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1. Introduction

The concept of fuzzy sets was proposed by Zadeh in 1965 [8]. These concepts were applied in many
areas such as medical science, theoretical physics, robotics, computer science, control engineering, in-
formation science, measure theory, logic, set theory, topology etc. In 1979, Kuroki [3] defined a fuzzy
semigroup and various kinds of fuzzy ideals in semigroups and characterized them.

Essential fuzzy ideals of ring studied by Medhi et al. in 1971 [4]. Later in 2013, Medhi and Saikia [5]
stuided concept T-fuzzy essential ideals and proved properties of T-fuzzy essential ideals.

Recently in 2020, Baupradist et al. [1] studied essential ideals and essential fuzzy ideals in semigroups.
Together 0-essential ideals and 0-essential fuzzy ideals in semigroups.

In this paper, we give the concepts of essential bi-ideals and essential fuzzy bi-ideals in semigroups.
In the main results, we characterized regular, left regular, intra-regular, semisimple semigroups in terms
of essential fuzzy ideals and essential fuzzy bi-ideals in semigroups.

2. Preliminaries

In this section, we give some basic definitions and theorems that we need.
A non-empty subset I of a semigroup $ is called a subsemigroup of S if I* C I. A non-empty subset I
of a semigroup S is called a left (right) ideal of S if ST C I (IS C I). An ideal I of S is a non-empty subset
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which is both a left ideal and a right ideal of S. A subsemigroup I of a semigroup $ is called a bi-ideal of
S if ISI C L. It well-know, every ideal of a semigroup S is a bi-ideal of S. For any a,b € [0, 1], we have

aVb=max{a,b}, and a/Ab=min{a,b}.

A fuzzy set of a non-empty set T is function from T into unit closed interval [0, 1] of real numbers, i.e.,
f: T—[0,1].

For any two fuzzy sets of f and g of a non-empty of T, we defined the support of f instead of
supp(f) = {u € T [ f(u) # 0}, f € gif f(u) < g(u), (fV g)(u) = max{f(u),g(uw)} = f(u)V g(u) and
(f A g)(u) = min{f(u), g(u)} = f(u) Ag(u) forallu e T.

For two fuzzy sets f and g in a semigroup S, define the product f o g as follows : for all u € S,

\V {fWAg@)} ] (y,2) €Fy if Fu #0,
(fog)(u) =< (yz)eFu
0, if Fy, =0,

where Fy, :={(y,z) € Sx S |u=1yz}.

A fuzzy subsemigroup of a semigroup S if f(uv) > f(u) Af(v) for all u,v € S. A fuzzy left (right) ideal
of a semigroup S if f(uv) > f(v) (f(uv) > f(u)) for all u,v € S. A fuzzy bi-ideal of a semigroup S if f is a
fuzzy subsemigroup of S and f(uvw) > f(u) A f(w) for all u,v,w € S. It well-know, every fuzzy ideal of
a semigroup S is a fuzzy bi-ideal of S.

The characteristic fuzzy set x1 of a non-empty set is defined as follows:

1, ifuel,

xr:T—=100,1,u~ { 0 ifugl
The following of theorems are true.

Theorem 2.1 ([6]). Let S be a semigroup. Then 1 is a subsemigroup (left ideal right ideal, bi-ideal) of S if and only
if characteristic function X is a fuzzy subsemigroup (left ideal right ideal, bi-ideal) of S.

Theorem 2.2 ([6]). Let 1 and ] be subsets of a non-empty set S. Then x1n; = X1/\X] and X1 0 Xj = X1j.

Theorem 2.3 ([6]). Let f be a nonzero fuzzy set of a semigroup S. Then f is a fuzzy subsemigroup (ideal, bi-ideal)
of S if and only if supp(f) is a subsemigroup (ideal, bi-ideal) of S.

Next, we will review of essential ideals and fuzzy essential ideals in a semigroup and properties of
those.

Definition 2.4. An essential left (right) ideal I of a semigroup S if I is a left (right) ideal of Sand INJ #
for every left (right) ideal ] of S.

Definition 2.5 ([1]). An essential ideal I of a semigroup S if I is an ideal of S and I N ] # 0 for every ideal
J of S.

Theorem 2.6 ([1]). Let I be an essential ideal of a semigroup S. If 1y is an ideal of S containing 1, then 1; is also an
essential ideal of S.

Theorem 2.7 ([1]). Let I and ] be essential ideals of a semigroup S. Then 1U ] and 1N | are essential ideals of S.

Definition 2.8 ([1]). An essential fuzzy ideal f of a semigroup S if f is a nonzero fuzzy ideal of S and
fN g # 0 for every nonzero fuzzy ideal g of S.

Theorem 2.9 ([1]). Let I be an ideal of a semigroup S. Then 1 is an essential ideal of S if and only if Xy is an
essential fuzzy ideal of S.

Theorem 2.10 ([1]). Let f be a nonzero fuzzy ideal of a semigroup S. Then f is an essential fuzzy ideal of S if and
only if supp(f) is an essential ideal of S.
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3. Essential subsemigroups and essential fuzzy subsemigroups

In this section, we will study concepts of essential subsemigroups in a semigroup and fuzzy essential
subsemigroups in a semigroup and their properties.

Definition 3.1. An essential subsemigroup I of a semigroup S if I is a subsemigroup of S and INJ # 0 for
every subsemigroup | of S.

Example 3.2.

(1) Let E be set of all even integers. Then (E,+) and (IN, +) are subsemigroups of (Z,+). Thus (E,+) N
(N, +) # 0. Hence, (E, +) is an essential subsemigroup of (Z, +).

(2) Let A={2n|n € Z}and B ={3n | n € Z}. Then (A,-) and (B, ) are subsemigroups of (Z, ). Thus
(A,-)N(B,-) # 0. Hence (A, -) is an essential subsemigroup.

Theorem 3.3. Let I be an essential subsemigroup of a semigroup S. If 1y is an ideal of S containing 1, then 1; is
also an essential subsemigroup of S.

Proof. Suppose that I; is a subsemigroup of S such that I; C I and let | be any subsemigroup of S. Thus,
INJ # 0. Hence, Iy N ] # 0. Therefore I; is an essential subsemigroup of S. O

Theorem 3.4. Let I and ] be essential subsemigroups of a semigroup S. Then 1 U ] and 1N ] are essential subsemi-
groups of S.

Proof. Since I C IUJ and I is an essential subsemigroup, we have I U] is an essential subsemigroup of S,
by Theorem 3.3.

Since I and ] are essential subsemigroups of S we have I and | are subsemigroups of S. Thus INJis a
subsemigroups of S.

Let K be a subsemigroup of S. Then INK # (. Thus there exists u,v € INK. Let u,v € J. Then
uv € (IN])NK. Thus (INJ) NK # 0. Hence I N ] is an essential subsemigroup of S. O

Definition 3.5. An essential fuzzy subsemigroup f of a semigroup S if f is a nonzero fuzzy subsemigroup
of S and fN g # 0 for every nonzero fuzzy subsemigroup g of S.

Theorem 3.6. Let I be a subsemigroup of a semigroup S. Then 1 is an essential subsemigroup of S if and only if X1
is an essential fuzzy subsemigroup of S.

Proof. Suppose that I is an essential subsemigroup of S and let g be a nonzero fuzzy subsemigroup
of S. Then supp(g) is subsemigroup of S. By assumption we have I is a subsemgroup of S. Thus
INsupp(g) # 0. So there exists u € INsupp(g). It implies that (x; N g)(u) # 0. Hence, x1N g # 0.
Therefore, 1 is an essential fuzzy subsemigroup of S.

Conversely, assume that 1 is an essential fuzzy subsemigroup of S and let ] be a subsemigroup of
S. Then x; is a nonzero fuzzy subsemigroup of S. Sicne x; is an essential fuzzy subsemigroup of S we
have x is a fuzzy subsemigorup of S. Thus, x; NXj # 0. So by Theorem 2.2, x1ny # 0. Hence, IN] # 0.
Therefore I is an essential subsemigroup of S. O

Theorem 3.7. Let f be a nonzero fuzzy subsemigroup of a semigroup S. Then f is an essential fuzzy subsemigroup
of S if and only if supp(f) is an essential subsemigroup of S.

Proof. Assume that f is an essential fuzzy subsemigroup of S. Then supp(f) is a subsemigroup of S. Let
I be a subsemigroup of S. Then by Theorem 2.1, 1 is a subsemigroup of S. Since f is an essential fuzzy
subsemigroup of S we have f is a fuzzy subsemigroup of S. Thus f Ax1 # 0. So there exists u € S such
that (f Axr)(u) # 0. It implies that f(u) # 0 and x1 # 0. Hence, u € supp(f) N1 so supp(f) N1 # 0 it
implies that supp(f) is an essential subsemigroup of S.
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Conversely, assume that supp(f) is an essential ideal of S and let g be a nonzero fuzzy subsemigroup
of S. Then supp(g) is a subsemigroup of S. Thus supp(f) Nsupp(g) # 0. So there exists

u € supp(f) Nsupp(g).

This implies that f(u) # 0 and g(u) # 0 for all u € S. Hence, (f A g)(u) # 0 for all u € S. Therefore,
f/\ g # 0. We conclude that f is an essential fuzzy subsemigroup of S. O

Theorem 3.8. Let f be an essential fuzzy subsemigroup of a semigroup S. If {1 is a fuzzy subsemigroup of S such
that f C 1, then f1 is also an essential fuzzy subsemigroup of S.

Proof. Let f1 be a fuzzy subsemigroup of S such that f C f; and let g be any fuzzy subsemigroup of S.
Thus, f /A g # 0. So f1 /A g # 0. Hence f; is an essential fuzzy subsemigroup of S. O

Theorem 3.9. Let f1 and f; be essential fuzzy subsemigroups of a semigroup S. Then 1\ fy and 1 N\ fp are
essential fuzzy subsemigroups of S.

Proof. Let f1 and f, be essential fuzzy subsemigroups of S. Then by Theorem 3.8, f; V f; is an essential
fuzzy subsemigroup of S. Since f; and f; are essential fuzzy subsemigroups of S we have f; Nf; is a fuzzy
subsemigroup of S. Let g be a nonzero fuzzy subsemigroup of S. Then f; A g # 0. Thus there exists
u € S such that fi(u) # 0 and (g)(u) # 0. Since f; # 0 and let v € S such that fp(v) # 0. Since f; and f;
are fuzzy subsemigroups of S we have fi(uv) > fi(u) Afi(v) > 0 and fa(uv) > fa(u) Afa(v) > 0. Thus
(f1 A f2)(uv) = f1(uv) Afa(uv) # 0. Since g is a fuzzy subsemigroup of S and g(u) # 0 we have g(uv) # 0
for all u,v € S. Thus [(f; A f2) A gl(uv) # 0. Hence [(f; Afy) A gl # 0. Therefore i /\ f, is an essential
fuzzy subsemigroup of S. 0

4. Essential bi-ideals and essential fuzzy bi-ideals

In this section, we defined essential bi-ideals and essential fuzzy bi-ideal in semigroup and its inte-
grated properties .

Definition 4.1. An essential bi-ideal I of a semigroup S if I is a bi-ideal of S and INJ # () for every bi-ideal
J of S.

Example 4.2. Let S = {¥, Q, Y, TT} be semigroup with the following Cayley table.

v o r
VY Yy
vy oy oy
vy Qv
v Y 00

=30 =«

Then {V}, {¥, Q}, {¥, Q, Y}, {¥,Q, T}, and {¥, Q, Y, T} are bi-ideal of S. Thus {Y}N{¥,Q} # 0 and
{W,Q, T n{Y,Q,Y,TT} # 0.
Hence {Y} and {¥, Q, TT} are essential bi-ideals of S.

Theorem 4.3. Let 1 be an essential bi-ideal of a semigroup S. If 1y is an ideal of S containing 1, then 1y is also an
essential bi-ideal of S.

Proof. Suppose that I; is a bi-ideal of S such that I; C I and let ] be any bi-ideal of S. Thus, INJ # 0.
Hence, I; N ] # (). Therefore I; is an essential bi-ideal of S. O

Theorem 4.4. Let 1 and | be essential bi-ideals of a semigroup S. Then 1U ] and 1N | are essential bi-ideals of S.
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Proof. Since I and | are essential bi-ideals of a semigroup S we have I and ] are essential subsemigroups
of a semigroup S. Thus by Theorem 3.4, IU ] and IN ] are essential subsemigroups of S. Since I C TU]J
and [ is an essential bi-ideal we have I U] is an essential bi-ideal of S.

Let K be a bi-ideal of S. Then I N K # (). Thus there exists u,v and w € INK. Let u,v and w € J. Then
uvw € (INJ)NK. Thus (IN])NK # (. Hence I N J is an essential bi-ideal of S. O]

Definition 4.5. An essential fuzzy bi-ideal f of a semigroup S if f is a nonzero fuzzy bi-ideal of S and
f/\ g # 0 for every nonzero fuzzy bi-ideal g of S.

Theorem 4.6. Let I be a bi-ideal of a semigroup S. Then 1 is an essential bi-ideal of S if and only if X1 is an essential
fuzzy bi-ideal of S.

Proof. Suppose that I is an essential bi-ideal of S and let g be a nonzero fuzzy bi-ideal of S. Then by
Theorem 3.6, supp(g) is subsemigroup of S and x; is an essential fuzzy subsemigroup of S. Thus there
exists u,v,w € INsupp(g) such that (f Axy)(uvw) # 0. It implies that x; /A g # 0. Therefore, x; is an
essential fuzzy bi-ideal of S.

Conversely, assume that x7 is an essential fuzzy bi-ideal of S and let | be a bi-ideal of S. Then x; is an
essential fuzzy subsemigroup of S and ] is a subsemigroup of S. Thus by Theorem 3.6, I is an essential
subsemigroup of S. Since | be a bi-ideal of S we have Xy is a nonzero fuzzy bi-ideal of S. Then, x1 /\xj # 0.
Thus, X1ny # 0. Hence, INJ] # 0. Therefore I is an essential bi-ideal of S. O

Theorem 4.7. Let f be a nonzero fuzzy bi-ideal of a semigroup S. Then f is an essential fuzzy bi-ideal of S if and
only if supp(f) is an essential bi-ideal of S.

Proof. Assume that f is an essential fuzzy bi-ideal of S. Then f is an essential fuzzy subsemigroup of S.
Thus by Theorem 3.7, supp(f) is an essential subsemigorup of S. Let I be a bi-ideal of S. Then by Thoerem
2.1, x1 is a bi-ideal of S. Thus f A x1 # 0. Thus there exists u € S such that (f Axy)(u) # 0. It implies
that f(u) # 0 and x1 # 0. Hence, u € supp(f) N1 so supp(f) N1 # ( it implies that supp(f) is an essential
bi-ideal of S.

Conversely, assume that supp(f) is an essential bi-ideal of S and let g be a nonzero fuzzy bi-ideal of
S. Then supp(f) is an essential bi-ideal of S. Since g be a nonzero fuzzy bi-ideal of S we have f is an
essential fuzzy subsemigroup of S and supp(g) is a subsemigroup of S, by Theorem 3.7. This implies that
supp(f) Nsupp(g) # 0. So there exists u € supp(f) Nsupp(g), this implies that f(u) # 0 and g(u) # 0.
Hence, (f /A g)(u) # 0. Therefore, f /A g # 0. We conclude that f is an essential fuzzy bi-ideal of S. O

Theorem 4.8. Let f be an essential fuzzy bi-ideal of a semigroup S. If f1 is a fuzzy bi-ideal of S such that f C fy,
then f1 is also an essential fuzzy bi-ideal of S.

Proof. Let f; be a fuzzy bi-ideal of S such that f C f; and let g be any fuzzy bi-ideal of S. Thus f A g # 0.
So f1 A g # 0. Hence, f; is an essential fuzzy bi-ideal of S. O

Theorem 4.9. Let 1 and fy be essential fuzzy bi-ideals of a semigroup S. Then f1\/ fy and f1 /\ fy are essential
fuzzy bi-ideals of S.

Proof. Let f; and f, be essential fuzzy bi-ideal of S. Then by Theorem 4.8, f; \V f; is an essential fuzzy
bi-ideal of S. Since f; and f; are essential fuzzy bi-ideals of S we have f; and f, is an essential fuzzy
subsemigroup of S. Thus f; /A f is an essential fuzzy subsemigroup of S. Let g be a nonzero fuzzy bi-
ideal of S. Then f; A g # 0. Thus there exists u, w € S such that f;(uw) # 0 and (g)(uw) # 0. Since f; # 0
and let v € S such that f,(v) # 0. Since f; and f; are fuzzy subsemigroups of S we have

f1(uvw) = f1(u) Afi(w) >0,

and
fa(www) > fo(u) Afa(w) > 0.
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Thus (f1 A f2)(uvw) = f1(uvw) A fa(uvw) # 0. Since g is a fuzzy subsemigroup of S and g(v) # 0 we have
g(uvw) #£ 0 for all u,v € S. Thus [(f; /A f2) A gl(uvw) # 0. Hence [(f1 /\ f2) A g] # 0. Therefore f; /A f; is an
essential fuzzy bi-ideal of S. O

The following theorem we will use the basic knowledge of ideal and bi-ideal in semigroups to prove
essential bi-ideal in semigroup.

Theorem 4.10. Every essential ideal of semigroup S is an essential bi-ideal of S.

Proof. The proof is obvious. O

Theorem 4.11. Every essential fuzzy ideal of semigroup S is an essential fuzzy bi-ideal of S.

Proof. The proof is obvious. O

5. Characterizing some semigroups by using essential fuzzy ideals and essential fuzzy bi-ideals

In this section, we will characterize regular, left regular, intra-regular, semsimiple semigroups by using
essential fuzzy ideals and essential fuzzy bi-ideals in semigroups. The following lemmas will be used to
prove Theorem 5.3.

Lemma 5.1. Let S be a semigroup. If f is an essential fuzzy right ideal and g is an essential fuzzy left ideal of S
then fog C f/A\g.

Proof. Assume that f and g is an essential fuzzy right ideal and an essential fuzzy left ideal of S respec-
tively. Then f and g is a fuzzy right ideal and a fuzzy left ideal of S respectively. Let u € S. If F, = 0,
then (fog)(u) =0 < ((f(uw) Ag(u)) = (fAg)(uw). If Fy # (), then

(fog)w) =( \/ {fAgN< V {(FEH)Aglij)

(Lj)eFu (ij)eFu
= (flu) Ag(u)) = (fAg)(u).
Hence, (fog)(u) < (f/Ag)(u). Therefore, fog C fAg. O
Lemma 5.2 ([6]). A semigroup S is reqular if and only if RL = RN L, for every right ideal R and left ideal L of S.
The following theorem show an equivalent conditional statement for a regular semigroup.

Theorem 5.3. A semigroup S is reqular if and only if fo g = f/\ g for every essential fuzzy right ideal f and
essential fuzzy left ideal g of S.

Proof. (=): Let f and g be an essential fuzzy right ideal and an essential fuzzy left ideal of S respectively.
Then f and g is a fuzzy right ideal and a fuzzy left ideal of S respectively. Then by Lemma 5.1, fog C fAg.
Let u € S. Then there exists x € S such that u = uxu. Thus

(fog)(u) =( \/ {fly) Ag(z)}) = ( \/ {f(y) A g(z)}
(y,z)€Fy (y,z) €Fuxu
< flux) Aglu) < flu) Aglu) = (FAg)(u).

Hence, (f A\ g)(u) > (fog)(u), and so (f A g)(u) C (fog)(u). Therefore, fog="~/g.

(<): Let R and L be a right ideal and a left ideal of S respectively. Then by Theorem 2.1, xg and xr
is an essential fuzzy right ideal and an essential fuzzy left ideal of S respectively. By supposition and
Theorem 2.2, we have

Xre(w) = (xr oxu) (W) = (xr Axe)(w)
=xrAL(u) =1.
Thus u € RL, and so RL = RN L. It follows that by Lemma 5.2, S is regular. O
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Lemma 5.4 ([6]). A semigroup S is regular if and only if Ry "Ry N B C RyR2B, for every right ideals Ry, Ry and
every bi-ideal B of S.

Theorem 5.5. A semigroup S is regqular if and only if f /\g/\'h C fo goh, for every essential fuzzy right ideals
f, g and every essential fuzzy bi-ideal h of S.

Proof. (=): Let f, g be two essential fuzzy right ideals, h be an essential fuzzy bi-ideal of S. Then f, g be
two fuzzy right ideals, h is a fuzzy bi-ideal of S. Let u € S Since S is regular, there exists x € S such that
u = uxu. Thus

(fogoh)(u \/{f (goh)(j)} = \/ {f(i) A (goh)(G))}

>(f(uxwgoh)(u)=f(uxw \/  {g(p) Ah(q)})

(p,q)€Fu

=fw)A( \/ {g) AR(@D = flux) A (g(ux) Ah(u)
(p,q)EFuxu
= f(w) A (g(u) Ah(w)) = (FAgAR) (W)

Hence, (f A g/Ah)(u) < (fogoh)(u). Therefore, f A\gAh C fogoh.

(«<): Let Ry, Ry be two right ideals and let B be a bi-ideal of S. Then by Theorem 2.1, xg, and xg, are
essential fuzzy right ideals and xp is an essential fuzzy bi-ideal of S. Thus xr, and xg, are fuzzy right
ideals and xg is a fuzzy bi-ideal of S. By supposition and Lemma 2.2, we have

1= (Xr;nR,NB) (W) = (XR,) A (XR,) A (XB) (W)
C (xr,) © (XRr,) © (XxB)(u) = XR,R,B (U).

Thus, u € RiR;B and so, Ry MR2 N B C RyRyB. It follows that by Lemma 5.4, S is regular. O

Definition 5.6 ([6]). A semigroup S called left regular if for each element u € S, there exists an element

x € S such that u = xu?.

Lemma 5.7 ([6]). A semigroup S is left reqular if and only if INB C IB, for every ideal 1 of S and every bi-ideal B
of S.

Theorem 5.8. A semigroup S is left reqular if and only if f /\ g C f o g, for every essential fuzzy ideal f and every
essential fuzzy bi-ideal g of S.

Proof. (=): Assume that f and g is an essential fuzzy ideals and an essential fuzzy bi-ideal of S respec-
tively. Then f and g is a fuzzy ideals and a fuzzy bi-ideal of S respectively. Let u € S. Since S is left rgular,
there exist x € S such that u = xu?. Thus

(fog)w)=( \/ fAgG=C \/  {FD)Ag()
(IJ)EF (irj)eF(u:xuu)
> fixu) Aglu) > f(u) Aglu) = (FAg)(u).
Hence, (f /A g)(u) < (fog)(u). Therefore, f Ag C fog.
(«<): Let I and B be an ideal and a bi-ideal of S respectively. Then by Theorem 2.1, ~1 and >y is an

essential fuzzy ideal and an essential fuzzy bi-ideal of S respectively. Thus >~ and -} is a fuzzy ideal and
a fuzzy bi-ideal of S respectively. By supposition and Lemma 2.2, we have

x1nB (W) = (x1 Axs)(u) C (x1oxs)(u) =xi(u) =1.

Thus, u € IB and so, IB C IN B. It follows that by Lemma 5.8, S is left regualr. O
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The following definition and lemma will be used to prove in Theorem 5.11.

Definition 5.9 ([6]). A semigroup S is called intra-reqular if for each u € S, there exist a,b € S such that
u = au’b.

Lemma 5.10 ([6]). A semigroup S is intra-reqular if and only if LN R C LR, for every left ideal L and every right
ideal R of S.

Theorem 5.11. A semigroup S is intra-regular if and only if f/\g C fo g, for every essential left ideal f and
essential right ideal g of S.

Proof. (=): Assume that f and g is an essential fuzzy left ideal and an essential right ideal of S respectively.
Then f and g is a left ideal and a right ideal of S respectively. Let u € S. Since S is intra-regular, there
exist a,b € S such that u = au?b. Thus

(fog)w) =( \/ {f(i) =\ {fAgG)
(ij)€Fy (i) €E€Fauun
> f(au) A g(ub) > f(u) Ag(u) = (FAg)(u).

It implies that, (f A g)(u) < (fog)(u). Hence, f Ag C fog.

(<): Let R and L be a right ideal and a left ideal of S respectively. Then by Theorem 2.1, xg and x1 is
an essential fuzzy right ideal and an essential fuzzy left ideal of S respectively. Thus xr and x1 is a fuzzy
right ideal and a fuzzy left ideal of S. By supposition and Lemma 2.2, we have

Xrae(w) = (xR Ax)(u) 2 xre(u) = (xroxr)(u) = 1.
Thus u € LR, and so LN R C LR. It follows that by Lemma 5.10, S is intra-regular. O
The following definition and lemma will be used to prove in Theorem 5.15.
Definition 5.12 ([6]). A semigroup S is called semisimple if every ideal of S is idempotent.

Remark 5.13. A semigroup S is semisimple if and only if u € (SuS)(SuS) for every u € S, that is there
exist w,y, z € S such that u = wuyuz.

Lemma 5.14 ([6]). A semigroup S is semisimple if and only if 1N ] = 1], for every ideals 1 and | of S.

Theorem 5.15. A semigroup S is semisimple if and only if f /\ g = f o g, for every essential fuzzy ideals f and g of
S.

Proof. (=) Assume that f and g are essential fuzzy ideals of S. Then f and g are fuzzy ideals of S. Then
by Theorem 51, fog € fng. Letu € S. Since S is semisimple, there exist w,x,y,z € S such that
u = (xuy)(wuz). Thus

(feg)w) = \/ {f)Ag() \V/  {fAg6)
(i,j)€Fy (13) EF (xuy) (wuz)

f(xuy) A glwuz) > f(xu) A g(uz)

flu) Ag(u) = (fAg)(w).

Hence, (fNg)(u) < (fog)(u), and so f/A g C fog. Therefore, f ANg="~fog.
(«<): Let I and ] be ideals of S. Then by Theorem 2.1, X1 and x; are essential fuzzy ideals of S. Thus
x1 and x; are fuzzy ideals of S. By supposition and Lemma 2.2, we have

Z
Z

xy(w) = (x1oxy)(u) = (x1 Axy)(w) =x1n5(u) = 1.
Thus u € IJ, and so I] = INJ. It follows that by Lemma 5.14, S is semisimple. O
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