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Abstract
In this paper, we present generalized stability results of refined quadratic functional equation

f(ax− by) = abf(x− y) + a(a− b)f(x) + b(b− a)f(y),

for any fixed nonzero integer numbers a,b ∈ Z with a 6= b in modular spaces. As results, we generalize stability results of
a quadratic functional equation in [K.-W. Jun, H.-M. Kim, J. Son, Functional Equations in Mathematical Analysis, 2012 (2012),
153–164].
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1. Introduction and preliminaries

In 1940, Ulam [20] brought up the question of the stability of group homomorphisms before the
Mathematics Club of the University of Wisconsin:

Let G1 be a group and let (G2,d) be a metric group. Given ε > 0, does there exist a δ > 0 such that if a function
h : G1 → G2 satisfies the inequality d(h(xy),h(x)h(y)) 6 δ for all x,y ∈ G1, then there exists a homomorphism
H : G1 → G2 with d(h(x),H(x)) < ε for all x ∈ G1.

Ulam’s question was partially solved by Hyers [10] in the case of approximately additive mappings,
and by Rassias [17] in the case of approximately linear mappings of unbounded control functions. Many
mathematicians have been concerned with the stability problems of several functional equations over the
last three decades ([1–3, 5, 18]). In particular, the general solution of quadratic functional equation

f(ax+ y) + af(x− y) = (a+ 1)f(y) + a(a+ 1)f(x) (1.1)

for any fixed nonzero a ∈ Z with a 6= −1 can be found in the reference [11] and the generalized Hyers-
Ulam stability theorem of the equation (1.1) is as follows. Let X and Y be a vector space and a Banach
space, respectively, and let ϕ : X×X→ [0,∞) and f : X→ Y be mappings satisfying

‖f(ax+ y) + af(x− y) − (a+ 1)f(y) − a(a+ 1)f(x)‖ 6 ϕ(x,y)
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for all x,y ∈ X with for any fixed integers a 6= 0,−1,−2. Suppose that the series

Φ1(x,y) :=
∞∑
i=0

1

(a+ 1)2(i+1)ϕ((a+ 1)ix, (a+ 1)iy) <∞,(
Φ2(x,y) :=

∞∑
i=0

(a+ 1)2iϕ

(
x

(a+ 1)i+1 ,
y

(a+ 1)i+1

)
<∞, respectively

)

for all x,y ∈ X. Then there exists a unique quadratic mapping Q : X→ Y satisfying∣∣∣∣∣∣∣∣f(x) − 1
a+ 2

f(0) −Q(x)

∣∣∣∣∣∣∣∣ 6 Φ1(x, x), (‖f(x) −Q(x)‖ 6 Φ2(x, x), respectively)

for all x ∈ X, where ‖f(0)‖ 6 ϕ(0,0)
|a(a+1)| . The mapping Q is given by

Q(x) = lim
n→∞ f((a+ 1)nx)

(a+ 1)2n ,
(
Q(x) = lim

n→∞(a+ 1)2nf

(
x

(a+ 1)n

)
, respectively

)
for all x ∈ X.

In this paper, we refine the quadratic functional equation (1.1) to the following quadratic functional
equation

f(ax− by) = abf(x− y) + a(a− b)f(x) + b(b− a)f(y) (1.2)

for any fixed nonzero integers a,b ∈ Z with a 6= b, which is more general than the equation (1.1) by
view of b := −1 in the equation (1.2) in abstract linear spaces. Then, we present generalized Hyers-Ulam
stability of the equation (1.2) with |a− b| 6= 1, and, in addition, we investigate generalized Hyers-Ulam
stability of the equation (1.2) with |a− b| = 1, respectively, in modular spaces with modular functionals.

Now, we recall some basic definitions and remarks of modular spaces with modular functionals, which
are primitive notions corresponding to norms or metrics, as in the followings [13, 19].

Definition 1.1 ([19]). Let χ be a linear space.

(a) A functional ρ : χ→ [0,∞] is called a modular if
(1) ρ(x) = 0 if and only if x = 0;
(2) ρ(αx) = ρ(x) for every scalar α with |α| = 1;
(3) ρ(αx+βy) 6 ρ(x) + ρ(y) if and only if α+β = 1 and α,β > 0;

(b) alternatively, if (3) is replaced by
(4) ρ(αx+βy) 6 αρ(x) +βρ(y) if and only if α+β = 1 together with α,β > 0, and for any vectors

x,y ∈ χ,
then we say that ρ is a convex modular.

A modular ρ defines a corresponding modular space, i.e., the linear space χρ given by

χρ = {x ∈ χ : ρ(λx)→ 0 as λ→ 0}.

A modular functional ρ is said to satisfy ∆2-condition if there exists κ > 0 such that ρ(2x) 6 κρ(x) for all
x ∈ χρ.

Here, if the modular ρ satisfies ∆2-condition, we observe that κ > 1 for nontrivial modular ρ, and that
κ > 2 for nontrivial convex modular ρ.

Remark 1.2 ([13]).

(a) If ρ is a modular on χ, we note that ρ(tx) is an increasing function in t > 0 for each fixed x ∈ χ, that
is, ρ(ax) 6 ρ(bx) whenever 0 6 a < b.
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(b) If ρ is a convex modular on χ and |α| 6 1, then ρ(αx) 6 |α|ρ(x) for all x ∈ χ. Moreover, we see
that ρ(αx) 6 αρ(x) for all x ∈ χ, provided 0 < α 6 1, and in addition, one notes ρ

(∑n
i=1 αixi

)
6∑n

i=1 αiρ(xi) for all xi ∈ χ and αi > 0 (i = 1, . . . ,n) whenever 0 <
∑n
i=1 αi := α 6 1.

Definition 1.3 ([19]). Let χρ be a modular space and let {xn} be a sequence in χρ. Then,

(1) {xn} is ρ-convergent to x ∈ χρ and write xn
ρ−→ x if ρ(xn − x)→ 0 as n→∞.

(2) {xn} is called ρ-Cauchy in χρ if ρ(xn − xm)→ 0 as n,m→∞.

(3) A subset K of χρ is called ρ-complete if and only if any ρ-Cauchy sequence is ρ-convergent to an
element in K.

The modular ρ has the Fatou property if and only if ρ(x) 6 lim infn→∞ ρ(xn) whenever the sequence {xn}

is ρ-convergent to x in χρ.

Example 1.4 ([19]). Let (Ω,Σ,µ) be a measure space and let L0(µ) be the linear space of all measurable
functions on Ω. Define the Orlicz modular ρϕ by ρϕ(f) =

∫
Ωϕ(|f|)dµ for every f ∈ L0(µ), where ϕ :

[0,∞) → R is assumed to be a continuous, convex and nondecreasing function such that ϕ(0) = 0,
ϕ(t) > 0 for t > 0, ϕ(t) → ∞ as t → ∞. The corresponding modular space L0(µ)ρϕ with respect to this
modular ρϕ is called an Orlicz space, and will be denoted by Lϕ(Ω,µ) or briefly Lϕ. In other words,

Lϕ ≡ Lϕ(Ω,µ) =
{
f ∈ L0(µ) | ρϕ(λf) =

∫
Ω

ϕ(|λf|)dµ→ 0 as λ→ 0
}

,

and it is known that the Orlicz space Lϕ is a ρϕ-complete modular space.

Concerning stability problems of functional equations in modular spaces, Sadeghi [19] has proved
generalized Hyers-Ulam stability via the fixed point method of a generalized Jensen functional equation
f(rx + sy) = rg(x) + sh(y) in convex modular spaces with the Fatou property satisfying ∆2-condition
with 0 < κ 6 2. Recently, many mathematicians have established stability theorems of various functional
equations in modular spaces (see, e.g., [8, 12, 14–16]).

This paper is organized as follows. In Section 2, we establish general solution of the functional equa-
tion (1.2), and then investigate the generalized Hyers-Ulam stability theorem of the functional equation
(1.2) for any fixed nonzero integers a,b ∈ Z with a 6= b, |a− b| 6= 1. In Section 3, we investigate the
generalized Hyers-Ulam stability problem of the equation (1.2) for any fixed nonzero integers a,b ∈ Z

with a 6= b, |a− b| = 1.

2. Generalized Hyers-Ulam stability of Eq. (1.2) with |a−b| 6= 1

In this section, we establish general solution of the functional equation (1.2), and then investigate the
generalized Hyers-Ulam stability theorem of the equation (1.2) for any fixed nonzero integers a,b ∈ Z

with a 6= b, |a− b| 6= 1. First of all, we present the general solution of the equation (1.2) between linear
spaces.

Lemma 2.1. Let X and Y be linear spaces. Then a mapping f : X→ Y with f(0) = 0 satisfies the equation

f(rx+ y) + rf(−x+ y) = r(1 + r)f(x) + (1 + r)f(y), x,y ∈ X, (2.1)

where r 6= 0,−1 is any fixed rational number, if and only if, it is quadratic.

Proof. Suppose a mapping f : X → Y with f(0) = 0 satisfies the equation (2.1). Setting y := 0 and y := x,
respectively, in the equation (2.1), we get

f(rx) + rf(−x) = r(1 + r)f(x), f((r+ 1)x) = (r+ 1)2f(x) (2.2)
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for all x ∈ X. Replacing y with −y in (2.1), one obtains

f(rx− y) + rf(−x− y) = r(1 + r)f(x) + (1 + r)f(−y) (2.3)

for all x,y ∈ X. Interchanging y with x− y in (2.1), we arrive at

f((r+ 1)x− y) + rf(−y) = r(1 + r)f(x) + (1 + r)f(x− y) (2.4)

for all x,y ∈ X. In addition, if we change y with rx− y in (2.3), one has

f(y) + rf(−(r+ 1)x+ y) = r(1 + r)f(x) + (1 + r)f(−rx+ y),

which is equivalent to the relation

f(−y) + rf((r+ 1)x− y) = r(1 + r)f(−x) + (1 + r)f(rx− y) (2.5)

for all x,y ∈ X. Thus, associating (2.3) and (2.4) with (2.5), we lead to

f(x− y) + f(−x− y) = f(x) + f(−x) + 2f(−y)

for all x,y ∈ X. Setting x := y and y := −x in the last equality, one obtains

f(x+ y) + f(x− y) = 2f(x) + f(y) + f(−y), x,y ∈ X,

which is well known as Drygas functional equation, and thus there exist an additive mapping A and a
quadratic mapping Q on X such that f(x) = Q(x) +A(x) for all x ∈ X. Therefore, it follows from the
relations (2.2) that A is identically zero on X, that is, f is quadratic.

The reverse assertion is trivial.

Theorem 2.2. Let X and Y be linear spaces. Then a mapping f : X→ Y with f(0) = 0 satisfies the equation (1.2) if
and only if f is quadratic.

Proof. Suppose a mapping f : X → Y with f(0) = 0 satisfies the equation (1.2). Setting y := 0 and y := x,
respectively, in the equation (1.2), we get

f(ax) = a2f(x), f((a− b)x) = (a− b)2f(x),

for all x ∈ X. Thus, the equation (1.2) is equivalent to the following identity

f
(
x−

b

a
y
)
=
b

a
f(x− y) +

(
1 −

b

a

)
f(x) +

b

a

(b
a
− 1
)
f(y),

⇔ f(x+ ry) + rf(x− y) = (1 + r)f(x) + r(1 + r)f(y), r := −
b

a
6= 0,−1,

which yields the equation (2.1) for all x,y ∈ X. Hence, the mapping f is quadratic.
The converse is trivial.

From now on, let X be a vector space and let χρ a ρ-complete convex modular space unless we give
any specific reference. For notational convenience, we set the following operator Da,bf as

Da,bf(x,y) := f(ax− by) − abf(x− y) − a(a− b)f(x) − b(b− a)f(y)

for all x,y ∈ X, which is a perturbing term of the equation (1.2) for an approximate quadratic mapping
f : X → χρ. Then, we investigate some conditions that there exists a true quadratic mapping near an
approximate quadratic mapping for the functional equation (1.2), and thus present the generalized Hyers-
Ulam stability theorem of the equation (1.2) for any fixed nonzero integers a,b ∈ Z with a 6= b, |a−b| 6= 1.
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Theorem 2.3. Assume that a mapping f : X→ χρ with f(0) = 0 satisfies

ρ
(
Da,bf(x,y)

)
6 ϕ(x,y) (2.6)

for which a control function ϕ : X×X→ [0,∞) satisfies the condition

Φ1(x,y) :=
∞∑
i=0

1

(a− b)2(i+1)ϕ
(
(a− b)ix, (a− b)iy

)
<∞, (I)

for all x,y ∈ X, where |a − b| > 2. Then there exists a unique quadratic mapping Q : X → χρ, defined as

Q(x) = lim
n→∞ f((a− b)

nx)

(a− b)2n , such that the approximation

ρ
(
f(x) −Q(x)

)
6 Φ1(x, x) (2.7)

holds for all x ∈ X.

Proof. Interchanging y with x in (2.6), we get

ρ
(
f((a− b)x) − (a− b)2f(x)

)
6 ϕ(x, x), (2.8)

which yields

ρ

(
f((a− b)x)

(a− b)2 − f(x)

)
6

1
(a− b)2ρ

(
f((a− b)x) − (a− b)2f(x)

)
6

1
(a− b)2ϕ(x, x)

for all x ∈ X. Then, it follows from (2.8) and the triangle inequality that

ρ

(
1

(a− b)2m f((a− b)
mx) −

1
(a− b)2n f((a− b)

nx)

)

= ρ

(
m−n−1∑
i=0

1

(a− b)2(n+i+1)

(
f((a− b)n+i+1x) − (a− b)2f((a− b)n+ix)

))

6
m−n−1∑
i=0

1

(a− b)2(n+i+1)ϕ((a− b)
n+ix, (a− b)n+ix)

=

m−1∑
j=n

1

(a− b)2(j+1)ϕ((a− b)
jx, (a− b)jx)

(2.9)

for all x ∈ X and for any integers m,n with m > n > 0 because of
m−1∑
j=n

1
(a−b)2(j+1) 6 1. Since the right

hand side of (2.9) tends to zero as n→∞, the sequence
{
f((a−b)nx)

(a−b)2n

}
is Cauchy in the ρ-complete convex

modular space χρ, and thus it converges for all x ∈ X. Therefore, one may define a mapping Q : X → χρ
as

Q(x) = lim
n→∞ f((a− b)

nx)

(a− b)2n , x ∈ X,

which leads to a unique quadratic mapping satisfying the approximation (2.7), as desired, using the direct
method ([6, 7, 9]).
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Theorem 2.4. Assume that a mapping f : X → χρ with f(0) = 0 satisfies the functional inequality (2.6) and ϕ
satisfies the following conditions

Φ2(x,y) :=
∞∑
i=1

κ4i

(a− b)2iϕ

(
x

(a− b)i
,

y

(a− b)i

)
<∞, ρ((a− b)x) 6 κρ(x), 2 6 |a− b| 6 κ (II)

for all x,y ∈ X and for some κ. Then there exists a unique quadratic mapping Q : X → χρ, defined as Q(x) =

lim
n→∞ (a− b)2nf

(
x

(a− b)n

)
, (x ∈ X), which satisfies the approximation

ρ (f(x) −Q(x)) 6
1

(a− b)2Φ2(x, x)

for all x ∈ X.

Proof. Replacing x with x
a−b in (2.8), one arrives at

ρ

(
f(x) − (a− b)2f

( x

a− b

))
6 ϕ

(
x

a− b
,
x

a− b

)
for all x ∈ X. Thus, one can easily show by induction that

ρ

(
f(x) − (a− b)2nf

(
x

(a− b)n

))
6
n−1∑
i=1

κ4i−2

(a− b)2iϕ

(
x

(a− b)i
,

x

(a− b)i

)

+
κ4(n−1)

(a− b)2(n−1)ϕ

(
x

(a− b)n
,

x

(a− b)n

) (2.10)

for all x ∈ X and for all positive integer n > 1. Therefore, it follows from (2.10) that for any integers m,n
with m,n > 0,

ρ
(
(a− b)2mf

( x

(a− b)m

)
− (a− b)2(n+m)f

( x

(a− b)n+m

))
6 κ2mρ

(
f
( x

(a− b)m

)
− (a− b)2nf

( x

(a− b)m+n

))
6 κ2m

n−1∑
j=1

κ4j−2

(a− b)2jϕ
( x

(a− b)j+m
,

x

(a− b)j+m

)
+ κ2m κ4(n−1)

(a− b)2(n−1)ϕ
( x

(a− b)n+m
,

x

(a− b)n+m

)
(2.11)

6
(a− b)2m

κ2(m+1)

n+m−1∑
j=m+1

κ4j

(a− b)2jϕ
( x

(a− b)j
,

x

(a− b)j

)
+

(a− b)2m

κ2m
κ4(n+m−1)

(a− b)2(n+m−1)ϕ
( x

(a− b)n+m
,

x

(a− b)n+m

)
for all x ∈ X. Since the right hand side of (2.11) tends to zero asm→∞, the sequence {(a− b)2nf( x

(a−b)n
)}

is Cauchy for all x ∈ X, and it thus converges by the completeness of χρ. Thus, one can define a mapping
Q : X→ χρ as

Q(x) = lim
n→∞ (a− b)2nf

(
x

(a− b)n

)
for all x ∈ X, which yields the approximation

ρ (f(x) −Q(x))

6
1

(a− b)2ρ
(
(a− b)2f(x) − (a− b)2(n+1)f

(
x

(a− b)n

)
+ (a− b)2(n+1)f

(
x

(a− b)n

)
− (a− b)2Q(x)

)
6

κ2

(a− b)2 ρ
(
f(x) − (a− b)2nf

(
x

(a− b)n

))
+

κ2

(a− b)2 ρ
(
(a− b)2nf

(
x

(a− b)n

)
−Q(x)

)
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6
1

(a− b)2

n−1∑
i=1

κ4i

(a− b)2iϕ

(
x

(a− b)i
,

x

(a− b)i

)
+

κ2

(a− b)2
κ4(n−1)

(a− b)2(n−1)ϕ

(
x

(a− b)n
,

x

(a− b)n

)
+

κ2

(a− b)2 ρ

(
(a− b)2nf

(
x

(a− b)n

)
−Q(x)

)
for all x ∈ X. Letting n→∞, we see that there exists a unique quadratic mapping satisfying the approxi-
mation ρ

(
f(x) −Q(x)

)
6 1

(a−b)2Φ2(x, x) for all x ∈ X.

Remark 2.5. In particular, if we consider χ := χρ as a Banach space with norm ρ := ‖ · ‖ and thus ρ
(
(a−

b)x
)
= |a− b|ρ(x), κ := |a− b|, then Theorem 2.3 together with Theorem 2.4 reduces to stability results

of the equation (1.2) in normed linear spaces.

Example 2.6. We remark that the quadratic functional equation (1.2) is not stable for a special case as we
see the following example, which is a modification of the example contained in [4].

Let ε > 0 and a,b be any given nonzero integers with a 6= b, |a− b| > 1. Let us define a function
ϕ : R→ R by

ϕ(x) =

{
ε

α2M
, if |x| > 1,

ε
α2M

x2, if |x| 6 1,

where M := 1 + 3|a||b|+ a2 + b2, and then define a function f : R→ R by

f(x) =

∞∑
n=0

ϕ(αnx)

α2n , α := |a|+ |b|.

Then the function f satisfies the functional inequality

|f(ax− by) − abf(x− y) − a(a− b)f(x) − b(b− a)f(y)| 6 ε(x2 + y2) (2.12)

for all x,y ∈ R, but there exist no a quadratic function Q : R→ R and a constant β > 0 such that

|f(x) −Q(x)| 6 βx2

for all x ∈ R. In fact, we see immediately that |ϕ(x)| 6 ε
α2M

, |f(x)| 6 ε
M(α2−1) for all x ∈ R, and thus,

|f(ax− by) − abf(x− y) − a(a− b)f(x) − b(b− a)f(y)| 6M
ε

M(α2 − 1)
=

ε

(α2 − 1)

for all x,y ∈ R. Now, the inequality (2.12) is trivial for case x = y = 0. Let x2 + y2 > 1
α2 . Then, we figure

out that

|f(ax− by) − abf(x− y) − a(a− b)f(x) − b(b− a)f(y)|

6
ε

M(α2 − 1)
M 6

ε

(α2 − 1)
α2(x2 + y2) < ε(x2 + y2)

for all x,y ∈ R with x2 + y2 > 1
α2 . Next, we consider the case 0 < x2 + y2 < 1

α2 . Then we can choose the
smallest positive integer N ∈N such that

1
α2(N+1) 6 x2 + y2 <

1
α2N . (2.13)

Thus one has |a− b|2(N−1)x2 6 α2(N−1)x2 < α−2, |a− b|2(N−1)y2 6 α2(N−1)y2 < α−2, and so,

|a− b|(N−1)|x− y| 6 α(N−1)(|x|+ |y|) <
2
α

6 1,
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and
|a− b|(N−1)|ax− by| 6 α(N−1)(|ax|+ |by|) < |a|

1
α
+ |b|

1
α

= 1.

Thus, we have

ϕ(ax− by) − abϕ(x− y) − a(a− b)ϕ(x) − b(b− a)ϕ(y) = 0 (2.14)

for each n = 0, 1, . . . ,N− 1. Therefore, it follows from relations (2.13) and (2.14) that

|f(ax− by) − abf(x− y) − a(a− b)f(x) − b(b− a)f(y)||

6
∞∑
n=0

1
α2n |ϕ(αn(ax− by)) − abϕ(αn(x− y)) − a(a− b)ϕ(αnx) − b(b− a)ϕ(αny)|

6
∞∑
n=N

1
α2n |ϕ(αn(ax− by)) − abϕ(αn(x− y)) − a(a− b)ϕ(αnx) − b(b− a)ϕ(αny)|

6
εM

α2M

∞∑
n=N

1
α2n =

εα2

α2(N+1)(α2 − 1)

6
εα2

(α2 − 1)
(x2 + y2) < ε(x2 + y2),

which yields the inequality (2.12).
However, we assume for a contradiction that there exist a quadratic functionQ : R→ R and a constant

β > 0 such that

|f(x) −Q(x)| 6 βx2

for all x ∈ R. Since |Q(x)| 6 |f(x)| + βx2 6 ε
M(α2−1) + βx

2 is bounded at zero and f is a continuous
function, the function Q is of the form Q(x) = cx2, x ∈ R for some constant c. Hence one obtains

|f(x)| 6 (β+ |c|)x2

for all x ∈ R. On the other hand, there exists a positive integer m ∈ N such that m ε
α2M

> β+ |c|, and
thus if x ∈ (0, 1

αm−1 ), then we have αnx ∈ (0, 1) for all n 6 m− 1, and so

f(x) =

∞∑
n=0

ϕ(αnx)

α2n >
m−1∑
n=0

ε

α2M

(αnx)2

α2n =
ε

α2M
mx2 > (β+ |c|)x2,

which yields a contradiction. Hence, there exist no a quadratic function Q : R→ R and a constant β > 0
such that

|f(x) −Q(x)| 6 βx2

for all x ∈ R.

3. Generalized Hyers-Ulam stability of Eq. (1.2) for |a−b| = 1

In this section, we investigate the generalized Hyers-Ulam stability problem of the equation (1.2) for
any fixed nonzero integers a,b ∈ Z with a 6= b, |a− b| = 1.

First of all, we begin with investigating the generalized Hyers-Ulam stability of the quadratic func-
tional equation (1.2) for a− b = 1. Thus, we denote the following notation Da,bf := Da,a−1f by

Da,a−1f(x,y) := f(ax− (a− 1)y) − a(a− 1)f(x− y) − af(x) + (a− 1)f(y)

for any fixed nonzero integers a ∈ Z with a 6= 1.
Now, we present some conditions such that there exists a true quadratic mapping Q near an approxi-

mate quadratic mapping f as follows.
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Theorem 3.1. Assume that a mapping f : X→ χρ with f(0) = 0 satisfies

ρ
(
Da,a−1f(x,y)

)
6 ψ(x,y) (3.1)

and ψ satisfies the condition

Ψ1(x,y) :=


∞∑
i=0

1
a2iψ(a

ix,aiy) <∞, if a 6= −1,
∞∑
i=0

1
22iψ(2

ix, 2iy) <∞, if a = −1
(III)

for all x,y ∈ X. Then there exists a unique quadratic mapping Q : X→ χρ satisfying

ρ
(
f(x) −Q(x)

)
6

1
a2Ψ1(x, 0), if a 6= −1,(

ρ
(
f(x) −Q(x)

)
6

1
4
Ψ1(2x, x), if a = −1 (b = −2), respectively

)
,

(3.2)

for all x ∈ X. The mapping Q is given by

Q(x) = lim
n→∞ f(a

nx)

a2n , if a 6= −1,
(
Q(x) = lim

n→∞ f(2
nx)

4n
, if a = −1 (b = −2), respectively

)
,

for all x ∈ X.

Proof. First, we prove our theorem for the case a 6= −1. Setting y := 0 in (3.1), one has

ρ
(
f(ax) − a2f(x)

)
6 ψ(x, 0),

which yields

ρ

(
1
a2n f(a

nx) − f(x)

)
6
n−1∑
i=0

1
a2(i+1)ψ(a

ix, 0)

for all x ∈ X and all n ∈N. Thus, we see that a mapping Q : X→ χρ, defined as Q(x) = lim
n→∞ f(a

nx)

a2n , is a
unique quadratic mapping satisfying the estimation (3.2) by using the direct method. Therefore, one can
cover the proof for case a 6= −1, as desired.

Now, one proves the theorem for case a = −1 and b = −2 under functional inequality

ρ
(
D−1,−2f(x,y) := f(−x+ 2y) − 2f(x− y) + f(x) − 2f(y)

)
6 ψ(x,y)

for all x,y ∈ X. Replacing x and y in previous inequality with 2x and x, respectively, one has

ρ
(
f(2x) − 4f(x)

)
6 ψ(2x, x)

for all x ∈ X. Thus, it follows from the last inequality that

ρ

(
1

4n
f(2nx) − f(x)

)
6
n−1∑
i=0

1
4i+1ψ(2

i+1x, 2ix)

for all x ∈ X and for all n ∈ N. Thereafter, applying the direct method, one can discover the unique
quadratic mapping Q(x) = lim

n→∞ f(2nx)
4n satisfying the approximation (3.2). This completes the proof.
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The following stability theorem under the condition (IV) is dual of the previous theorem, and its proof
goes through by the similar way to that of Theorem 3.1.

Theorem 3.2. Assume that a mapping f : X→ χρ with f(0) = 0 satisfies

ρ
(
Da,a−1f(x,y)

)
6 ψ(x,y)

and ψ satisfies the condition

Ψ2(x,y) :=


∞∑
i=1

κ4i

a2iψ
( x
ai

,
y

ai

)
<∞, ρ(ax) 6 κρ(x), |a| 6 κ, if a 6= −1,

∞∑
i=1

κ4i

22iψ
( x

2i
,
y

2i
)
<∞, ρ(2x) 6 κρ(x), 2 6 κ, if a = −1,

(IV)

for all x,y ∈ X and for some κ. Then there exists a unique quadratic mapping Q : X→ χρ satisfying

ρ
(
f(x) −Q(x)

)
6

1
a2Ψ2(x, 0), if a 6= −1,

(
ρ
(
f(x) −Q(x)

)
6

1
4
Ψ2(2x, x), if a = −1, respectively

)
for all x ∈ X. The mapping Q is given by

Q(x) = lim
n→∞a2nf

( x
an

)
, if a 6= −1,

(
Q(x) = lim

n→∞ 4nf
( x

2n
)

, if a = −1, respectively
)

for all x ∈ X.

Proof. The proof can be covered by the similar argument to that of Theorem 2.4.

In the last part, we study the generalized Hyers-Ulam stability of the quadratic functional equation
(1.2) for case a− b = −1. Thus, we use the following notation:

Da,a+1f(x,y) := f(ax− (a+ 1)y) − a(a+ 1)f(x− y) + af(x) − (a+ 1)f(y)

for any fixed nonzero integer a ∈ Z with a 6= −1.
The following theorem is an alternative stability results of functional equation (1.2) under the condition

(V), which is similarly verified as in the proof of Theorem 3.1.

Theorem 3.3. Assume that a mapping f : X→ χρ with f(0) = 0 satisfies

ρ
(
Da,a+1f(x,y)

)
6 ψ(x,y)

and ψ satisfies the condition

Ψ3(x,y) :=


∞∑
i=0

1
a2iψ(a

ix,aiy) <∞, if a 6= 1,
∞∑
i=0

1
22iψ(2

ix, 2iy) <∞, if a = 1 (b = 2)
(V)

for all x,y ∈ X. Then there exists a unique quadratic mapping Q : X→ χρ satisfying

ρ
(
f(x) −Q(x)

)
6

1
a2Ψ3(x, 0), if a 6= 1,

(
ρ
(
f(x) −Q(x)

)
6

1
4
Ψ3(2x, x), if a = 1 (b = 2), respectively

)
for all x ∈ X. The mapping Q is given by

Q(x) = lim
n→∞ f(a

nx)

a2n , if a 6= 1,
(
Q(x) = lim

n→∞ f(2
nx)

4n
, if a = 1 (b = 2), respectively

)
for all x ∈ X.
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The following theorem is an alternative stability results of functional equation (1.2) under the condition
(VI), which is similarly verified as in the proof of Theorem 3.2.

Theorem 3.4. Assume that a mapping f : X→ χρ with f(0) = 0 satisfies

ρ
(
Da,a+1f(x,y)

)
6 ψ(x,y)

and ψ satisfies the condition

Ψ4(x,y) :=


∞∑
i=1

κ4i

a2iψ
( x
ai

,
y

ai

)
<∞, ρ(ax) 6 κρ(x), |a| 6 κ, if a 6= 1,

∞∑
i=1

κ4i

22iψ
( x

2i
,
y

2i
)
<∞, ρ(2x) 6 κρ(x), 2 6 κ, if a = 1 (b = 2)

(VI)

for all x,y ∈ X. Then there exists a unique quadratic mapping Q : X→ χρ satisfying

ρ
(
f(x) −Q(x)

)
6

1
a2Ψ4(x, 0), if a 6= 1,

(
ρ
(
f(x) −Q(x)

)
6

1
4
Ψ4(2x, x), if a = 1 (b = 2), respectively

)
for all x ∈ X. The mapping Q is given by

Q(x) = lim
n→∞a2nf

( x
an

)
, if a 6= 1,

(
Q(x) = lim

n→∞ 4nf
( x

2n
)

, if a = 1 (b = 2), respectively
)

for all x ∈ X.

4. Conclusion

In this paper, we have proved stability theorems of a refined quadratic functional equation (1.2) in
modular spaces by the direct method. As results, we have generalized stability results of a quadratic
functional equation (1.1) in normed spaces.

Acknowledgment

The authors would like to thank editors and referees for their valuable comments. The authors declare
that they have no competing interests.

This work was supported by research fund of Chungnam National University. Correspondence should
be addressed to Hark-Mahn Kim (hmkim@cnu.ac.kr).

References

[1] J. Aczél, J. Dhombres, Functional Equations in Several Variables, Cambridge University Press, Cambridge, (1989). 1
[2] C. Borelli, G. L. Forti, On a general Hyers–Ulam stability result, Internat. J. Math. Math. Sci., 18 (1995), 229–236.
[3] N. Brillouët-Belluot, J. Brzdȩk, K. Ciepliński, On some recent developments in Ulam’s type stability, Abstr. Appl. Anal.,

2012 (2012), 41 pages. 1
[4] S. Czerwik, On the stability of the quadratic mapping in normed spaces, Abh. Math. Sem. Univ. Hamburg, 62 (1992),

59–64. 2.6
[5] S. Czerwik, Functional Equations and Inequalities in Several Variables, World Scientific Publishing Co., River Edge,

(2002). 1
[6] G.-L. Forti, Comments on the core of the direct method for proving Hyers–Ulam stability of functional equations, J. Math.

Anal. Appl., 295 (2004), 127–133. 2
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