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Abstract

In this paper, we study the relationship between the Muckenhoupt class A7*(€) and the Gehring class 5 (X) via conformable
calculus. We also establish the constants of the classes for the power law functions.

Keywords: Conformable Muckenhoupt class, conformable Gehring class, Holder’s inequality, reverse Holder’s inequality.
2020 MSC: 40D05, 40D25, 42C10 43A55, 46A35, 46B15.
©2023 All rights reserved.

1. Introduction

We fix an interval Iy € R, = [0,00), and consider the subinterval I of Iy of the form [0,s], for
0 < s < oo and donate by |I| the Lebesgue measure of I. The nonnegative weight v is said to belong to the
Muckenhoupt class A, (C) on the interval Iy for p > 1 and € > 1 (independent of p) if the inequality

1 1-p
|;Lv(x)dx <C <|11| Lvlv(x)dx> , (1.1)

holds for every subinterval I C Ip. For p > 1, we define the A,,-norm of the weight v by

1 1[ - p-l
[Ap (V)] = ISICJE <|I| Lv(x)dx) <|I| va (x)dx) .

The weight v is said to belong to the Muckenhoupt class A;(C) on the interval Iy, if the inequality

1

I|J v(x)dx < Cv(x), for C > 1, (1.2)
I
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holds for every subinterval I C Iy, and we define the A;-norm by

1 1
[A1(V)] == sup — <J v(x)dx) .
ICIy |I| I
In [20], Muckenhoupt proved that if v is a nonincreasing weight satisfying condition (1.2), then there
exists p € [1,C/(€ —1)] such that

1 C 1 P
vap(x)dx < 7@—]9(@—1) (III Lv(x)dx) .

The authors in [7] improved the Muckenhoupt result by excluding the property of monotonicity on the
weight v by using a rearrangement v* of the function v over the interval I and established the best constant.
In particular, they proved that if v is a nonincreasing weight satisfying condition (1.2) with € > 1, then
there exists p € [1,C/(€C —1)] such that

1 el-p 1 P
va]’(x)dxg 7@—]9((3—1) <|I| Lv(x)dx) .

Further in [20], Muckenhoupt proved the following result. If 1 < p < co and v satisfies the A,-condition
(1.1) on the interval I, with constant C, then there exist constants q and €; depending on p and € such
that 1 < q < p and v satisfies the A 4-condition

1 1 __1 qa-1
(|I| Lv(x)dx) <|I| Lv q-1 (x)dx) < G,

for every subinterval I C Iy. On other words, Muckenhoupt’s result for self-improving property states that:
if v € Ap(C), then there exists a constant € > 0 and a positive constant C; such thatv € A, _¢(Cq), and
then A, (C) C Ap_c(€). Despite of a variety of ideas related to weighted inequalities appeared with the
birth of singular integrals, it was only in the 1970s that a better understanding of the subject was obtained
and the full characterization of the weights v for which the Hardy-Littlewood maximal operator

Mv(x) := sup 1J v(y)dy,
x€l 1] I

is bounded on LY, (R) by means of the so-called A,,-condition was achieved by Muckenhoupt and published
in 1972 (see[20]). Muckenhoupt’s result became a landmark in the theory of weighted inequalities because
most of the previously known results for classical operators had been obtained for special classes of
weights (like power weights) and has been extended to cover several operators like Hardy operator,
Hilbert operator, Calderén-Zygmund singular integral operators, fractional integral operators, etc.

The weight v is said to belong to the Gehring class G4(X), 1 < q < oo for the interval Iy, if there exists
a constant X > 1 such that the inequality

<& leq(x)dx) ‘ <K <&| Lv(x)dx) , (1.3)

holds for every subinterval I C Iy, and we define the G 4-norm by

e [T vata) (L ]
[Gq((V)] _ISICJE) !<|I|Lv (x)dx> <|IJIV(X)dX> ] )

In [9] Gehring proved that if (1.3) holds, then there exist p > q and a positive constant X; such that

1

P
IIIJ vP(x)dx < XK (1J v(x)dx> , for every I C Ip.
I I

0
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On other words Gehring’s result for self-improving property states that: if v € G4(X), then there exists
€ > 0 and a positive constant X such that v € Gq4¢(X1), and then

For power-low functions, Malaksiano in [18] proved that if I =[0,1], p > 1 and v > —1/p, then

1+vy

(p—1/p _
S (1+py)t/r’

(1.4)
Moreover, if 0 <y <  and p > 1, then G, (x) < Gp(xﬁ). Further in [19], Malaksiano proved that if
[=[0,1, g >1,and y € (—1,q — 1), then

(q—1tat
(vy+1)(q—1—y)a-t’

Moreover, if 0 <y < B < q—1and q > 1, then Aq(x7Y) < Aq(x ).

In the last decade, discrete analogues in harmonic analysis became a very active and attractive field
of research. For example, the research on regularity and boundedness of discrete analogues of the cor-
responding LP operators, as well as the higher summability theorems analogues for higher integrability
theorems have been studied by numerous authors (see, e.g., [6, 8, 16, 17, 24, 28] and references therein). In
the articles [23, 26] the authors studied the structure and basic properties of the weighted discrete Gehring
classes, as well as the relationship between the weighted discrete Gehring and Muckenhoupt classes. In
recent years, by utilizing the conformable calculus, many authors proved several results related to some
integral inequalities like Chebyshev type inequality [3], Hardy type inequalities [25], Hermite-Hadamard
type inequalities [2, 12, 13], and Iyengar type inequalities [27]. For more details of conformable calculus
we refer the reader to the papers [10, 14, 15, 21, 22, 29] and the references cited therein.

Following this trend and to develop the studies in this directions, we study the structure of con-
formable Muckenhoupt class AJ(C) and conformable Gehring class 53 (X). In particular, we prove that
ifve Ag‘(@), such that 1 < q < oo, then v € A{(Cy). For the relation between conformable Muckenhoupt
class and conformable Gehring class, we prove that if v € A{*(C) then v € G (X). Also, we prove the
exact values of the Muckenhoupt norm Ay (tY) and the Gehring norm G (t¥) for power-low property on
conformable calculus. We believe that the results of this paper will act as fundamental infrastructure for
all topics dealing with conformable Muckenhoupt and Gehring classes. The paper is organized as fol-
lows. Section 2 is devoted to present some preliminaries on conformable calculus which will be involved
throughout the remaining part of the paper. In Section 3, first we state and prove some basic lemmas
which will used to prove our main results. Next, we prove the relationship between the Muckenhoupt
class A{*(€) and the Gehring class G5 (X) via conformable calculus. Particularly, we prove that if the
weight v belongs to the Muckenhoupt class Af*(C), then it belongs to the Gehring class 5 (X) for some
p. We also prove the analogues of (1.4) and (1.5) via conformable calculus and show that the results
depend on the constant «. The results proved by employing some inequalities designed and proved for
this purpose.

(Aq(x¥)) = (1.5)

2. Preliminaries

In this section, we present some preliminaries and definitions on conformable calculus. Throughout,
we assume that « € (0,1] and the weight v is a nonnegative locally a-integrable defined on Iy C Ry and
p is a positive real number. In addition, in our proofs, we will use the convention 0-co = 0 and 0/0 = 0.

Definition 2.1 ([1]). The conformable derivative of the function f : [0, c0) — R is defined as follows

11—y _
DEf(t) = lim f(t+et'—%) f(t),

e—0 €

fort > 0.
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Theorem 2.2 ([1]). Let « € (0,1] and f, g be «-differentiable at a point t > 0. Then

(i) D¥(af(t) +bg(t)) = aD*f(t) + bD*g(t);
(ii) D*(tP) =ptP~ %, forallp € R;

(iii) D*(f(t)g(t)) = ((X)D"‘g( )+“9(t)D°‘f(t);
(1v) D*(11)) = SLIDT(WHD%g(1),

(v) D*(k) =0, where k is a constant;

(vi) if f is differentiable, then Df(t) = t'~* 40,

(vii) D¥(fog) =t!=%g (t)f (g(t)) = D*g(t)f (g(t)).
Definition 2.3. A function f : [0,00) — R is conformable integrable on [0, t] if the integral

()

Ao dx,

1) (1) = 1t 1) (1) = J

0
exists.

Theorem 2.4 ([1]). Let a,b,c € R. Then

b b
J D*f(t)g(t)d*t = f(t)g(t) I} —J f (t)D%g(t)d*t.

a a
Lemma 2.5. Let f : [0,00) — R be continuous. Then for all t > 0, we have

(i) DXI%(t) = f(t);
(i) I¥D*(t) = f(t) — (0).

The conformable Holder inequality is given by

J [f(s)g(s)|d%s < <J If(s)|P d“s) ’ <J lg(s)[4 d"‘s> ’ ,
0 0 0

where f, g € C([a,b],R), p > 1and 1/p +1/q. We say that f satisfies a reverse Holder inequality for some
constants p > q if the following holds,

t % t %
(j ()P d“s) <e(J If(s)lqd“s>
0 0

Let g € C([0,t],(c,d)) and F € C([c, d], R) is convex. The conformable Jensen inequality (see [5]) is given

by
xI%g(t) «
F( o > thI Fg(t)).

Now, we present the definitions of Muckenhoupt and Gehring weights via conformable calculus. The
nonnegative weight v is said to belong to the Muckenhoupt class Ag‘(@ ) on the interval I for p > 1 and

€ > 1 (independent of p), if
t t 1-p
1J v(s)d“sgC‘Z(lJ 1L( )d“) ,
t J, o

for every t € Iy. For p > 1, we define the AZ-norm of the weight v by

1 t 1 t p—1
%(v)] = = d%s ) [ = | vii(s)a® .
A (V)] fgg <t°‘ JO v(s) s) <tcx JO vPI(s) s>
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The weight v is said to belong to the Muckenhoupt class A*(C) if

t
1J v(s)d%*s < Cv(s), for C > 1,
t* Jo

for every t € Ip. The weight v is said to belong to the Gehring class §g(X) on the interval Iy for g > 1 and
K > 1 (independent of q) if
1
(1 Jtvq (s)d“s) ! < Ki Jt v(s)d%s,
te J to
for every t € Ip. We define the G3-norm is by

o« o 1 ¢ o % 1 t x o
[Sq(v)] = flelg !(t“ L vi(s)d s> <toc Jo v(s)d s> ]

We mention here that when o« = 1 the definitions will be reduced to the classical definitions of the
Muckenhoupt and Gehring weights.
3. Main results

For any function v : Iy — R™, we define the a-operator M*v : Iy — R* by

t
M*v(t) := tioc L v(s)d%s, forall [p C R™". (3.1)

Now we give some properties of the operator M* that will be needed in the proofs later. From the
definition of M*, we see that if v is nonincreasing, then

4 1 ¢ o 1 t [ea 1 t x—1
MX(t) = — | v(s)d¥s > — | v(t)d¥s=—| s* "dsv(t) =
t o t o to

The following lemma gives some properties of the operator M*v.

Lemma 3.1. Let M*v be defined as in (3.1). Then we have the following properties:

(i) if v is nonincreasing, then M*v(t) >
(ii) if v is nondecreasing, then M*v(t) <

Lemma 3.2. Ifv € Ag‘(@), and p > 1, then

M*v <

i &P (aM*logv).

Proof. Since v € Ag‘(c), for p > 1, then we have
1 (t 1 (t 4 I=r
X — X
« L v(s)d*s < € (tcx Jo vir(s)d s> . (3.2)

By applying conformable Jensen inequality for the convex function F(x) = exp(x) and g replaced by

x
I-p

logv(s),
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we have

o« (1t « o [t 1 o
exp (1—p (t“ L logv(s)d s)) < t“J exp (1 P 10gv(5)> ds

0

o [* 1 o (Y (3:3)
_ — Xo . T — x
= i« L (exp <10gv1 v(s))) d%s = J vi-r (s)d%s.
The left hand side of (3.3) can be written as follows:

exp (1:9 <t1“ E logv(s)d“s)) = <exp <to; r logv(s)d“s)) o .

0
From (3.3) and (3.4), we get

(3.4)

o (* A - L I
exp « Ologv(s)d S < = vi-p (s)d%s,

and then

o [t o« [t 1—p
exp <toC L logv(s)d“s> > (t“J vlp(s)d"‘s) .

(3.5)
From (3.2) and (3.5), we obtain

t e x tl
_ Xe < s x
T« L v(s)d%s < p P (t"‘ Jo ogv(s)d s) ,

which is the desired inequality.

Lemma 3.3. Let 1 < q < oo and v be a nonincreasing weight. If v € AZ(C), then v € Af(Cq).

Proof. To prove this lemma, we shall prove that if

1 t 1 t 1 q—1
(J v(s)d“s) (J vql(s)do‘s) < G, for some C > 1,
tx ], o

0
then

1 t
« L v(s)d%s < Crv(t).

By using (3.6) and employing Lemma 3.2, we get that

1t ¢ o [t
[0 8 < X .
o L v(s)d™s < a7 &P (t‘x L logv(s)d s)

By applying Lemma 3.1 for the nondecreasing weight logv(s), we get

1Jtv(5)d“5<e X aJtl v(s)d%s | < ¢ exp (logv(t)) = Cv(t)
t* Jo \ocl—Pept(xOOg S a—p XpLog = Cyv(t),

(3.6)

where C; = €/a!~P. The proof is complete.

O

Lemma 34. Let 1 < p < oo and v be a nonnegative weight. Then v € Ay if and only if VP € Ag‘, with
[Ag‘, (vlfp, )] = [A]‘;‘(V)}p/*l, where p’ is the conjugate of .
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Proof. From the definition of the class A and since 1 — p/ =1/(1—7p) <0, we have for ¢ > 1, that

1 (t 1t 1 1=p
v E.Ag — (t“J V(s)d“s) <@ (t“J vlp(s)dfxs>

0

1 t —p 11 t 1
— <J v(s)d“s) > GWJ vir (s)d*s
t* Jo

1 t ’ ’ 1 t / 1 =»
— t“J VTP (5)d%s < P T <J (vI~P (5))1—p/d°‘s)
0

e v P ¢ A%,
with [A;‘, (vlfp,)} = [Ap (v)]plfl. The proof is complete. O

The following Lemma will be used to prove our main results.

Lemma 3.5. Let v be a nonincreasing weight. If p > 1, then

1 o p—1_ P& o P o 1 o P
— | (V) (M*(s))P " = —— (MTv(s))" | d%s < — (MTv(t))",
t* Jo 1% p
forall t € Io.
Proof. Let M*v(t) = V(t) and t € Iy. Moreover, since t*V(t) = fg v(s)d*s, the product rule (see Theorem
2.2) yields

t*DYV(t) + aV(t) = v(t).
Put f(t) = t* and g(t) = VP(t), and by integrating by parts (see Theorem 2.4), we have

t

t
ocJ VP(s)d%*s = t*VP (1) —J s*D*VP(s)d%s. (3.7)
0 0

Note that . b
lim s*VP(s) = lim s <1J v(x)d“x) =0.
s—0+ s—0+ s* Jo
By using the chain rule (see Theorem 2.2), we see that
DXVP(s) = pVPL(s)D*V(s). (3.8)

From (3.7) and (3.8), we obtain

t
ocJt VP(s)d%s =t*VP(t)—p | (s)—aV(s)] VP1l(s)d%s
0 70 (3.9)

t ot
=t*VP(t)—p v(s)fol(s)d“s—Focp VP (s)d%s.
Jo Jo

From (3.9) and (3.7), we obtain

t rt rt
ocJ VP(s)d%s =t*VP(t)—p | v(s)VPl(s)d*s+ap | VP(s)d%s.
0 Jo J

Since ap < p, we see that

t t

v(s)Vp_l(s)do‘s—FpJ VP(s)d"s,

t
ocj VP(s)d%*s < t*VP(1) —pJ
0

0 0
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ie.,

1 [ —
J [v(s)vpl(s) P %vris) | as <
The proof is complete. [

Theorem 3.6. Let v be a nonnegative and nonincreasing weight. If M*v(t) < Cv(t) for some C > 1, then for
p e ll,aC/(C—1)), we have that

M*(v(t))P < AMv(t)IP, forall t € 1o,

where A is given by
1-p
Am o
xC—p(C-1)

Proof. From the definition of M*v(t) and Lemma 3.5 with p =p > 1, we see that

1

= |; [ ot 1= B s ] ats < e o

0 1Y

Define the function
Qp) :yﬁpfl_pip “[51’, forally >0and 3 > v, (3.11)

and
D O(B) = (p— 1B — (p— )P * < (p— 1P *— (p— a)BP % = (x—1)BP* <.

That is () is decreasing for 3 > y. From Lemma 3.1, we see that

M*v(s) = —v(s).
o
Now, by taking thaty =v(s), p = M*v(s), and 8 = Cv(t), we see that y < B < 0, and then we have
Qy) = Q(B) = Q(6) fory < B < 0.

This implies, by using (3.11), that

v(s) (M(s)P 1 = P (%0 (s))P > v(s) (Cv(s))P T = E—% (ev(s))P

P P
— P (w(s))P —p—;“ep (v(s))P (3.12)
_ert [1 P« ] (v(s))P.
P

By combining (3.10) and (3.12), we get that
_ _ t
et [P0 ] wis” ats < 1 et

which implies that

The proof is complete. [
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In the following we will prove the property of the parameter of Muckenhoupt and Gehring classes for
power-low on conformable calculus.

Lemma 3.7.

@) Ifp>1land —x <7y <p— «, then the norm AZ(tY) = ¥(p,y, «), where

Vp, o) = - LI

Ly
x+y) alp—1)—vy

(ii) IfO <y < B, then AG(t7Y) < Ag‘(t_ﬁ).

Proof. From the definition of the norm of AJ(v), we have

1 t 1 t v p—1
Ap(tY) == sup (“J s"d“s) (“J slpd“s> .
tely t* Jo t* Jo

Now, we determine the integration in the right-hand side. We start by f; s¥d%s, then

1 t 1 t 1 t(X—l—‘Y
J sVd%s = J sYs* lds = — . (3.13)
tx 0 tx 0 tx (0(+Y)

Also, we have that

+ p—1 t p—1 _ p—1 -1
1J sTPd%s = 1J sTrs* 1ds = p—1 L (t“+%>p . (3.14)
t Jo t* Jo a(p—1)—vy te(p—1)

By combining (3.13) and (3.14), we see that

1 p—l pil to‘Jﬁ‘y Y p—1
AX(tY) = < ) su ¥t . 3.15
=y ap ) e (77) -

From (3.15), we see that

x+vy 1
Ap(tY) =Y¥(p, o, v) sup ! (t‘”%)p ,

We define 1

_—
(t,p,ay) =t*TYeop (t‘”ﬁ) ,fort>1,p>1, —a<y<p—1

Now, we see that
N

p—1
sup {(t,p, o, y) =sup t* Yt *P (t‘”ﬁ) = sup t0 =1,
t>1 t>1 t>1

for all fixed p > 1 and —a <y < p —1. This gives us that A7 (tY) = ¥(p, , v), which proves statement (i).

By noting that
1 p—1 Pl
F(x) =
M= <oc(p—1)—x>

is a decreasing function for x > 0, we have that F(—y) < F(—f) if 0 <y < 3. The proof is complete. O

Lemma 3.8.
—1

(i) Ifp > 1andy > —1/p, then the norm (S5 (tY)) . Y(p,v, «), where

(ax+7)

Op, o, y) = W-
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p—1 p—1
) P

(ii) If0 <y < B, then (GZ(t¥)) 7 < (G (tP)

Proof. From the definition of the norm of §7(v), we have

1
i 1 t “1q v
(Sg(ty))% = sup <t°‘J s"d“s) (to‘J sm’d“s)
tGIO 0 0

Now, we determine the integration in the right-hand side. We start by f;; sYd%s, then

1 (t 1 (t 1ty
J sYd%s = J sYs® lds = ————, (3.16)
tx 0 tx 0 tx (OC+'Y)
Also, we have that
1
1 (* 3 1 1
<t°‘J sPVd%) = ( )1/19 )17 (t(X-O-'Pv)l/p. (3.17)
0 x+py

By combining (3.16) and (3.17), we see that

p-1 (x+7)

o4 = _ o« 1/ oy1—L /o -1
G500 = S ap () e ) 318)

tely
From (3.18), we see that
(91‘;‘(‘0’))%1 = @(p, &, y) sup (’c"‘ﬂ’y)l/]D () (t"‘“’)i1 :
tely

We define
(t,p, oy) = (’c"‘“’“’)l/p (t"‘)lfé (t"‘“/)f1 ,fort>1,p>1,ae(0,1) andy > —1/p.
Now, we see that

sup ((t,p, &, y) = sup (t"‘*py)l/p (t"‘)k% (t"‘“’)_1 —supt’ =1,

t>1 t>1 t>1
for all fixed p > 1 and vy > —1/p. This gives us that (91",‘(’0’))%1 = O(p, «,v), which proves statement (i).
By noting that

(x4 x)
Flx)= ———
() (o +px)l/P
is a decreasing function for x > 0, we have that F(y) < F(3) if 0 < y < 3. The proof is complete. O

Conclusion 3.9. In this paper, we study the structure of the Muckenhoupt class A% (C) and the Gehring
class (%) via conformable calculus. Also, we study the relationships between the two classes and prove
that if v € A{*(C), then v € G7(X). We generalize the property of the parameter of Muckenhoupt and
Gehring classes for power-low via conformable calculus. We aim to generalize the results of the weighted
classes and use the results to prove the boundedness of operators in conformable version.
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