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Abstract
We introduce the domain of general quantum difference in generalized Cesàro sequence space in this article. Some topo-
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1. Introduction

The concept of variable exponent function spaces has continued to develop, as it is predicated on the
boundedness of the Hardy-Littlewood maximal mapping. This section explores its applications in image
processing, differential equations, and approximation theory. Recall that the closed operator ideals are
certain to play an essential role in the Banach lattice principle. Some authors discussed geometric and
topological structures of the quasi ideal generated by s-numbers and certain sequence spaces; see Pietsch
[13, 14, 16], Makarov and Faried [11], and Yaying et al. [19]. Multiplication operators are used extensively
in functional analysis, for example, in the eigenvalue distributions theorem, the geometric structure of
Banach spaces, and the theory of fixed points. For different sequence spaces, some authors studied the
properties of the multiplication operators, such as Komal et al. [10], İlkhan et al. [7], and Bakery and
Mohammed [4].

Indicate the set of non-negative integers and the set of integers by I+ and I, respectively. If f = (fx)
is strictly increasing, where f : I+ → I, the general quantum difference ∇f is defined in [6] by

∇fλx =

{
λfx−λx−1
fx−x+1 , fx 6= x− 1,

0, otherwise.
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Recall that if fx = x, then ∇fλx = ∇λx = λx − λx−1, where λx = 0 for x < 0, is the backward difference
defined by Kizmaz [9]. For any two Banach spaces G and Q, all through the article, we mark the space
of all bounded linear, finite rank, approximable and compact operators from G into Q by I(G,Q), J(G,Q),
P(G,Q), and T(G,Q), respectively. When G = Q, we write I(G), J(G), P(G), and T(G). The ideal of all
bounded linear, finite rank, approximable and compact operators between any arbitrary Banach spaces,
will be indicated by I, J, P, and T.

Definition 1.1 ([17]). An operator s : I(G,Q)→ [0,∞)I+ is called an s-number, if the sequence (sx(H))
∞
x=0,

for every H ∈ I(G,Q), holds the following conditions:

(a) ‖H‖ = s0(H) > s1(H) > s2(H) > · · · > 0, with H ∈ I(G,Q);
(b) sx+y−1(H1 +H2) 6 sx(H1) + sy(H2), with H1,H2 ∈ I(G,Q) and x, y ∈ I+;
(c) sx(ZYH) 6 ‖Z‖sx(Y) ‖H‖, for every H ∈ I(G0,G), Y ∈ I(G,Q) and Z ∈ I(Q,Q0), where G0 and Q0 are

any two Banach spaces;
(d) if G ∈ I(G,Q) and γ ∈ C, where C is the space of all complex numbers, hence sx(γG) = |γ|sx(G);
(e) suppose rank(H) 6 x, then sx(H) = 0, for all H ∈ I(G,Q);
(f) sy>x(Ix) = 0 or sy<x(Ix) = 1, where Ix denots the identity mapping on the x-dimensional Hilbert

space `x2 .

We give here a few examples of s-numbers as follows:

(1) The y-th Kolmogorov number, dy(H), where dy(H) = infdim J6y sup ‖λ‖61 infβ∈J ‖Hλ−β‖.
(2) The y-th approximation number, αy(H), where αy(H)= inf { ‖H−Z‖ : Z ∈ I(G,Q) and rank(Z) 6 y}.

Notations 1.2 ([5]). Suppose K is a sequence space,

IsK :=
{
IsK(G,Q)

}
, where IsK(G,Q) :=

{
H ∈ I(G,Q) : ((sx(H))∞x=0 ∈ K

}
;

IαK :=
{
IαK(G,Q)

}
, where IαK(G,Q) :=

{
H ∈ I(G,Q) : ((αx(H))∞x=0 ∈ K

}
;

IdK :=
{
IdK(G,Q)

}
, where IdK(G,Q) :=

{
H ∈ I(G,Q) : ((dx(H))∞x=0 ∈ K

}
;

(IsK)ρ :=
{
(IsK)ρ (G,Q)

}
, where

(IsK)ρ (G,Q) :=
{
Y ∈ I(G,Q) : ((ρx(Y))∞x=0 ∈ K and ‖Y − ρx(Y)I‖ is not invertible, for all x ∈ I+

}
.

Lemma 1.3 ([1]). Assume σx > 0 and λx,βx ∈ C, for all x ∈ I+, and  h = max{1, supx σx}, then

|λx +βx|
σx 6 2 h−1 (|λx|

σx + |βx|
σx) .

The aim of this article is organized as follows. We define and discuss several inclusion relations for the
domain of general quantum difference in generalized Cesàro sequence space, (Ces(∇f,σ))>, equipped
with the function > in Section 2. In Section 3, we investigate the sufficient conditions on (Ces(∇f,σ))>
under definite function > to create pre-modular private sequence space (pss). This implies that it is a
pre-quasi normed pss. The topological and geometric structures of the class Is(Ces(∇f,σ))>

, and the class(
Is(Ces(∇f,σ))>

)ρ
are given. In Section 4, we provide some topological and geometric behaviors of the

multiplication mappings defined on this sequence space.

2. (Ces(∇f,σ))>

The definition of the domain of general quantum difference in generalized Cesàro sequence space,
(Ces(∇f,σ))>, under the function >, as well as several inclusion relations, are discussed in this section.
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Definition 2.1. Suppose (σy) ∈ (0,∞)I+ , where (0,∞)I+ is the space of all sequences of positive reals,
and ∇f is absolutely non-decreasing. The sequence space, (Ces(∇f,σ))>1

, is defined as:

(Ces(∇f,σ))>1
=
{
β = (βy) ∈ CI+ : >1(εβ) <∞, for some ε > 0

}
,

where >1(β) =

∞∑
y=0

(∑y
x=0 |∇f|βx||

y+ 1

)σy
.

Theorem 2.2. If (σx) ∈ (0,∞)I+ , then

(Ces(∇f,σ))>1
⊂ (Ces(∇f,σ))>2

,

where >2(β) =

∞∑
y=0

(∑y
x=0 |∇fβx|

y+ 1

)σy
.

Proof. One gets

(Ces(∇f,σ))>1

=
{
β = (βy) ∈ CI+ : >1(εβ) <∞, for some ε > 0

}
=
{
β = (βy) ∈ CI+ :

∞∑
y=0

(∑y
x=0 |ε∇fβx|

y+ 1

)σy
6
∞∑
y=0

(∑y
x=0 |ε∇f|βx||

y+ 1

)σy
<∞, for some ε > 0

}
⊂
{
β = (βy) ∈ CI+ : >2(εβ) <∞, for some ε > 0

}
= (Ces(∇f,σ))>2

.

Theorem 2.3. If (σx) ∈ (0,∞)I+ ∩ `∞, where `∞ is the space of bounded sequences of complex numbers, then

(Ces(∇f,σ))> =
{
β = (βy) ∈ CI+ : >(εβ) <∞, for any ε > 0

}
,

where >(β) =
∞∑
y=0

(∑y
x=0 |∇fβx|

y+ 1

)σy
.

Proof. As (σx) ∈ (0,∞)I+ ∩ `∞, then

(Ces(∇f,σ))> =
{
β = (βy) ∈ CI+ : >(εβ) <∞, for some ε > 0

}
=
{
β = (βy) ∈ CI+ :

∞∑
y=0

(∑y
x=0 |ε∇fβx|

y+ 1

)σy
<∞, for some ε > 0

}
=
{
β = (βy) ∈ CI+ : inf

y
εσy

∞∑
y=0

(∑y
x=0 |∇fβx|

y+ 1

)σy
<∞, for some ε > 0

}
=
{
β = (βy) ∈ CI+ :

∞∑
y=0

(∑y
x=0 |∇fβx|

y+ 1

)σy
<∞}

=
{
β = (βy) ∈ CI+ : >(εβ) <∞, for any ε > 0

}
.
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Theorem 2.4. Suppose (σx) ∈ (0,∞)I+ and fx 6= x− 1, for all x ∈ I+, then (Ces(∇f,σ))> is a non-absolute

type, where >(β) =
∞∑
y=0

(∑y
x=0 |∇fβx|

y+ 1

)σy
.

Proof. Assume without loss of generality that fx=x−2, for all x ∈ I+ and by taking β=
(

1,−1, 0, 0, 0, . . .
)

,

one has |β|=
(

1, 1, 0, 0, 0, . . .
)

. Also

>(β) =
∞∑
y=0

(∑y
x=0 |βx−2 −βx−1|

y+ 1

)σy
= 2 + (

1
2
)σ1 + · · · 6= (

1
2
)σ1 + (

1
3
)σ2 + (

1
2
)σ3 + · · · =

∞∑
y=0

(∑y
x=0 ||β|x−2 − |β|x−1|

y+ 1

)σy
= >(|β|).

For fx = x, one obtains

>(β) =
∞∑
y=0

(∑y
x=0 |βx −βx−1|

y+ 1

)σy
= 1 + (

3
2
)σ1 + (

4
3
)σ2 + · · · 6= 1 + (

1
2
)σ1 + (

2
3
)σ2 + · · · =

∞∑
y=0

(∑y
x=0 ||β|x − |β|x−1|

y+ 1

)σy
= >(|β|).

Hence, the sequence space (Ces(∇f,σ))> is a non-absolute type.

Definition 2.5. Assume (σx) ∈ (0,∞)I+ . The sequence space (Ces(∇,σ))> is defined by:

(Ces(∇,σ))> =
{
β = (βx) ∈ CI+ : >(εβ) <∞, for some ε > 0

}
,

where >(β) =
∞∑
y=0

(∑y
x=0 |βx −βx−1|

y+ 1

)σy
.

Theorem 2.6. If (σx) ∈ (0,∞)I+ ∩ `∞ and fx > x, for all x ∈ I+, one has

(Ces(∇,σ))> $ (Ces(∇f,σ))> .

Proof. Let β ∈ (Ces(∇,σ))>, since

∞∑
y=0


y∑
x=0

∣∣∣∣βfx −βx−1

fx − x+ 1

∣∣∣∣
y+ 1


σy

6
∞∑
y=0

(∑y
x=0 |βx −βx−1|

y+ 1

)σy
<∞.

Hence, β ∈ (Ces(∇f,σ))> . By taking β = (1, 0, 1, 0, . . .), so β /∈ (Ces(∇,σ))> and β ∈ (Ces(∇f,σ))> ,
where fx = x+ 1.

Theorem 2.7. For (σx) ∈ (0,∞)I+ ∩ `∞ and fx < x− 1, for all x ∈ I+, we have

(Ces(∇,σ))> $ (Ces(∇f,σ))> .
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Proof. Assume β ∈ (Ces(∇,σ))>, since

∞∑
y=0


y∑
x=0

∣∣∣∣βfx −βx−1

fx − x+ 1

∣∣∣∣
y+ 1


σy

6
∞∑
y=0

(∑y
x=0

∣∣βfx+1 −βfx
∣∣

y+ 1

)σy

=

∞∑
y=0

(∑fy
m=0 |βm −βm−1|

y+ 1

)σy
6
∞∑
y=0

(∑y
x=0 |βx −βx−1|

y+ 1

)σy
<∞.

We have β ∈ (Ces(∇f,σ))> .

Theorem 2.8. Let (σx) ∈ (0,∞)I+ ∩ `∞, we get

(Ces(σ))> $ (Ces(∇,σ))> .

Proof. Assume β ∈ (Ces(σ))>, since

∞∑
y=0

(∑y
x=0 |βx −βx−1|

y+ 1

)σy
6 2 h

∞∑
y=0

(∑y
x=0 |βx|

y+ 1

)σy
<∞.

So, β ∈ (Ces(∇,σ))> .

3. Operator ideals of type-(Ces(∇f,σ))> spaces

In this section, we discuss the pre-modularity of (Ces(∇f,σ))> under the function >, where >(β) =∞∑
y=0

(∑y
x=0 |∇f|βx||

y+ 1

)σy
, for all β ∈ (Ces(∇f,σ))>. The topological and geometric structures of the class

Is(Ces(∇f,σ))>
, and the class

(
Is(Ces(∇f,σ))>

)ρ
are presented.

Indicate the linear space of sequences by D, ey = (0, 0, . . . , 1, 0, 0, . . .), where 1 lies at the yth coordinate,
[x] is the integral part of x, CI+ is the space of all sequences of complex numbers, and F is the space of all
sequences with finite non-zero coordinates.

Definition 3.1 ([3]). The space D is said to be a private sequence space (pss), if the following conditions
are verified:

(1) ey ∈ D, for y ∈ I+;
(2) D is solid, i.e., if a = (ay) ∈ CI+ , where |b| = (|by|) ∈ D and |ay| 6 |by|, with y ∈ I+, then |a| ∈ D;

(3) let (|ay|)
∞
y=0 ∈ D, then

(∣∣∣a[y2 ]∣∣∣)∞y=0
∈ D.

Definition 3.2 ([3]). A subspace of the pss-D is called a pre-modular pss, if there exists a mapping > :
D→ [0,∞) that verifies the following conditions:

(i) if a ∈ D, a = θ⇐⇒ >(|a|) = 0, and >(a) > 0, with θ is the zero vector of D;
(ii) assume a ∈ D and $ ∈ C, we have E0 > 1 with >($a) 6 |$|E0>(a);

(iii) >(a+ b) 6 G0(>(a) +>(b)) verifies for some G0 > 1, for all a,b ∈ D;
(iv) suppose y ∈ I+, |ay| 6 |by|, one has >((|ay|)) 6 >((|by|));
(v) the inequality, >((|ay|)) 6 >((|a[y2 ]|)) 6 D0>((|ay|)) holds, for D0 > 1;

(vi) F = D>;
(vii) we have µ > 0 with >(a, 0, 0, 0, . . .) > µ|a|>(1, 0, 0, 0, . . .), where a ∈ C.
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Definition 3.3 ([3]). If > holds the conditions (i)-(iii) of Definition 3.2, then the pssD> is called a pre-quasi
normed pss. When the space D is complete with >, then D> is said to be a pre-quasi Banach pss.

Theorem 3.4 ([3]). Every pre-modular pss D> is a pre-quasi normed pss.

We mark the space of all monotonic increasing sequences of positive reals by =↗.

Theorem 3.5.
(f1) If (σy) ∈ =↗ ∩ `∞ with σ0 > 1.
(f2) The inequality |f(y) − y+ 1| > 1 holds, for all y ∈ I+.
(f3) Suppose |λy| 6 |βy|, with y ∈ I+, then |∇f|λy|| 6 |∇f|βy||.

Then the space (Ces(∇f,σ))> is a pss.

Proof.

(1-i) Suppose w,u ∈ (Ces(∇f,σ))>. We have

∞∑
y=0

(∑y
x=0 |∇f|wx + ux||

y+ 1

)σy
6 2 h−1

 ∞∑
y=0

(∑y
x=0 |∇f|wx||

y+ 1

)σy
+

∞∑
y=0

(∑y
x=0 |∇f|ux||

y+ 1

)σy <∞,

then, w+ u ∈ (Ces(∇f,σ))>.

(1-ii) Assume $ ∈ C, w ∈ (Ces(∇f,σ))> and since (σx) ∈ =↗ ∩ `∞, one obtains
∞∑
y=0

(∑y
x=0 |∇f|$wx||

y+ 1

)σy
6 sup

y

|$|σy
∞∑
y=0

(∑y
x=0 |∇f|wx||

y+ 1

)σy
<∞.

Hence, $w ∈ (Ces(∇f,σ))>. By Parts (1-i) and (1-ii), one has (Ces(∇f,σ))> is a linear space. Since
(σy) ∈ =↗ ∩ `∞, σ0 > 1, ey ∈ (Ces(σ))> with y ∈ I+, and

(Ces(σ))> $ (Ces(∇,σ))> $ (Ces(∇f,σ))> .

So, ey ∈ (Ces(∇f,σ))>, for every y ∈ I+.

(2) Assume |wy| 6 |uy|, with y ∈ I+ and |u| ∈ (Ces(∇f,σ))>. We get
∞∑
y=0

(∑y
x=0 |∇f|wx||

y+ 1

)σy
6
∞∑
y=0

(∑y
x=0 |∇f|ux||

y+ 1

)σy
<∞,

hence |w| ∈ (Ces(∇f,σ))>.

(3) Suppose (|wy|) ∈ (Ces(∇f,σ))>, with (σy) ∈ =↗ ∩ `∞, one obtains

∞∑
y=0

∑yx=0

∣∣∣∇f|w[ x2 ]
|
∣∣∣

y+ 1

σy

=

∞∑
y=0

∑2y
x=0

∣∣∣∇f|w[ x2 ]
|
∣∣∣

2y+ 1

σ2y

+

∞∑
y=0

∑2y+1
x=0

∣∣∣∇f|w[ x2 ]
|
∣∣∣

2y+ 2

σ2y+1

6
∞∑
y=0

(
|∇f|wy|+

∑y
x=0 2 |∇f|wx||

y+ 1

)σy
+

∞∑
y=0

(∑y
x=0 2 |∇f|wx||

y+ 1

)σy

6 2 h−1

 ∞∑
y=0

(∑y
x=0 |∇f|wx||

y+ 1

)σy
+

∞∑
y=0

(∑y
x=0 2 |∇f|wx||

y+ 1

)σy+

∞∑
y=0

(∑y
x=0 2 |∇f|wx||

y+ 1

)σy

6 (22 h−1 + 2 h−1 + 2 h)

∞∑
y=0

(∑y
x=0 |∇f|wx||

y+ 1

)σy
<∞,
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then (|w[y2 ]
|) ∈ (Ces(∇f,σ))>.

Theorem 3.6. If the conditions of Theorem 3.5 are satisfied, then the space (Ces(∇f,σ))> is a pre-modular pss.

Proof.

(i) It is clear that, >(w) > 0 and >(|w|) = 0⇔ w = θ.

(ii) We have E0 = max
{

1, supx |$|σx−1
}

> 1 with >($w) 6 E0|$|>(w), for all w ∈ Ces(∇f,σ) and
$ ∈ C.

(iii) The inequality >(w+ u) 6 2 h−1(>(w) +>(u)) holds, with w,u ∈ Ces(∇f,σ).

(iv) It follows from the proof of part (2) of Theorem 3.5.

(v) It follows from the proof of part (3) of Theorem 3.5, that D0 = 22 h−1 + 2 h−1 + 2 h > 1.

(vi) Obviously, F = Ces(∇f,σ).

(vii) There are 0 < µ 6 supx |w|
σx−1 with >(w, 0, 0, 0, . . .) > µ|w|>(1, 0, 0, 0, . . .), for all w 6= 0 and µ > 0, if

w = 0.

Theorem 3.7. Assume the conditions of Theorem 3.5 are satisfied, then the space (Ces(∇f,σ))> is a pre-quasi
Banach pss.

Proof. By Theorem 3.6, the space (Ces(∇f,σ))> is a pre-modular pss. From Theorem 3.4, the space
(Ces(∇f,σ))> is a pre-quasi normed pss. To prove that (Ces(∇f,σ))> is a pre-quasi Banach pss, let
βk = (βky)

∞
y=0 be a Cauchy sequence in (Ces(∇f,σ))>, we have for every ε ∈ (0, 1), that k0 ∈ I+ with

k, l > k0, we get

>(βk −βl) =
∞∑
y=0

(∑y
x=0

∣∣∇f|β
k
x −β

l
x|
∣∣

y+ 1

)σy
< ε

 h.

Then, for k, l > k0 and y ∈ I+, one has
∣∣∇f|β

k
y −β

l
y|
∣∣ < ε. Hence, (∇f|β

l
y|) is a Cauchy sequence in C, for

constant y ∈ I+, which implies liml→∞∇f|β
l
y| = ∇f|β

0
y|, for constant y ∈ I+. Hence, >(βk − β0) < ε h,

for every k > k0. To prove β0 ∈ (Ces(∇f,σ))>, we obtain >(β0) 6 2 h−1(>(βk − β0) +>(βk)) < ∞, then
β0 ∈ (Ces(∇f,σ))>, which yields that (Ces(∇f,σ))> is a pre-quasi Banach pss.

We recall here the basic concepts of operator ideals.

Definition 3.8 ([8]). A class E ⊆ I is called an operator ideal when every element E(G,Q) = E ∩ I(G,Q)
holds the following setups:

(i) IΛ ∈ E, if Λ marks a Banach space of one dimension.
(ii) E(G,Q) is a linear space on C.

(iii) Assume V1 ∈ I(G0,G), V2 ∈ E(G,Q) and V3 ∈ I(Q,Q0), then V3V2V1 ∈ E(G0,Q0), where G0 and Q0 are
normed spaces.

Definition 3.9 ([5]). A mapping Ω : E → [0,∞) is said to be a pre-quasi norm on the mapping ideal E if
it holds the following settings:

(1) if V ∈ E(G,Q), Ω(V) > 0 and Ω(V) = 0⇐⇒ V = 0;
(2) there are E0 > 1 so that Ω(ζV) 6 E0|ζ|Ω(V), with V ∈ E(G,Q) and ζ ∈ C;
(3) there are G0 > 1 so that Ω(Z1 + V2) 6 G0[Ω(V1) +Ω(V2)], for all V1,V2 ∈ E(G,Q);
(4) there are D0 > 1, if V1 ∈ I(G0,G), V2 ∈ E(G,Q) and V3 ∈ I(Q,Q0), then

Ω(V3V2V1) 6 D0 ‖V3‖Ω(V2) ‖V1‖.



A. A. Bakery, M. M. Mohammed, J. Math. Computer Sci., 28 (2023), 412–428 419

Theorem 3.10 ([3]). If (D)> is a pre-modular pss, then the function Ω is a pre-quasi norm on Is(D)>
, where

Ω(V) = >(sy(V))∞y=0, for every V ∈ Is(D)>
(G,Q).

Theorem 3.11 ([5]). Every quasi norm on E is a pre-quasi norm on the ideal E.

Definition 3.12 ([16]). A Banach space Y is called simple, if the space I(Y) contains a unique non-trivial
closed ideal.

Theorem 3.13 ([16]). If Y is a Banach space with dim(Y) =∞, then

J(Y) & P(Y) & T(Y) & I(Y).

Theorem 3.14 ([2]). Assume that R is the set of real numbers. Suppose that s-type D> :=
{
λ = (sx(A)) ∈ RI+ :

A ∈ I(G,Q) and >(λ) <∞}. If IsD> is a mapping ideal, then one has the following.

1. F ⊂ s-type D>.
2. Suppose that (sy(A1))

∞
y=0 ∈ s-type D> and (sy(A2))

∞
y=0 ∈ s-type D>, then (sy(A1 +A2))

∞
y=0 ∈ s-type

D>.
3. Assume that ε ∈ C and (sy(A))

∞
y=0 ∈ s-type D>, then |ε| (sy(A))

∞
y=0 ∈ s-type D>.

4. The sequence space D> is solid, i.e., when (sy(B))
∞
y=0 ∈ s-type D> and sy(A) 6 sy(B), for all y ∈ I+ and

A,B ∈ I(G,Q), then (sy(A))
∞
y=0 ∈ s-type D>.

From Theorem 3.14, we get the following properties of the s-type (Ces(∇f,σ))>.

Theorem 3.15. Suppose that s-type (Ces(∇f,σ))> :=
{
λ = (sy(A)) ∈ RI+ : A ∈ I(G,Q) and >(λ) < ∞}.

When Is(Ces(∇f,σ))>
is a mapping ideal, then the following conditions are satisfied.

1. We have s-type (Ces(∇f,σ))> ⊃ F.
2. Assume that (sy(A1))

∞
y=0 ∈ s-type (Ces(∇f,σ))> and (sy(A2))

∞
y=0 ∈ s-type (Ces(∇f,σ))>, hence

(sy(A1 +A2))
∞
y=0 ∈ s-type (Ces(∇f,σ))>.

3. For all g ∈ C and (sy(A))
∞
y=0 ∈ s-type (Ces(∇f,σ))>, then |g| (sy(A))

∞
y=0 ∈ s-type (Ces(∇f,σ))>.

4. The s-type (Ces(∇f,σ))> is solid.

Theorem 3.16. If the conditions (f1) and (f2) of Theorem 3.5 are satisfied, we have Is(Ces(∇f,σ))>
is not operator

ideal.

Proof. Suppose we choose σx = 2, >(x) = x, for every x ∈ I+, w = (1, 1, 1, . . .) and v = (1, 0, 1, 0, . . .).
Evidently, |vx| 6 |wx|, for every x ∈ I+ and w ∈s-type (Ces(∇f,σ))>. But v /∈s-type (Ces(∇f,σ))>.
Then the s-type (Ces(∇f,σ))> is not solid. By Theorem 3.14, we have that Is(Ces(∇f,σ))>

is not a mapping
ideal.

Theorem 3.17 ([3]). Assume D is a pss, then IsD is an operator ideal.

According to Theorem 3.17, we deduce the following Theorem.

Theorem 3.18. If the conditions of Theorem 3.5 are satisfied, then Is(Ces(∇f,σ))>
is an operator ideal.

In this part, we present the sufficient conditions (not necessary) on (Ces(∇f,σ))> so that
J = Iα(Ces(∇f,σ))>

. This implies an answer about the non-linearity of s-type (Ces(∇f,σ))> spaces (see
Rhoades [18]).

Theorem 3.19. Iα(Ces(∇f,σ))>
(G,Q) = J(G,Q), if the conditions of Theorem 3.5 are satisfied. But the converse is

not necessarily true.
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Proof. To prove that J(G,Q) ⊆ Iα(Ces(∇f,σ))>
(G,Q), since ey ∈ (Ces(∇f,σ))> , for all y ∈ I+

and (Ces(∇f,σ))> is a linear space, assume that A ∈ J(G,Q), we have (αy(A))
∞
y=0 ∈ F. To show that

Iα(Ces(∇f,σ))>
(G,Q) ⊆ J(G,Q), suppose A ∈ Iα(Ces(∇f,σ))>

(G,Q), one gets (αx(A))
∞
x=0 ∈ (Ces(∇f,σ))>. As

>(αy(A))∞y=0 <∞, suppose κ ∈ (0, 1), one has y0 ∈ I+ \ {0} such that >((αy(A))∞y=y0
) < κ

22 h+3ξd
, for some

b > 1, where ξ = max
{

1,
∞∑
y=y0

(
1

y+ 1

)σl }
. Since αy(A) is decreasing, we have

2x0∑
x=x0+1

(|∇fα2x0(A)|)
σx 6

2x0∑
x=x0+1

(∑x
y=0 |∇fαy(A)|

x+ 1

)σx
6

∞∑
x=x0

(∑x
y=0 |∇fαy(A)|

x+ 1

)σx
<

κ

22 h+3ξb
.

Therefore, we have B ∈ J2x0(G,Q) such that rank(B) 6 2x0 and

3x0∑
x=2x0+1

(∣∣∣∇f‖A−B‖
∣∣∣)σx 6 2x0∑

x=x0+1

(∣∣∣∇f‖A−B‖
∣∣∣)σx < κ

22 h+3ξb
,

as (σx) ∈ =↗ ∩ `∞, we can take
x0∑
x=0

(∣∣∣∇f‖A−B‖
∣∣∣)σx < κ

22 h+3ξb
.

By using inequalities (1)-(4), we have

d(A,B) = > (αx(A−B))∞x=0

=

3x0−1∑
x=0

(∑x
y=0 |∇fαy(A−B)|

x+ 1

)σx
+

∞∑
x=3x0

(∑x
y=0 |∇fαy(A−B)|

x+ 1

)σx

6
3x0∑
x=0

(∣∣∣∇f‖A−B‖
∣∣∣)σx + ∞∑

x=x0

(∑x+2x0
y=0 |∇fαy(A−B)|

x+ 2x0 + 1

)σx+2x0

6
3x0∑
x=0

(∣∣∣∇f‖A−B‖
∣∣∣)σx + ∞∑

x=x0

(∑2x0−1
y=0 |∇fαy(A−B)|+

∑x+2x0
y=2x0

|∇fαy(A−B)|

x+ 1

)σx

6 3
x0∑
x=0

(∣∣∣∇f‖A−B‖
∣∣∣)σx + ∞∑

x=x0

(∑2x0−1
y=0 |∇fαy(A−B)|+

∑x
y=0 |∇fαy+2x0(A−B)|

x+ 1

)σx

6 3
x0∑
x=0

(∣∣∣∇f‖A−B‖
∣∣∣)σx+22 hξ sup

x

 x0∑
y=0

|∇f‖A−B‖|

σx+2 h
∞∑
x=x0

(∑x
y=0 |∇fαy(A)|

x+ 1

)σx
< κ.

Contrarily, we have a counterexample as I4 ∈ Iα(Ces(∇,(0,2,2,...)))>
(G,Q), but σ0 > 1 is not satisfied.

We present here the following question, for which conditions on (Ces(∇f,σ))>, are Is(Ces(∇f,σ))>
complete and closed?

Theorem 3.20. The subclass
(
Is(Ces(∇f,σ))>

,Ω
)

is a pre-quasi Banach ideal, where Ω(V) = >
(
(sy(V))

∞
y=0

)
, if

the conditions of Theorem 3.5 are verified.

Proof. As (Ces(∇f,σ))> is a pre-modular pss, hence from Theorem 3.10, Ω is a pre-quasi norm on
Is(Ces(∇f,σ))>

. Suppose (Uf)f∈I+ is a Cauchy sequence in Is(Ces(∇f,σ))>
(G,Q). As I(G,Q)⊇Is(Ces(∇f,σ))>

(G,Q),
we have

Ω(Uf −Ug) =

∞∑
y=0

(∑y
x=0 |∇fsx(Uf −Ug)|

y+ 1

)σy
>
(∣∣∣∇f ‖Uf −Ug‖

∣∣∣)σ0
,
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so (Ug)g∈I+ is a Cauchy sequence in I(G,Q). Since I(G,Q) is a Banach space, then there is U ∈ I(G,Q) with
lim
g→∞ ‖Ug −U‖ = 0. As (sy(Ug))

∞
y=0 ∈ (Ces(∇f,σ))> , for all g ∈ I+. From Definition 3.2, conditions (ii),

(iii) and (v), one gets

Ω(U) =

∞∑
y=0

(∑y
x=0 |∇fsx(U)||

y+ 1

)σy

6 2 h−1

 ∞∑
y=0

∑yx=0

∣∣∣∇fs[ x2 ](U−Ug)|
∣∣∣

y+ 1

σy + ∞∑
y=0

∑yx=0

∣∣∣∇fs[ x2 ](Ug)|
∣∣∣

y+ 1

σy
6 2 h−1

∞∑
y=0

(∣∣∣∇f ‖U−Ug‖
∣∣∣)σy + 2 h−1D0

∞∑
y=0

(∑y
x=0 |∇fsx(Ug)||

y+ 1

)σy
<∞.

Hence, (sf(U))∞f=0 ∈ (Ces(∇f,σ))>, then U ∈ Is(Ces(∇f,σ))>
(G,Q).

Theorem 3.21. If G and Q are normed spaces, and having Theorem 3.5 confirmed, then
(
Is(Ces(∇f,σ))>

,Ω
)

is a

pre-quasi closed ideal, where Ω(U) = >
(
(sf(U))

∞
f=0

)
.

Proof. As (Ces(∇f,σ))> is a pre-modular pss, from Theorem 3.10, then Ω is a pre-quasi norm on
Is(Ces(∇f,σ))>

. Assume Ug ∈ Is(Ces(∇f,σ))>
(G,Q), for all g ∈ I+ and lim

g→∞Ω(Ug −U) = 0. Since I(G,Q) ⊇
Is(Ces(∇f,σ))>

(G,Q), we have

Ω(U−Ug) =

∞∑
y=0

(∑y
x=0 |∇fsx(U−Ug)|

y+ 1

)σy
>
(∣∣∣∇f ‖U−Ug‖

∣∣∣)σ0
,

so (Ug)g∈I+ is a convergent sequence in I(G,Q). Since (sy(Ug))
∞
y=0 ∈ (Ces(∇f,σ))> , for all g ∈ I+. By

Definition 3.2, conditions (ii), (iii) and (v), one obtains

Ω(U) =

∞∑
y=0

(∑y
x=0 |∇fsx(U)||

y+ 1

)σy

6 2 h−1

 ∞∑
y=0

∑yx=0

∣∣∣∇fs[ x2 ](U−Ug)|
∣∣∣

y+ 1

σy + ∞∑
y=0

∑yx=0

∣∣∣∇fs[ x2 ](Ug)|
∣∣∣

y+ 1

σy
6 2 h−1

∞∑
y=0

(∣∣∣∇f ‖U−Ug‖
∣∣∣)σy + 2 h−1D0

∞∑
y=0

(∑y
x=0 |∇fsx(Ug)||

y+ 1

)σy
<∞.

Then (sy(U))
∞
y=0 ∈ (Ces(∇f,σ))>, therefore U ∈ Is(Ces(∇f,σ))>

(G,Q).

We introduce in this part the sufficient conditions on (Ces(∇f,σ))> so that Iα(Ces(∇f,σ))>
is strictly

contained for different > and powers, and Iα(Ces(∇f,σ))>
is minimum.

Theorem 3.22. If G and Q are Banach spaces with dim(G) = dim(Q) =∞, and the conditions of Theorem 3.5 are
satisfied with f2(y) > f1(y) and 1 < σ(1)

y < σ
(2)
y , for every y ∈ I+, then

Is(
Ces(∇f1 ,(σ(1)

y ))
)
>

(G,Q) & Is(
Ces(∇f2 ,(σ(2)

y ))
)
>

(G,Q) $ I(G,Q).
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Proof. Assume that U ∈ Is(
Ces(∇f1 ,(σ(1)

y ))
)
>

(G,Q), then (sy(U)) ∈
(

Ces(∇f1 , (σ(1)
y ))

)
>

. We have

∞∑
y=0

(∑y
x=0 |∇f2sx(U)||

y+ 1

)σ(2)
y

<

∞∑
y=0

(∑y
x=0 |∇f1sx(U)||

y+ 1

)σ(1)
y

<∞,

then U ∈ Is(
Ces(∇f2 ,(σ(2)

y ))
)
>

(G,Q). Next, if we take (sy(U))
∞
y=0 with

∑y
x=0

∣∣∣∇f1sx(U)
∣∣∣ = y+1

σ
(1)
y
√
y+1

, we get

U ∈ I(G,Q) so that ∞∑
y=0

(∑y
x=0 |∇f1sx(U)||

y+ 1

)σ(1)
y

=

∞∑
y=0

1
y+ 1

=∞,

and ∞∑
y=0

(∑y
x=0 |∇f2sx(U)||

y+ 1

)σ(2)
y

6
∞∑
y=0

(∑y
x=0 |∇f1sx(U)||

y+ 1

)σ(2)
y

=

∞∑
y=0

( 1
y+ 1

)σ(2)
y

σ
(1)
y <∞.

Hence U /∈ Is(
Ces(∇f1 ,(σ(1)

y ))
)
>

(G,Q) and U ∈ Is(
Ces(∇f2 ,(σ(2)

y ))
)
>

(G,Q). Evidently, Is(
Ces(∇f2 ,(σ(2)

y ))
)
>

(G,Q) ⊂

I(G,Q). Next, if we put (sy(U))∞y=0 with
∑y
x=0

∣∣∣∇f2sx(U)
∣∣∣ = y+1

σ
(2)
y
√
y+1

, then we obtain U ∈ I(G,Q) so that

U /∈ Is(
Ces(∇f2 ,(σ(2)

y ))
)
>

(G,Q).

Theorem 3.23. If G and Q are Banach spaces with dim(G) = dim(Q) =∞, and the conditions of Theorem 3.5 are
satisfied, hence Iα(Ces(∇f,σ))>

is minimum.

Proof. Let the sufficient conditions be verified. Hence (IαCes(∇f,σ),Ω), where

Ω(Z) =

∞∑
y=0

(∑y
x=0 |∇fαx(Z)||

y+ 1

)σy
,

is a pre-quasi Banach ideal. Assume that IαCes(∇f,σ)(G,Q) = I(G,Q), one has σ > 0 with Ω(Z) 6 σ‖Z‖,
for all Z ∈ I(G,Q). From Dvoretzky’s theorem [15], for all b ∈ I+, one gets the quotient spaces G/Yb and
subspaces Mb of Q, which can be transformed onto `b2 by isomorphisms Vb and Xb with ‖Vb‖‖V−1

b ‖ 6 2
and ‖Xb‖‖X−1

b ‖ 6 2. Presume that Ib is the identity operator on `b2 , Tb is the quotient operator from G

onto G/Yb and Jb is the natural embedding operator from Mb into Q. If mz is the Bernstein numbers [13],
one gets

1 = mz(Ib) = mz(XbX
−1
b IbVbV

−1
b ) 6 ‖Xb‖mz(X−1

b IbVb)‖V
−1
b ‖

= ‖Xb‖mz(JbX−1
b IbVb)‖V

−1
b ‖

6 ‖Xb‖dz(JbX−1
b IbVb)‖V

−1
b ‖

= ‖Xb‖dz(JbX−1
b IbVbTb)‖V

−1
b ‖ 6 ‖Xb‖αz(JbX

−1
b IbVbTb)‖V

−1
b ‖,

for 0 6 x 6 b. Assume that l is the greatest integer with f(l) = 0. Hence we obtain

y∑
x=0

x+ 1
|1 − l|

6 ‖Xb‖
y∑
x=0

∣∣∣∇fαx(JbX
−1
b IbVbTb)

∣∣∣‖V−1
b ‖

⇒

(∑y
x=0

x+1
|1−l|

y+ 1

)σy
6 (‖Xb‖‖V−1

b ‖)
σy

∑yx=0

∣∣∣∇fαx(JbX
−1
b IbVbTb)

∣∣∣
y+ 1

σy .
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Therefore, for some ρ > 1, we have

b∑
y=0

(∑y
x=0

x+1
|1−l|

y+ 1

)σy
6 ρ‖Xb‖‖V−1

b ‖
b∑
y=0

∑yx=0

∣∣∣∇fαx(JbX
−1
b IbVbTb)

∣∣∣
y+ 1

σy

⇒
b∑
y=0

(∑y
x=0

x+1
|1−l|

y+ 1

)σy
6 ρ‖Xb‖‖V−1

b ‖Ω(JbX
−1
b IbVbTb)

⇒
b∑
y=0

(∑y
x=0

x+1
|1−l|

y+ 1

)σy
6 ρσ‖Xb‖‖V−1

b ‖‖JbX
−1
b IbVbTb‖

⇒
b∑
y=0

(∑y
x=0

x+1
|1−l|

y+ 1

)σy
6 ρσ‖Xb‖‖V−1

b ‖‖JbX
−1
b ‖‖Ib‖‖VbTb‖

= ρσ‖Xb‖‖V−1
b ‖‖X

−1
b ‖‖Ib‖‖Vb‖ 6 4ρσ.

This implies a contradiction, when b → ∞. Hence, G and Q both cannot be infinite dimensional when
IαCes(∇f,σ)(G,Q) = I(G,Q).

Clearly, as Theorem 3.23, we can easily show the following theorem.

Theorem 3.24. If G and Q are Banach spaces with dim(G) = dim(Q) =∞, and the conditions of Theorem 3.5 are
satisfied, then IdCes(∇f,σ) is minimum.

We discuss here the conditions such that the class Is(Ces(∇f,σ))>
is simple.

Lemma 3.25 ([16]). Suppose C ∈ I(G,Q) and C /∈ P(G,Q), then A ∈ I(G) and B ∈ I(Q) with BCXey = ey, for
every y ∈ I+.

Theorem 3.26. Assume G and Q are Banach spaces with dim(G) = dim(Q) = ∞, and the conditions of Theorem
3.5 are satisfied with f2(y) > f1(y) and 1 < σ(1)

y < σ
(2)
y , for every y ∈ I+, then

I
(
Is(

Ces(∇f2 ,(σ(2)
y ))

)
>

(G,Q), Is(
Ces(∇f1 ,(σ(1)

y ))
)
>

(G,Q)
)
= P

(
Is(

Ces(∇f2 ,(σ(2)
y ))

)
>

(G,Q), Is(
Ces(∇f1 ,(σ(1)

y ))
)
>

(G,Q)
)

.

Proof. If A ∈ I
(
Is(

Ces(∇f2 ,(σ(2)
y ))

)
>

(G,Q), Is(
Ces(∇f1 ,(σ(1)

y ))
)
>

(G,Q)
)

and A /∈ P
(
Is(

Ces(∇f2 ,(σ(2)
y ))

)
>

(G,Q),

Is(
Ces(∇f1 ,(σ(1)

y ))
)
>

(G,Q)
)

, in view of Lemma 3.25, we have B ∈ I
(
Is(

Ces(∇f2 ,(σ(2)
y ))

)
>

(G,Q)
)

and

C ∈ I
(
Is(

Ces(∇f1 ,(σ(1)
y ))

)
>

(G,Q)
)

with CABIg = Ig. Therefore, for all g ∈ I+, we obtain

‖Ig‖Is(
Ces(∇f1

,(σ(1)
y ))

)
>

(G,Q) =

∞∑
y=0

(∑y
x=0 |∇f1sx(Ig)|

y+ 1

)σ(1)
y

6 ‖CAB‖‖Ig‖Is(
Ces(∇f2

,(σ(2)
y ))

)
>

(G,Q) 6
∞∑
y=0

(∑y
x=0 |∇f2sx(Ig)|

y+ 1

)σ(2)
y

.

This contradicts Theorem 3.22. Hence A ∈ P
(
Is(

Ces(∇f2 ,(σ(2)
y ))

)
>

(G,Q), Is(
Ces(∇f1 ,(σ(1)

y ))
)
>

(G,Q)
)

.
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Corollary 3.27. If G and Q are Banach spaces with dim(G) = dim(Q) =∞, and the conditions of Theorem 3.5 are
verified with f2(y) > f1(y) and 1 < σ(1)

y < σ
(2)
y , for every y ∈ I+, then

I
(
Is(

Ces(∇f2 ,(σ(2)
y ))

)
>

(G,Q), Is(
Ces(∇f1 ,(σ(1)

y ))
)
>

(G,Q)
)
= T

(
Is(

Ces(∇f2 ,(σ(2)
y ))

)
>

(G,Q), Is(
Ces(∇f1 ,(σ(1)

y ))
)
>

(G,Q)
)

.

Proof. Clearly, since P ⊂ T.

Theorem 3.28. Assume G and Q are Banach spaces with dim(G) = dim(Q) = ∞, and the conditions of Theorem
3.5 are confirmed, then Is(Ces(∇f,σ))>

is simple.

Proof. Suppose that the closed ideal T(Is(Ces(∇f,σ))>
(G,Q)) contains an operator A /∈ P(Is(Ces(∇f,σ))>

(G,Q)).
By using Lemma 3.25, there are B,C ∈ I(Is(Ces(∇f,σ))>

(G,Q)) with CABIg = Ig. This gives that
IIs

(Ces(∇f ,σ))>
(G,Q) ∈ T(Is(Ces(∇f,σ))>

(G,Q)). Hence I(Is(Ces(∇f,σ))>
(G,Q)) = T(Is(Ces(∇f,σ))>

(G,Q)). Therefore,

Is(Ces(∇f,σ))>
is a simple Banach space.

We offer here the sufficient conditions on (Ces(∇f,σ))> so that the class I with the sequence of
eigenvalues in (Ces(∇f,σ))> equals Is(Ces(∇f,σ))>

.

Theorem 3.29. If G and Q are Banach spaces with dim(G) = dim(Q) =∞, and the conditions of Theorem 3.5 are
satisfied, and ∇−1

f exists and is bounded linear, then(
Is(Ces(∇f,σ))>

)ρ
(G,Q) = Is(Ces(∇f,σ))>

(G,Q).

Proof. Assume that U ∈
(
Is(Ces(∇f,σ))>

)ρ
(G,Q), then (ρy(U))

∞
y=0 ∈ (Ces(∇f,σ))> and ‖U− ρy(U)I‖ = 0,

for every y ∈ I+. One has U = ρy(U)I, for every y ∈ I+, hence sy(U) = sy(ρy(U)I) = |ρy(U)|, for
all y ∈ I+. So, (sy(U))

∞
y=0 ∈ (Ces(∇f,σ))>, then U ∈ Is(Ces(∇f,σ))>

(G,Q). Next, suppose that U ∈
Is(Ces(∇f,σ))>

(G,Q). Hence (sy(U))
∞
y=0 ∈ (Ces(∇f,σ))>. Therefore, we get

∞∑
y=0

(|∇fsy(U)||)
σy 6

∞∑
y=0

(∑y
x=0 |∇fsx(U)||

y+ 1

)σy
<∞.

So limy→∞∇fsy(U) = 0. As ∇−1
f exists and is bounded linear, hence limy→∞ sy(U) = 0. Suppose ‖U−

sy(U)I‖−1 exists for every y ∈ I+. Therefore, ‖U − sy(U)I‖−1 exists and bounded for every y ∈ I+.

Hence, limy→∞ ‖U − sy(U)I‖−1 = ‖U‖−1 exists and is bounded. As
(
Is(Ces(∇f,σ))>

,Ω
)

is a pre-quasi
operator ideal, we have

I = UU−1 ∈ Is(Ces(∇f,σ))>
(G,Q)⇒ (sy(I))

∞
y=0 ∈ Ces(∇f,σ)⇒ lim

y→∞ sy(I) = 0.

We have a contradiction, as limy→∞ sy(I) = 1. Then ‖U − sy(U)I‖ = 0, for all y ∈ I+, which gives

U ∈
(
Is(Ces(∇f,σ))>

)ρ
(G,Q).

4. Multiplication operators on (Ces(∇f,σ))>

Some geometric and topological properties of the multiplication operators defined on the space

(Ces(∇f,σ))> with the function > have been introduced, where >(β) =

∞∑
y=0

(∑y
x=0 |∇f|βx||

y+ 1

)σy
, for

every β ∈ (Ces(∇f,σ))>.
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Definition 4.1 ([3]). Suppose D> is a pre-quasi normed pss and ℘ = (℘y) ∈ CI+ . The operator M℘ : D> →
D> is called a multiplication on D>, when M℘β =

(
℘yβy

)
∈ D>, with β ∈ D>. If M℘ ∈ I(D>), then the

multiplication operator is said to be generated by ℘.

Theorem 4.2. If ℘ ∈ CI+ and the conditions of Theorem 3.5 are verified, then

℘ ∈ `∞ ⇐⇒M℘ ∈ I((Ces(∇f,σ))>).

Proof. Assume that ℘ ∈ `∞. Then, we have ξ > 0 with |℘x| 6 ξ, for all x ∈ I+. If β ∈ (Ces(∇f,σ))>, we
obtain

>(M℘β) = >(℘β) =
∞∑
y=0

(∑y
x=0 |∇f|℘xβx||

y+ 1

)σy
6
∞∑
y=0

(∑y
x=0 |ξ∇f|βx||

y+ 1

)σy
6 sup

y

ξσy
∞∑
y=0

(∑y
x=0 |∇f|βx||

y+ 1

)σy
= sup

y

ξσy>(β).

Hence, M℘ ∈ I((Ces(∇f,σ))>).
Next, suppose M℘ ∈ I((Ces(∇f,σ))>) and ℘ /∈ `∞. Then for every m ∈ I+, one has ξ ∈ I+ so that

|℘m| > ξ. Hence

>(M℘ex) = >(℘ex) =
∞∑
y=0

(∑y
x=0 |∇f|℘x(em)x||

y+ 1

)σy
>

∞∑
y=0

(∑y
x=0 |ξ∇f|(em)x||

y+ 1

)σy
> ξσ0>(em).

So, M℘ /∈ I((Ces(∇f,σ))>). So ℘ ∈ `∞.

Theorem 4.3. If ℘ ∈ CI+ and (Ces(∇f,σ))> is a pre-quasi normed pss, then |℘y| = 1, for all y ∈ I+, if and only
if M℘ is an isometry.

Proof. Suppose the sufficient condition is satisfied. We have

>(M℘β) = >(℘β) =
∞∑
y=0

(∑y
x=0 |∇f|℘xβx||

y+ 1

)σy
=

∞∑
y=0

(∑y
x=0 |∇f|βx||

y+ 1

)σy
,

for all β ∈ (Ces(∇f,σ))>. So, M℘ is an isometry. Assume M℘ is an isometry and |℘b| < 1, for some
b = b0. We have

>(M℘eb0) = >(℘eb0) =

∞∑
y=0

(∑y
x=0 |∇f|℘x(eb0)x||

y+ 1

)σy
<

∞∑
y=0

(∑y
x=0 |∇f|(eb0)x||

y+ 1

)σy
= >(eb0).

Also if |℘b0 | > 1, clearly, >(M℘eb0) > >(eb0). We have a contradiction for the two cases. Hence, |℘b| = 1,
for every b ∈ I+.

Theorem 4.4. If ℘ ∈ CI+ and the conditions of Theorem 3.5 are verified, then M℘ ∈ P((Ces(∇f,σ))>), if and
only if (℘b)∞b=0 ∈ c0, where c0 is the space of null sequences of complex numbers.

Proof. Assume that M℘ ∈ P((Ces(∇f,σ))>), then M℘ ∈ T((Ces(∇f,σ))>). Suppose limy→∞ ℘y 6= 0.
Then, we have η > 0 so that Uη = {y ∈ I+ : |℘y| > η} " I, where I is the space of all sets with finite
number of elements. If {ξy}y∈I+ ⊂ Uη, then {eξy : ξy ∈ Uη} ∈ `∞ is an infinite set in (Ces(∇f,σ))>. As

>(M℘eξf −M℘eξg) = >(℘eξf − ℘eξg) =
∞∑
y=0

(∑y
x=0

∣∣∇f|℘x((eξf)x − (eξg)x)|
∣∣

y+ 1

)σy

>
∞∑
y=0

(∑y
x=0

∣∣η∇f|((eξf)x − (eξg)x)|
∣∣

y+ 1

)σy
> inf

k
ησk>(eξf − eξg),
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for all ξf, ξg ∈ Uη. So, {eξg : ξg ∈ Uη} ∈ `∞, which cannot have a convergent subsequence under
M℘. Hence M℘ /∈ T((Ces(∇f,σ))>). This implies M℘ /∈ P((Ces(∇f,σ))>), this gives a contradiction.
Therefore, limy→∞ ℘y = 0. Next, if limy→∞ ℘y = 0, hence for every η > 0, we have Uη = {y ∈ I+ :

|℘y| > η} ⊂ I. Therefore, for all η > 0, we get dim
((

(Ces(∇f,σ))>
)
Uη

)
= dim

(
CUη

)
< ∞. So

M℘ ∈ J

((
(Ces(∇f,σ))>

)
Uη

)
. Let ℘f ∈ CI+ , for every f ∈ I+, where

(℘f)g =

{
℘g, g ∈ U 1

f+1
,

0, otherwise.

Indeed, M℘f ∈ J

((
(Ces(∇f,σ))>

)
U 1
f+1

)
such as dim

((
(Ces(∇f,σ))>

)
U 1
f+1

)
<∞, for every f ∈ I+.

As (σy) ∈ =↗ ∩ `∞ with σ0 > 1, we have

>((M℘ −M℘f)β) = >
((

(℘g − (℘f)g)βg

)∞
g=0

)
=

∞∑
g=0

(∑g
x=0 |∇f|(℘x − (℘f)x)βx||

g+ 1

)σg
=

∞∑
g=0,g∈U 1

f+1

(∑g
x=0 |∇f|(℘x − (℘f)x)βx||

g+ 1

)σg

+

∞∑
g=0,g/∈U 1

f+1

(∑g
x=0 |∇f|(℘x − (℘f)x)βx||

g+ 1

)σg

=

∞∑
g=0,g/∈U 1

f+1

(∑g
x=0 |∇f|℘xβx||

g+ 1

)σg

6
1

(f+ 1)σ0

∞∑
g=0,g/∈U 1

f+1

(∑g
x=0 |∇f|βx||

g+ 1

)σg

<
1

(f+ 1)σ0

∞∑
g=0

(∑g
x=0 |∇f|βx||

g+ 1

)σg
=

1
(f+ 1)σ0

>(β).

So, ‖M℘ −M℘f‖ 6 1
(f+1)σ0 . This implies M℘ is a limit of finite rank mappings. Hence, M℘ ∈

P((Ces(∇f,σ))>).

Theorem 4.5. If ℘ ∈ CI+ and the settings of Theorem 3.5 are confirmed, then M℘ ∈ T((Ces(∇f,σ))>), if and
only if (℘y)∞y=0 ∈ c0.

Proof. Evidently, since P((Ces(∇f,σ))>) & T((Ces(∇f,σ))>).

Corollary 4.6. Suppose that the setups of Theorem 3.5 are satisfied, then T((Ces(∇f,σ))>) & I((Ces(∇f,σ))>).

Proof. As the multiplication mapping I on (Ces(∇f,σ))> is generated by ℘ = (1, 1, . . .), this implies
I /∈ T((Ces(∇f,σ))>) and I ∈ I((Ces(∇f,σ))>).

Theorem 4.7. Suppose that M℘ ∈ I((Ces(∇f,σ))>), where the space (Ces(∇f,σ))> is a pre-quasi Banach pss.
Then there exist r > 0 and t > 0 so that r < |℘y| < t, with y ∈ (ker(℘))c, if and only if, Range(M℘) is closed.
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Proof. Let the settings be satisfied. Then, we have η > 0 with |℘y| > η, for every y ∈ (ker(℘))c. To show
the space Range(M℘) is closed, suppose l is a limit point of Range(M℘). Hence M℘βy ∈ (Ces(∇f,σ))>,
for all y ∈ I+ such that limy→∞M℘βy = l. Clearly, the sequence M℘βy is a Cauchy sequence. As
(σy) ∈ =↗ ∩ `∞ with σ0 > 1, we have

>(M℘βf −M℘βg) =

∞∑
y=0

(∑y
x=0 |∇f|(℘x(βf)x − ℘x(βg)x)||

y+ 1

)σy
=

∞∑
y=0,y∈(ker(℘))c

(∑y
x=0 |∇f|(℘x(βf)x − ℘x(βg)x)||

y+ 1

)σy

+

∞∑
y=0,y/∈(ker(℘))c

(∑y
x=0 |∇f|(℘x(βf)x − ℘x(βg)x)||

y+ 1

)σy

>
∞∑

y=0,y∈(ker(℘))c

(∑y
x=0 |∇f|(℘x(βf)x − ℘x(βg)x)||

y+ 1

)σy

=

∞∑
y=0

(∑y
x=0 |∇f|(℘x(mf)x − ℘x(mg)x)||

y+ 1

)σy
>

∞∑
y=0

(∑y
x=0 |∇f|η((mf)x − (mg)x)||

y+ 1

)σy
> inf

y
ησy>

(
mf −mg

)
,

where

(mf)y =

{
(βf)y, y ∈ (ker(℘))c ,
0, y /∈ (ker(℘))c .

then, {mf} is a Cauchy sequence in (Ces(∇f,σ))>. Since (Ces(∇f,σ))> is complete, we have β ∈
(Ces(∇f,σ))> with limy→∞my = β. As M℘ ∈ I((Ces(∇f,σ))>), we get limy→∞M℘my = M℘β. But
limy→∞M℘my = limy→∞M℘βy = l. So M℘β = l. Hence l ∈ Range(M℘). Hence Range(M℘) is closed.
Next, assume that the necessity condition is verified. So, we have η > 0 such that >(M℘β) > η>(β), with
β ∈

(
(Ces(∇f,σ))>

)
(ker(℘))c

. Suppose U =
{
y ∈ (ker(℘))c : |℘y| < η

}
6= ∅, then for f0 ∈ U, we have

>(M℘ef0) = >
((
℘g(ef0)g)

)∞
g=0

)
=

∞∑
g=0

(∑g
x=0 |∇f|℘x(ef0)x||

g+ 1

)σg
<

∞∑
g=0

(∑g
x=0 |∇f|η(ef0)x||

g+ 1

)σg
6 sup

g

ησg>(ef0),

this explains a contradiction. So U = ∅, one has |℘y| > η, with y ∈ (ker(℘))c.

Theorem 4.8. If (Ces(∇f,σ))> is a pre-quasi Banach pss and ℘ ∈ CI+ , then, one has r > 0 and t > 0 with
r < |℘y| < t, for every y ∈ I+, if and only if, M℘ ∈ I((Ces(∇f,σ))>) is invertible.

Proof. Let the sufficient condition be confirmed. Assume that η ∈ CI+ with ηx = 1
℘x

. From Theorem 4.2,
the operators M℘ and Mη are bounded linear. Then M℘.Mη = Mη.M℘ = I. Hence Mη = M−1

℘ . Next,

if M℘ is invertible, therefore, Range(M℘) =
(
(Ces(∇f,σ))>

)
I+

. So, Range(M℘) is closed. By using

Theorem 4.7, one has r > 0 such that |℘y| > r, for all y ∈ (ker(℘))c. One has ker(℘) = ∅, if ℘y0 = 0, with
y0 ∈ I+, this gives ey0 ∈ ker(M℘), so we have a contradiction since ker(M℘) is trivial. Hence, |℘y| > r, for
all y ∈ I+, as M℘ ∈ `∞. In view of Theorem 4.2, one has t > 0 such that |℘y| 6 t, for all y ∈ I+. Hence,
we get r 6 |℘y| 6 t, with y ∈ I+.
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Definition 4.9 ([12]). Assume the space (Range(G))c is the complement of Range(G). An operator G ∈
I(D) is called Fredholm, when dim(Range(G))c <∞, dim(ker(G)) <∞ and Range(G) is closed.

Theorem 4.10. Suppose M℘ ∈ I((Ces(∇f,σ))>), where (Ces(∇f,σ))> is a pre-quasi Banach pss. Then M℘ is
Fredholm mapping, if and only if

(g) ker(℘) $ I+ is finite;
(h) |℘y| > ρ, with y ∈ (ker(℘))c.

Proof. Assume the conditions (g) and (h) are satisfied. From Theorem 4.7, the condition (h) explains that
Range(M℘) is closed. The condition (g) gives that dim(ker(M℘)) < ∞ and dim((Range(M℘))

c) < ∞.
Hence, M℘ is Fredholm. If M℘ is the Fredholm operator, suppose ker(℘) $ I+ is infinite, hence ex ∈
ker(M℘), for every x ∈ ker(℘). Since ex’s are linearly independent, one has dim(ker(M℘)) = ∞, which
implies a contradiction. So, ker(℘) $ I+ must be finite. The condition (h) follows from Theorem 4.7.
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[1] B. Altay, F. Başar, Generalization of the sequence space `(p) derived by weighted means, J. Math. Anal. Appl., 330 (2007),
147–185. 1.3

[2] A. A. Bakery, A. R. Abou Elmatty, A note on Nakano generalized difference sequence space, Adv. Difference Equ., 2020
(2020), 17 pages. 3.14
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