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Abstract

In this paper, we define 8-¢-contraction on a b-metric space into itself by extending 6-¢-contraction introduced by Zheng
et al. [D. W. Zheng, Z. Y. Cai, P. Wang, J. Nonlinear Sci. Appl., 10 (2017), 2662-2670] in metric space and also, we prove 6-type
theorem in the setting of b-metric spaces as well as 8-¢-type theorem in the framework of b-rectangular metric spaces. Moreover,
we give some applications to nonlinear integral equations. We also give illustrative examples to exhibit the utility of our results.
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1. Introduction

The Banach contraction principle is a fundamental result in fixed point theory [3]. Due to its impor-
tance, various mathematics studied many interesting extensions and generalizations, (see [4, 12, 16, 20]).
In 2014, Jleli and Samet [11] analyzed a generalization of the Banach fixed point theorem on generalized
metric spaces in a new type of contraction mappings called 6-contraction (or JS-contraction) and proved
a fixed point result in generalized metric spaces. This direction has been studied and generalized in
different spaces and various fixed point theorems have been developed (see [13-15]).

Many generalizations of the concept of metric spaces are defined and some fixed point theorems were
proved in these spaces. In particular, b-metric spaces were introduced by Bakhtin [2] and Czerwik [5], in
such a way that triangle inequality is replaced by the b-triangle inequality: d(x,y) < s (d(x,z) + d(z,y))
for all pairwise distinct points x,y,z and s > 1. Any metric space is a b-metric space but in general, b-
metric space might not be a metric space. Various fixed point results were established on such spaces. For
more information on b-metric spaces and b-metric-like spaces, the readers can refer to (see [6-10, 17-19].

*Corresponding author
Email addresses: rossafimohamed@gmail.com (Mohamed Rossafi), abdkrimkariprofes@gmail.com (Abdelkarim Kari),
baak@hanyang.ac.kr (Choonkil Park), jrlee@daejin.ac.kr (Jung Rye Lee)

doi: 10.22436/jmcs.029.01.02
Received: 2022-02-07 Revised: 2022-02-15  Accepted: 2022-03-10


http://dx.doi.org/10.22436/jmcs.029.01.02
http://dx.doi.org/10.22436/jmcs.029.01.02
http://crossmark.crossref.org/dialog/?doi=10.22436/jmcs.029.01.02&domain=pdf

M. Rossafi, A. Kari, C. Park, J. Lee, J. Math. Computer Sci., 29 (2023), 12-27 13

Very recently, Zheng et al. [22] introduced a new concept of 0-d-contraction and established some
tixed point results for such mappings in complete metric space and generalized the results of Brower and
Kannan.

In this paper, we introduce a new notion of generalized 0-¢-contraction and establish some results
of fixed point for such mappings in complete b-metric space. The results presented in the paper extend
the corresponding results of Kannan [12] and Reich [20] on b-rectangular metric space. Various examples
are constructed to illustrate our results. As an application, we prove the existence and uniqueness of a
solution for the nonlinear Fredholm integral equations. Also, we derive some useful corollaries of these
results.

2. Preliminaries

Definition 2.1 ([5]). Let X be a nonempty set, s > 1 be a given real number, and let d: X x X — [0, 4+-oc0[ be
a function such that for all x,y € X and all distinct points u, v € X, each distinct from x and y:

1. d(x,y) =0, ifonly if x =y;
2. d(x,y)=d(y,x);
3. d(x,y) <sld(x,z)+ d(zy)], (b-rectangular inequality).

Then (X, d) is called a b-metric space.
Lemma 2.2 ([1]). Let (X, d) be a b-metric space.

(a) Suppose that sequences {xn} and {yn} in X are such that x, — x and yn — y asn — oo, with x # Y, xn # x
and yn # y for all n € IN. Then we have

1
24 00y) < lim infd (xn,yn) < lim sup d (xn,yn) < s?d (x,y).
n o0

n—oo

(b) In particular, if x =y, then we have limn_,« d (xn, yn) = 0. Moreover, for each z € X, we have

1
—d(x,z) < lim infd(xn,z) < lim supd(xn,z) <sd(x,z),
S n—o0o n—oo

forall x € X.

Lemma 2.3 ([21]). Let (X, d) be a b-metric space and let {xn} be a sequence in X such that

lim d (xn,Xxny1) =0.

n—oo
If {xn} is not a Cauchy sequence, then there exist ¢ > 0 and two sequences {m(k)} and {n(k)} of positive integers
such that

l}grc}o sup d (xm(k),xn(k)) < sg,

( <
¢ < lim infd (xn[k),xm(k)ﬂ) < k11_r>r010 sup d (xn(k),xm(km) < sg,

< klgrgo sup d (Xm(kj,xn(km) < sg,

SZE.

N

g < lim infd (xm(k) X ) < lim supd (Xm(k) X )

7 MM 7 MM
K— 00 +1 (k)+1 K— 00 +1 (k)+1

The following definition was given by Jleli et al. in [11].

Definition 2.4 ([11]). Let © be the family of all functions 6 : ]0, +co[ — ]1, +-00[ such that

(01) 0O is increasing,



M. Rossafi, A. Kari, C. Park, J. Lee, J. Math. Computer Sci., 29 (2023), 12-27 14

(02) for each sequence (xn) C ]0,+o0[;
lim x, =0 ifand only if lim 0 (xn) =1;
n—0 n—oo

(03) 0 is continuous.

In [22], Zheng et al. presented the concept of 6-¢p-contraction on metric spaces and proved the follow-
ing nice result.

Definition 2.5 ([22]). Let @ be the family of all functions ¢: [1, +oco[ — [1,+oc0[, such that

(¢1) ¢ is nondecreasing;
(¢2) foreacht €]1,+ool, limp 00 ¢™(t) = 1;
(¢3) ¢ is continuous.

Lemma 2.6 ([22]). If ¢ € @, then $(1)=1, and d(t) < tforall t €1, 00[.

Definition 2.7 ([22]). Let (X, d) be a metric space and T : X — X be a mapping. Then T is said to be a
0-¢-contraction if there exist 6 € © and ¢ € ® such that for any x,y € X,

d(Tx, Ty) >0=01[d(Tx, Tyl < $ (6N (x,y)l),

where
N (x,y) = max{d (x,y),d (x, Tx),d (y, Ty)}.

Theorem 2.8 ([22]). Let (X, d) be a complete metric space and let T : X — X be a 0-b-contraction. Then T has a
unique fixed point.
3. Main results

In this paper, using the idea introduced by Zheng et al., we present the concept 0-¢-contraction in
b-metric spaces and we prove some fixed point results for such spaces.

Definition 3.1. Let (X, d) be a b-metric space with parameter s > 1 space and T : X — X be a mapping.

(1) T is said to be a 0—contraction if there exist 0 € © and r € ]0, 1[ such that
d(Tx, Ty) > 0=0[s’d (Tx, Ty)] <O M (x,y)I",

where

M(x,y) = max{d(x,y),d(x,Tx),d(y,Ty)/ d(x, Ty)+d(Tx,y) }

252

(2) T is said to be a 0-¢p-contraction if there exist 6 € @ and ¢ € O® such that
d(Tx, Ty) > 0= 8 [s°d(Tx, Ty)] < ¢ 1B8(M (x,y))],

where

252

(3) T is said to be a 6-¢p- Kannan-type contraction if there exist 6 € © and ¢ € @ such that for all
x,y € X with d (Tx, Ty) > 0, we have

M(x,y) = max{d(x,y),d(x,Tx),d(y/Ty) d(x, Ty)+d(Tx,y) } ‘

0 [°d (Tx, Ty))l < & [6 <d(x,Tx) +d(y,Ty)>} .

2



M. Rossafi, A. Kari, C. Park, J. Lee, J. Math. Computer Sci., 29 (2023), 12-27 15

(4) T is said to be a 6-¢-Reich-type contraction if there exist exist & € ® and ¢ € @ such that for all
x,y € X with d (Tx, Ty) > 0, we have

8 [d (Tx, Ty))] < {e <d(x,y)+d(x,TX)+d(y,Ty)>}.

3

Theorem 3.2. Let (X, d) be a complete b-metric space and T : X — X be a 0-contraction, i.e, there exist © € © and
r €10, 1[ such that for any x,y € X, we have

d(Tx, Ty) > 0= 0 [s°d (Tx, Ty)] <O [M (x,y)I". (3.1)
Then T has a unique fixed point.
Proof. Let xo € X be an arbitrary point in X and define a sequence {x,} by
Xng1 = Txn = T x,

for all n € IN. If there exists ng € IN such that d (xn,, Xn,+1) = 0, then the proof is finished.
We can suppose that d (xn,Xn41) > 0 for all n € IN. Letting x = x,_1 and y = xy, in (3.1), we have

0[d (xn, Xn—l—l)] <0 [S3d (Xn, Xn—l—l)] < [0 (M (xn—1, Xn))]T ,/m e N, (3.2)
where
d(xn,xn) +d(xXn_1,%
M (xn_1, ) = max{d (xn_1,xn) , d (X1, %), d (xn, Xrpp1) , 0T X0 232( not Xn+1),
d(xn_1,x%
= max{d (anlz Xn) ’ d (an Xn+l) 7 (nzlsszrl)}
Since
1 1
gd (anlr Xn+1) < @ s (d (anl/ Xn) +d (Xn/ Xn+1))]
1
= o2 (A% 1,%0) + d (X, X 1)
1
<3 (d(xn—1,%n) +d (xn,Xn+1)) <max{d (xn—1,%n), d (xn,Xn41)},
we obtain

M (xn—1,%n) = max{d (xn—1,%n), d (Xn, Xn+1)}
If M (xn—1,%Xn) = d(xn,Xn+1), then by (3.2), we have
0 (d (xn,xn+1)) < (0 (d (xn,xn+1)))" < 0(d (xn, Xn+1)),
which is a contradiction. Hence M (xn—1,%xn) = d (xn—1,%n) . Thus
6 (d (xn,xn+1)) < (0(d (xn—1,%n)))". (3.3)
Repeating this step, we conclude that
0 (d (xn,xn11)) < (0(d (xn—1,%0)))" < (O(d(Xxn—2,Xn1)))" <---<O(d(x0,x1))" .

From (3.3) and using (01) we get
d (xn, Xn+1) < d(xn—1,%n) -
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Therefore, d (xn,Xn 1), 1S @ monotone strictly decreasing sequence of nonnegative real numbers. Con-
sequently, there exists o > 0 such that

lim d(xn4+1%n) = .
n—oo0

Now, we claim that « = 0. Arguing by contraction, we assume that o« > 0. Since d (xn,Xn 1), 1S @
nonnegative decreasing sequence, we have

d(xnXxnt+1) =« ¥YneNN.

By the property of 0, we get

n

1<0(a) <O(d(x0,x1))" - (3.4)
Letting n — oo in (3.4), we obtain
1<0(x) <1.
This is a contradiction. Therefore,
lgn d (xn,xn+1) =0. (3.5)
n o

Next, we shall prove that {xn},c is a Cauchy sequence, i.e., limn m o0 d (xn,Xxm) = 0. Suppose to the
contrary. By Lemma 2.3, there is an ¢ > 0 such that for an integer k there exist two sequences {n,} and
{m} such that

i) ¢ <limg_ o infd (x X ) <limg o supd (xm[k),xn[k)) < s¢g;
11) % < limy_, oo infd ( +1) limy o sup d (Xn[k)’xm(k)+1) < 525;
iii) £ <limy_,infd ( +1> limy o supd (Xm( ny Xn(km) < s%¢;
Vl) i < hmk_mo infd (Xm(k)H’ Xn(k)+1) hmk—>o<> sup d (Xm +1/ k)+1) < 536

and y = x,,,, we have

From (3.1) and by setting x = xm »

()
1
M (Xm ey Xn g, ) = max yd (Xm g, Xng, ) -8 (Xmag, Xmo+1 ) & (Xng Xm0 T d { Xnpr Xm 4

£ (om0 ) ) -

Taking the limit as k — oo and using (3.5) and Lemma 2.3, we have

lim M ( xn(k]) = lim max {d (xm[ 07 xn[k)) ,d (xm(k),xm(k)ﬂ) ,d (Xn(k)’xn(k)+l> ,

k—o0 k—o0

1
252 (d (x“(k)’Xm(k)+1) +d (xm”‘)'xn”‘”J) }

1
< max{se, 0,0, —z(szs +s%€)} = se.
2s

So we have
lim M ( xn(k)> < se. (3.6)

k—o0

Now, letting x = xm ., and y = x5, in (3.1), we obtain

(k) (%)

0 {SBd (Xm(k)+1’xn(k)+1):| S {6 <M <Xm(k>'xn(k>)>r'

Letting k — oo the above inequality, applying the continuity of © and using (3.6), we obtain
& quality, applying y &

5 <S%s3) —0(es) <O <S3 ]}1_{20 d <Xm(k)+11xﬂ(k)+1>> |:9 (g&M( Xn(k)))]r.
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Therefore,
O(se) < [0(se)]" < O(se).

Since 0 is increasing, we get
se < sg,

which is a contradiction. Thus

Iim d(xm,xn) =0.
n,m—o00

Hence {xn} is a Cauchy sequence in X. By completeness of (X, d), there exists z € X such that

lim d(xn,z) =0.
n—oo

Now, we show that d (Tz, z) = 0 by contradiction. Assume that
d(Tz,z) > 0.

Since x,, — z as n — oo, from Lemma 2.2, we conclude that

1
—zd(z, Tz) < lim supd(Txn, Tz) < s2d (z, Tz).
S n—oo

Now, letting x = x,, and y = z in (3.1), we have
0 (s°d (Txn, Tz)) < [0 (M (xn,2))]", ¥n € N,

where .
M (XTL/ Z) = max {d (an Z) 7 d (an TXTL) 7 d (Z’I TZ) 7 2732 (d (Zr TXTL) + d (XTU TZ’))} .

Taking the limit as n — oo, we have

lim sup M (xn,z) = lim sup max {d (xn,z),d (xn, Txn),d(z,Tz), Lz (d(z, Txn) +d (xn, Tz))}
n—oo n—oo 2s

=d(z,Tz).

Therefore,
1 T
G (s3d (Txn, Tz)) < [8 (max {d (xn,z),d (xn, Txn),d(z,Tz), 742 (d(z, Txn) +d (xn, Tz))})} . (3.7
Taking n — oo in (3.7) and using (3.5) and 03, we obtain

0 [sid(z,Tz)} —0[sd(z,Tz)] <0 [33 lim d(Txn,Tz)] <[0(d(zT2)" <0(d(zTz)).

n—oo

By (61), we get
sd(z,Tz) < d(z, Tz).

This implies that
d(z, Tz)(s—1)<0=s<1,

which is a contradiction. Hence Tz = z.
Now, suppose that z,u € X are two fixed points of T such that u # z. Then we have

d(z,u) =d(Tz, Tu) > 0.
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Letting x =z and y = u in (3.1), we have
0(d(zu) =6(d(Tu,T2)) <0 (s°d(Tu, Tz)) < [0 (M (z,W)]",
where

M (z,u) = max{d(z,u),d(z,Tz),d(u,Tu),2132 (d(u,Tz) + d(z,Tu))} =d(z,u).

Therefore, we have
0 (d(z,u) <[0(d(z,u))]" <6(d(zu),

which implies that
d(z,u) <d(z,u),

which is a contradiction. Therefore u = z. O

Corollary 3.3. Let (X, d) be a complete b-metric space and T : X — X be a given mapping. Suppose that there
exist 0 € © and k € 10, 1[ such that for any x,y € X, we have

d(Tx, Ty) > 0= 0 [s°d (Tx, Ty)] < [0(d(x,y))I*.
Then T has a unique fixed point.

Example 3.4. Let X = [1, +oo[. Define d : X x X — [0, +o00[ by d (x,y) = [x —yl?. Then (X, d) is a b-metric
space with coefficient s = 2. Define a mapping T : X — X by

W=

T(x) = x*%.

Evidently, T(x) € X. Let 0 (t) = eVt r= % It is obvious that 6 € © and r € ]0, 1[. Consider the following
possibilities:

1. x,y € [1, 400, y < x. Then
On the other hand

and

Mix,y) =max{d(x,y),d(x,Tx),d(y,Ty) L aw, o+ d(x,Ty))}

1 2
>d(x,y)=(x—y)2=[(x4 yi) e +yi)(xE +y2 } [ )}-
Hence
1
r 1T 1.1 1 .1 1 V2
1 (xd—yH)(xd+y)(x2+y?)
0 (d(x,y))] 72 = e[" ST ]]

V
o
—
iy
x
N
|
«
[P
[
_
Sk
Il
| ——|
o
—
x
i
|
[{=4
=
[
|
S
Il
—
o
S
—
=
NI
|
[{=4
W
[
| |

This implies that

1

0(s3d(Tx, Ty) < ¢ [O(d(x, Tx))] V2 < [8(max{d (x,y),d (x, Tx),d (y, Ty)}, d (y, Tx))] 2.
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2. x <y with x,y € [1,+oc0[. By a similar method, we conclude that
8(s>d(Tx, Ty) < [B(max{d (x,y),d (x, Tx), d (y, Ty)}, d (y, Tx))] .

Hence, the condition (3.1) is satisfied. Therefore, T has a unique fixed point z = 1.

Theorem 3.5. Let (X, d) be a complete b-metric space and T : X — X be a mapping. Suppose that there exist 0 € ©
and ¢ € © such that for all x,y € X,

d(Tx, Ty) > 0=0[s°d(Tx, Ty)] < ¢ [0 (M (x,y))] (3.8)
where
M (x,y) = max {d (x,y),d(x,Tx),d(y, Ty), ;?d (y,Tx)} .
Then T has a unique fixed point.
Proof. Let xo € X be an arbitrary point in X and define a sequence {x,} by
Xni1 = Txn = T xg,

for all n € IN. If there exists ng € IN such that d (xn,, Xn,+1) = 0, then the proof is finished.
We can suppose that d (xn,Xn+1) > 0 for all n € IN. Letting x = x,_1 and y = xy, in (3.8), we have

0[d (xn, Xn+1)] <0 [53d (Xn, Xn—l—l)] < PO (M (xn—1,xn))],¥n € N, (3.9)
where
d(xn,Xxn) +d(xn_1,%
M 10 = {1 0), (X)), & 20t
d(xn_1,%
= max {d (anlz Xn) ’ d (X'ru Xn+1) ’ (nzlSZ'rH—l)} .
Since
1 1
gd (anlr Xn+1) < g s (d (anl/ Xn) +d (Xn/ Xn+1))]
1
= o2 (k- 1,%0) + d (X, X 1)
1
<3 (d(xn—1,%n) +d (xn,Xn+1)) <max{d (xn—1,%n), d (xn,Xn41)}
we obtain

M (xn—1,%n) = max{d (xn_1,%n), d (Xn, Xn+1)}
If M (xn—1,%Xn) = d (xn,Xn+1), then by (3.9), we have
6 (d (xn, xn+1)) < (0 (d (xn,xn11))) <6 (d(xn,xn+1)),
which is a contradiction. Hence M (xn—1,%n) = d (xn—1,%n) . Thus
6 (d (xn, xn+1)) < ¢ (0 (d (xn—1,%n))).
Repeating this step, we conclude that

0 (d (xn, Xn+1)) < P (0(d (xn—1,%n))) < *(0(d(xn-2,xn-1))) <--- < $™0 (d (x0,%1)) .
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From (3.3) and using Lemma 2.6 and (01), we get
d (an Xn+1) <d (Xn—lr Xn) .

Therefore, d (xn,Xn+1),,cn 1S @ monotone strictly decreasing sequence of nonnegative real numbers. Con-
sequently, there exists o« > 0 such that

lim d(Xpn41,%n) = .
n—oo
Now, we claim that « = 0. Arguing by contraction, we assume that ¢ > 0. Since d (Xn, Xn41), ¢ 1S @
nonnegative decreasing sequence, we have

d(xnXn+1) =« ¥YneNN.
This implies that
1 <0 (o) <O(d(xnt1,xn)) < PO (d(xn, xn-1))] <--- < ™0 (d (x0,x1))
Letting n — oo and using the properties of ¢ and 6, we get
1<0(a) < T}grgo¢“9 (d(x0,x1)) =1,
which is a contradictions. Thus o« = 0 and so we have

lim d(xn,xn+1) =0.
n—oo

Next, we shall prove that {x,,},, ¢y is a Cauchy sequence, i.e., lim; m 0 d (Xn,Xxm) = 0. Suppose to the
contrary. By Lemma 2.3, there is an € > 0 such that for an integer k there exist two sequences {n)} and
{m} such that

i) ¢ <limy_,oinfd <xm( ,X ) limy_,o sup d (xm[k),xn[k)) < sg;
(

)
i) ¢ <limy o infd (xn
i)

)

k)7 (k) <
07 Xm(k)H) <limy o supd (Xn[kaxm(k)ﬂ
1ii a0 X )

—_— —
N
[®)
(a2}

(
< limy o infd (xm

» |m

) <limg ,oosupd (xTn(k),xn(k)+1

4

vi) &

s
. . . 3
2 < limy o infd (Xm(k)+1’xn(k]+l) <limg oo sup d (Xm[k)+1’xn(k}+ ) < s°e.

-

From (3.8) and by setting x = xm,, and y = xn,, we have:

( (k)

lim M (xm(k),xn(k)> < se. (3.10)

k—o00

Now, letting x = xm, o andy = Xn, N (3.8), we obtain

0 [ssd (Xm(k)+1'X“(k)+1>] <é [6 (M (Xm(k)'X“(k)>>] :

Letting k — oo in the above inequality and applying the continuity of 6 and ¢ and using (3.10), we obtain

£ . .
0 (?33> =0 (ES) <0 <83 kh_l;rolod (Xm(k)+1’xn(k)+1)> <é [9 (ggroloM (Xm(k)’xn(k)>>] ’

By Lemma 2.6, we get

(

B(se) < b [O(se)] < O(se).
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Since 0 is increasing, we get
se < sg,

which is a contradiction. Thus

lim d(xm,xn) =0.
n, m—o00

Hence {xn } is a Cauchy sequence in X. By completeness of (X, d), there exists z € X such that

Iim d(xn,z) =0.
n—oo

Now, we show that d (Tz, z) = 0 by contradiction, we assume that
d(Tz,z) > 0.

Since x,, — z as n — oo, from Lemma 2.2, we conclude that

1
—d(z,Tz) < lim supd(Txn, Tz) < s2d (z,Tz).
S n—oo

Now, letting x = x,, and y = z in (3.8), we have
0 (s*d (Txn, Tz)) < [0 (M (xn,2))]", ¥R €N,
where
M (xn, z) = max {d (xn,z),d (xn, Txn),d(z,Tz), 21? (d(z, Txn)+d (xn,Tz))} .
As in the proof of Theorem 3.2, we have

lim supM (xn,z) = d(z, Tz).

n—oo

Therefore,
0 (s3d (Txn, Tz)) < ¢ {6 <max {d (xn,z),d (xn, Txn),d(z,Tz), 2%2 (d(z, Txn)+d (xn,Tz))}>] . (3.11)

Letting n — oo in (3.11) and using the properties of ¢ and 6, we obtain

n—oo

0 [sfd(z,Tz)] —0sd(z,Tz)] <0 [53 lim d(Txn,Tz)] <P0(d(zT2) <0(d(zTz)).
By (01), we get
sd(z,Tz) < d(z, Tz).

This implies that
d(z, Tz)(s—1)<0=s<1,

which is a contradiction. Hence Tz = z.
Now, suppose that z,u € X are two fixed points of T such that u # z. Therefore, we have

d(z,u) = d(Tz, Tu) > 0.
Letting x = z and y = u in (3.8), we have
0(d(z,u) =0(d(Tu,Tz)) < 0 (s’°d (Tu, Tz)) < [0 (M (z,u))],
where

M(z,u) = max{d(z,u),d(z,Tz),d(u,Tu), L

52 (d(u,Tz) ~|—d(z,Tu))} =d(z,u).
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Therefore, we have
0(d(zuw) <dO(d(z,u))] <0(d(z,u)),

which implies that
d(z,u) <d(z,u).

This is a contradiction. Therefore u = z. O

It follows from Theorem 3.5 that we obtain the followed fixed point theorems for 0-¢p-Kannan-type
contraction and 6-¢-Reich-type contraction. The results presented in the paper improve and extend the
corresponding results due to Kannan-type contraction and Reich-type contraction on rectangular b-metric
space.

Theorem 3.6. Let (X, d) be a complete b-metric space and T : X — X be a Kannan-type contraction. Then T has a
unique fixed point.

Proof. Since T is a Kannan-type contraction, there exist 8 € ©® and ¢ € @ such that

[ <d(Tx,x) + d(Ty,y))]
0 2

o
& [0 (max {d (x, Tx), d (u, Ty)))]
o

0 <max {d(x,y),d(x,Tx),d(y,Ty),2182 (d(y, Tx) + d(x,Ty))})] .

0 [s°d (Tx, Ty)] <

N

N

Therefore, T is a 0-¢-contraction. As in the proof of Theorem 3.4, we conclude that T has a unique fixed
point. O

Theorem 3.7. Let (X, d) be a complete b-metric space and T : X — X be a Reich-type contraction. Then T has a
unique fixed point.

Proof. Since T is a Reich-type contraction, there exist 0 € ® and ¢ € @ such that

d(x,y)+d(Tx,x)+ d(Ty,y))]

0 [s3d(Tx,Ty)] <o [6 < 3

< ¢ [9 (max{d(x,y),d(x,Tx),d(y,Ty),;s2 (d(y, Tx) —i—d(X,Tg))})] )

Therefore, T is a 0-¢p-contraction. As in the proof of Theorem 3.5, we conclude that T has a unique fixed
point. O

Corollary 3.8. Let (X, d) be a complete b-rectangular metric space and T : X — X be a Kannan type mapping, i.e.,
there exists o € ]O, % [ such that for all x,y € X,

d(Tx, Ty) > 0= s>d (Tx, Ty) < al(d (Tx,x) +d(Ty,y))].

Then T has a unique fixed point.

Proof. Let 0(t) = e® for all t € ]0,+ocol, and ¢ (t) = t>* for all t € [1,+ool. Clearly ¢ € ® and 0 € ©. We
prove that T is a 0-¢p-Kannan-type contraction. Indeed,
0 (%4 (Tx, Ty)) = 5 4 (T TY) < ear(d(Txx) +d (Ty,y))

- <d(Tx,x) + d(Ty,y))
. 2
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(d(Tx,x)—i—d(Ty,y)) 20
— e 2 :d)[e(d(Tx,X)er(Ty,y))}
2
As in the proof of Theorem 3.6, T has a unique fixed point x € X. O

Corollary 3.9. Let (X,d) be a complete b-rectangular metric space and T : X — X be a Reich type mapping, i.e.,
there exists A € |0, %[ such that for all x,y € X,

d(xy) > 0= s°d(Tx, Ty) <Ald(xy)+d(Tx,x) +d(Ty,y))l.
Then T has a unique fixed point.

Proof. Let 0(t) = e* for all t € ]0, 40|, and ¢ (t) = t3 forall t € [1, +o0l.
We prove that T is a 0-¢-Reich type contraction. Indeed,

0 (s2d (Tx, Ty)) = es?d(MxTy)  Ald(x,y) +d(Tx,x) +d (Ty,y))
n (d(x,y)er(Tx,XHd(Ty,y))
=e

3
d(x,y)+d(Tx,x) +d(Ty,y)
=¢ |0 .
3
As in the proof of Theorem 3.6, T has a unique fixed point x € X. O

Corollary 3.10. Let (X, d) be a complete b-metric space and T : X — X be a mapping. Suppose that there exist
0 € ® and r € ]0,1[ such that for all x,y € X,

d(Tx, Ty) > 0= 0 [s2d (Tx, Ty)] < [0 (M (x,y))I",

where

M(x,y):max{d(x,y),d(x,Tx),d(y,Ty) 1 (d(y,Tx)—i—d(x,Ty))}.

' 252
Then T has a unique fixed point.

Proof. Taking ¢(t) = t" € @ with r € ]0,1[, we conclude that T is a 6-¢-contraction. As in the proof of
Theorem 3.4, T has a unique fixed point. O

Very recently, Kari et al. [14, Theorem 1] proved the result on («,n)-complete rectangular b-metric
spaces. In this paper, we prove this result in complete b-metric spaces.

Corollary 3.11. Let d (X, d) be a complete b-rectangular metric space with parameter s > 1 and let T be a self
mapping on X. If for all x,y € X with d (Tx, Ty) > 0 we have

0 (s°.d (Tx, Ty)) < [0 (B1d (x,y) + B2d (Tx, x) + Bad (Ty,y) + Bad (y, TX))],

i=4
where® € ©, € ©, By >0forie{1,2,3,4}, ) Bi <1, then T has a unique fixed point.
i=0

Proof. We prove that T is a 6-¢-contraction. Indeed,

0 (52 (T T)) < & [0 (B1d (x,u) + Bad (T, )+ Bad (Tyy) + 2 (@ T+ al Ty)) ) |

< |0(B1+ B2+ Bs+Ba) (max{d(x,y),d(Tx,x),d(Ty,m L (a(y,Tde(x,Ty))})]

" 2s2

<olo (max{d(x,y),d(Tx,x),d(Ty,y) 1 (d(y,Tde(x,Ty))})]

" 252

As in the proof of Theorem 3.4, T has a unique fixed point. O
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Example 3.12. Let X = AUB, where A = {6£—,1;n € N} and B = {0}. Define d : X x X — [0, 4+o0[ by

d(xy) = (x—yh?.
Then (X, d) is a b-metric space with coefficient s = 2.
Define a mapping T: X — X by

1

: 1
T(X) _ 6/ lf X € {671771}/
1, ifx=0.

Then T(x) € X. Let 0 (t) = vt+1, ¢ (t) = tzil It is obvious that 8 € ® and ¢ € ®. Consider the following
possibilities.

Case 1: x:ﬁfyzm%lform>n20. Then

1 1\° [6m—6")

So o gn
0 (s3d(Tx,Ty)) = \/g <6_m+n> +1
and
6m71 _ 61171 2 6m —pn
G B(dxy)l = [9 <6m+n—z> ] =3 <6m+n—2> +1
On the other hand,

6m+n 6m+n 6m+n

0(sd(Tx, Ty) — ¢ [0(d(x,y))] = VB <M> 13 <6m‘6n> 12— vB_3 [(Mﬂ <0,

This implies that

0(s%d(Tx, Ty) < ¢ [0(d(x,y))] < ¢ [G(max{d(x,y),d(x,Tx),d(y,Ty), d(y, Tx)+d(x, Ty) })} '

252
Case 2: x = #,y =0.
Then T(x) = &, T(y)0, then d(Tx, Ty) = (&)°. So we have

V8

0(s%d(Tx, Ty) = 6—n+1.

Thus
dy, Tx)+d(x,T 1 \?
M y) = ¢ fomax {d v y), T, ay, Ty), ST ERETI S apuy) = (1)

and 3

$10(dxy)l = +1
On the other hand,

0(s°d(Tx, Ty) — [0 (d(x,y))] = g/f +1-— 6% +1= \/iﬂ_?) < 0.

This implies that

8(s3d(Tx, Ty) < ¢ [0(d(y, Ty))] < & [e(d(l,;))} < $[0(d(y, Ty)

< ¢ [B(max{d(x,y),d(x,Tx),d (y, Ty)},d (y, Tx))].

Hence the condition (3.8) is satisfied. Therefore, T has a unique fixed point z = 1.
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4. Application to nonlinear integral equations

In this section, we endeavor to apply Theorems 3.2 and 3.4 to prove the existence and uniqueness of
the integral equation of Fredholm type:

b
x(t) = 7\J K(t,r,x(r))ds, 4.1)

a
where a,b € R, x € C([a,b],R) and K : [q, b?’xR = Risa given continuous function.

Theorem 4.1. Consider the nonlinear integral equation problem (4.1) and assume that the kernel function K satisfies
the condition |K(t,r,x(r)) —K(t,r,y(r))| < é (x(t) —y(t)]) forall t,r € [a,b] and x,y € R. Then the equation
(4.1) has a unique solution x € C([a, b] for some constant A depending on the constant s.

Proof. Let X = C([a,b] and T : X — X be defined by

b
T(x)(t) = ?\J K(t, r,x(r))ds,

a

for all x € X. Let d : X x X — [0, +00[ be given by

2
d(x,y) = ( max |x(t) —y(t)l)

tela,b]

for all x,y € X. It is clear that (X, d) is a complete b-metric space.
We will find the condition on A under which the operator has a unique fixed point which will the
solution of the integral equation (4.1). Assume that x,y € X and t, r € [a, b]. Then we get

b b

2
Tx(t) — Ty()P = A <|J K(t,r,x(r))dr—J K(t,r,y(r))drl>

a a

N
>
)
%
<
=
o
3
=
2
|

=~
o+
3
«
=
o

3
OS]

This implies that

b
max_(Tx(t) — Ty(t)) = max |A|2J K(t, 7, x(r)) — K(t, 7,y (r))drl*
t€[a,b] te[a,b] a
1 of° > 1 (® ?
< max zwzj ((x(r) —y(r)]) dr) <|A|24J (( max |xm—y(r)) dr) .
tela,b] S a $* Ja r€la,b]

Since by the definition of the b-rectangular metric space, we have d(Tx, Ty) > 0 and d(x,y) > 0 for all
x # Y, we can take natural exponential sides and get

[T Ty)] _ [SHIAR maxiciom o IK(trx(r)—K(try(r))arf]
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< ol (B2 I ((maxreiap Ix(r)—y (r)])ar)’]

[e UZ((maXre[a,b] |X(T)y(r))dr)2]]

provided that [A| < s, which implies that

k
e[s3d(Tx,Ty)] < [e[IZ((maXTE[a,b] |X(T)_U(T’)|)dT)2}:|

Hence
F(sd(Tx, Ty)) + d(d(x,y)) < F(d(x,y))

for all x,y € X with 8(t) = e!, ¢(t) =t and k = (%\)2 . It follows that T satisfies the conditions (3.1) and
(3.8). Therefore there exists a unique solution of the nonlinear Fredholm inequality (4.1). O

5. Conclusion

We defined 6-¢-contraction on a b-metric space into itself by extending 6-¢-contraction introduced
Zheng et al. in metric space and also we proved 0-type theorem in the setting of b-metric spaces as well as
0-¢-type theorem in the framework of b-rectangular metric spaces. Moreover, we gave some applications
to nonlinear integral equations. We also gave illustrative examples to exhibit the utility of our results.
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