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Abstract

The aim of this work is to obtain the forms of the solutions of the following nonlinear eighteenth-order difference equations

Xn—17
+1 £ Xn-2Xn—5Xn—8Xn—11Xn—14Xn—17

Xn4l = , n=012,...,

where the initial conditions x_17,x_1¢,...,X¢ are arbitrary real numbers. Moreover, we investigate stability, boundedness,
oscillation, and the periodic character of these solutions. Finally, we confirm the results with some numerical examples and
graphs by using Matlab program.
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1. Introduction

The study of difference equations is a very rich research field, and difference equations have been
applied in several mathematical models in biology, economics, genetics, population dynamics, medicine,
and so forth. Solving difference equations and studying the asymptotic behavior of their solutions has
attracted the attention of many authors, see for results in this area, for example,

Ahmed et al. [4] obtained the solutions of the difference equations

Xn—14
+1 4+ Xn—2Xn—5Xn—8Xn—11Xn—14

Xn+1 = , n=0,12,...,

where the initial conditions are arbitrary real numbers.
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Elsayed et al. [14] obtained the solutions of the difference equations

Xn—11
1+ xXn-—2Xn-—5Xn—8Xn—11

Xni1 = , n=0,12...,

where the initial conditions are arbitrary real numbers.
Elsayed [13] studied the difference equation

Xn—5
—1+xn—2Xn_s ‘

Xn+1 =
For other related papers, see [1-3, 5-12, 15-18].
In this paper, we obtain the solutions of the following nonlinear difference equations

Xn—17
1 £ Xn - 2Xn-5Xn—8Xn—11Xn—14Xn—17

Xnal = , n=012,...,

with conditions posed on the initial values x j, j =0,1,2,...,17.

Moreover, we investigate stability, boundedness, oscillation and the periodic character of these so-
lutions. Finally, we confirm the results with some numerical examples and graphs by using Matlab
program.

Throughout this paper, we define mod (k,3) = k—3 [%], where [x] be the greatest integer less than or
equal to the real number x.

Xn—
2. The difference equation x;, 41 = n=

1+ Xn—2Xn—5Xn—8Xn—11Xn—14Xn—17

In this section, we give a specific form of the solutions of the first equation in the form

Xn—17
Xrpl = , n=0,12,..., 2.1)
1+ Xn—2Xn—5Xn—8Xn—11Xn—14Xn—17

with conditions posed on the initial values x_j, j = 0,1,2,...,17. Also, we investigate the stability and
boundedness of these solutions.

Theorem 2.1. Let {xn}>*__ ;- be a solution of the difference (2.1). Then forn =0,1,2,...,

14 (6i+My—1)Py
= 2.2
X1gn—k = akH( T i iMOP. ) (2.2)

5

where P, = [T amod(k3)+35, Mk = 6 — (%] and x_y = ay, with TPy # —1 such that v € {1,2,3,..}, k =
=0

0,1,2,...,17.

Proof. For n = 0, the result holds. Now suppose that n > 0 and that our assumption holds for n —1. That

is
1+ (6i+My—1)P
X18n—18—k = Ak H ( 1T 61+Il\</lk)Pk k>. (2.3)

Now, it follows from (2.1) and using (2.3) that

X18n—35
14 X18n—20X18n—23X18n—26X18n—29X18n—32X18n 35

X18n—17 =
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1+ 6l+M17 1)P17
aiz H ( 1+ 6‘L+M17)P17
- 5
1+ (6i-+Maj2—1) P32
1+ a !
)1;10 3j+2 H 1+ 61+M3]+2)P3]+2
n—2 .
aiy [] 1+(61)azasagaagary
17 o 1+(6i+1)arasagajiagasayy
N n-2 1+(6i)arasagajiaga -
2054d8d11Ad14Ad74
1+ aza5a3a11014017 .1:[0 (1+(6i+6)a2a5aga11a14a14a17>
Hence, we have
N a 1+ (61)arasagaqajgagy
18n—17 = Q17 H
" 1+ (6i+1) apasagaqiajgary
Also, it follows from (2.1) and using (2.3) that
_ X18n—34
X18n—16 = 1
+ X18Tl—19X18TL—22X18TL—25X18TL—28X18TL—31X18TL—34
1+ 61+M16 1)P16
Q16 H ( T+ (61+ M1g) Pre
- 5
1+ 61+M3 +171)P3'+1
1 + a ) )
Jl;[o o H 1+ (61+Maj1) Pajn
1+ (61)ajagayagajzag
die H (1+ 61+1)a1a4a7a10a13a16)
1+ aauarainaiad 1:[ 14-(6i)ajagayajgaizais
1846781061316 0 1+(6i+6)a1a4a7a10a13a16
1=
Hence, we have
X a 1 + 61)01C1407C11()C113C116
18n—16 = Q16 H
ne 1 + 61+ 1) a10a40a7010013016
Also, it follows from (2.1) and using (2.3) that
X18n—33
X18n—15 =
1+ X18n—18X18n—21Xlsn—24X18n—27X18n—30X18n—33
1+ 61+M15 1)P15
ais H < T+ (61+Mg5)Ps
- n72 :
1+ (61+Msz;—1)Ps;
1 + (13‘ - ) )
1+(61)agazagagapas
ais 1_[ (1+ 61+1)(10(13(16CL9(112(115>
1+ agasaeaoina 1:[ 1+(61)agazagagapass
0683CG6CG9612815 0 1+ (6i+6)agasagagarpais
1=
Hence, we have
n—1
N . 1+ (61)agaszagagaipais
18n—15 = 415 H
" 1+ (6i+1) agazagagapass
Similarly, one can easily obtain the other relations for (2.2). Hence, the proof is completed. O
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Theorem 2.2. Assume that the initial values of the difference equation (2.1), x_17,X_16,...,%0 € [0, 00), then
every solution of (2.1) is bounded.

Proof. Let {xn}X__;, be a solution of (2.1). It follows from (2.1) that

Xn—17
0<xpn1 = = <xn_17 forall n>0.
1+ Xn—2Xn—5Xn—8Xn—11Xn—14Xn—17

Then the sequence {xign—if_y ,i = 0,1,...,17 is decreasing and so is bounded from above by M =
max{x_17,X_16,---,X0}- O

Theorem 2.3. The only equilibrium point x of (2.1) is X = 0.

Proof. From (2.1), we can write

% = x
1 EXRS
Then we have
X+%X =%,
or,
X =0.
Thus, the only equilibrium point of (2.1) is X = 0. O

Theorem 2.4. Assume that the initial values of the difference equation (2.1), x_17,X_16,...,%0 € [0, 00), then the
equilibrium point X = 0 of (2.1) is locally stable.

Proof. Let € > 0, and let {x}°__;, be a solution of (2.1) such that

17
Z }X,]“ < €.
j=0

It suffices to show that |x1] < €. Now

X_17
0<x = <x_17 <€,
1+x 2x 5X_gX_11X_14X_17

and so the proof is completed. O

Theorem 2.5. Assume that the initial values of the difference equation (2.1), x_17,X_16,-..,%0 € [0,00), then the
equilibrium point X = 0 of (2.1) is globally asymptotically stable.

Proof. We know by Theorem 2.4 that the equilibrium point X = 0 of (2.1) is locally stable. So let {xn}%__;,
be a positive solution of (2.1). It suffices to show that limp_,oo Xn = X = 0. From Theorem 2.2 we have
Xn+1 < Xn—17 for all n > 0, so the sequences {xign—i}%_, ,i = 0,1,...,17 are decreasing and bounded

which implies that the sequences {xign—i}%_o,1 =0,1,...,17 converge to limit (say L; > 0). So

Ly Lis Lo

Liy = =0,Li= =0,...,L= =0,
VT T4 Ll Ll 14+ Lillyliolislie 7 1+ TolsLelolials
which implies that Ly = L; = --- = Lj7 = 0, from which the result follows. O
3. The difference equation x,, 41 = Xn—17
1—Xn_2Xn_—5Xn—8Xn—11Xn—14Xn—17
In this section we give a specific form of the solutions of the second equation in the form
Xrpl = Xn—17 . n=0,12,..., (3.1)

1—Xn2Xn—5Xn—8Xn—11Xn—14Xn—17

with conditions posed on the initial values x_j, j =0,1,2,...,17.
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Theorem 3.1. Let {xn}*__ 4, be a solution of the difference equation (3.1). Then forn =0,1,2,...,

—1+ (61+My —1) Py
_ , 3.2
X1gn—k = Gk 1_‘[ < —1 -|— 61+ Mk) Pk ) ( )

5

where Py = T amod(k3)+3j, Mk = 6 — (%] and x_x = ax, with TPy # 1 such that v € {1,2,3,...}, k =
=0
0,1,2,...,17.

Proof. For n = 0, the result holds. Now suppose that n > 0 and that our assumption holds for n —1. That

is
—1+(6i+M—1)P
X18n—18— kakH( S 61+l\k/lk)Pk k). (3.3)

Now, it follows from (3.1) and using (3.3) that

X18n—35
1—x18n— 20X18n 23X18n—26X18n—29X18n—32X18n—35

1+ 61+M17 1]P17

aiz H ( —1+(61+My;)Pyy
_ ﬁ as; nl_lz —1+ (61 My 2—1) s
j=0 3+2 1i=0 —1+(6i+Maj42) P3j 12

a 1—[ —1+(6i)arasagaq;ajsay
17 —1+ 61+1)a2a5a8a11a14017

X18n—17 =

—1+(6i)arasagajiayayy >

1= azasa3ana15017 ‘HO (71+(6i+6)¢1205a8011€114a17
1=

Hence, we have

y o —1+ (6i)arasagaj;aigayy
18n—17 = Qa17 H
n-— —1+4(6i+1) apasagajjajzaiy

Also, it follows from (3.1) and using (3.3) that

X18n—34
1—x18n— 19X18n 22X18n—25X18n—28X18n—31X18n—34

—1+(61+M14—1)Pyg
a16 H < 71+ 6’L+M16)P16

5 n—2
—1+(6i+Maj41—1) P
— a
11 < 3+l H < —1+(61+Maj 1) P3j 1

j=0

X18n—16 =

a 1—[ —1+(61)ajasayagaizag
16 —1+(6i1+1)ajagayapgaizag

n—2 '
B —1+(6i)ajasayajgaizag
1 — aya4ayajpaizag | |0 (71+(6i+6)a1a4a7010013a16
1=

Hence, we have

N . H —1+ (6i)ajagayajpaizase
18n—16 = a1
8n—16 6 —1+(61+1) ajagaryapazae

Also, it follows from (3.1) and using (3.3) that

X181—33
— X18n—18X18n—21X18n—24X18n—27X18n—30X18n—33

X18n—15 = 1



L. Sh. Aljoufi, S. Al Mohammady, A. M. Ahmed, ]J. Math. Computer Sci., 28 (2023), 258-269 263
1+ (6i+My5—1)P
ais l_[ ( —1+( 61+7\;E)15)P1515>
- 5 =2 (14 (6i+Ma—1)Py
1 _51;[0 <a3j 11;[0 ( “1+(6i+Ms; ) Py
n—2
—1+(6i)agazagagaa
ais iljo (—1+(6i+1)210il3((’1639312§15)
- 1 n-2 —1+(61)agazagagaipas
— 0pa30e09012015 iI:IO —1+(61+6)agazagagapass
Hence, we have
X a H -1 + 61 a0a3a6a9a12a15
18n—15 = 15 -1 + 61+ 1) qpaszagagainais
Similarly, one can easily obtain the other relatlons for (3.2). Hence, the proof is completed. O

Theorem 3.2. (3.1) has a unique equilibrium point X = 0, which is a non hyperbolic equilibrium point.

Proof. From (3.1), we can write

Then we have
or,

Thus the only equilibrium point of (3.1) is X = 0.

Define the function f (x,y,z,u,v,t) = %

f(I¢) C L. Clearly, f is continuously differentiable on I° and we have

f( u,v,t) X
xX,Y,Z,u,Vv, = .
k 1 —xyzuvt
Then we have
1 x2zuvt
f (X/ ,Z,u,\),t) = 5y f (X, ,Z,u,\),t) =,
o (1—xyzuvt)? vy (1— xyzuvt)?
2 2
t t
fl0y 2w v, 1) = L\)z' fulx,y,z,u,v,t) = %,
(1 —xyzuvt) (1 —xyzuvt)
2 2
t
fv(x,y,Z,'LL,V,t) = Lu‘zl f‘t(X/y/Z/U/V/t) = Llwz/
(1 —xyzuvt) (1—xyzuvt)

which implies that

So, the linearized equation of (3.1) about the equilibrium point x=0is
Zn+1 = Zn—17,
and the characteristic equation of (3.4) about the equilibrium point X = 0 is
A8 —1=0,

which implies that
Ail=1;1=1,2,...,18,

s0, X is a non hyperbolic equilibrium point.

on I® where I is a subset of R such that 0 € I and

(3.4)
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Xn—17

4. The difference equation x, 1 =
—1 +Xn_2Xn_—5Xn—8Xn—11Xn—14Xn—17

In this section we give a specific form of the solutions of the third equation in the form

Xn—17

, n=0,12..., 4.1)
—1 4+ Xn—2Xn—5Xn—8Xn—11Xn—14Xn—17

Xn41 =

with conditions posed on the initial values x_j, j =0,1,2,...,17. Also, we investigate the oscillation and
periodicity of these solutions.

Theorem 4.1. Let {xn}°__ 4, be a solution of the difference equation (4.1). Then forn =0,1,2,...,

a
Xi8n_ K = ( k (4.2)

-1+ pk)“CIk’

5 k
where Py, = [ Gmod (k,3)+3j » Ak = (—1)[§
j=0

1 and x_y = ay, with Py #1, k=0,1,2,...,17.

Proof. For n = 0, the result holds. Now suppose that n > 0 and that our assumption holds for n — 1. That
is

X18n—18—k = = Pk)(“fl)qk’ (4.3)
Now, it follows from (4.1) and using (4.3) that
X18n—35
X18n—17 =
—1 + X18n—20X18n—23X18n—26X18n—29X18n—32X18n—35
az
. (—14+Pi7)" !
- _ _ n—1 as _ n—1 aig _ n—1 ay
1+ax(—=1+4P2) Ciapgr 798 (—1+ Ps) =Lt (=14 P4) [T
apy
= n—1 :
(=1 + azasagajiagasy)” (=1 + arasagajgagzasy)
Hence, we have
X18n—17 = &7
" (—1+ azasagajjagasy)™
Also, it follows from (4.1) and using (4.3) that
X18n—34
X18n—16 =
—1 + X18n—19X18n—22X18n—25X18n—28X18n—31X18n—34
Q16
_ (—1+P1)™ !
- _ _ n—1 [e¥] _ n—1 aio _ n—1 Qe
1+a; (=1+Py) Cipg TV (=1+P7) [EEEENERISE (=14 P3) Ciapgnt
a16

n—1 .
(=14 ajagayajpaizage)” (=14 ajagazajpaizage)

Hence, we have
a16

—1+ ajagazajpazass

X18Tl.716 - ( )TL'

Also, it follows from (4.1) and using (4.3) that

X18n—33

—1 + X18n—18X18n—21X18n—24X18n—27X18n—30X18n—33
ais
(—14+Py5)" !

1+ao (~1+Po) (—1+P5)" ! %6 (—1+Pe) (—1+4+P)™ ! ar2 (=1 +Pr2) (—14+P5)™ "

X18n—15 =
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ais

71 M
(—1+ apazasasarpais)™ * (—1+ apazagasaipass)

Hence, we have
ais

.
—1 + apazagagaipais)

X18n—15 = (
Similarly, one can easily obtain the other relations for (4.2). Hence, the proof is completed. O
Theorem 4.2. (4.1) has three equilibrium points 0 and ++/2, which are nonhyperbolic equilibrium points.
Proof. The proof is similar to the proof of Theorem 3.2, and will be omitted. 0
Theorem 4.3. (4.1) is periodic of period 18 iff Py =2,k =0,1,...,17 and will take the form
X1sn—k = ax; k=0,1,...,17, andn =0,1,2,....
Proof. The proof follows immediately from Theorem 4.1. O

Theorem 4.4. Assume that ao, ay,...,a17 € (0,1). Then the solution {xn}3>__,, oscillates about the equilibrium
point X = 0, with positive semicycles of length 18, and negative semicycles of length 18.

Proof. From Theorem 4.1, we have xi,x2,...,x13 < 0 and x19,X20,...,%36 > 0, and the result follows by
induction. O

Xn—17

5. The difference equation x, 1 =
—1 —Xn_2Xn—5Xn—8Xn—11Xn—14Xn—17

In this section, we give a specific form of the solutions of the fourth equation in the form

X
Xni1 = n-17 , n=0,1,2..., (5.1)
—1 —Xn -2Xn 5Xn—8Xn-11Xn—14Xn—17
with conditions posed on the initial values x_j, j =0,1,2,...,17. Also, we investigate the oscillation and
periodicity of these solutions.

Theorem 5.1. Let {xn}3X__;, be a solution of the difference (5.1). Then forn =0,1,2,...,

ax

X18n—k = (C1—pymax (5.2)

5
where Py = [T amod(k3)43 » Gk = (—1 and x_y = ay, with P # -1, k=0,1,2,...,17.
j=0
Proof. For n = 0, the result holds. Now suppose that n > 0 and that our assumption holds for n — 1. That

1s
i

X18n—18—k = C1_py) Da (5.3)
Now, it follows from (5.1) and using (5.3) that
X181—35
X18n—17 =
—1 —X18n—20X18n—23X18n—26X18n—29X18n —32X18n—35
aijz
. (—1—Py)™ !
o1 1_py1_ a o q_pyn—1__  an 1 n—1__  ay
1—a(=1-"Py) EENe (=1 —Pg) e aig (—1—P4) T
ayy

_1 M
(-1 — apasagajjaaary)”  (—1— azasaga;ajaasy)
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Hence, we have
aiz

—1—arasagajjaizary

X18n—17 = ( )n~

Also, it follows from (5.1) and using (5.3) that

X . X18n—34
18n—16 =
—1 — X18n—19X18n—22X18n—25X18n—28X18n—31X18n—34
Q16
_ (—1—Pyg)™ !
- —1 a n—1 a n—1 a
—1—a;(-1—-P)" " —& __q,(—1—P —10 _— _qi5(—1—P e
1( 1) L ( 7) EEEREELE ( 13) T
a16

71 M
(-1 —aqqasazapaizas)” (=1 — ajasayajpaizae)

Hence, we have
aie

—1—ajagazajpazass

X18n—16 = ( )n~

Also, it follows from (5.1) and using (5.3) that

X i X18n—33
18n—15 =
—1 — X18n—18X18n—21X18n—24X18n—27X18n—30X18n—33
ais
. (—1—Py5)" !
- —1 a n—1 a n—1 a
—1—ay(—1—Py)" " —% s (—1—P ———ap(—1—P —5
o o) N 6 6) E—— 12 ( 12) e
N ais
- n—1 '
(=1 —apazagagappass)  (—1—apazasagaipas)

Hence, we have

X18n—15 = s
"~ (—1 —apazasasarpass)™
Similarly, one can easily obtain the other relations for (5.2). Hence, the proof is completed. O

Theorem 5.2. (5.1) has a unique equilibrium point X = 0, which is a nonhyperbolic equilibrium point.
Proof. The proof is similar to the proof of Theorem 3.2, and will be omitted. O
Theorem 5.3. (5.1) is periodic of period 18 iff Py =2,k =0,1,...,17 and will take the form

Xign—k = ax;, k=0,1,...,17, andn =0,1,2,....
Proof. The proof follows immediately from Theorem 5.1. O

Theorem 5.4. Assume that ao, ay,...,a17 € (0,1). Then the solution {xn}3>__,, oscillates about the equilibrium
point X = 0, with positive semicycles of length 18, and negative semicycles of length 18.

Proof. From Theorem 5.1, we have xi,x2,...,x18 < 0 and X19,X20,...,%36 > 0, and the result follows by
induction. O
6. Numerical examples

To verify the results of this paper, we consider some numerical examples as follows.

Example 6.1. The graph of the difference equation (2.1) and the case when x_17 =9, x_16 =8, x_15 =7,
X_14 = 6, X_13 = 5, X_12 = 4, X_11 = 3, X_10 = 2, X9 = 1, X_8§ = 09, X_7 = 08, X_6 = 0.7, X_5 = 0.6,
X4 =05,x3=04x_2=0.3,x_1=0.2, and x9p = 0.1 is shown in Figure 1.
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Plot of x(n+1)= (x(n-17)/(1+X(n-2)*x(n-5)*x(n-8)*x(n-11)"X(n-14)*x(n-17))

n

Figure 1: Graph of the difference equation (2.1).

Example 6.2. The graph of the difference equation (3.1) and the case when x_17 = 23, x_15 = 21, x_15 =28
X 14—25 X_13 =9, x 12 =3, x 11 :1.5,)(_10 :10,)(,9 :0.1,)(,8 :7,X,7:6,X,6 :5,X,5 :1,

X_4=6,x_3=25x=25x_1=15,and xg = 0.2 is shown in Figure 2.

Plot of x(n+1)= (x(n-17)/(1-x(n-2)*x(n-5)*x(n-8)*x(n-11)*x(n-14)*x(n-17))

54h| ‘\ M‘\ n‘\ n‘\ M

/M \M N \M \M

ULV LAY Ay

‘N "M /m! m‘l

0 20 40 60 80 100 120 140 160 180 200
n

Figure 2: Graph of the difference equation (3.1).

Example 6.3. The graph of the difference equation (4.1) and the case when x_17 = 0.75, x_16 = 0.22
X_15 = 0.2, X_14 = 0.15, x 13 = 0.30, X_12 = 0.6, X_11 = 0.6, X_10 = 0.22, X9 = 0.7, X_8§ = 0.9, X_7 = 0.8,
Xx_6=07,%x_5=08%x_4=05%x_3=04, x5 =09, x_1 =08, and xg = 0.1 is shown in Figure 3.

Plot of x(n+1)= (x(n-17)/(-14X(n-2)*x(n-5)*x(n-8)*x(n-11)*x(n-14)*x(n-17))

I ‘ | I
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Figure 3: Graph of the difference equation (4.1).

Example 6.4. The graph of the difference equation (5.1) and the case when x_17 = 2.75, x_16 = 0.22
X_15 = 013, X_14 = 515, X_13 = 030, X_12 = 2.2, X_11 = 0.6, X_10 = 0.22, X_9 = 0.7, X_8 = 0.12, X_7 =
0.10, x_¢ = 0.8, x5 = 0.20, x_4 = 0.6, x_3 = 0.4, x_» = 0.2, x_1 = 15, and x¢ = 0.10 is shown in Figure 4.
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Plot of x(n+1)= (x(n-17)/(-1-X(n-2)"X(-5)"X(n-8)"X(n-11)"x(n-14)"x(n-17))
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Figure 4: Graph of the difference equation (5.1).

7. Conclusion

To summarize, this paper has investigated four main rational difference equations with Eighteenth-
Order. We have introduced the solutions of the considered equations using modulus operator. In Theorem
2.1, we have presented and proved the solutions of (2.1), while Theorem 2.2 has shown the boundedness
of the solutions of (2.1). It has been proved that the fixed point of (2.1) is globally asymptotically stable.
Theorem 4.3 has presented that (4.1) is periodic of period 18 if and only if Py = 2. Furthermore, in
Theorem 5.3, we have explored the solutions of (5.1) which are periodic of period 18 if and only if
Py = —2. We have also plotted the periodicity of (4.1) and (5.1) in Figures 3 and 4, respectively. Finally,
the used approaches can be simply applied for other nonlinear equations.
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