced two component systems

We consider the system (3.1) which has three non-negative steady states: the trivial equilibrium
E11(0,0), axial equilibrium E12(K,0), and non-trivial equilibrium E13(N, P). The nontrivial equilibrium is

given by N = and P= “21+1]2”K It is clear from the expression of P that the uniform steady state
E13 exists when Condition Ro1 > 1 holds. Similarly, the steady states of systems (3.2) are E»;(0,0), Ex(K,0)
and Ex(N, 1), where, N = ﬁm and I = meZ(eé?;ffu;a;];);)}zww)). It is clear that, equilibrium
Eys = (N, 1) exists provided following conditions are satisfied: (}‘ii“:é ; > 1and Rpx = W&K) > 1.

Lastly, the system (3.3) has steady states E3;(0,0) and Esp(A, P), where, A = 83*(1)239 and P = b ”l This
equilibrium exists when b > p; holds.

3.2.3. Linear stability of the non-spatial two component NP system

We proceed to analyze the local stability of the system (3.1). The trivial equilibrium E;1(0,0) always
exist and the corresponding eigen values are, A; = > 0 and Ay = —u». Clearly, equilibrium Ey; is a saddle
point. The eigenvalues for the predator-free equilibrium Eq»(K, 0) are, Ay = —r < 0 and Ay = —p2 +ejw K.
The second eigen value A, < 0 if and only if Ry; = % > 1. Therefore, equilibrium Ey; is locally
asymptotically stable provided Rg; < 1 holds, otherwise it is a saddle point.

Now, we analyze the stability of the coexistence state E13(N, P). The entries for variational matrix J for
this equilibrium are, J1; = r(1 — k)~ aRs — Pwy, Jio = o 1 = e;w1P, J»» = 0. The eigen values
related to equilibrium E;3(N, P) are negative or have negative real parts if and only if Trac(]) = A1 +A; =

2 0 and Det(]) = MAx = THp(1 — ) > 0, which is possible if and only if Ry; > 1 holds. Hence,

ejw1 K O e w K
if the equilibrium Eq3(N, P) exists, it is locally asymptotically stable in the interior of the positive quadrant
of the N-P plane.
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3.2.4. Linear stability of the non-spatial two component NI systems

We study the linear stability behavior of the system (3.2) as follows. The eigenvalues associated with
the equilibrium Ej;(0,0) of the system (3.2) are, A; =1 > 0 and A\, = —h — p3 < 0. Therefore, equilibrium
Ey; is saddle point. Similarly, eigenvalues associated with Ex;(K,0) are, \; = —r < 0O and A\, = —h — 3 +

(eéﬁf) The eigenvalue A; is negative when Rgp = Mﬁ)ﬁ < 1. Hence, the predator-free equilibrium

is locally asymptotically stable Rpp < 1. Finally, the entries of variational matrix j for the coexistence
% A~ 2Ny wol N ~  _ —woN ~ N e, wol
—h — u3. Now, the eigenvalues of equilibrium Exs(N, 1) are negative or have negative real
i i T — _ 2Ny ol _ _ N %y _ b((h+p3)(h+pz—erwz)?)
parts if and only if Trac(]) = r( <) (iR ( (a+N)) < 0, and Det(]) = aelor] >0,

which is always true. Hence, if the coexistence equilibrium Eo3(N, 1) exists, it is locally asymptotically
stable in the interior of the positive quadrant of the N-I plane.

~ ezsz
J2 = (%)

3.2.5. Linear stability of the non-spatial two component AP systems

Finally, we consider the local stability of the subsystem (3.3). The eigenvalues associated with the
equilibrium E3;(0,0) are Ay = b —py; > 0and A, = —pp < 0. Clearly, this is a saddle point as b > p; always
holds for the existence of the system (3.3). Again, the eigenvalues related with equilibrium Ez(A, P) are
A, A2 = £4/m2(png —b). It is clear from the expression that these eigenvalues are imaginary. Hence, the
equilibrium Ez; exists, but unstable in the interior of the positive quadrant of A-P plane.

3.2.6. Existence of APFIPE, MFE, and interior equilibrium
In the absence of an alternative prey population, we find the following values of I and P from the last
two equations of the system (2.1):
_awiN—p (a+N)(h+u3) —exwoN
P ' Bla+N)
We substitute these value to first equation of system (2.1) and obtain the following nonlinear algebraic
equation:

I

QN2+ QN+ Qp =0, (3.4)

where, Q2 =1, Q1 = (arf(a—K) + Kwq(ejwy —exwr + (h+ u3)), Qo = aK(wi(h+ us) —rp) — Kppws. It
is clear that quadratic equation (3.4) has exactly one positive root if and only if Qo < 0. After calculating
the value of N, we can easily calculate the value of I and P. In addition to this, I and P are positive if
Ro1 > 1 and Rp2 < 1 hold, respectively. This complete the existence of equilibrium E5(N,0,P,1). In the
absence of a mange-infected predator population, we find the following values of A and P from the first
and third equation of the system (2.1):

|.L2—€1(U1N N Y(K—N)
63(1)3(9 — Nwl)' N le

We substitute these value to second equation of system (2.1) and obtain the following nonlinear algebraic
equation:

N2+ TIN+Tp =0, (3.5)

where, T = rwjws, i = —Krwjwsz —0rws, Tp = Kwi (g —b) + OKrws. It is clear that quadratic equation
(3.5) has exactly one positive root if and only if Tp < 0. After calculating the value of N, we can easily
calculate the value of A and P. Further, A is positive if Ry; < 1 holds. Hence, the equilibrium Eé(ﬁ, AP, 0)
exists when (N, P) is unstable. This complete the existence of equilibrium Eé(N,K, }3,0). Finally, we
investigate the existence conditions of the coexistence equilibrium E7(N, A, P, 1), which can be obtained
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from the solution of system of differential equation (2.1). We solve the first, third and fourth equations of
system (2.1) and obtained the following values:

_a(h+u3) + N((h+ p3) — e2ws)
P ot , (3.6)

I:rB(K—N)(a—i—N)—le((h+u3)(a+N)—eZw2N) (3.7)
sz ! '
(m2 —eqwiN)wa K+ B(rp(K —N)(a+ N) —wiK((h+ u3)(a+ N) —exwyN))

wlwzegK(G — wlN)

A=

. (3.8)

Now, if we substitute value of P in the second equation of system (2.1), we get a nonlinear algebraic
polynomial in N.

VoN2+VIN+V, =0, (3.9)

where, V; = wiws((h+ p3) —exwz), Vi = B(b — ) + ws0(exwz — (h + p3)) + awiws(h + p3), Vo =
a(B(b—p1) —Owsz(h+ uz)). It is clear from the expressions that there is only one sign change in (3.9)
if and only if Rz < 1 and Vp < 0. In this situation the equation (3.9) has only one positive real solution.
After having value of N, we can easily find the value of A, P and I from expressions (3.6), (3.7), and (3.8),
respectively. This completes the existence of coexistence equilibrium E7(N, A, P, 1).

3.3. Linear stability and bifurcation analysis
In this section, we investigate the local stability behavior of the system (2.1) around each of the equi-
librium points, Ep-E7.

Theorem 3.3. The trivial equilibrium E(0,0,0,0) is saddle point.

Proof. The eigenvalues AN, Aa, Ap, A1 associated with the equilibrium Eq are r, b — g, —p2, —h — ps.
Therefore, equilibrium Ey is a saddle point. O

Theorem 3.4. The axial equilibrium E1(K,0,0,0) is locally asymptotically stable if conditions Ryy < 1 and Rgp < 1
hold.

Proof. The eigenvalues, AN, Aa, Ap, A1 associated with the E; are, —1, b —py, —po + e;w1K, —h — 3 +

(efljr”%(K), respectively. We know that A = b —p; < 0 must be hold for the existence of equilibrium E;

otherwise alternative prey population will be positive. Again, Ap = —p2 + e;w1K < 0, when Ry; < 1 and
Al=—h—us+ eé‘ﬁ(K < 0 when Rp, < 1. Hence, equilibrium state E; is locally asymptotically stable when
equilibrium Ep, E3 and E4 are locally unstable. O

Theorem 3.5. The disease-free equilibrium (0, A, P,0) is always unstable.

Proof. The stability properties of equilibrium E;(0, A, P,0) depend on stability properties of Ez;. We can
clearly see from (3.2.5) that the equilibrium Ejz; is always unstable. Hence, disease-free equilibrium
E>(0, A, P,0) is always unstable. O

Theorem 3.6. The diseased equilibrium E3(N, 0,0, 1) is locally asymptotically stable if Ry > 1, A\a < 0and Ap < 0
holds, where, A\p < 0 and Ap < 0 are given in the proof.

Proof. The entries for variational matrix J(E3) for the equilibrium Ej are, a;; = _KN +1(1— %) — aff]l\] +
(,UzNi _ _ X _ —w2N _ _ _ _ _ _

iy M2 =0, a13 = —wnN, as = (755, an =0, an =b—p, a3 =0, axg =0, az1 =0, azp =0,

N 7 —e,w,o N i erwol T e, wo N

ass = —fp terwiN—BL as =0, an = 72580 + {7y 2 =0, a3 = Bl aw = —h—ps + 7%

The stability properties of the equilibrium E3(N,0,0,1) are similar as stability properties of equilibrium
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(N, 1) in the interior of positive quadrant of NI-plane. Moreover, its properties depend on whether the
associated eigenvalues are positive or negative. It follows from (3.2.4) that the eigenvalues AN and Ap
are either negative or have negative real parts if R > 1 holds, while the eigenvalues Ay and Ap will

be negative if and only if, AA = b—p; <0, Ap = —pp + eqwiN — Bl < 0. Hence, equilibrium state
E»(N,0,0,1) is locally asymptotically stable provided Aa < 0 and Ap < 0. Therefore diseased equilibrium
is locally stable.. O

Theorem 3.7. The equilibrium APFWIPE, i.e., E4(N,0, P,0) is locally asymptotically stable when Ry; > 1, Rman <
1, and Ap < 0, where, Ao < 0 is given in the proof.

Proof. The entries of variational matrix J(E4) are, by = *]r(N +1(1— %) —wiP, byp =0, bz = —wqN,

by = @wfﬁ-ﬁ‘), o1 =0, by = b—p1 —OwzP(1— ™), bys =0, brs =0, by = ;w1 P, by = OeswsP(1— Y1),

b33 = —U2 + elwlN, b34 = —BP, b41 = 0, b42 = O, b43 = O, b44 = —h— f.))P — U3 + ?:7]2-\}3. The stability
properties of APFWIPE, ie., E»(N,0,P,0) are similar as stability properties of equilibrium (N, P) in the
interior of positive quadrant of N-P plane. It follows from (3.2.3) that the eigen values A and Ap are
either negative or have negative real parts if Ry; > 1 holds. The expressions for eigenvalue Ay and A; are,

ezsz
a+N"’

wlN

AA:b—u1—9w3P(1— 0

), At =—h+pP—us+

(3.10)
In the expression (3.10) A; < 0 when Rpan < 1. Hence, equilibrium E>(N,0,P,0) is locally asymptotically
stable provided Rp; > 1, Aa < 0 and Rman < 1. O

Lemma 3.8 ([29, Lemma 1]). Suppose J* = (bij)axa be a matrix with real entries. For ]* to be stable, it is
necessary and sufficient that

1. (=1)*det(J*) > 0; and

2
matrices with entries in T, where T is either the field of real numbers or complex numbers.

2. u(J®) < 0 for some Lozinski measure pon Mn(T), N=< 3 > ; where MiN (T) be the linear space of 3 x 3

Lemma 3.9 ([29, Lemma 2]). Let J? € My (T) be an n x n matrix and let o(J'?)) be its spectrum. The stability
modulus of ' is s(J) = max{—ReA : A € o(J'2)}, then s(J?) < 0 & u(J') < 0 for some Lozinski measure p
on My (T).

Theorem 3.10. The equilibrium APFIPE, E5(N,0,P,1) of the system (2.1) is locally asymptotically stable if the
following condition holds:

(—BI— 2 + erNwy)(—h+ PP — p3) + B*PT— e;w1 BPN) >0, (3.11)
N(a+N+Tw, .. 2rN - wyX -
b+r+ = 4+ wiw3PN < — 4+ + WP+ — + 0ws3P <0, 3.12
(a+ N2 1W3 K H1 1 et N 3 (3.12)
wa(a+N+1)N . 2rN BN - wol .
= +e30uwsN < — 4+ (= + P+ ——+e N-, 3.13
(a1 N2 30w3 T telP+ g Feswws (3.13)
pI> 2rN L awsl
o <« (P — 3.14
% w1 ( ) (@t d) (3.14)
b < pp + (B +eqwi + 0wz — wiwzN)P, (3.15)
aerwr |~ ~ ~ ~
b+ (p——==)+wiw3PN < uy +0wsP, 3.16
(B (a+N)2) 1w3 H1 3 (3.16)
PN - I
SO | esws(0 — Swy)N <« 26242 (3.17)

I (a+N)2°
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Proof. We will proof the local asymptotic stability of E5(N,0,P,I) using method of first approximation
[30]. Further, we use Lemmas 3.8 and 3.9 to proof that equilibrium Es is locally stable if det[J(Es)] > 0
and the Lozinskii measure of the second additive compound matrix of J(Es) is negative. The entries of

jacobian J(Es) are, e; = —% +T <1—%> — P4 2Rl @l e =, e3 = —wiN, ey = — w2

\ (a+N)2 a+N’ ; a+N’
e =0, e = b—py —OP(1— s, e =0, ey =0, e = e1Pw, es = e30P(1— Néul)ufs, e =
—BI—pr+erwiN, ey = —fP, eq = —% 202l ey =0, g3 = B, eay = —h+ PP — pg + 2582 The

expression det[J(Es)] is given as:

(- (1-) ~Per) (8T ot exwn) (<nos P s+ 29200 ) 4 21

< wZNT wzi
(a+N)2 a+N

> ((—BI— w2 +eqwiN) (—h+ BP — u3) + p2PI— ezwlﬁf’N)> D.

Here, D = (b —u — PO (1 — %) w3). Now, the expression of det[](Es)] is positive when the condition
(3.11) holds. The second additive compound matrix of [J(Es)] is,

el +ex e e —e13 el 0
es2 e +es3 €34 e12 0 —e1s
72)(E5) = eq e43 e11 + ey 0 e —e13
—es1 e 0 ex + e33 €34 —eyy
—€41 €21 —€4 €43 € + ey €23
0 —eyq1 €31 —eqp es2 €33 + eqq

Now, we assume D = diag(P, N, I, P,P,N) and find following the matrix:

el +exn 0 0 —e13 €14 0
epN euN
73]%) el +es3s % 0 0 —ey
esnl ezl
DJPD1 = 0 | enteu 0 0 =
—es3 0 0 ey + e33 €34 0
—ey 0 0 €43 €2 + ey 0
ey N enN
0 —e41 3% 0 % e33 + ey

The above matrix is similar to the matrix J?/(E5). Clearly, its stability properties are same as that of
J2I(E5). According to Gershgorini theorem [24, 29], eigenvalues of the dominant diagonal matrix are
negative if all its diagonal elements are negative. After taking es4 = 0 and e33 = 0 and, applying matrix
row operation the DJ2' D~ takes the following form:

el +exn 0 0~ —e13 el4 0
expN e N _
P 611T B 0 0 6114
€43 €13
D][z]D_1 _ 0 N €11 0 0 N
—e3q 0 0 €en e 0
—e41 0 0 €43 €22 0
o 6431 e31N 8321(] 6131
0 eq1 + N i + e 0 5 N

Since, the diagonal elements of the above matrix are negative. Therefore, the matrix is diagonally domi-
nant if it follows the conditions (3.11)-(3.17). This shows that all eigenvalues of matrix J@I(Es5) are negative,
entailing all eigenvalues of matrix J(Es) are negative. Hence, the equilibrium Ej is locally asymptotically
stable. .
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Theorem 3.11. The MFE equilibrium Es(N, A, P,0) of the system (2.1) is locally asymptotically stable if Ryan < 1
and b — u; — w30 (1—%)]5):0.

Proof. The entries of jacobian J(E¢) of the system are, fi; = —ﬁ +r (1 — &> —wiP, f1p = 0, fi3 =
—wiN, fig = — 2 Y —w3e(1—‘*’1N)P fzg——w36<1—m)A joa =0,
f31 = eqw P — e3w1w3P fa, = e3ws0 (1 — ‘“1 ) P, fa3 = —up + eqa N + e3w36( MYA, f33 = —BN,
fg1 =0, fpp =0, 13 =0, fgg = —h+ [SP — Uz + ez‘:iz]\l]\] Now, we see that when fy; = 0, det(J(Eg)) =

—f30faa(f11f23 — f21f13). Thus, all eigenvalues of J(E¢) are negative if and only if every factor of det(J(Es))
is negative. We know that Ryan < 1 for mange-free equilibrium. Hence, fy4 is negative. Further, since f3;
is always a positive quantity, —f3, is negative. Finally, the expressions of f11, a3, f21 and fi3 show that
last factor(f11f23 — f21f13) is also negative. Thus, all eigen values related to the jacobean J(E¢) are negative.
Hence, mange-free equilibrium Eg is stable if Ryan < 1 and f2; = 0. O

Theorem 3.12. The interior equilibrium E7(N, A, P, 1) of system (2.1) is locally asymptotically stable if following
conditions hold:

(1) c11+2¢c2 +2c33+2c44 < O;

(2) S < Cq1 < min {021/031}

C13 C43 €237 €33
3 Cq1 < Caq < C43.
( ) c11 C14 ci3’

C31C44 C11C23
(4) co1 > max{=*#, S 2}

(5) coscar > max{ L eoreqs + 11 (ean + €33) 4+ cfy )

(6) —{caaca3 + c11€a4 — €3 — caaC + €33)} < €14€41 < C13€31 — C11€33;

cy3(c1ac31+cazcay) (cozc33) —(caotcaz)y.
(7) max{ C1aCa1 }< 11 < mm{ 2Cu ’ 2 }1

(8) co1c32 4 c31€33 + c34c41 < 0.

Proof. The entries of variaﬂtional matrix J(Ey7) are, c11 = _1T<N +1(1 - %) —wP— c:‘flil + (;“j]]\l“l)z, cip =0,
ci3 = —wiN, ¢y = ﬁ, ¢ =0, c;p = b—py — BwsP(1— 4N), 03 = —0wsA(l —"%), cy =0,
a1 = erwP — e3ww3AP, e = BezwsP(1— %1), ca3 = —p + e1wi N — Bl — OBesws (1 — M)A, cas = —pP,
Cap = (szﬁl;l + (iff]ill) =0,c3 =Pl cg = —h—pPP—pu3+ eé‘ﬁ\lN. We write the characteristic
equation for J(Ey) as follows.

A+ BiA% + BoA2 4+ BsA + By = 0. (3.18)

Here,

By = —c11 —co2 — €33 — Cyy,
Ba = c11(c22 + €33 + ca4) — €13€31 — C23€32 + C22(C33 + €44) — C14C41 — €34C43 + C33Ca4,
B3 = c22(c13€31 — €11€33 — €14€41) + C13(C31C44 — €21C32) + C11(C23€32 — €22€44) + C14(Ca1C33 — C31C43)
+ (c11 + c22)(c34€43 — C33€44) + (€23€32€44 — C13C34C41),
By = c1ac32(c23€41 — C21€43) + €22€33(C11Ca4 — €41C14) + 2231 (C14Ca3 — C13C44)
+ cagc3(C13C21 — €11€23) + C20C34(C41C13 — C11C43),
B1By — B3 = (c22 + c33) (C23¢32 — €20€33 — €11 — €11 (c22 + €33)) — (€22 + €33) (Caa(c2n + €33) + 2c11Cas)

2
+ c44(C14C41 + C34C43 — C11Ca4 — €T — Ca4(C22 4 €33)) + c13(c21€32 + €31C33 + C34C41)
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4 €11€14C41 + €14C€31C43 + €33C34C43.

We can see from the expression of c11, c22, ¢33 and cy4 that ¢17 <0, cop > 0, ¢33 > 0 and c44 > 0. Therefore,
to make B; positive, condition (1) of this theorem must be followed. Further, the first term and second
term of B3 are positive if the conditions (6) and (4) hold, respectively. The third term is always positive as
c11 and cp3 are negative expressions. Finally, fourth and last term of B3 are positive if conditions (2) and
(5) of this theorem hold, respectively. Hence, Bs is positive if the conditions (2) and (4)-(6) holds. Again,
the first and last term of By is positive when it follows condition (2), the second and third term is positive
when it follows condition (3) and fourth term is positive when condition (4) hold, and hence By is positive
if the conditions (2)-(4) of this theorem hold. Now, the conditions (5)-(8) assure that all terms of B1B, — B3
are positive. O

Example 3.13. For the following set of parameter value: r = 6.1, K = 100, w; = 0.01, wy = 0.75, w3 = 0.5,
0 =142, y4 =06, up =02, u3 =2, =0225 h=01,e1 =09,e; =0.6,e3 =02, a =40, b =5, the
positive equilibrium E7(36.907,825.297,8.374,386.067) exists and satisfies the Routh-Hurwitz criterion,
B1 = 0.444577 > 0, B, = 543.182 > 0, B3 = 39.1236, B, = 1112.03, B;B,B3 — B%B4 + B% = 7697.36 > 0 and
B1By — Bz = 202.363 > 0. Therefore, the system (2.1) is locally asymptotically stable at E7, if conditions
(1)-(8) hold.

3.3.1. Bifurcation analysis

Now, we will study the bifurcation behavior of the system (2.1). We observed that system (2.1) exhibits
Hopf bifurcation around coexistence equilibrium Ey for critical value of hunting rate h = h. because at
this value the equation (3.18) have at least one positive real root or complex conjugate roots with positive
real part. At h = h,, the necessary condition for existence of Hopf bifurcation are: B; >0, B3 > 0, B4 >0,
B1B, — B3 >0, B1B,B3 — B%B4 — B% =0, and [Re?ﬁ’]h:hc # (0. We considered that A,, = wy + iv,, are the
roots of equation (3.18) for n = 1,2,3,4. We put A = w + iv in (3.18), compare the real and imaginary
parts of resulting equation equal to zero, and eliminate v between them. We get the following equation
in w:

64w® + 48(B1 + B3)w® + 16(2B, + 3B1B3)w?* — (B} — 8B1By — 9B2B3 — 24B,B3)w® + 2(B, (B2 + 2B,)

2 2 2 2 2 (319)
+B1(—4+3B2)B3z + 6B5 — 16B4)w” — B1(—2B5 + (B; —3B3)B3)w + B1B,Bs — BiB4 — B5 = 0.

The equation (3.19) results w(h) = 0 as B1B2B3 — B%B4 — B% = 0. Now, on differentiating (3.19) with
respect to h and calculate value of derivative for w(h.) = 0, we have:

d
(dw> _ 45 (B1B2B3 — B{B4 — B3) 20,
h=h, [

dh 8B1By —2B1B} + B?B; — 3B2B)

Thus, the transversity condition holds. This ensures that system (2.1) exhibits Hopf bifurcation at h = h,
shown in the Fig. 6.

3.4. Global stability

Theorem 3.14. If the equilibrium E;(N, A, P, 1) of the system (2.1) is locally asymptotically stable, then it is also
globally stable in the interior of the positive region R%. provided following conditions hold:

1 . 2 (v wol .
— >k >k and wqP = (== —),(1-X 90— wN)}. 3.20
63> 1>k and wyq <mm{w3 (K a+N> ( 1€3)(0 —wiN)} (3.20)

Proof. We consider the following positive definite Lyapunov function around the equilibrium E:

Vi) = N - N =R 4 ) - A= AR ) - P b2 ol 1T,
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where, k; and k; are suitably chosen positive constant and V(t) is a continuous function. The derivative
of Lyapunov function V(t) concerning time along the solution of the system is,

dv(t) dN(t) dA(t) dP(t)  dI(t) |- wol 2
= a T a T ot o _{ < +(a+N(t))(a+N)}(N(t) N)2 + wiwsP(t)
x (N(t) = N)(A(t) = A) + {k1(eyw1 — e3wiw3zA(t)) — w1 }(N(t) — N)(P(t) — P)
wz(a—N) kzesza . . ..
{(a—l—N(t))(a—i—N) (a—l—N(t))(a—i—N)} x (N(t) = N)(I(t) = 1) + B(kz — k1) (P(t) — P)

x (I(t) — 1) + {kresws(6 — wiN) — w3 (0 — w1 N)}P(t) — P)(A(t) — A).

Taking k, = Na;z‘l and k1 = m,
ﬂ <— [{T_ (,Uz.I. _ _wlwgP}(N_N)2+{(1—k163)w3(6—w1N) _w1w3P}
dt K (a+N)(a+N) 2 2 2
« (A— AP+ Blla —ka) | wa(0—wiN)J(1 —kses) (P_ P2+ B (k1 _kZ)(I—'I')Z ‘
2 2 2
Now, %—Y is negative definite if (3.20) holds. O

4. Spatio-temporal model

4.1. Linear stability analysis

We analyze the local stability spatiotemporal model (2.2) using following two-dimensional spatiotem-
poral perturbation:

N = N*+ o1 exp(Act +i(kxx +kyy)) = N* +o1hy, A = A* + oz exp(Act +i(kex +kyy)) = A" + o2hy,
P=P"+ 03 eXp(?\kt—Fi(kXX-i-kyy)) =P*+o3hs, I=1"+0y exp(?xkt—i— i(kXX+kyy)) =I" 4+ o4hy,

where, 01, 02, 03 and o4 are very small constants, k and ky are the components of the wave number k
along x and y direction, respectively, and Ay is wave length.

Theorem 4.1. The coexistent state of linearized form of the spatiotemporal model (2.2) is locally asymptotically
stable if in addition to Theorem 3.12, the following condition also holds:

€13€31 —C44C22 + C14C41 C23C32
¢11 > max , , (4.1)
33 2(co2 + Ca4) €2
c11Dp + c33DN < —(Dp + Dn) min{cyy, c22}, (4.2)
c11¢2D1D —(c c33)DaD; —(c11D c33Dn)DAD
_eucnbi P}<DNDp<max{ (c11+c¢33)Da iy (c11Dp +c33DN)DA 1}, 43)
C22C44 €2+ Cy4 cyuDa +cnDy
C14C41 C13C41D
c11Da +coDn < min{ 14 41, 1341 ZA } , 4.4)
C44 C43
c31DA cy c23¢32DN }
2 >max<{ —,C|] — ———— 5, 4.5
cnDp {C43 ! c22Dp (4.5)
c11D% + c2(Dp + DY) + caa(D3 + DR) + Diyess < 0. (4.6)

Proof. The characteristic equation of the linearized spatiotemporal model (2.2) is,

(J = DK* — A} (hy, ha, hs, hy) =0, (4.7)
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where,
€11 Ci2 €13 Cu4 Dy O 0 O
= C1 C» €23 C4 D— 0 Da 0 O
C31 C3x €33 3¢ | 0 0 Dp 0 |’
Cy1 C42 C43 Cyq 0 0 0 Dy

where, k denotes the wave number, k? = ki + k%, and I is the 4 x 4 identity matrix. The entries of matrix
J are given in Theorem 3.12. We write characteristic equation (4.7) in the following form:

det(] — DK? — A D) = Af +v1 (KA +v2(KH)AL +v3 (KA +ya(k?), (4.8)
where,

v1(k?) = —Trac(I— Dk?) = k¥*(Dn + Da + Dp + D1) + By,

v2(k*) =k*(DADp + DADN + DpDn + DAD1 + DpDy + DnDp) — K* (D (c22 + €33 + Ca4)
+Dal(c11 +ca3)cas + Dp(err + co2 + caq) + Dile11 + c2 +c33)) + By,

v3(k*) =k*(DNDADp + DADpD; + DNDAD; + DnDpD1) — k*((c11 + cas)DADp + DaADN (33 + caa)
+DpDn(c22 + caa) + DaDi(c1n +c33) + DpDileq + c22) + DnDiless + c22))
+k?(Da(—c13c31 + €11€33 — C14C41 — C34C43 + C33C44) + Dp(C11022 — C1aC41 + C11C44 + C22C44)
+ DN (—c23€32 + €22€33 — €34€43 + C22C44 + €33C44)
+ Di(c11622 — €13€31 — €23€32 + €11€33 + €22€33)) + Bg,

v4(k*) =k®*DADpDND1 — kK (cssDADpDN + c11DADpD1 + c5sDADND1) + c22DpDND1)
+k*((—c14¢41 + c11¢44)DADp + (—C3443 + c33¢44) DADN + c22c44Dp DN + (—c1331
+c11¢33)DAD1 + c11¢22DpDr + (—c23¢32 + c22033) DN D) + k*(€14€33€41 — €13€34C41
— €14C31C43 + €11C34C43 + C13€31C44 — €11€33C44) D A + (C14C22€41 — C11C20€44) Dp
+ (c22(c34€43 — €33€44) + C23¢32€44) DN + (€13(C22€31 — €21€32) + Cc11(C23C32 — €22€33)) D1 + By

In the given expressions, B, By, B3, and B4 are same as defined in Theorem 3.12,
Y1Y2 — Y3 = V1k6 + V2k4 + V3k2 + Ble - B3. (49)
Here,

Vi =D4(Dp +Dn +Dj) +D3(Da +Dn +Dp) +2DADpDy + D3 (DA + Dp +Dy) +2DADpD;
+2DADNDy 4 2DpDNDy + D3(Da + Dp + D),
V, = —D? (c11 + ¢33 + caa) — D3 (c11 + €22 + caa) — DR (€22 + €33 + caa) — D (c11 + c22633)
—2(DaA(Dp +DnN) +Dp(Dn + D) +Di1(Da + Dn))(c11 + 22 + €33 + €a4),
V3 = (2c11¢22 + €35 — €13€31 + 2€11C33 + 2€20C33 + €33 — C14Ca1 + 2C11Caa + 2C20Cas + 2C33C44
+¢34)DN + (c11(c11 +2¢20 + 2¢33 +2¢44) — €23€32 4+ 2ConCa3 + ¢33 4 2Concay + 2¢33¢44 + ¢34) DA
+ (c11(c11 + 2c22 + 2¢33 + 2¢44) + 5y — €13€31 — C23€32 + 2€22€33 — C34C43 + 2C22Cas + 2C33Ca4 + C34) Dp
+ (c11(c11 + 2¢22 + 2633 + 2¢44) + €5 + 2€22033 + €33 — C14C41 — C34C43 + 2022C44 + 2¢33¢44) D1,
and B1B, — B3 is given in Theorem 3.12. We see that y; is always positive as dispersion coefficients Dy,
Da, Dp and Dy are always positive and from Theorem 3.12, B1-B4 are positive. The first term of y3 is
always positive, the second term of s, i.e., coefficient of k* is positive if it follows (4.2) and (4.3). In the

third term 3, the first term of k? is positive if (4.1) holds. The second term is positive when condition (3)
of Theorem 3.12 holds. The third coefficient of k? is always positive, the fourth coefficient of k? in v is
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positive when (4.1) holds. Further, the first coefficient of 4 is always positive, second term, i.e., coefficient
of k° is positive if condition (4.3) holds, the first coefficient of k* in vy is positive when condition (3) of
Theorem 3.12 holds. The second and third coefficient of k* in vy, is positive if (4.1) holds. The last
coefficient of k* in v, is positive when (4.3) holds. The first, second and third coefficient of k? in 4 is
positive if (4.4)-(4.5) holds. The last coefficient of k? in vy, is positive if (4.1) holds. The expression of
Y1Y2 — V3 is a cubic polynomial in k? which is positive if all coefficients of polynomial, i.e., Vi, V2 and V3
are positive. It is clear from expression that of V; is always positive, from expression of V,, we see that the
coefficient of D%\ and D% and last term in V; is positive when condition (1) of Theorem 3.12 holds. The
coefficients of D'IZD and D%\] are positive when (4.6) holds. Finally, the coefficient of Dy in V3 is positive
when (4.1) holds and rest of the terms of V3 are positive if condition (1) of Theorem 3.12 holds. Hence,
the expression (4.9) is positive. O

Example 4.2. For the following set of biologically realistic parameter value: v = 6.1, K = 100, w; =
001, w, = 075, w3 =050 =142, yy =06, pp =02, i3 =2, 3 =02, h =01, g = 09,
ep = 06, e3 =02, a =40,b =5 Dy = 0001, Do = 3, Dp = 8, Dy = 0.003, k = 2, the pos-
itive equilibrium E7(36.907,825.297,8.374,386.067) of 2.2, exists and satisfies the Routh-Hurwitz crite-
rion, i.e, y1 = 6304.04458, vy, = 8.125227807602582 x 10° > 0, y3 = 3.0167131116344035 x 107, v4 =
2.181086074368113 x 107, y1y2 —ys = 5.11916 x 10! > 0 and y1v2ys — y¥ya +7v3 = 1.54344 x 1018 > 0.
Therefore, the system (2.2) is locally asymptotically stable at E7, if along with the Theorem (3.12), the
conditions (4.1)-(4.6) also hold.

4.2. Turing Instability Analysis

Theorem 4.3. The spatiotemporal model system (2.2) will perform Turing instability for coexistence state E7 if the
following conditions hold:

(1) Q1 <0o0r (Qa < 0and Q3 >3Q3Q1);
2) 2Q3 —9Q1Q2Q5 —2(Q3 —3Q1Q3)7 +27Q3Qo < 0.

Proof. The interior equilibrium for spatiotemporal system (2.2) will become unstable if at least one of
eigenvalues of characteristic equation (4.8) is positive. Now, we see that from Theorem (4.1) that y1-v4
will transform to B1-B4 for k = 0 and Theorem (3.12) states that the coexistence equilibrium is asymptotic
stable in this case. But the equilibrium may become unstable if any of the conditions y3(k?) > 0, y4(k?),
Y1(k2)y2 (k%) —y3(k?) > 0 and v1(k?)y2(k?)ys(k?) —y%(kz)yg(kz) —yi(kz) > 0 fails to hold with varying
k. Hence, diffusion drives coexistence state towards instability. However, it is clear that y; is always
positive. Consequently, instability cannot be occurred by contradicting y1(k?) > 0. This concludes that
diffusion-driven instability may occur due to the failure of any one of the rest of the three conditions.
Further, we see from the expression of y; and y;(k?)ya(k?) —v3(k?) that both are cubic function of k2
and negative when conditions (4.2), (4.4), and (4.6) violate. These expressions can be written in the form
Q(K?) = Q3k® + Q2k* + Q1k? + Qo = 0, where Q3 and Qg are always positive quantities. The values
of coefficients Qop, Q1, Q2, Q3 for y3 and v1(k?)y2(k?) —v3(k?) are same as given in Theorem 4.1. The
expression Q(k?) is negative for some positive real number k? # 0 if Q(k?)min is less than zero, where

—Q2+4/Q%-3Q3Q1

the minimum of Q(k?) occurs at k¥ = k2 = 30, , which is real and positive if and only

3_ (02 3 2
if condition (1) of Theorem 4.3 holds. Now Q(k?)min = 2Q;9Q1QxQs 2(5623Q1Q3)2+27Q3Q“. Which is
3

negative if condition (2) of Theorem 4.3 holds.

For the set of parameter given in Fig. 9, we see that system (2.2) is temporally stable and for the
same values in Fig. 1 shows that as wave number k varies, v3(k?), v4(k?), v1(k?)y2(k?) —v3(k?) does not
changes its sign from positive to negative. Further, we have also not found any set of parameters for that
these values became negative with the advancement of space. Hence, Turing instability does not occur in
the system (2.2). O]
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4.3. Higher-order stability analysis
This subsection contains the higher-order stability analysis [12] of the system (2.1).

Theorem 4.4. The constant positive steady state E; of the spatial model (2.2) is stable for higher-order spatiotem-
poral perturbation terms.

Proof. The model (2.2) can be expressed in the following reaction-diffusion system:

oN °N  92N. 2A 02A 02%A

— =f(N,A,P,)+Dn(— + —), — =g(N,A,P,) + DA (— + —),

oP °P  0%P. aI %I 921 :
— =1N,A,P,I)+Dp(—+—), — =m(N,A,P,I) + Dn(— + —

at ( IZAYAW] )+ P(aXZ ay2)/ at m( IZAYAW )+ N(6X2+ay2)/

with initial distribution and no-flux boundary condition of the population within the 2D closed domain.
The coexistence state of the system (2.1) is spatially homogeneous equilibrium for the system (2.2). We
consider that equilibrium Ey is locally stable for the temporal model and taking following spatial pertur-
bations:

N =N*"+s(t,x,y), A=A"+u(t,x,y), P=P +v(t,x,y), I=T"+w(t,x,y)

in system (4.10) near the coexistence state E;. We expand the temporal part of the system (4.10) in the
following form using Taylor’s series for only second-order terms:

ON *I:NNS2 fAAuz fppvz fHW2
— =1 f f f f
5 NS+ fau+Tfpyv+tiw+ 5 + 5 + 5 + 5 + fnasu
9%s 0%
+fnpsv+ fNIsw + fapuv+ fajuw + fprvw + Dy (—2 + 55 (4.11)
ox* 0y
DA 2 2 2 2
Sp = INS T gAuT gy gw 9'\”2\‘3 + gAgu + gpgv + 9112W + gnASU
%u  0%u
+ gNPSV+ gNISW + gAPUV + gATUW + gp1VW + DA(W + @), (4.12)
oP Inns?  laau?  1ppV? Iw?
a =1Ins+lau+lpv+ Liw+ N;S + Al;u + P;v + 1121/\1 + Ilnasu
xv v
4+ Inpsv+ IntsW + Lapuv + Lauw + Lppvw + Dp(i2 + 72), (4.13)
0x oy
ol mnNSe . Mmaauw?  mppv? mpw?
— =mnS+mau+ mpv+mmw+ NN + AA + PP + I +mnasu
ot 2 2 2 2
w 2w
+ MNPSV+ MNISW + MapUV + Mauw + fprvw + DI(W + Tyz)' (4.14)
Further, we will take parabolic spatial perturbations:
s(t,x,y) = s(t) cos(kxx) cos(kyy), u(t, x,y) = u(t) cos(kxx) cos(kyy),
v(t,x,y) = v(t) cos(kyx) cos(kyy), w(t, x,y) = w(t) cos(kyx) cos(kyy).

Taking these perturbations only for the diffusion part of the system (4.10), we get the following system of
four differential equations:

0s fans? faau?  fppv?  frw?
— =1 f f f f
ot NS+Tfau+fpv+fiw+ 5 5 5 5 + fnasu
+ fNpSV+ FNISW + Fapuv + fajuw + fppvw + Dnk?s, (4.15)

ou s2 u? V2 w2
a:gNs+gAu+th+91w+gN; +9A/2R +9P129 +9112 +gnASU
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+gNnPSV+ gnIsw + hapuv 4+ hauw 4+ hppvw + DAkZu, (4.16)
ov lNNS2 lAAuz IPPVZ 111W2
— =1 1 l 1 1
5 NS+ lau—+lpv+ Liw+ 5 + > + 5 + 5 + IlnAaSUu
+ InpsV 4 Intsw + Lapuv + Latuw + Lprvw + Dpk?y, (4.17)
ow muNns?  mMaau®  mppv? mpw?
— =mpnS+mau+mpv+mmw+ NN + AA + PP + 1 +mnAaSsu
ot 2 2 2 2
+ MmMNpSV+ MNISW+ MapUV + Mauw + fprvw + DIkZW. (4.18)

Now, we multiply equations (4.15)-(4.18) by 2s, 2u, 2v and 2w, respectively and then takes only terms of
second order in consideration. Thus, we get the equations for aa—stz, aa—‘f, %2, aa—“f. Again, we multiply
(4.15) by u and (4.16) by s, add them and repeat this process for each pair of equations from (4.15)-(4.18),
we get equations for %, %, ag‘—r’, aa%, ag—tw, ag:". Combining equations for %, %/ %, %—”f, %—S;:, aa—Lf,
3t B3t oty ot oty at ot ot results a system of equation in variables s, u, v, w, s2, u?, v2,
w2, su, sv, sw, uv, uw, and vw. Rewriting this dynamical system in matrix form; % = DY, where,
Y = [s,u,v,w,s2,uZ,vZ, w2, su, sv, sw,uv, uw, vw] " and D is 14 x 14 matrix. The characteristic equation for

this system is,

ID — Al = 0. (4.19)

Here, A = A(k) are the eigenvalues of matrix D and Iy4 is 14 x 14 identity matrix. The stable coexistence
state of the system (2.2) reaches instability with the advancement of k if at least one eigenvalue of matrix
D is real and positive or pair of complex conjugates eigenvalues with a positive real part. Moreover, at
least one eigenvalue with a positive real part implies that spatiotemporal perturbation diverges with the
advancement of time. O

5. Numerical simulation

Numerical simulation is essential to support the theoretical analysis. It finds the effect of in-built
system parameters on the system’s behavior. We will first simulate the temporal system (2.1), and then
the spatiotemporal system (2.2). We studied the parameter values of [8, 21, 28-31, 36] and set range for
each parameter. The default parameter values for the model are midway through the given range except
where the model solution did not occur. We choose the predation rate w1, lesser than w3 as RHD-infected
rabbits are scarce, and alternative prey is readily available for foxes. We take w; more than w; as the
total food intake of mange-infected foxes depends only on the rabbits. Further, the conversion coefficients
for primary prey are taken more than that of alternative prey, as predation on alternative prey negatively
affects fox’s health condition. Moreover, the conversion coefficients of infective foxes are lesser than the
healthy ones.

Table 1: Range of parameter values for the model (2.1).

parameter T,b K w1, Wo w3 a W Lo
Range [0.2,6.1] [5,500] [0.01,4.5] [0.5, 2] (0.2,40] [0.14,2.9] [0.1,0.98]
parameter U3 e, e e3 B h 0 -
Range 0.1,2] [0.1,0.439] [0.2,0.8] [0.001,0.28] [0.1,2] 1.42 -

5.1. Temporal model

The numerical simulation of non-diffusive system reveals that for the default parameter set: r = 6.1,
K =100, w; = 0.01, wp, = 0.75, w3 = 05,0 =142, uy3 = 0.6, up =02, u3 =2, e1 = 0.9, e; = 0.6,
e3 =02, 3 =0225 h =0.1, a =40, a =40, the system 2.1 shows very interesting behaviors as disease
transmission coefficient 3 and hunting rate h varies. For this set, the system 2.1 is asymptotically stable
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near the interior equilibrium, as presented in the Fig. 2. If we fix other parameters and vary (3 from
0.2 to 0.12, the system shows chaotic behavior, as shown in Fig. 3. We have also shown these situations
through the Lyapunov spectrum in Fig. 4; we call the largest exponent as Maximal Lyapunov exponent
(MLE) predicts the behavior of the dynamical system. A negative (MLE) indicates the system is stable,
and a positive one shows that the system is chaotic. If we again reduce {3 to 0.09, the equilibrium APFIPE
appears. Following this for 3 = 0.001, the equilibrium APFWIPE appears. We can easily see these
conditions in Fig. 8 (b) and 8 (c), respectively. If we increase p; = 5.1 and decrease uz = 0.2, diseased
equilibrium appears. We can see this in Fig. 8 (a). We have seen from Fig. 6 that if we vary hunting rate
from h = 0.1 to h = 2, the system (2.1) reaches towards the instability and exhibits Hopf bifurcation near
state coexistence state. Again, if we increase the healthy predator natural death rate py = 0.2 to py = 1.04
and keep other parameters fixed as in Fig. 8 (b), mange-free equilibrium appears as in Fig. 5.

5.2. Spatiotemporal model

This subsection contains the numerical simulation of the diffusive system (2.2). The Fig. 9 shows
local stability of the interior equilibrium E7(36.907,825.297, 8.374,386.067) of the system (2.2) for diffusion
coefficients Dy = 0.001, DA = 2, Dp = 5 and D; = 0.003, keeping rest of the parameter values same
as in Fig. 2. Here, we choose the diffusion coefficient of rabbit and mange-infected fox very less as they
are infective and unable to move far in other spatial locations. The system does not change its stability
behavior; if we increase the diffusion coefficient to Dp = 8 and then Dp = 12, we obtained the same Fig.
9. We see in Fig. 10 that the diffusive system shows chaotic behavior for mange contact rate 3 = 0.12. We
took the same parameter value as Fig. 9 and found the possibility that one eigenvalue of the characteristic
equation (4.19) has a positive real part. For this, we have plotted the largest ReA(k) for the linear system
and higher-order system obtained by equations (4.7) and (4.19), respectively, against the wavelength k.
We have executed this process to check whether stability behavior varies for a higher-order system, which
is shown in Fig. 7.

6. Discussion and conclusion

In this article, we proposed and analyzed the European rabbit-alternative prey-red fox four-compart-
ment dynamical model to find the mange, hunting, and long-term effect of RHD on the rabbit-red fox
dynamics worldwide. We obtained conditions for the boundedness of the solution, existence, and stability
for the non-diffusive model. We have also analyzed the same eco-epidemiological system with diffusion
to understand the effect of diffusion on the system.

The numerical simulation shows that the coexistence equilibrium for the non-diffusive and diffusive
model is locally and globally stable under a fixed region of attraction R* when certain conditions are
satisfied. The equilibrium is stable with very few numbers of rabbits and healthy red foxes and many
alternative preys and mange-infected foxes, confirming the actual scenario. The main reason is that the
abundance of rabbits makes it the fox’s primary food. Consequently, the predation is asymptotically high
and shifts to alternative prey when rabbits become scarce due to RHD [18, 28]. The high consumption
of alternative prey results in adverse changes in the physical condition of foxes, and it started to decline.
Also, decreasing rabbit population allows vegetation to recover, subsequently incrementing habitat and
shelter for wildlife; hence, predation is considered to have decreased, resulting in an increase in alternative
prey species on native fauna [18]. For the critical value of mange contact rate 3 = 3 = .12, the system’s
behavior becomes unpredictable around coexistence equilibrium in both the diffusive and non-diffusive
cases. Furthermore, for low disease transmission rate (3, only RHD infected rabbit, healthy fox, and
mange-infected fox remain in the system. The above results show that mange disease exists in the system
environment even at a low disease transmission rate. Moreover, a low mange contact rate helps the
healthy red fox population grow, predating the alternative prey population and removing them from
the environment. Also, the trivial value of (3 drives the system to alternative prey-free and mange-free,
and only RHD-infected rabbits and healthy foxes are left in the system. We aim to get stable European
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rabbit-red fox dynamics despite RHD disease in European rabbits [29]. So, we conclude that we must
control mange disease to get the required stable rabbit-red fox dynamics. Mange contact rate can be
controlled via isolation and treatment of mange-infected foxes. Also, only diseased populations remain
in the environment for a very high alternative prey death rate and low death rate of the mange-infected
fox. The system also loses its stability at the critical value of the hunting rate, and bifurcation occurs. The
above results that hunting at a significant level destabilizes the dynamics. So, we should control red fox
hunting strategies to save the rabbit-alternative prey-fox dynamics. The graphs for the diffusion model
show that this system does not have diffusion-driven instability. The reason behind this is the presence of
alternative prey in the rabbit-red fox dynamics. Due to RHD’s effect, the red fox population finds their
primary prey, European rabbits, very few and migrates to other spatial locations searching for alternative
prey and easily predates them. So, the system became stable with space. The above concludes that if the
proposed system is stable with time, it is also stable with the advancement of space. It is observed from
the higher-order stability analysis that the largest ReA(k) < 0 for both the linear system and higher-order
for all values of wavelength k, which concludes that if the system is linearly stable, it is also higher-order
stable. The advantage of the proposed model is to control the declining red fox population despite RHD
in European rabbits by regulating mange contact rate, which is the significant factor of the proposed
system. Further, we show that the presence of alternative prey in the dynamic proposed by [29] drives the
diffusive system towards stability. This research did not take into account hunting strategies for healthy
predators. If we take different hunting rates for healthy and infected predators, we would know which
reason more influences the stability, hunting of healthy foxes or mange-infected foxes.
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Figure 1: Turing instability for (a) v3; (b) v4; (c) Y1v2 — V3.
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Figure 2: Stability figure (a) rabbit population; (b) alternative prey population; (c) healthy fox; (d) mange-infected fox; when
r =61, K =100, w; = 0.01, wp = 0.75, w3 = 0.5, 0 = 142, 11 = 0.6, o = 0.2, p3 = 2, p = 0.225, h = 0.1, e; = 0.9, e = 0.6,
e3 = 0.2, a = 40, b = 5, with the initial condition [N(0)A(0)P(0)I(0)] = [402008300].

90 ! ! ! ! T 500
85
450
80 B
c
75| S 400
©
5 >
g7of g
= a 350
o s
a (]
% ol E 300
< g
551 2 250
<
50
200
45
40 . . . . . 150 \ ) \ \ .
0 100 200 300 400 500 600 0 100 200 300 400 500 600
Time t Time t
(a) (b)
45 ! ! ! ! ! 100
40
5 P
c
S 30 c 80 ]
o S
3 T
8 25 S
o [=%
) S 7or
L 29 =
z 8
% @
3 15 T 60
I
10
50 [
5
0 . . . . . 40 . . . . .
0 100 200 300 400 500 600 0 100 200 300 400 500 600
Time t Time t
(©) (d)

Figure 3: Chaotic behavior of (a) rabbit population; (b) alternative prey population; (c) healthy fox; (d) mange-infected fox; for
3 = 0.12, keeping rest of the parameters fixed as in Fig. 2.
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Figure 5: Stability figure of MFE for py = 1.04 and 3 = 0.09, keeping rest of the parameters fixed as in Fig. 2.
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Figure 6: Bifurcation figure (a) rabbit population; (b) alternative prey population; (c) healthy fox; (d) mange-infected fox; for
h = 2 keeping rest of the parameters fixed as in Fig. 2.
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Figure 8: Stability figure for (a) diseased equilibrium for u; = 5.1 and uz = 0.2; (b) APFIPE for = 0.09; (c) APFWIPE for
3 = 0.001, keeping rest of the parameters fixed as in Fig. 2.
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Figure 9: Stability figure of diffusive system (a) rabbit population; (b) alternative prey population; (c) healthy fox; (d) mange-
infected fox, when r = 6.1, K = 100, w1 = 0.01, wp, = 0.75, w3 = 0.5, 0 = 142, yy = 06, up = 02, uy3 =2, p = 0.2,
h=01e =09 e =06, e3 =02 a =40, b =5 Dy = 0001, DA = 2, Dp = 5, Da = 0.003,with the initial condition
[N(0)A(0)P(0)I(0)] = [402008300].
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Figure 10: Chaotic behavior of diffusive system (a) rabbit population; (b) alternative prey population; (c) healthy fox; (d) mange-
infected fox; when r = 6.1, K = 100, w; = 0.01, wp, = 0.75, w3 = 05,06 = 142, iy = 0.6, wpb = 0.2, uy3 = 2, p = 0.12,
h=01e =09 e =06,e3 =02 a=40,b =5 Dy =0001, Do =2, Dp =5, Dy = 0.003, with the initial condition
[N(0)A(0)P(0)I(0)] = [401008300].
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