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Abstract

This work deals with the singularly perturbed periodical boundary value problem for a quasilinear
second-order differential equation. The numerical method is constructed on piecewise uniform Shishkin
type mesh, which gives first-order uniform convergence in the discrete maximum norm. Numerical results
supporting the theory are presented. (©2016 All rights reserved.

Keywords: Singular perturbation, periodical problem, fitted difference method, uniformly convergent,

boundary layer.
2010 MSC: 651.12, 65170, 34B10, 34D15.

1. Introduction

In this paper, we consider the non-linear second order singularly perturbed periodical boundary value
problem (BVP)

Lu=e*u" +ea(x)u — f(z,u) =0, 0 <z <I, (1.1)
u(0) —u(l) =0, (1.2)
Lou=e (v (1) — ' (0)) = 4, (1.3)

where 0 < £ << 1 is the perturbation parameter and A is a given constant. We assume that the functions
a(z) >0 and f (z,u) are sufficiently smooth on [0,!] and [0,[] x R, respectively, to be specified and besides
a(0)=a(l)and f(0,u(0))= f(l,u(l)), and furthermore

of

0<fB<— <P <.
ou

The solution u of (1.1))-(L.3) has in general a boundary layer near z = 0 and x = [ (see Section [2).
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Numerical treatment of singular perturbation problems has received a great deal of attention in the
past. This type of problems arise in various fields of applied mathematics, mechanics and physics, see
[, 6l 1], 12} [15] and also references therein.

It is a well known fact that the solution of singularly perturbed boundary value problems exhibit a
multiscale character. That is, there is a thin layer(s) where the solution varies rapidly, while away from
the layer the solution behaves regularly and varies slowly. So, the standard numerical methods for solving
such problems are unstable and fail to give accurate results when the perturbation parameter € is small.
Therefore, it is important to develop suitable numerical methods for solving these problems, whose accuracy
does not depend on the value of parameter ¢, that is methods that are convergence e-uniformly. One of
techniques used to derive such methods consists of using fitted difference schemes on the special condensing
grids (see [0, [7, @, 10, 17] and also references cited in them). The difference schemes for singularly perturbed
periodical problems with first order reduced equation have been handled by other techniques examined in
the works of Pechenkina [13], Lin and Jiang [§], Xin [3] and the references therein. Extra inquiry regarding
to numerical solution of periodical and other type problems can be also found in survey paper of Ramos
[14].

Our goal in this paper is to give an exponentially fitted difference scheme on a special piecewise uniform
grid (Shishkin grid) for the numerical solution of (L.1))-(L.3). We construct a difference scheme that is based
on the method of integral identities by using exponential basis functions and interpolating quadrature rules
with the weight and remainder terms in integral form, see [Il, 2, 4]. This method of approximation has
the advantage that the schemes can also be effective in the case where the original problem considered
under certain singularities. In the Section [2| we give useful properties of the exact solution of —
that are needed in later sections. In Section [3| we construct exponentially finite fitted difference scheme
using a piecewise uniform mesh, which is fitted to the boundary layers and give the error analysis for the
approximate solution. Uniform convergence is proved in the discrete maximum norm. Some numerical
results, which are in agreement with the theoretical results have presented in the Section 4l The approach
to the construction of the discrete problem and the error analysis for the approximate solution are similar
to those in the works of Amiraliyev and Mamedov [2] and Amiraliyev and Duru [IJ.

Throughout the paper, C will denote a generic positive constant independent of ¢ and the mesh param-
eter.

2. Properties of the exact solution

Here we give useful asymptotic estimates of the exact solution of the problem (|1.1])-(1.3) that are needed
in later sections.

Lemma 2.1. Let a, f € CY[0,1]. Then for the solution u(z) of the problem (1.1)-(1.3) the following
estimates hold:

lull < B~HIF| + BlAl (2.1)
where
Jull =maxfu ()], B =cocothel/t),  co=a’+ /(@) 45
a* =n[f(1)6;]xa(w), F(z) = f(x,0)
and
W @] <0 {1+et (7 1) o< < (2.2)
with
p1 =0.5 ( a2(0) +4B8 +a (0)) . u2=05 ( 2()+48—a (1)) ,

providing that g—i (x,u) is bounded for x € [0,1] and |u| < C.
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Proof. We rewrite (1.1)) in the form

Lou=e*u" 4 ca(z)u —b(z)u (2.3)
=F(z), 0<z <l

operators in (2.3), (1.2)-(1.3) and v € C?[0,1]. If v (0) = v (I), Lov > 0, and L,v < 0 for all 0 < = < [, then
v(x) >0 for all 0 < z < [. The further analysis is almost identical to that in the work of Amiraliyev and
Duru [1]. O

with b(z) = 2L (z,¢u), 0 < £ < 1 and use the Maximum Principle: Let L, and Lo be the differential

3. Discretization, layer-adapted mesh and convergence
Let wy be any nonuniform mesh on [0,] :
WN = {0 <rp<..<zry-1< l, h; = x; _-Tfi—l}

and wy = wy U{xo = 0,zy = [} .To simplify the notation we set v; = v (z;) for any function v (x), while y;
denotes an approximation of u (z) at x;. For any mesh function {v;} defined on @y we use

. Ui — Vi1 A Vil — Vi
a0 — b ) x,0 h )
i i+1
Uzt Vg Uiyl — Y
Vg —72 y Vii = 771 )
Uz — Uz B — hi + hi+1
v.’i.’i,i - h ’ i 2 ’
[lloc = 10lloc,y = 02, foil

The approach to generating the difference method is through the integral identity
!
Xi_lhi_l/ Lup; (x)de =0, 1=1,2,..,N — 1 (3.1)
0

with the exponential basis functions {; (:c)}f\i ! having the form

901(1) (), i1 <z <y,
i (z) = goZ@) (), @ <x<Tit,
0, & (Ti1,Tit1),
(1)

%

2)

where ;" (x) and ¢, (), respectively, are the solutions of the following problems:

5(,0” — aicp' =0, z;,1 <zx<uxj,
¢ (i-1) =0, ¢ (xi) =1,
e —aip' =0, x; <z < migy,

¢ (z;) =1, ¢ (ziy1) =0.

(1)

%

2)

The functions ¢, (z) and ¢, (x) can be explicitly expressed as follows:

ai(z—xi_1)/e _ 1
e
o) () =

a1 for a; # 0,
_ efai(gcprlfm)/s

@ (1 .
301' (:Z:) - 1— e*az‘hi+1/€ ’ fOI’ a; 7é 07
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‘Pz(‘l) (z) :%, for a; =0,
(pz(?) (z) :M, for a; =0,
hit1

and

e [T
xi =h; vi (z)dx

-1 hl‘ h'+1
:{ h’b (l—e“ihi/f + 173*“17."%#1/5) y G4 # 0

1, a; = 0.

Using interpolating quadrature rules with the weight and remainder terms in integral form on subinterval

[€i—1,xiy1], consistently with [I], 2| 4], we obtain the following relation:

bui + Ry =€*0;uzs; + caus; — f (24, u;) + R
—0, i=1,2,..,N—1

aih; ajhiiy
h¢+1( € 1)+h¢(16 e )
aihy

R 2e ajhg azhiiy )
02 hit1 (e € 1) 7h1’(1767 — )

1, a; =0

with

aﬁéO

and local truncation error

Ri = — €u,

Ti41 Ti4+1
:sx{lhfl / [a(x) —a(z;)] v o (z)dx — Xflh;l / dzp; ()

i—1 i—1

Tit1
) I XIGE AN

i—1
where
Kg ;i (z,8) =To (v — &) — Ty (zi — §),
1<i<N-1,

1, A>0
TO(A):{ 0, A<0.

To define an approximation for the boundary condition ([1.3), we use the integral identity

0
/ Lugg (x)dz =0
0

with the exponential basis function ¢g () having the form

90(()2) (:E)’ T € (l’o,.’El),
wo (z) = gog\lf) (), x € (zN-1,2N),
0, otherwise,

where go(()Q) () and 805\1]) (x), respectively, are the solutions of the following problems:

1 /
gy — aopy =0, zo <z < 1,

(3.2)

(3.3)

(3.4)
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@o (z0) =1, ¢ (21) =0,
epy —angy =0, zn_1 <z <N,
on (xN-1) =0, ¢(zy)=1.

Analogously, as above, we can write the following difference relation:

Loug =€* (Q(SN)U:E,N - 9(()0)%,0> + ko f (0,uo)

(3.5)
=cA-—r
with factor coefficients "
ay £
60 = | Teromr 070 (3.6)
1, ap =20
anhs/
o) _ | anmreg N #0 (3.7)
1, any =0
B h1 hs
ko = 1 _ e—aohl/&‘ - eaNhg/a‘ _ 1 (38)
and local truncation error
r =cA — foug
(T RN o ey o
=¢ lag — a (z)]u' (z) @y (z)dz + € lan —a (z)]u' (z) oy (z)dz
o ITN—-1 (39)

TN

+ / S @) — £0,u0)] 0 (2) da + / [ (@) — £ (L)) o (2) da

xo TN-—1

Neglecting R; and r in (3.2)) and (3.5)), we have the following difference scheme for approximation ({1.1))-
(1.3):

tys =€*0iyza; + caiys; — f (i, 9:) =0, i=1,2,.,N—1 (3.10)

Yo —yn =0, (3.11)

Loy =€ (GSN)?J@,N - 9(()0)yx,0) + rof (0,%0)
=cA,

(3.12)

where 6;, 0(()0), GéN) and kg are defined by 1) li 1 and 1D respectively.
We now give the mesh. The difference scheme (3.10)-(3.12)) in order to be e-uniform convergent, we will

use the Shishkin mesh on [0,[]. For a divisible by 4 positive integer N, we divide each of the intervals [0, o1]
and [l — 09,1 into N/4 equidistant subintervals and also [o7, ] — 03] into N/2 equidistant subintervals, where
the transition points o1 and o9, which separate the fine and coarse portions of the mesh, are obtained by
taking

l l
o1 = min{4,,u1_151n]\7}, o9 = min{4,p2_151n]\7},

where @1 and pg are given in Lemma In practice, one usually has o; << [ (i =1,2), so the mesh is fine
on [0,01], [l — o9,1] and coarse on 01,1 — 03] . Hence, if denote by h(1), h(2) and h(®) the step-size in [0, 1],
[01,1 — 09] and [l — o9,1], respectively, we have
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4o 2(l =09 —01) 4o
M = 271 2 = 279 (3) 2
h N h N , h N

(A +nB)) 9
== W <IN k=1
2 N? h — ) 737

INT' <h® < 2N,
SO
Tr; = ’ih(l),
r; =01+ (z — %)

)
zi=1—oy+ (i — ) nd), i=
p) = 4o p(2) = W

i

We now estimate the approximate error z; = y; — u;, which satisfies
202550 + €023 — bizi = Ry, i=1,2,..,N —1, (3.13)
20— 2N =0, (3.14)
2 (HSN)z@N - 9(()0)23570) + bokozo =T, (3.15)
where i of ) ) of )
bi= o (i 9i), bo = 5-(0,%0),

¥i, Yo—intermediate points called for by the mean value theorem and the truncation errors R; and r are
defined by , , respectively. It is not difficult to observe that the discrete maximum principle is
valid here and hereby

120y < B 1 Rlloo oy + (Bro) ™" |7 (3.16)

Further, we confirm that, under the above assumptions of Section [I] for the error functions R; and r the
following estimates hold:
IRl oy <CN'InN, (3.17)

(ko) '|r| < CN“'InN. (3.18)

The proof of (3.17)) is almost identical to that in the work of Cakir and Amiraliyev [4]. We now estimate
the remainder term r. From its explicit expression (3.9)), under the smoothness conditions of Lemma we

get
(m)f1 lr] <C {hl + h3 + /271 |u’} dx -|—/mN ‘u/’ da:}
o TN-1

1 1 H1T N 1 po(l—z)
<C h1+h3+/ 5_e_sd:c+/ € e” ¢ dr
xo TN-—1

SC{hl + hs +h1/€—|—h3/8},

which yields (3.18]).

Now we can formulate the main convergence result:

Theorem 3.1. Let u(x) be the solution of (1.1)-(1.3) and y the solution (3.10)-(3.12). Then the following

estimate holds
ly — gy < CN"'InN.
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4. Algorithm and numerical results

a) To solve the nonlinear problem (3.10)-(3.12)), we use the following quasilinearization technique:

2, (1) ) e =D _Of (1)) () (1) _
€0iYpy; + iy, — [ (xz,yi ) 9y (xz,yi ) (yi Yi ) =0, (4.1)
!~y =0, (4.2)
n n n— a n— n n—
e’ (HSN)yg(z,z)v - 950)2/9(0,3) + Ko (f (O,yé 1)) + 8‘5 (O,yé 1)) (y(() " g ”)) = e, 43)
n=1,2,..; ygo) given, 1<i< N -1

b) Consider the test problem:

X
A 9 a(x) 27

f(z,u) =1+ 2° + u+tanhu, 0<z< 1.

For each value of n the algorithm (4.1)-(4.3) has been solved by the periodical factorization procedure (see
[1, 2, [4HT6]), with the initial guess yi(o) = x; — 27 and stopping criterion

yi(n) — yfnil) <107°.

max
%

As the exact solution is not known we use the double mesh technique to estimate the errors and the
experimental rate of convergence in our computed solution. That is, we compare the computed solutions
with the solution on a mesh that is twice as fine. The error estimate e and the computed convergence rate
PX obtained in this way are denoted by

N

65 = max ‘yE,N o ,!'JE,2N{ ,
ON

where 752V is the approximate solution of the respective method on the mesh
@on = {x;5=0,1,...2N}
with
xi+l/2 = (1'7, + xi_t,_l) /2, 1= O, ..,N -1
and

PN =1 (e /e2N) /In2.

3

5. Conclusion

In this paper, the singularly perturbed periodical boundary value problem for a quasilinear second-
order differential equation is considered. We have constructed a numerical method for solving this problem,
which generates e-uniformly convergent numerical approximations to the solution and its derivatives. The
method comprises a special non-uniform mesh, which is fitted to the boundary layers and constructed a
priori in function of sizes of parameter € and the problem data. First order convergence in the discrete
maximum norm, independently of the perturbation parameter is obtained. The exact errors and the rates
of convergence are computed for different values of ¢ and N in Table [l The obtained results show that
the convergence rate of difference scheme — is essentially in accord with the theoretical analysis.
They indicate that the theoretical results are fairly sharp. The main lines for the analysis of the uniform
convergence carried out here can be used for the study of more complicated differential problems with
periodical as well as another type boundary conditions.
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