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Abstract

Lie group analysis of the difference equations of the form

Xn—4Xn—3
7
Xn(@n +bnXn_4Xn_3Xn—2Xn—1)

Xn41 =

where a,, and by, are real sequences, is performed and non-trivial symmetries are derived. Furthermore, we find formulas for
exact solutions of the equations. This work generalizes a recent result in the literature.
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1. Introduction

In recent years, following the work of Sophus Lie [16] on differential equations, various researchers
showed interest in symmetries. Lie investigated the group of transformations which leaves the differential
equations invariant. The idea of symmetry is also connected to conservation laws and this connection
between the two areas has led to greater motivation in researchers, after the work of Noether [21]. It is
known that so long as the symmetries and first integrals are related via the invariance condition, one can
implement the double reduction of the differential equations [20, 26]. The notion of using symmetries
has had its extension to difference equations [17, 18]. On symmetries in difference equations, refer to
[7, 8,10, 11, 15, 22, 25]. Hydon [11] established a symmetry based algorithm that makes solution finding
possible. Despite the fact that Hydon [10] emphasized on lower-order difference equations, his procedure
works for any order. However, for higher-order equations, computations are cumbersome as such certain
assumptions are put in order to lessen the burden of computation.

In this paper, we are inspired by the work of Elsayed [6], who studied the following recursive se-
quences:

Xn—3Xn—4
Xn (£l £Xn1Xn-—2Xn—3Xn_4)

Xng1 = , n=01,..., (1.1)
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where the initial conditions are arbitrary real numbers. Clearly, (1.1) are special cases of a more general
form
Xn—3Xn—4
7
Xn(a—n + bnxnflxn—ZXn—3an4)

Xnil = n=0,1,..., (1.2)

where (a,) and (b,) are real sequences. Our aim is to utilize symmetry methods to solve this more
general difference equation (1.2). Equivalently, we study the forward difference equation

UnUn41
7
Un 4 (An + Bnunun+1un+2un+3 )

Un45 = (1.3)

since we follow the notation of [11]. Note that (A,,) and (By,) are real sequences. For more work on
recurrence equations, please see [1-5, 9, 12, 13, 19, 23].
2. Preliminaries

This section provides background to difference equations in the context of Lie symmetry analysis.

Definition 2.1. Let G be a local group of transformations acting on a manifold M. A subset § C M is
called G-invariant, and G is called symmetry group of §, if whenever x € §, and g € G is such that g-x is
defined, then g - x € 8.

Definition 2.2. Let G be a connected group of transformations acting on a manifold M. A smooth real-
valued function V: M — R is an invariant function for G if and only if

X(V)=0 forall xeM,
and every infinitesimal generator X of G.
Definition 2.3. A parameterized set of point transformations,
e ix = X(x;¢€),

where x = x4, 1 =1,...,p are continuous variables, is a one-parameter local Lie group of transformations
if the following conditions are satisfied:

1. Tp is the identity map if X = x when ¢ = 0;
2. Tqly =Tqa4p for every a and b sufficiently close to 0;
3. each %; can be represented as a Taylor series (in a neighborhood of ¢ = 0 that is determined by x),
and therefore
Rilx; &) =xi+e&i(x) +0(e),i=1,...,p.

Assume that the forward rth-order difference equation takes the form
Untr =F(, Un, Uny1,.- o Ungr—1), MED (2.1)

for some smooth function F and a regular domain D C Z. So as to compute a symmetry group of (2.1),
we take into consideration the group of point transformations given as

fl=n, Un = un +eQ(n, un) + O(¢?), Qntj = Un+j +e51Q(M, un) + O(e?), (2.2)

where € (e is sufficiently small) is the parameter, Q = Q(n, un) is a continuous function, referred to as
characteristic and S is the shift operator defined as S : n — n + 1. The criterion of invariance is then

ﬁn+r :F(ﬁ/ U, 11nJrl/ oo /ﬁn+r71)/ (23)
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which yields the linearized symmetry condition [11]
STQ -XF=0, (2.4)

by substituting (2.2) in (2.3). Observe that
X =QU, ) 50 4 SQM ) 50— -+ SIQm, )5
- 7 Un aun 7 Un aun+1 7 Un aun+1~_1 ’
is the corresponding ‘prolonged” infinitesimal of the group of transformations (2.2). Upon knowledge of

the function(s) Q, one is able to obtain the invariant V by using the canonical coordinate [14]

dun

S“:JQ(mun)'

Generally, the steps involved are lengthy even though very exact and do not give room to guess work on
the perfect choice of invariants.
For more understanding on Lie analysis of differential and difference equations, see [11, 24].

(2.5)

3. Main results

We are studying the equation

UnUn41
u =F= . 3.1
s un+4(An + Bnunun+1un+2un+3) ( )
Applying condition (2.4) to (3.1), we get
oF oF oF
5F)— , —_— 1, — 2, R
Q(Tl + ) Q(T‘L Un) oun Q(TL +1,un41) Min i1 Q(Tl +2,un42) T
oF oF
— 3, - 4:/ = 0’
Q(n +3,un43) Onts Q(Tl +4,Un4) Min s
that is,
Q(Tl +5, F) 4 Anunun—H Q (Tl +4, un+4) .
Un44 (An + Bnunun+1un+2un+3)
Bnun?Uni1?Unioun3Q (n+4,unis) | Brununii?unoQ (n+3,un43) (32)
2 .

2
Un 42 (An + BnunUn 1 1Unj2ln43) Un4 (An + BrunUn y1UnoUn3)
Bnun2un+12un+3Q (Tl +2, un+2) o Anun+1 Q (TL, un)

=0
2 2 :
Un4 (An + Bnunun+1un+2un+3) Un 44 (An + Bnunun+1un+2un+3)

Eliminating F is achieved by applying implicit differentiation with respect to u,, (regarding u, 4 as a
function of wn, Un41, Un42, Uny3 and uny5) via the differential operator

[ duns 0 2 [(0F / oF \] 0
~ dun Oup OUnis4 OUn oun OUnisg /| OUnga

With some simplification, we get

(An + Bnunun+1un+2un+3) Ql (Tl + 4/ un+4) + Bnunun+lun+2Q(n + 3/ un+3)
+ Bnunun+1un+3Q(n +2, un+2) + Bnunun+2un+3Q(n +2, un+2) (33)

+ Bnunun+2un+3Q(n +1, un+1) —(An+ Bnunun+1un+2un+3) QI (m,un)
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A
+ ZBnun+1un+2un+3Q(n/ un) + TnQ (Tl, un) =0.
n

The symbol " denotes the derivative with respect to the continuous variable. Differentiating (3.3) with
respect to un, twice, keeping u,, 14 constant, yields

A
- Bnunun+1un+2un+3Qm(n/ Un) — AnQ”/(n, Un) + L QH (n,un)
tn (3.4)

2A
——=Q ' (n,un) + =—5Q (n,u,) =0.
Un

The characteristic in (3.4) is a function of u,, only and thus we split (3.4) to get the system

1: Q" un) — Q" () + =5Q’ (0, un) — 25 Q (m,un) =0,

Un

(3.5)
Un41Un2ungs : Q" (n,un) = 0.

One obtains the solution to (3.5) as
Q (nr un) = o‘nunz + Bnun (36)

for some arbitrary functions «,, and ., of n. Substituting (3.6) and its shifts in (3.2), and making a
replacement of the expression of un 45 given in (3.1) in the resulting equation leads to

2 2
BrnlnUn1Un2Un 43 Wn 44043 + BrunUn f1Uno2Un 3Un 44" 044
2
+ BrunUn 1 Un 2 " Un3Un+4%n 42 + BrunUnp1UnoUn 4 3Un 4 (B2 + Pns
2
+ Bn+4 + Bn+5) + Anun+4 Xn44 — Anunun+4(xn - Anun+1un+4(xn+1

—AnlUni4 (Bn + Bn+1 - Bn+4 - Bn+5) F UnUn4+1%n+5 = 0.

Now equate coefficients of all powers of shifts of u,, to zero, i.e.,

unun+1un+2un+32un+4 : ang3 =0,
LL'rLunJr1un—l—Zun—|—3un+42 P Knpa = 0/
unun+1un+22un+3un+4 D an2 =0,

UnUn 1Un+2Un+3Un 44 D Bnr2tPnist+Pniat Bnis =0,
Un+42 D anpa =0,

Unlnig i =0,

Un+1Un+4 :oany1 =0,

Un 44 D BntBnr1—PBnra—Pnis =0,
UnUn 41 : Xnys5 = 0.

So the system above is reduced to

on =0, Bn+Pnt1+Pns2+Pniz=0. (3-7)

The three independent solutions of the linear third-order difference equation (3.7) are given by (—1)™, ™,
and B™, where B = exp{in/2} and [ denotes its complex conjugate. The characteristics are then given by

Ql (Tl, uﬂ.) = (_1)nuﬂ.r QZ(n/un) = Bnun/ and Q3(nrun) = Bnunr
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and therefore, the symmetry operators admitted by (3.1) are given by

4 4
. d I d

Un+j j=0 Un+j

One can choose any one of the characteristics to write the canonical coordinate. We select Q. Thus

du du 1
S = J n_ J T = —Inhuy,
QZ(n/ u'Tl.) | |

Brun  pn
and we use relation (3.7) to derive the invariant function V,, as follows:
Vi = SnB™ 4 Sna1B" !+ Snp2B P + S s (3.8)
Actually,
Xi(Va) = (D)™ + (=)™ 4 ()2 4 ()P =0,

XZ(VH) BTL + Bn—H + BTL+2 + BTL+3 — 0,
X3(Vn) =B+ Bt 4 g2 4 g3 =0,

For the sake of simplicity, we utilize
[Vl = exp(— Vi) (3.9)
instead. In other words, V,, = +1/(unun 1Uniouny3). One can show via (3.1) and (3.9) that
Vii2 = AnVn £ By (3.10)

By utilizing the plus sign (one is allowed to choose), the solution of (3.10) can be presented in closed form
as follows:

n—1 n—1 n—1
Vonyi =V H Adiy+j | + Z B4 H Ax, |, 1=01
k=0 1=0 ko=1+1
From the above equation, obtaining the solution of (3.1) is easier. We first use (2.5) to get
[un| =exp (BnSn) .

Secondly, we use (3.8) to get

. n—1
lun| = exp [Bncl + B e+ (—1) e — <1 - l) Z B BN Vi, |

4 4 by
1 i n—1 1 n—1
o Ko 1 RV
— <4+4> Z PP 2|Vk2|—§ Z(—l)n Vil |-
k=0 k=0

Finally, invoking (3.9) yields

_ 1 i\ &L
[un| = exp !B“cl +B"ea+ (1) + <4 - 4> kZO BB In Vi
=

n—1 n—1
1 1 snpk 1 n—k;
+<4+4> > BUBRInIVigl+ 5 ) (-1 In Vi (3.11)

ko=0 k3=0
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= exp ( nty Z [ <2k42"+1)> n (_1)k—n] 1n|vk|>,

where Hp = B™¢q + p™ca + (—1)™c3. Replacing n with 4n+j for j = 0,1, 2,3 yields

Hj+ = Z( <2k4_21+1)) +(—1)k—i>1n|vk| .

|u4n+] | exp (3~12)

Setj =0in (3.12) to get

n—1 V.
uan| = exp(H is |
in p( 0) !__J(:) V4s+1

But substituting n = 0 in (3.11) leads to |ug| = exp(Hop). Furthermore, using (3.1) and (3.9), it can be shown
that there is no need of absolute values. Hence

2s—1 2s—1 2s—1
no1 w1 Vo IT Az |+ Bn [ A,

Viys = ko=1+1
Win = g H

b Vasi B o 251 251 251
STV TT Ao |+ 2 [ Bawr [T Ax,

ky=1+1

2s—1 2s—1 2s—1
L onel [T A2k, | tuowiupus 3 | B [ Az,

u) K1 =0 - Ko=1+1
- ull o (2 251 251 ’
- [T Aoky+1 | +wiwpusuy Y [ Boiyr [ Aok,
K1=0 1=0 ko=1+1

For j =1, we find that

V4s+1
Ugn+1 = W H Vv
4s+2

so that

2s—1 n—1 2s—1
Vil IT Axger )+ 2 (Bar T Azkna

K1=0 - Ko=1+1
tn+1 =11 H 2s 2s 2s
—0
s Vol IT Aok, |+ 2 (B I Ao,
K1=0 1=0 ko=1+1

k1=0 kp=1+1

2s—1 2s—1 2s—1
[T Aoky41 | Fwiwpusug > [ Barsr [ Aok,
uo - H

2s 2s
s=0 (H A2k1> +upugupuz Y (le Il A2k2>

k1=0 ko=1+1

For j =2, we have

V4s+2
Ugn4+2 = U2 H Vv
4s+3

which evaluates to

2s 2s 2s
Vol IT Aok, | +2 {Bar I Axx,
K1 =0 =0 ko=1+1
tn+2 =12 H 2s 2s 2s
=0y, < I1 A2k1+1> + > (le+1 I1 A2k2+1>
=0

k1=0 ko=1+1
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2s 2s 2s
1 [T Az, | Fuowuous 3 | Bar [ Az,

uu H k1=0 1=0 ko=1+1
Coun 2
s=0 ( &

0 2s 2s )
Il A2k1+1>+u1u2u3u4z Boiy1 [ Azt

k1=0 1=0 ko=1+1

Finally, for j = 3, we obtain

V4s+3
Ugn4+3 = U3 H
V4s+4

so that

2s 2s
( I1 A2k1+1> + > (le+1 I1 A2k2+1>
K1=0 1=0 ko=1+1
Ugn43 = U3 H

2s+1 2s+1 2s+1
[T Ao, |+ 2 [Ba II Ao,
K1 =0 1=0 ko=1+1

2s 2s
+ujupuzuy Y <321+1 I1 A2k2+1)

Cufug - ko=1+1
Coup L 2541 2541 2541
- [T Ao, | +uowquouz > | Bar [ Agg
k=0 = ko=1+1

2s—1 2s—1 2s—1
1 1_[ ok, | +xgx3xox1 ) |(ba ] ax,

= Ko=141
Xdn—4 =
n Xy 1 25—1 2s—1 25—1 !
[T ang1 | +x3xox_1x0 > | bas1 [[ a2+
k=0 1=0 Ko=—1+1

which can be rearranged as

2s—1 2s—1 2s—1
[T ane, | +xoax3xpx—q > (b ] aok,
Xn—l—l n Ky =0

; - Ko—14+1
X4n = .
Xy, b (251 251 251
=
[T angg1 | +x3xox_1xp 3> [ baigr I aok,41
K1=0 1=0 Kp=—1+1

The term s = 0 in the product (indexed by s) is equal to 1 using the facts that Z ai =0and ]_[ a; =1
i=0 J—
As a result, we can still rewrite the solution as

2s+1 2s+1 2s+1
il n—1 [T an | +xoaxaxoxq 3 (b [] a2
k=0

X, 1=0 ko=1+1
xm =2— 11 . (3.13)
X_4 0 2s+1 2s+1 2s+1
s=
[T ang1 | +x3xox_1x0 > | barg1 [[ aok,+1
k=0 1=0 ko=1+1
Furthermore, observe that
251 251 251
o g | I aogen | +xsxoxax0 2 | boryr [ azkpen
X" X3 K1=0 1=0 ko=1+1
xin—s=—]] (3.14)
X,
0

0 2s 2s 2s !
S=
[T ang | +x—ax3xox—q1 Y [ba [] az,

k1=0 1=0 ko=1+1
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2s 2s 2s
n—1 kl_[O Aof; | +X—aX_3X_2X_1 > (b I aok,
1=

XX _o 1=0 ko=1+1
0
X4gn—2 = pey H ’ (315)
Xy i 2s 2s 2s
T I aokg41 | Fxsx—ox—ixg ) | bayr ] @oip41
k1=0 = ko=1+1
2s 2s 2s
o g | IT aokgn | +xsxoxaxo 2 | boryr [I azkpen
xMyXq k1=0 = ko=1+1
_ 3.16
X4n—-1 = py s ( . )
Xy il 2541 2s+1 2541
[T ang | +x—ax3x pxq > (b [] ao,
k1=0 1=0 ko=1+1
as long as any of the denominators does not vanish.
In the following sections, we look at some special cases.
4. The case a,, by, are 1-periodic
In this case a, = a and b, = b, where a,b € R.
4.1. The case a # 1
From (3.13)-(3.16), the solution is given by
_ 42542 _ __2s
xBIH Nl 2542 4 by 4x gx_ox_q L — XMy x_3 Ti—f a%s +bx_3X_oX_1Xp 11_aa
X4n = 2 s X4n-3 = ’
1—a2s+2 n 1—a2s+1
XZ4 o a?5F2 4 bx_gx X 1Xp g Xp o a4 bx gx ax ox g i5e
n—-1 2 1 1— 2s+1 n—1 2 1 1— 2s+1
oy XX a®5 T+ bx_yx_gx_ox_1-7% o — X"y x_q a= T 4 bx_gx_ox_1x0 7
n—s n 1—q2s+1 7 n—L = n 1—a2s+2 7
XZ4 g a4 bxoax ox o 1xpigty Xp Do @FT2Hbxogx o ax oox ity

where x_4,%x9 # 0 and for all (i,s) €{0,1} x{0,1,2,3,...,n—1},
(1 — (l)(l25Jri + (1 - a2s+i)bX_3X_2X,1X0 75 0

and _ _
(1—a)a® 1 4 (1 — a1 Hbx_yx_3x_ox_1 £ 0.

4.1.1. The case a = —1
In this case, the solution which for b = £1 appears in [6] (see Theorems 3 and 8), is given by

n+1 n
X xMX_3
0 —4 n
X4n = — 5 Xan—3 = ——;— (=1+bx_4x 3x ox 1) ",
xTy X0
XX o =14+ bx_gx_3x_ox_1\ " x™,x_q
0 X—2 4X—3X_2X_1 —4 n
X4n—2 = oy ’ Xdn—1 = n (=1 +bx_3x_ox_1x0)",
x™y, —1+bx_3x_72X_1Xg XH

where x_4,%9 # 0, bx_4x_3x_sx 1 # 1 and bx_3x_»x_1x9 # 1.

4.2. The case a =1
From (3.13)-(3.16), the solution, which for b = £1 appears in [6] (see Theorems 1 and 6), is given by

. — X(T)LH ey (25 +2)bx_gX_3X_2X_1 N _ xyx_3 Tﬁ 1+ 2sbx_3x_2X_1Xg
n x", ot 1+ (25 4+2)bx_3x_2Xx_1%9 n—3— Xy 1+ (2s4+1)bx_gx_3x_ox_1
N L XgX2 Ti—f 14 (2s+1)bx_4x 3% X 1 N Coxyxeg Ti—[l 14 (2s+1)bx_3x_2X_1Xg
n-2— xtyoop 1+ (2s + 1)bx_3x_ox_1x0 | ™17 R (25 +2)bx_4x_3Xx_2X_1’

where X_—4,X0 75 0, ZjbX_4X73X,2X_1 75 —1, (2] — 1)bX_4X,3X,2X_1 75 —1, ZjbX,3X,2X_1X0 75 —1, and
(2j —1)bx_3x_ox_1x9 # —1 forallj =1,2,3,...,n.
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5. The case a,, by are 2-periodic

We assume that {an}%_, = ao, a1, ao,a1,... and {bn}X_, = bo, b1, bg, by,.... Then, from (3.13)-(3.16),

we have
2541 L 5 25—1 1
e 1 (10 +b0X 4X_3X_2X_1 Y ag n n—1 Clls +b1x_3Xx_2X_1X0 > ag
x4 X0 1=0 Xam_3 = X_4X-3 1=0
n — n 2 7 n—o — n 2 7
X s+1 X, S
—4 s=0 a2s+2+b1x 3X_2X_1X(Q Z (11 0 =0 28+1+b0X 4X_3X_2X_1 Z (10
1=
2541 1 2$+1
n n—1ag 4+ boX_4X_3X_2X_q Z ag n n—1 + b1x_3X_2X_1Xg Z (11
XO X_2 —0 X74X,1
X4n—2 = X s Xdn—1 = X 25+1 ’
4 s=0 28+1 4+ b1X_3X_2X_1XQ Z Cll 0 s=0 28+2+b0X,4X_3X_2X,1 > (l(]j
1=0 1=0
sl 2541
as long as x_4,% # 0 and for all (i,s) € {0,1} x{0,1,2,...,n—1}, aj ST L box_gx_3x_ox_1 . aO #0
1=0

2s+1
and a25+1+1+b1X 3X_2X_1Xp Z (11 750

5.1. The case ag =1 and a; = —1
The solution is given by
X+l n—1

Xan = )S“ H (14 (2s+2)box_g4x_3Xx_2X_1),
—4 5=0

-1
XE4X73 s 1

X4n—3 = X(T]L sljo 1+ (2s4+1)box_sX_3X_2X_1

nn 1

X0
X4n—n = X_ ||1+2$—|—1bx_xfxfx_,
2 2 <X4(—1+b1X_3X_2X1X0)) s:O( ( Joox—gx—sx—2x-1)

X_4(—1+byx_3x_2X_1X0) > nnol 1

Xqn—1 = X—1 ( H 14 (25 +2)box_4x_3x_ox_1

X0

where X_4,X0 75 0, b1X,3X,2X,1X0 75 1 and jb0X74X,3X,2X,1 75 —1 for all ] = 1, 2, 3, NN ,2T1.

5.2. Thecase ag=—1and a; =1
In this case, we obtain

—1

X4n = s
" x’_‘4 oty 14 (2s+2)bix_3X_2X_1XQ

nn 1

X4
a=x_ 1+ 25byx_3%_2X_1X0),
Xan—3 = X_3 <X0(_1+box4x_3x_le)> H)( +25b1X_3X_2X_1Xp)

N . xo(—1 + box_ax_3x_ox_1)\" Ti—[l 1
S X4 14 (2s +1)bix_3x_2x_1%0
XM, x g ot
xan-1=—— [ [+ @s+1)brxax ox1x),
0 s=0

where x_4,%9 # 0, box_4x_3x_ox_1 # 1 and jbix_3x_ox_1xg # —1 forall j =1,2,3,...,2n.
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6. Numerical examples

In this section, we plot some graphs that illustrate the behavior of the solutions.

Example 6.1. Figure 1 is the graph of unys = g s oy With wo = Lug = 096,u; =
0.71,u3 = 8, and uy = 0.46.

Example 6.2. Figure 2 is the graph of u, 15 = TS +O.1;ﬂ‘ﬂt"ﬂ*jl TRETIY with uyp = 0.46,u; = 0.44,u; =
0.36,u3 = 0.98, and uy = 0.6.

— u(n) — u(n)
100
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u(n)
Iy
u(n)

40

0 50 100 150 200 250 0 20 40 60 80 100
n n

Figure 1 Figure 2

3 . — UnUn 41 3 . — UnUn 41
Figure 1: Graph of u 45 = T e TR TRETTRTR R Figure 2: Graph of up 5 = TR G VN TR TR

Example 6.3. Figure 3 is the graph of unis = — +3$:Lﬁl “++11un+2un+3) with up = 2,43 = 0.1, up; =
0.96,u3 = 6, and uy = 0.26.

Example 6.4. Figure 4 is the graph of u, 5 = 1093 +O.§2{:T{:11+1 TRETIY with ug =0.79,u; = 0.22,u, =
0.05,u3 = 0.74, and uy = 0.17.

lel6

— u(n) — u(n)

Figure 3 Figure 4

: . — UnUn 1 : . — UnUn 1
Flgure 3. Graph Of un+5 - Un 04(7+3unun Ilun+2un+3) : Flgure 4' Graph Of un+5 - Un |4(0-93+0~86unun {lun+2un+3] ’
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7. Conclusion

Our work in this paper was twofold. First, we found non-trivial Lie symmetry generators of the
difference equations (1.2). Second, we derived explicit formulas for solutions of difference equations in
question. Consequently, this generalized what Elsayed found where the values of a,, and b,, were only
confined to +£1. We showed that in those particular cases, our results yielded Elsayed’s results.
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