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Abstract

Conformal maps or horizontally conformal maps are very useful for characterization of harmonic morphisms. Nowadays,
many medical problems (directly or indirectly) such as brain imaging (brain surface mapping, [Y. L. Wang, L. M. Lui, X. F. Gu,
K. M. Hayashi, T. FE. Chan, A. W. Toga, P. M. Thompson, S.-T. Yau, IEEE Transactions on Medical Imaging, 26 (2007), 853-865],
[Y. L. Wang, X. FE. Gu, K. M. Hayashi, T. F. Chan, P. M. Thompson , S.-T. Yau, Tenth IEEE International Conference on Computer
Vision (ICCV’05), 2005 (2005), 1061-1066]) computer graphics ([X. F. Gu, Y. L. Wang, T. F. Chan, P. M. Thompson, S.-T. Yau,
IEEE Transactions on Medical Imaging, 23 (2004), 949-958]) etc. can be solved using conformal Riemannian maps. In this paper,
as a generalization of conformal Riemannian maps and conformal bi-slant submersions, we introduce conformal quasi-bi-slant
Riemannian maps from almost Hermitian manifolds to Riemannian manifolds. We study the geometry of leaves of distributions
which are involved in the definition of the conformal quasi bi-slant Riemannian maps. We work out conditions for such maps
to be integrable, totally geodesic and pluriharmonic. We present two examples for the introduced notion.
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1. Introduction

In Riemannian geometry, the theory of smooth maps between Riemannian manifolds is a fascinating
topic that continually generates new ideas which are very helpful in comparing geometric structures
between manifolds. In this point of view, isometric immersions and submersions are basic such maps
studied by O’Neill [18] and Gray [10]. In 1992, Fischer introduced the notion of Riemannian maps [8]
as a generalization of isometric immersions and Riemannian submersions. More precisely, a smooth
map 7 : (B, gB,) — (B2, gB,) between Riemannian manifolds such that 0 < rankm < min{m, n}, where
dim By = m and dim B, = n. It satisfies the equation:

gB, (V1,Va) = g, (m. V1, M. Va), for V4, Vs € T(kerm, )t
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It follows that isometric immersions and Riemannian submersions are particular cases of Riemannian
maps with kerm, = {0} and (rangem)L = {0}, respectively. If we denote the kernel space of m, by ker .
and the orthogonal complementary space of kerm. by (ker, )+ in TBy, then the TB; has the following
orthogonal decomposition:

TB; = kermt, & (kerm, )= .

Also, if we denote the range of 7, by ranger, and for a point p € By the orthogonal complementary
space of (rangert.)(p) by (rangem)#(p) in T(p)B2, then the tangent space T, B2 has the following
orthogonal decomposition:

Tr(p)B2 = (rangert. ) n(p) & (rangert.) -

A differentiable map 7 : (B, gg,) — (B2, gB,) is called a Riemannian map at p € By if the hori-
zontal restriction n’jp . (ker n*)é — (ranger.)(p) is linear isometry between the inner product space
((kerﬂ*p)L, (931)(p)|(kerﬂ*p)1_) and (rangen*n(p), (ng)(ﬂ(p))l(rangemp)) (for details see [5]).

Fischer showed that such maps could be used to solve the generalized eikonal equation, i.e., it satisfies
the generalized eikonal equation || 7, ||?= rankr. Since rankr is an integer valued function and || 7. ||
is continuous function on the Riemannian manifold so the equality implies that rank is locally constant
and globally constant on connected components. Since energy density 2e(n) =| m. ||*>= rankm, ie.,
density is quantized to integer if the Riemannian manifold is connected. Thus the eikonal equation is a
bridge between geometric optics and physical optics. On the other hand, horizontally conformal maps
were defined by Fuglede [9] and Ishihara [14] and these maps are useful for characterization of harmonic
morphisms. Horizontally conformal maps (conformal maps) have applications in mathematics as well
as in physics. Especially, within the Yang-Mills theory [6], Kaluza-Klein theory [12], supergravity and
superstring theories ([7],[13]) redundant robotic chains [4] etc. Thus, the notion of Riemannian maps
deserves through study from different perspectives.

Furthermore, Sahin [28] introduced the notion of conformal Riemannian maps between Rieman-
nian manifolds, their harmonicity and decomposition Theorems. After that, several kinds of conformal
Riemannian maps were introduced and studied, some of them are like: conformal Riemannian maps
([28, 31]), conformal anti-invariant Riemannian maps [1], conformal semi-invariant Riemannian maps
([2, 32]), conformal slant Riemannian maps ([3]), etc. Likewise, these maps have been studied widely by
many geometers (see also [15, 19-25, 27, 29, 30]) etc.

The present article is organized as follows. Section 2 contains some basic definitions needed through-
out this paper. In Section 3, we define conformal quasi bi-slant Riemannian map from almost Hermitian
manifolds to Riemannian manifolds and obtain some results on conformal quasi bi-slant Riemannian map
from Kéahler manifold to Riemannian manifold. In Section 4, some examples for this notion are provided.

2. Preliminaries
An almost Hermitian manifold (N1, g1, ]) is called a Kdhler manifold [36] if
(Vw, )W, =0, (2.1)

for Wi, W, € T'(TN;) with almost complex structure | and almost Hermitian metric g; on Nj.

Watson introduced the fundamental tensors of a submersion in [35]. It is known that the fundamental
tensor play similar role to that of the second fundamental form of a submersion [16]. O'Neill’s tensors T
and A [18], for vector fields Vi, V, € T'(TN;), are defined as

-AV1VZ = VVg{Vl HV, + j‘ng{vl VV,, TV1V2 = J'CVV\/l VYV, + VVvvl HV,, (2.2)

where V and H are the vertical and horizontal projections and V is Levi-Civita connection N;. On the
other hand, from (2.2), we have

Vlez = TYl Y, + VVYle, (2.3)
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Vyl U; = j‘nyl U, + TYl Uy, (2.4)
VulYl = .AulYl + VVulYl, (2.5)
Vy, Uz = HVy, Up + Ay, Uo, (2.6)

for Y;,Ys € T'(kerm,) and Uy, Uy € T(kerm,)t, where VVWy, Y2 = @leQ. If Uy is basic, then Ay, U; =
HVuy, Y.

It is seen that for p € Ny, Y1 € V, and Uy € K, the linear operators Ay,, Ty, : T,N; — T,N; are
skew-symmetric, that is

91(Au,Z1,Z2) = —g1(Z1, Ay, Z2) and 91(Tv,Z1, Z3) = —q1(Z1, Ty, Z2), (2.7)

for each Z1,Z> € T( T, Ny).

Let 7w : (N1, g1) — (N2, g2) is a smooth map between Riemannian manifolds. Then the differential
7, of 7t can be observed a section of the bundle Hom (TN, 7w 1TN,) — N, where TN, is the bundle
which has fibres (m—1TN 2)p = Tr(p)N2, has a connection V induced from the Riemannian connection and
VN1 pullback connection. Then the second fundamental form of 7t is given by

N1 N2
(Vm,)(V1, Vo) = VT (Va) — 1 (HVT, Va), (2.8)

for any vector fields Vi, V, € T(TN;), where V™ is the pullback connection. We recollection that a differ-
entiable map 7 between two Riemannian manifolds is called totally geodesic if

(V) (Y1,Y2) =0, for Yy, Yo € T(TNy).

Definition 2.1. Let (N1, g1) and (Ny, g2) are two Riemannian manifolds with dimensions m and n, re-
spectively. If 7: (N1, g1) — (Ng, g2) is a smooth map, then 7 is a conformal Riemannian map at p € Ny if
0 < rankm,, < min{m,n}and m,, maps H, = (ker TC*I))l conformally onto range(7.p ), i.e., there exists a
number A?(p) # 0 such that

A (p)g1(V1, Va) = ga(m V1, . Va),

for Vi, V, € (kerm,,)*. 7 is called conformal Riemannian map if 7 is a conformal map at each point
p € Ni. A conformal Riemannian map 7 is proper if A # 1.

On the other hand, let 7t : (Ny,g1) — (N2,g2) be a conformal map between Riemannian manifolds.
Then, we get

(VTE* ) (Vlz VZ) |range7t* =V (ln }\)7'[* (V2) + VZ(ln }\)7'[* (Vl) — g1 (Vll VZ)T[* (grad In 7\)/

where Vi, V, € (ker n*p)L. From equation (2.8), we get

N] N2
VT (V2) = T (V™ V2) 4+ Vi(In A) 7. (V2) + Vo (InA) 7t (V)
— g1(V4, Vo)m.(grad InA) + (V)= (Vy, Va),

2.9)

where (V7t,)+(V;, V2) is the component of (V7,)(Vi, V2) on (ranger.)* for Vi, V, € (ker n*p)L. Thus if we
denote the (rangem)l component of (V7,)(V1, V) by (V'T[*)(V],Vz)“rangeﬁ)L, we can write (V7 )(Vy, V)
as

(VT[*)(Vl, VZ) = (vn*)(vll V2)|(range7r) + (vn*)(v1/v2)|(range7'c)i/

for Vi, V, € (kern*p)L.

Definition 2.2. Let (N1, g1,]) be an almost Hermitian manifold and (N, g2) be a Riemannian manifold
with dimension m and n, respectively. A map 7 from an almost Hermitian manifold (Ny, g1, ]) to Rie-
mannian manifold (Ny, g2) is pluriharmonic map [17] if

(V) (Z1,Z2) + (Vi )(]Z4,]Z2) =0,
for Z,,Z» € T(TN;).
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3. Conformal quasi bi-slant Riemannian maps

Definition 3.1. Let (N1, g1, ]) be an almost Hermitian manifold and (N, g») be a Riemannian manifold.
A Riemannian map 7 : (Ny, g1, ]) — (N2, g2) is called a conformal quasi bi-slant Riemannian map if there
exist three mutually orthogonal distributions D, Dy, and D; such that

(i) kerm, =D @® Dy @ Dy;
(i) J(D) =D, i.e., D is invariant;
(iii) J(D1) L Dz and J(D2) L Dy;
(iv) for any non-zero vector field Y; € (D1)p, p € Ny, the angle 01 between JY; and (D), is constant and
independent of the choice of point p and Y7 in (D1)y;
(v) for any non-zero vector field Y> € (D2)q, q € Ny, the angle 0, between ]Y; and (D> )4 is constant and
independent of the choice of point q and Z; in (D).

These angles 01 and 0, are called slant angles of the Riemannian map.
Let 7t be conformal quasi bi-slant Riemannian map from an almost Hermitian manifold (Ny,g,,]) toa
Riemannian manifold (Nj, g»). Then, we have

TNy = kerm, @ (kerm, ).
Now, for any vector field U; € I'(ker 7t,.), we have
U; = PU; + QU4 + RUy, (3.1)

where P, Q and R are projection morphisms of ker 7t, onto D, D1 and D>, respectively. For W; € I'(ker m.),
we get
JW1 = oW1 + wWy, (3.2)

where ¢W; € (Tkerm,) and wW; € (T ker 7, )*. From equations (3.1) and (3.2), we have
JUp =J(PUp) +J(QUy) + J(RUy) = ¢(PUy) + w(PUp) + $(QU1) + w(QUy) + ¢(RUp) + w(RUy).
Since JD = D, we get wPU; = 0. Therefore, above equation reduces to
JU; = ¢(PU;) + $QU; + wQU; + ¢RU; + wRU;.
Now, we have the following decomposition
J(kerm,) = D @ (¢D1 @ $D>) & (wD1 & wDy),
where @ denotes orthogonal direct sum. Further, let V; € I'(D1) and V, € I'(D;). Then, we get
g1(V1, V2) =0, 91(JV1, V2) = g1(V1,]V2) =0, g1(pVy, V2) =0, g1(V1, V) = 0.
If W1 € (D), W, € I'(Dy) and W3 € T'(D»), then
g1(d Wi, W3) =0, g1(dpW1, W3) =0, g1($W2, dW3) =0, g1 (wW>, wW3) = 0.

So, we can write $D1 N $D;, = {0}, wD; N wD, = {0}. Since wD; C (kerm, )+, wD, C (kerm, ), so we can
write
(kerm,)* = wD; B wDy B 1,

where p is orthogonal complement of (wD; @ wD,) in (ker m,)+. Also, for any non-zero vector field
X; € (kerm, )", we have
JX1 = BX; + CXq, (3.3)

where BX; € I'(ker i) and CX; € T'(w).
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Lemma 3.2. If 7t is a conformal quasi bi-slant Riemannian map, then
$2Uy + Bwly = —U;, wdlU; + Cwll; =0, wBUy + C*Uy = —Uy, pBU, + BCU, =0,
for Uy € T'(kerm,) and U, € T(ker )L
Proof. Using equations (3.2) and (3.3), we have Lemma 3.4. O]

The proof of the following Lemma is exactly the same as that one for quasi bi-slant submersion, see
Lemma 3.2 of [26]. So, we omit it.

Lemma 3.3. If 7t is a conformal quasi-bi-slant Riemannian map, then

(i) $?Y1 =—(cos®0;)Yy;
(i) g1(dY1, dY2) = cos?0ig1 (Y1, Y2);
(iii) gl(le, (,UYQ) = sin2 Gigl(Yl,Yz),for Yl, Yz < F(Di), where 1 = 1, 2.

Lemma 3.4. If 7t is a conformal quasi-bi-slant Riemannian map, then

VVy, bY, + Ty, wYs = $VVy, Yz + BTy, Yz, (3.4)
Ty, Y2 + HVy, wY2 = wVVy, Yy + CTy, Yo, (3.5)
YV, BUy + Ay, CUz = pAy, Uy + BHV, Uy, (3.6)
Ay, BUs + HVy, CUy = wAy, Uy + CHV, Uy, (3.7)
VVy,BUj + Ty, CU;y = $Ty, U; + BHVy, Uy, (3.8)
Ty,BUs + HVy, CUs = wTy, Uy + CHVy, Uy, (3.9)
VYU, Y1 + Ay, wY = BAY, Y1+ $VVy, Y, (3.10)
Au, dY1 +HVy, wY = CAL, Y1 + wVVy, Yy, (3.11)

for any Y1,Y, € T(ker ) and Uy, Uy € T'(ker 7, )+
Proof. Using equations (2.1), (2.3), (2.4), (2.7), (2.8), (3.2), and (3.3), we get equations (3.4)-(3.11). O
Now, we define

(Vv d) Vo =VV v, Vo — dVVV, Vo, (Vy,w)Vo = HVy,wVr —wVVy, Vy,

(Vu,C)Up = HVy,CUy — CHVy, Uy, (Vy,B)Uy = VV i, BUy — BHVy, Uy, (3.12)
for any V1, V, € T'(ker ) and Uy, Uy € I(ker 7, )~+.
Lemma 3.5. If 7t is a conformal quasi-bi-slant Riemannian map, then
(Vw, )W2 = BTw, W, — Tw, wW>, (Vw, w)Ws = CTw, W, — Tw, dW>,
(Vz,C)Z; = wAz,Z, — Az, BZ,, (Vz,B)Zy = bAz,Zo — Az,CLy,
for any vectors W1, W, € T'(ker ) and Z1,Z; € T'(ker )t
Proof. Using equations (3.4), (3.5), (3.6), (3.7), and (3.12), we get all equations of Lemma 3.5. O

If the tensors ¢ and w are parallel with respect to the linear connection V on Nj, respectively, then
BTy, Y2 = Ty,wY2, CTy, Y2 = Ty, Y2,

for any Y1, Y, € T(TNy).
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Theorem 3.6. D is integrable if and only if
VVv,JVa —VVy, Vi € T(D), d(Tv,—v,wZy) € T(D1 @ D),
for V1,Vo € (D) and Z; € T(Dy & D2).
Proof. Using equations (2.1), (2.3), (2.4), and (3.2), we have
g1(IV1, Val, Z1) = 91(Vv, V2, JZ1) — 91(Vv, ] V1, ] Z1)
= g1(V\y,JV2, dZ1) — g1(Vv, ] V1, §Z1) + 91 (Vv ] V2, wZ1) — g1(V, ] Vi, wZy)
= g1(VV\,JV2 = VV\, ]V, dZ1) — g1(J V2, Vv, wZy) + g1(J V1, Vv,wZy)
= g1(VVv,JV2 = VV\,]Vi, &Z1) + 91(V2, dTv,wZy) — g1(V1, dTv,wZy),
for Vi, V, € I'(D) and Z; € T'(D; @ D;), which completes the proof. O
Theorem 3.7. Dy is integrable if and only if
1
5{92((V7) (U1, PWA), e, (wpla)) — g2 (V71 (Uz, PWA), e, (aopUy )
+ 92((V7T*) (ull wuZ) - (vn*)(UZI wul)l Ty (wal))
— 2 (7 (W), 7, (Us, JPWA)) + g (@l 7 (U, JPWA)) |
= g1(HVy,wl; — HVy,wly, wRWq) + g1 (VVy, Uz — VVy, dUq, pRW)
+ g1 ((‘TU1 wuZ - [‘TuZwull ¢)RW1)/
for Uy, Uy € T(Dq) and W1 € T(D & Da).
Proof. For Uy, Uy € T(D1) and Wj € T(D & D3), we have
g1([Ug, Uz], W1) = g1(Vu, Uz, W) — g1(Vy, Uy, Wh).
Using equations (2.1), (2.3), (2.4), (3.1), (3.2), and Lemma 3.3, we have
g1([Uy, Uo], W1) = g1(Vu, JUo, JW1) — g1(Vy, Uy, JW1)
= cos? 0191 (Vu, Uz, PW;) — cos? 0191 (Vu,Us, PW1) + g1 (wd Uy, Ty, PW)
—g1(wdly, Tu,PW1) + g1 (VVy, Uz — VV,dUy, GRW) + g1 (Tu, wllz
— Ju,wUs, WRW;) — g1 (wly, Vi, JPW1) + g1 (wUy, Vi, JPW;)
+ 01 (‘:rul(,UUQ — Tu,wly, $RW;) + g1 (%VuleZ — HVy,wl;, wWRW).
Since 7 is conformal Riemannian map, using equations (2.8) and (2.9), we have
g1([Uy, Up), W1) — cos? 0191 ([Uy, Up), W)
= g1(HVy,wly — HVy,wly, wRWq) + g1 (VV, Uz — VVy,dUq, pRW)
1 1
- pQZ((Vﬂ*)(U1,PW1),7T*(UJ¢U2)) + ﬁgz((Vﬂ*)(Uz, PW1), . (wdUy))
1 1
- ﬁgz((vm) (Uy, wUz) — (V) (U2, wly), 7, (WRWY)) + ﬁgz(ﬂ*(wuz),ﬂ*(ull JPW1))
1
- ﬁgz(ﬁ*(wul)/ﬁ*(uL JPW1)) + g1 (Tu, wUy — Ty, wl;, bRW,),
which completes the proof. O

The proof of the following theorem is similar as the Theorem 3.7.
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Theorem 3.8. D, is integrable if and only if

OV, PX), 7 (V) — g2 (V) (Ya, PXa), e (whYs)
+ g2((V) (Y1, wY2) — (V) (Y2, wY1), 7 (WRX1))
— g2(m (wY2), 7. (Y1, JPX1)) + g2 (7t (Y1), 1. (Y2, JPX1))}
= g1(HVy,wYr, = HVy,wY1, wRX1) + g1 (VVy, Y2 — VVy, dY1, $RXy)
+ g1(Ty,wY2 — Ty,wYy, dRXq),
forY1,Y2 € I(D2) and X3 € T(D & Dy).
Theorem 3.9. (ker )t is integrable if and only if

91(CY2, gradInA)g1(Y1, wn) — g1(Y1, CY2)g1(grad In A, awn)
—g1(CYq,grad InA)g1 (Y2, wn) + g1(Y2, CY1)gi(grad In A, wn) — g1(VVy,BY, — VVy,BYy, ¢n)
1
= ﬁ{QZ((VTE*)(YZ/ BYl) - (VT[*)(YL BYZ), W*(wﬂ))

— g2((V.) (Y2, dm), 7. (CY1)) + g2 (V7 ) (Y1, o), 7. (CY2))
+ g2(Vy, . (CY2) — Vy,m, (CY1), i ()},

for Y1,Y, € T(kerm,)* and n € T'(ker ,.).

Proof. We note that I'(ker i, ) is integrable if and only if g1([Y1, Y2],m) = 0, for all Y, Y, € I'(ker 7t,.)* and
n € I'(ker 7t,.). Now, using equations (2.1), (2.5), (2.6), (3.2), and (3.3), we have

g1([Y1, Y2I,m) = g1(Vy, Y2,m) — 91(Vyv, Y1, M),
= g1(VVy,BY2, d1) — g1(Ay, dn, CY2) + g1 (Ay, BY2, am) + g1 (HVy, BY,, wn)
—91(VVy,BYy, dn) + g1(Ay,dn, CY1) — g1(Ay,BY1, wn) — g1 (HVy,BY1, wn).

Since 7 is conformal Riemannian map, using equations (2.8) and (2.9), we have
1
91V, Y2, 1) = g1(VVv, BY2 = VVy,BY1, 1) — 5 92((V) (Y1, BY2) — (V) (Y2, BY), e (wm))

— 502 ((V7) Vs, ), 7 (CV)) 3562 (V7) (Y1, ), 7, (Y )

1
+ ﬁgz(vvlﬂ*(CYz) — Vy,m,(CYq), e (wn)) — g1(CY2, grad In A) g1 (Y1, wn)

+91(Y1, CY2)g1(grad In A, wn) + g1(CYy, grad InA)gq (Y2, wm)
—g1(Y2,CYy)g1(grad In A, wn),

which completes the proof. O

Theorem 3.10. (ker 7t,.)" defines a totally geodesic foliation on Ny if and only if

% {Qz(vzlﬂ*zzrﬂ*(wdﬂ’ﬂ +wdpQn+ wdRn)) — ;gz(vzlm(CZz)m*(wn))}
= g1(Az,Zy, P + cos? 01 Qn + cos? 02RN) + g1(Az, BZ, wm)
+g1(Zy,gradInA)g1(Z2, wdpPn + wdQn + wdRn)
+ 91(Z1, grad InA)g1(Z2, wdPn + wdQn + wdRn)
—01(Z1,Z3)g1(grad In A, wpPn + wdpQn + wdRn)
—01(Z1,wn)g1(CZy, gradInA) + g1(Z1, CZ2)g1(wn, grad InA),

for Z1,Z, € T(kerm,)* and n € T'(ker 7).
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Proof. For Z1,Z; € I'(ker )+ and n € I'(kerm,), using equations (2.1), (3.2), and Lemma 3.3, we have

91(Vz,Z2,m) = 91(Vz,]Z2, JPn) 4+ 91(Vz,JZ2,JQN) + 91(Vz,JRZ5, JRn),
=01(Vz,Z2,Pn+ cos? 01Qmn + cos? 8,Rn)
—01(Vz,Zz, wdpPn + wdQn + wdRn) + ¢1(Vz, ] Z2, wQn + wRn).
Since wPn + wQn + wRn = wn, wPn = 0 and using equations (2.5) and (2.6), we get
91(Vz,Z2,m) = g1(Az,Z2, Pn+ cos® 61Qn + cos® 02RN) + g1 (Az, BZy, wn)
—91(HVz,Z5, wdPn + wdQn + wdpRn) + ¢1(HVz, CZy, wn).
Since 7 is conformal Riemannian map, using equations (2.8) and (2.9), we have

91(Vz,Z2,m) = g1(Az,Z2, Pn + cos? 81Qn + cos® 02Rn) + g1 (Az,BZa, an)

- 02V, Za, (P + QN + whRN)) + 55 02(V 2,7 (CZa), e (com)
Zy,gradInA)gi(Zz, wdPn + wdQn + wdRn)

Zy1,gradInA)gi(Zz, wdPn + wdQn + wdRn)

Z1,23)g1(grad In A, wdpPn + wdQn + wdRn)

Zy1,wm)g1(CZy, gradInA) + g1(Z1, CZ3) g1 (wn, grad In A),

+ g1
+ g1
— g1
— 91

— —~ —~

which completes the proof. O
Theorem 3.11. (ker 7,) defines a totally geodesic foliation on Ny if and only if
Tw, PW; + cos? 01 Tw, QW2 + cos? 0,Tw, RW, — HVw, wdpWs — wTw, wWs — CHV vy, wW, = 0,
for Wi, W, € T'(kerm,.).
Proof. For Wi, W, € T'(ker m,), using equations (2.1), (2.3), (2.4), (2.8), (3.2), (3.3), and Lemma 3.3, we have
(V) (Wi, Wa) = 1. (JVw, JW2),
=TI, (]led)PWz + ]le WwPW, + ]led)QWz + ]le wQW2
+ IVW1¢RW2 + valeWZ),
= T, (—Tw, PW2 — VW, PW, — cos® 0; Tw, QW2 — cos? 8; V'V, QW, — cos? 0,Tw, RW,

— c0s? 01 V'V, RW, + Ty, dPWs + HV v, wdPW, + Ty, wdQWs + Ty, wbRW,

+ HVw, wdQW; + HVw, wdpRW, + dTw, wQW, + wTw, wQW, + BHV W, wQW,

+ CHVw, wQW> + ¢Tw, WRW, + wTw, wRW, + BHV\w, WRW), + CHV v, WRW)

+ ¢Tw, WPW, + wTw, wWPW, + BHVw, wPW, + CJ‘CVWleWQ).
Since PW, + QW, + RW, = W,, wPW; + wQW, + wRW, = wW,; and wPW, =0, we get

(V) (Wy, Wy) = 11, (—Tw, PWa2 — VW, PW, — cos? 01 Ty, QW; — cos® 8; VYV, QW2
— cos® 02T, RW, — cos? 0, V'V w, RW; + Ty, wd W + HVyy, wdW,
+ dTw, W + wTw, wWao + BHVw, wW, + CHVw, wW,),
the proof follows from the above equation. O
Theorem 3.12. D defines a totally geodesic foliation on Ny if and only if
wVVy,JY2 + CTy,JY2 =0,

for Y1,Y2 € T(D).
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Proof. Since D is invariant distribution, we get JY; = ¢V, i.e,, wY; = 0. Using equations (2.1), (2.3), (2.8),
(3.2), and (3.3), we have

(V) (Y1, Y2) = M (JVy, JY2) = . (dVVy, JV2 + wVVy, JY2 + BTy, JY2 + CTv, JY2),
for all Y1,Y> € I'(D), which completes the proof. O
Theorem 3.13. D1 defines a totally geodesic foliation on N1 if and only if
HVy,wdYr + CHVy,wYs + wTy,wY, =0,
for Y1,Y2 € I'(Dy).
Proof. For all Y1,Y, € T'(D1), using equations (2.1), (2.3), (2.4), (2.8), (3.2), and Lemma 3.3, we have
(V) (Y1, Ya) = T (JVy, Y2 + JVy,wY2) = 1. (—cos® 01 Vy, Y2 + Vy,wdY; + JHVy, wYs + JTy,wY2).
Now, using equations (2.4) and (3.3), we have
sin? 01 (V7. ) (Y1, Ya) = 7 (HVy,wdYa + Ty, wdYz + BHVy, wY, + CHVy,wYz + dTy, wYs + wTy,wYs),
which completes the proof. O
Theorem 3.14. D, defines a totally geodesic foliation on Ny if and only if
HVy,wdly + CHVy, wly + wIy,wly =0,
forall Uy, Uy € T(Dy).
Proof. The proof of the above theorem follows the similar approach as the proof of Theorem 3.14. O

Theorem 3.15. Let 7 be a conformal quasi-bi-slant Riemannian map from a Kihler manifold (N1, g1,]) to a Rie-
mannian manifold (N2, g2). Then, any two of following assertions imply the third one:

(i) the horizontal distribution (ker t,)" defines totally geodesic foliation on Ny;
(ii) the map 7t is a horizontally homothetic map;
(iii) Vix, 7 (CXz) =, (J[J X1, Xol) + (V7. ) (CXy, CX2)t + 7 (Acx, BX1 +Acx, BXa + Tex, BXa), for X, Xz €
(ker 7, ).

Proof. For all X1, X, € (kerm, )+, using equations (2.1), (2.3), (2.5), (2.8), (2.9), and (3.3), we get

(Vi JX2) = VT, . (CXa) — (V7)(CXq, BX2) — (Vi) (BXy, BXa)
— (V) (BX4, CX2) — (V) (CX1, CXa),

(3.13)
= V7%, 7 (CXz) — (V) (CXy, CXp) " — 1 (Acx, BX1 + Acx, BX2 + Tax, BX2)
— CX1(InA)7, (CX3) — CXo(InA) 7, (CX1) 4+ g1 (CXy, CXz)my (grad InA).
On the other hand, we get
Vi JXo = JJX1, X2l +JVx,JX1,  Vx, X1 = J[JX1, X2l = Vjx, JXa2. (3.14)

From equations (3.13) and (3.14), we have

7. (Vx, X1) = 7 (JJX1, Xal) — Vix, 7 (CX2) 4 (V7r,) (CXq, CXp)
+ 71, (ACXZBxl +Acx,BXo + TgxlBXQ) + CX1(InA)m, (CXy) (3.15)
+ CXa(InA) 7, (CX1) — g1(CXq, CXo)7ri(grad In A).
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Now, taking assertions (i) and (ii) in equation (3.15), we get the (iii). Taking assertions (ii) and (iii)
and equation (3.15), we get 7.(Vx,X1) = 0. Hence, the horizontal distribution (ker7.)* defines totally
geodesic foliation on Nj. Further, using assertions (i) and (iii) and equation (3.15), we have

CX1(InA)7, (CX2) + CXo(InA) 7, (CXq) — g1 (CXy, CXp)7i(grad InA) =0,
for CX; € I'(n). Taking X, = X; in the above equation, we obtain
CX1(InA)7, (CX1) + CX1(InA)7r, (CXq) — g1(CXy, CXy)mi(grad InA) = 0. (3.16)
Taking inner product in equation (3.16) with 7, (CX;), we get
A2CX1(InA)gq(CXq, CXq) = 0. (3.17)

It gives A is a constant on p, for all Y; € T'(kerm,) and wY; € I'wD; @ wD;y). Similarly, taking inner
product in equation (3.16) with 7. (wY;), we have

AwY; (InA)g1(CXy, CX;) = 0. (3.18)

It means A is a constant on I'(wD7 @& wD5). Therefore, A is constant on horizontal distribution. Thus, from
equations (3.17) and (3.18), we obtain (iii) one. O

Theorem 3.16. Let 7t be a conformal quasi-bi-slant Riemannian map from a Kihler manifold (N1, g1,]) to a Rie-
mannian manifold (N2, g2). Then the map T, defines totally geodesic foliations on N1 if and only if

(i) the map 7t is a horizontally homothetic map; and

N N N
(i) VEm(X2) + (V)L (X1, Xa) = 70 (Ax, Yo + Ty, Ya + HVE Xo) +VE 70, (X2), provided for X, Y € F(TNy),
where X1, Xo and Y1, Y, are horizontal and vertical parts of X and Y, respectively.

Proof. From equations (2.4), (2.5), (2.6), and (2.8), we get

N, N Ny N Ny
(V) (X,Y) = VI (Xa) — (VX Y2 + VT, Y2 + VT Xo + VT X2)

N> Ny N
= VI (X2) — T (Ax, Y2 + Ty, Y2 + HVT Xo) — (VX X2),

for X,Y € T(TNy), X1, X2 and Yy, Y2 are horizontal and vertical parts of X and Y, respectively. Using
equation (2.9), we get

N, Nl N>
(V) (X, Y) = VI (X2) — T (Ax, Y2 + Ty, Y2 + HVT X2) — VE 7. (X2) (3.19)
+ X1(InA)7r, (X2) 4+ X2 (In )7, (X1) — g1(Xq, Xo) 7 (grad InA) + (V) (Xq, X2).

Since 7t defines totally geodesic foliation on Ny, we have (3.19). When we take 7 is a horizontally homo-
thetic map then from equation (3.19), we get

X1(InA)7r, (X2) + Xo(InA) 7, (X1) — 91(X1, Xo) 7. (grad InA) = 0. (3.20)

From equation (3.20), we have
AXa(InA) g1 (X1, X1) =0, (3.21)

for X; € T'(ker,)*. From equation (3.21) , A is a constant on horizontal distribution. Since 7t is a horizon-
tally homothetic map, we get assertion (i). Further, from equation (3.19), we have

N o Ny I 322
T () = T Ax, Ya + Ty, Y2 + HVE Xo) +VE 7.(Xa) — (V) (X1, Xa). (3.22)

From equation (3.22), we get (ii). O
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Theorem 3.17. Let 7 be a conformal quasi-bi-slant Riemannian map from a Kihler manifold (N1, g1,]) to a Rie-
mannian manifold (N, g2). If 7t is a D-pluriharmonic map then one of the below assertions imply the second one:

(i) D defines totally geodesic foliation on Ny;
(ii) CTyx, X2+ wVNVl]xlxz =0, for X1, X, € T(D).
Proof. By definition of pluriharmonic map, we have
0 = (V) (X1, X2) + (V) (J X1, JX2),

for X1, X2 € T(D). From equations (2.1), (2.4), (2.5), (2.8), (3.2), and (3.3), we get

N1 Nl
T (Vx, X2) = =1 (J(Vx, X2)),

N1 N,
T (Vx, X2) = =7 (J(Tx, X2 + VYV jx, X2)), (3.23)

N1 N, N
T (Vx, X2) = = (BTx, X2 + CTjx, X2 + ¢V V 5%, X2 + wVV yx, X2).

N
Taking assertion (i) in equation (3.23), we obtain (ii) as, CTjx, Xz + wVV jx, X2 = 0. Similarly, taking
assertion (ii) in equation (3.23), we get (i) one. O

Theorem 3.18. Let 7t be a conformal quasi-bi-slant Riemannian map from a Kihler manifold (N1, g1,]) to a Rie-
mannian manifold (N, g2). If 7 is a D1-pluriharmonic map then any two of the following assertions imply the third
one:

(i) D1 defines totally geodesic foliation on Ny;
(ii) A is constant on wDy and (V)= (wY, wYs) = 0;

N] N]
(111) COS2 91 (CT¢Y1Y2 + (UVV(])YI YZ) = (Cj’fvd)yl wd)Yz + w7¢Y1wd)Y2) — (.Awysz1 +-AwY1 d)Yz),fOT Yl, Yz €
M(D1).

Proof. By definition of pluriharmonic map, we get
0= (VT[*) (Y]J YZ) + (VT[* ) (IY]J IYZ)/

for Y1,Y2 € I'(D1). Using equations (2.1), (2.5), (2.9), and Lemma 3.3, we get

N N; N, N N1
T (Vy,Y2) = = (Vv dY2) — T (Vov, ¢Y1) — T (Vey, dY2) — (Vv wYa),

Nl N] Nl
=T (JVev,JOY2) — T (VV v, dY1 + Awy, ®Y1 + VW ey, Y2 + Awy, $Y2)
+ (V) (wYq, wYs) + wYi (InA) 7, (wYs) + wYs (InA) 7, (wYq)
— g1(wYy, wYz)my(gradInA),

2 % o 3.24
= —Co0Ss elﬂ*(BTd)lez + C‘Td)lez + d)VVd)lez + wVVq,Yle) (3.24)
N] Nl
+ T[*(Bj'qu)ylwd)Yz + CJ{V¢,ylwq>Y2 + ¢T¢y1wd)Y2 + w7¢ylwd)Y2)

Nl Nl
— T (VWVav,®Y1 + Awy,®Y1 + VWV ey, Y2 + Awy, $Y2)
+ (V) (wYq, wYs) + wYi (InA) 7, (wYs) + wYs (InA) 7, (wYq)
—g1(wY1, wYy)m, (grad InA).
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Now, taking assertions (i) and (ii) in equation (3.24), we get

N1
7. (Vy,Ya) =0,
wY1(InA)m (wY2) + wYo (InA) 7, (wYr) — g1 (wYy, wYs)m, (grad InA) =0,
(V)™ (wYy, wY,) =0,

respectively. We obtain (iii) as

N; N;
c0s® 01(CT gy, Ya + WVV gy, Y2) = (CHV gy, wdY2 + wTpy, whYa) — (Awy,wY1 +Apy, dYa).

Taking assertions (ii) and (iii) in equation (3.24), we get (i) . Lastly, suppose that (i) and (iii) are satisfied
in equation (3.24). Then, we get

wYi(InA)m (wY2) + wY2 (InA) 7, (wY1) — g1 (wYq, wYsz)my(grad InA) = 0. (3.25)
Taking inner product in equation (3.25) with 7, (wY7), we get
M wY,(In ANgr(wY, wYy) =0, (3.26)

for all wY; € I'(Dq). We have wY;(InA) = 0, from equation (3.26), i.e., wD1(InA) = 0. Hence, we obtain
assertion (ii). Thus, we complete the proof. O

In a similar way as above theorem, we obtain the following theorem.

Theorem 3.19. Let 7 be a conformal quasi-bi-slant Riemannian map from a Kihler manifold (N1, g1, ]) to a Rie-
mannian manifold (N, g2). If 7 is a Dy-pluriharmonic map then any two of the following assertions imply the third
one:

(i) Do defines totally geodesic foliation on Ny;
(ii) A is constant on wDy and (V) (wZq, wZy) =0;

Nl Nl
(iii) cos? ez(CTq)ZlZz + (,UVVq)ZlZz) = (Cj‘fv(pzlwd)22 + w‘Tq)zlwd)Zz) — (.szzwzl + .szld)ZZ),
fO}’ Z1,Zy € F(Dz).

Theorem 3.20. Let 7 be a conformal quasi-bi-slant Riemannian map from a Kihler manifold (N1, g1,]) to a Rie-
mannian manifold (No, g2). If 7w is a (ker 7t,.) - -pluri-harmonic map then any two of the following assertions imply
the third one:

(i) (kermt.)" defines totally geodesic foliation on Ny;
(ii) A is a constant on W,

N
(iii) v;ﬁlm(xQ) = 7. (Tex,BX2 + Acx,BXa + Acx,BX1) + (V7)1 (CXq, CXa), for Xq, Xp € T(ker )t
Proof. By definition of pluri-harmonic map, we have
(V) (Xq, X2) + (V) (JXq, JX2) =0,

for Xy, Xo € I'(ker 7, ). Now, using equations (2.1), (2.3) ,(2.5), and (2.9), we get

N, N, N,
0 = VX, T (X2) = T (Vx, X2) — 7 (Tex, BX2 + VV Bx, BX2

Ny Ny (3.27)
+Acx,BXo + Acx,BX1 +VV cx,BXy +VV cx,BX1)

+ CX1(In A)7r, (CX2) + CXa(In )7, (CX1) — g1 (CXq, CXo) 7 (grad InA) 4 (V7. )= (CXyq, CXa).
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When (i) and (ii) are satisfied, from equation (3.27), we get

Ny
ﬂ*(VX1X2) =0,
CX1(InA)m, (CXz) + CXo(InA) 7, (CX1) — g1(CXy, CXp) i (grad InA) = 0. (3.28)

So, we get assertion (iii).

When assertions (ii) and (iii) are satisfied in equation (3.27), we obtain m(NV1 x;X2) = 0, which means
that (ker7, ) defines totally geodesic foliation on Ny, for all X;, X, € T'(ker 7). Hence, assertions (ii)
and (iii) imply assertion (i). Further, when assertions (i) and (iii) are satisfied in equation (3.27), we obtain
equation (3.28). From equation (3.27), we get

A2CX1(InA)gq(CXa, CXa) + A2CXa(InA) g1 (CXz, CX1) —A%g1(CX1, CX2)CXa(InA) =0,
A2CX4(InA) g1 (CXz, CXz) =0,

for all CXy, CX; € T'(u). Here, we have CX;(InA) = 0 which implies that A is a constant on p. So we have
assertion (ii), which completes the proof. O

4. Example

Note that given an Euclidean space R?* with coordinates (x1,x, ..., Xak_1X2k), We can canonically
choose an almost complex structure J on R?* as follows:
0 0

0 0 0
Qi—+ta—+- -+ aQx- +Qkr—) =@ —+a—+---—a WQk—15—
J( v 2ax2+ + ax L v— 2kaX2k) 230 1ax2+ 2 o + ax v

where ay, ay, ..., apx are C*® functions defined on R%¥. Throughout this section, we will use this notation.
Example 4.1. Define a map 7t: R — R® by

(X1, %2, ..., X10) = € (x1 — X3, X4,2021, X6 + Xg, X7,2022),
which is a conformal quasi-bi-slant Riemannian map, such that

0 0 0 0 0 0 0 0
, Xe = —, kermt, =D @& D1 @& Dy,

X e 2T e O T e M T e e T e T
where
0 0
D =< Xs 3 , X6 Wlo%
Dy =< X3 % aaxé_aaxS
ferre) _<H1:aax1’éax3' _624’ 3_5?%+aigr 4—aaX7>,
mHy = e5aav1, m.Hy = eSaavz, 7, Hs = e5a " . Hy = 6566\24’

with quasi-bi-slant angle 8; = 7 and 0, = 7. Hence, we have

g2 (7. Hy, mHp) = (€°)2g1(Hy, Hy), ga(mHa, tH) = (€°)%g1(Ha, Ha),
g2 (7. Hs, . H3) = (€°)2g1(Hs, Hz), ga (7t Hy, e Hy) = (€°)*g1(Hy, Hy).

Thus, 7 is a conformal quasi-bi-slant Riemannian map with A = €°.
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Example 4.2. Let 7w : (R19, g9 = e¥(dx + dxf + dx3 + dx] + dxZ + dx2 + dx3 + dx§ + dx3 + dx3y)) —
(R%, g4 = (dv3 + dv3 + dv} + dv})) defined by

X3 — \/§X5 X6 X7 + X9
2 7 7 \/i

which is a conformal quasi-bi-slant Riemannian map such that

T[(Xl, ce /XIO) = (2020, ),

0 0 1 0 0 0 1. 0 0 0 0
Xi=—, Xo=—,X3==(V3—+—), X4=—, Xs=—(=———), Xe = —, Xo = —,
! 0xq 2 0xp 3 2(\[a><3+a><5) 4 0x4 > 2(6X7 67<9) 6 0xg 7 0X10
kerm, =D ® D @ D>,
where
0 0
D=<X —, X — >,
ST 52 ax2>
1 0 0 0
D = X —_ = ~ 71X 7
1= X =V T s N T g
1. 0 0 0 0
Dy=<Xs=—4%(——5—),Xg=5—, Xy =— >,
2=<75 \/E(aX7 aX9), 6 aX8 7 aXm =
1 90 0 0 1. 0 0
Kerm)t =< Hy = 10 V32 ) Hy= O Hy= (-2 4 05,
(kerm.)™ =<Hi =337 e L AT I W g
0 0 0
*H il — *H il — *H - N s
T[ ! a\)z T[ 2 a\)g 7.[ 3 aV4

with conformal quasi-bi-slant angle 6; = % and 0, = 7. Hence, we have
go(mHy, mHy) = e 26 g1 (Hy, Hy), go(miHa, mHa) = e 2¥6gq(Hy, Ha), go(m.Hs, mHs) = e 2*¢gq (Hs, H).
Thus, 7 is conformal quasi-bi-slant Riemannian map with A = e™>¢.

The defined map 7 in above examples satisfies Lemma 3.3 for any Y;,Y, € I'(D). One can easily
observe that (Vm,)(Y1,Y2) = 0, i.e,, D defines totally geodesic foliation on R0, So, the map 7t satisfies
Theorems 3.13 and 3.18.

Similarly the distribution D satisfies Theorems 3.14 and 3.19 and the distribution D, satisfies Theo-
rems 3.15 and 3.20.
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