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Abstract

In this article, we define the class of bounded turning functions connected with three leaf function to investigate results for
the estimates of four initial coefficients, Fekete-Szego functional, the second-order Hankel determinant and Zaleman conjecture
and these results are shown to be sharp. Furthermore, we estimate the bounds of the third-order Hankel determinants for this
class and for its 2-fold and 3-fold symmetric functions. Finally we evaluate the sharp Krushkal inequality for the functions in
this class.

Keywords: Analytic functions, three leaf function, subordination, Hankel determinant, 2-fold and 3-fold symmetric function,
Zalcman conjuncture, Krushkal inequality.

2020 MSC: 30C45, 30D30.
©2023 All rights reserved.

1. Introduction and preliminary results

Let A represent the family of functions of the form
f(E) =&+ ) anf™ (E€D), (1.1)
n=2

which are regular in open unit disc D ={& € C: [{] < 1}. Also § denote the subfamily of A consisting of
functions of the form (1.1), which are also univalent in D.
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Let P represent the family of functions h (&) that are regular with positive part in open unit disc ID
and of the form -
h(E)=1+) cal™ (E€D). (12)
n=1
Next we recall the definition of subordination. For two functions g1, g> € A, we say that g; is subor-
dinated to g> and symbolically written as g; < g if there exists an analytic function w with the property
w (&) < [&] and w (0) = 0 such that g1 (§) = g (w (&)) for & € ID. Further, if g € §, then the condition
becomes
91 < g2 ¢ 01 (0) = g2 (0) and g1 (D) C g2 (ID).

A function f is said to be starlike functions if it satisfies the condition:

&' (&) }
S* =<qfecA: =< , 1.3
@) ={rea: 55 <ot 13)
where @(&) = (1+&)/(1—E&). If we contrast the function ¢ on the right hand side of (1.3), then we
acquire some several subclasses of 8§ whose image domains have some exciting geometrical configurations
as follows.

1. The class §*(¢) with @ (&) =1+ sin & was presented and studied by Cho et al. [5].

2. The class 8*(¢@) with (&) =1+ & — %53, maps the open unit disc onto the interior of the nephroid,
a 2-cusped kidney-shaped region was familiarized and investigated by Wani and Swaminathan [34].

3. The class 8*(¢@) with (&) = v/1 + &, which is bounded by lemniscate of Bernoulli in right half plan,
was developed by Sokoél and Stankiewicz [29].

4. The class 8*(¢@) with @(&) =1+ %E + %Ez was presented by Sharma et al. [26].

The class 8*(¢@) with @(&) = e® was introduced and deliberated by Mendiratta et al. [20].

6. The class 8*(¢) with @(&) = &+ /1+ &2, which maps open unit disk to crescent shaped region,
was introduced by Raina and Sokél [24].

o

Also we note that lately various subclasses of starlike functions were introduced, see [6, 7, 11] by
fixing some particular functions such as functions linked with Bell numbers, shell-like curve connected
with Fibonacci numbers, functions associated with conic domains and rational functions instead of ¢ in
(1.3).

Pommerenke [22, 23] introduced the Hankel determinant Hq », (f), where the parameters q,n € N =
{1,2,3,...} for function f € § of the form (1.1) as follows:

an An+1 cee a-n_+q_]

an+1 An+2 ... Onyq
Hq,n (f) =1 . . .

n+q—-1 OAn+q --- QAn42q-2

The Hankel determinants for different orders are obtained for different values of g and n. When q = 2
and n = 1, the determinant is

1 Qaz

Hos (£)] =
[Hpq ()] ) as

= ’0,3—(1% , where a; = 1.

a
a

Note that Hy; (f) = a3 — a%, is the classical Fekete-Szegd functional. For various subclasses of class
A, the best conceivable value of the upper bound for |Hy; (f)| was explored by different authors (see
[10, 13, 14, 27] for details). Furthermore, when q = 2 and n = 2, the second Hankel determinant is

a das

Hop (f) = a

= aray — a%.
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The upper bound of [Hy ()| has been considered by several authors in last few decades. For instance, the
readers may refer to the works of Hayman [9] and Noonan and Thomas [21]. Further, Babalola [2] studied
the Hankel determinant Hj ; (f) for some subclasses of analytic functions. For some current works on third
order Hankel determinant we may mention (for example) [16, 28, 31]. The bound of the fourth Hankel
determinant for a class of analytic functions with bounded turning associated with cardoid domain was
approximated by Srivastava et al. in [33]. It should be remarked that a wide variety of applications of
Hankel systems arise in linear filtering theory, discrete inverse scattering, and discretization of certain
integral equations arising in mathematical physics [35].

Evaluating these Hankel determinants for various new subclasses has been an attracting area lately.
One such field of interest is the Quantum Calculus (q-calculus), which is a generalization of classical
calculus by replacing the limit by a parameter q. For the basics and preliminaries, the readers are advised
to see the work in [30]. It is imperative to mention here the work on a g-differential operator by Srivastava
et al. [32], in which they determined the upper bound of second Hankel determinant for a subclass of
bi-univalent functions in g-analogue.

Lately in 2018, the class of starlike functions associated with three leaf function was defined by Gandhi
[8], i.e,
£ (&)

f(&)
and studied different geometric properties for this class. Further, Shi et al. [28] investigated coefficient

estimates problems for three leaf-type class. Now recall the definition of class R of bounded turning
functions

S;‘L:{feﬂ <1+§£+é£4}, (& € D),

1+¢
1-¢§

Motivated by all works mentioned above and [15], in this article we introduce and investigate the class
Ra which is defined as follows:

R:{feA:f’(E,)< } (§ € D).

SQM:{feﬂ:f’(&)<1+§£+;54}, (£ € D). (1.4)

We also establish some sharp results such as coefficient bounds, Fekete-Szeg6 inequality, second-order
determinant and Zalcman conjecture for functions belonging to the class Rs.. Moreover, we estimate
bounds of the third-order Hankel determinants for this class Rz, and for the 2-fold and 3-fold symmetric
functions.

For the proofs of our main findings, we need the following lemmas.

Lemma 1.1 ([18]). Let p € P have the series expansion of the form (1.2). Then, for x and o with |x| < 1,|o] < 1,
such that

2¢c) = C% +x(4— c%), 4¢3 = c1 +2(4— cl)clx— c1(4— C%)Xz +2(4— cl)(l —xP)o. (1.5)

Lemma 1.2. If h € P and has the series form (1.2), then

lcnyk — menckl <2, (1.6)
len| <2forn >1, (1.7)

lco — 3| < 2max{1,12¢ -1}, ¢ € C, (1.8)

Jei — Keiea + Les| < 2[4+ [K — 2]+ 2] — K+ L. (1.9)

We note that the inequalities (1.6), (1.7), and (1.9) in the above can be found in [23] and (1.8) are from
[12], and also (1.9) was evaluated in [1].
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Lemma 1.3 ([25]). Let m, n, 1, and r satisfy the inequalities 0 < m <1, 0 <r < 1and

8r(l—r) (mn—21)2+(m(r+m)—n)2] +m(1l—m) (n—Zrm)2 <4m2(1—m)2r(1—r).

If h € P and has power series (1.2), then

3
1c‘1L + Tc% +2mecic3 — Enc%cz —cq| < 2.

2. Bounds of Hj (f) for the class Rjz,

Theorem 2.1. Let f € R3¢ and be of the form (1.1). Then

lag| <

7

Tl N

the result is sharp for function

& 4 1 2 4
f1(£):J <1+5t+5t4>dt25+55.2+"'; |03|<E/

£ 4, 1 4 1
fz(&)zJ <1+5t2+5t8>dt=£+15£3+--~, ladl < &,

& 4 1 1 4
f3(£):J <1+5t3+5t12>dt:5+554+"'; |a5|<£,

the result is sharp for function

f3(&) —Ja <1+4t3+1t12> dt=E4 g5
3 0 5 5 25 '

Proof. Let f € R3z. Then, (1.4) can be put in the form of Schwarz function w as

#(e) =1+ gw(E) + g (W(E)!, (£cD)

Also, if h € P, then it may be written in terms of the Schwarz function w as

1T+ w(E)

h(E) =1+ c1&+cad” +c3&” + I wie)

equivalently,
h(E)—1 &+ +c3E3+ -

wi&) = h(E)+1  2+ci&+caf?+ 383+

From (2.4), we easily get

(&) =14 2aé +3a38? +4as&® +5as58* 4 - - - .

2.1)

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)
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By a simplification and using the series expansion (2.5), we have

4 1 2 2 1, 1 2 2
1+ -w(E)+ 2 (wE) =1+ B e R Er e =T U= R
5 5 5 10 5 5%
(2.7)
+ —i 1 3czc 2c c —102+gc g+
8017 1091 T 5B T 52 5%
Equating (2.6) and (2.7), we get
1
az = 561, (2.8)
2 1,
1 + = ! (2.10)
@ = 51~ e 35 '
2 (3 3 1
as = 5 <32c‘11 — Zlc%cz +c3c1 + EC% — C4> . (2.11)
Using(1.7) in (2.8), we have
2
laz| < S5
From (2.9), we get
3T\ 2
and applying (1.6), we have
4
< —.
las] 15
Using (2.10), we obtain
la) 1a_1 _,_l
47150 1012 T 10
By applying (1.9), we get
1 1 1 1 1
i< 25|25 -2 (3o)| +2 5 ) =5
By applying Lemma 1.3 to (2.11), we get
4
<
|las] 25
O

Next, we consider Fekete-Szego problem and Hankel determinants for the class Rj .

Theorem 2.2 (Fekete-Szego inequality). If f of the form (1.1) belongs to R3 ., then

4
a3 — a3l < % T {1 |5C|}, (CeC).

The result is sharp for

f(a—J£1+4¥+1§ dt=t+ g4 Leoy
2= 5 5 T 45
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Proof. Using (2.8) and (2.9), we can write

_i Z_CCi

27151 55

15
C2— 3645 c?
2 10 -

2 3C+5
2

— < = = ) - .
las Ca2|\15max{2,2‘2< 1 ) 1‘}

2
lag — C(12| = ‘
By rearranging we have

2
— 2 —_
laz CC12| 15

Applying (1.8) we get

Then with simple calculations, we obtain

4 3
lag — Ca%l < max{l,m}.

15 5
O
If we put ¢ = 1, then the above result becomes as follows.
Corollary 2.3. If f of the form (1.1) belongs to R3, then
las — a3 < 14—5. (2.12)
The result is sharp.
Theorem 2.4. If f of the form (1.1) belongs to Rz, then
lazas — aygf < % (2.13)
The result is sharp for
f3(&) —F <1+4t3+1t12> dt = z,+15,4+... ,
0 5 5 5
Proof. From (2.8), (2.9), and (2.10), we get
lapaz — ay| = ‘236? — 1—96201 + —cal.
600 150 10
By applying (1.9), we get
lazas — aqf < {2‘620?2) +2 11590_2(62(i)>‘+2 62030—11590—1—110H = %
O
Theorem 2.5. If f of the form (1.1) belongs to Rz, then
Haa ()] = lasas — a3l <y (2.1

The result is sharp for

f(a)—JE 142 8 )ar=et 280y ety
2= 5 5 T 45 ‘
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Proof. From (2.8), (2.9), and (2.10), we have

—LC4—7C2C —|—ic c —ic2
T 1800 1 450 12T 50 17T 5

Applying (1.5) to express ¢, and c3 in terms of ¢; = ¢, with 0 < ¢ < 2, we get

Ho o (f)

Hap () = —5a5¢?(4 — c2)x% — 5hs (4 — 22 + 1hsc(4 — ) (1 — [x[)o,

with the aid of the triangle inequality and replacing |o] < 1, x| = b, with b < 1. So, we obtain

1 1
< 204 A2\R2 _2\23.2 — (1 —b2) = ‘
200(: (4—c)b —1—225(4 c“)°b” + 100(:(4 c¢)(1—-b7) := ¢p(c,b)

It is a simple calculation to show that ¢(c,b) > 0 on [0, 1], so that ¢(c,b) < ¢(c,1). Putting b =1 gives

[Hpo ()]

1 (4—c?)?:= d(c,1).

204 2y, L
(4 c)+225

1
Hyo ()| < —
[Ha,2 ()] 200°

Also, ¢'(c,1) <0, and so ¢(c, 1) is a decreasing function. Thus, the maximum value at ¢ =0 is

[Hao ()] < %
O
We will now determine bound of the third Hankel determinant Hz 1 (f) for f € Ra..
Theorem 2.6. If f as assumed in (1.1) and belongs to Rz, then
IHz 1(f)| < % ~ (0.101 63.

Proof. We have the third Hankel determinant form as follows:

Hs1(f) = as(aras — a3) — as(as — azas) + as(az — a3),
where a; = 1. This yields

Hz1(f)] < lasllazas — a3] + |agllas — azaz| + |as||az — a3].
By using (2.1), (2.2), (2.3), (2.12), (2.13), (2.14), we obtain our desired result. O]

3. Bounds of Hj31(f) for the 2-fold and 3-fold symmetric functions

A function f is said to be m-fold symmetric if the following condition holds true for & = exp (2£!),

f(e€) =ef (&), (§€D).

The set of all m-fold symmetric functions belonging to the familiar class of univalent functions § is
denoted by 8(™) which is represented as the following series expansion

f(E) =&+ ) amnu&™' (£€D). (3.1)
n=1

An analytic functions f of the form (3.1) belong to class iRézﬂ if and only if

by g A (hE) -1 1 h(E) -1\
f(E,)—l+5(h(£)+1)+5<h(a)+1> , (teD), (32)
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where the class (™) is defined as follows
plm) — {he?:h(i) =1+ cmnf™ } (3.3)
n=1
If a function f belong to $(2) then its series representation is
f(E) =&+ as&® +as&®+--- and Hay(f) = a3 (as—a3).
Further, if f belong to 83) then it series representation is
f(£) =&+ aft + o7& +--- and Hay (f) = —aj.
Theorem 3.1. If f € Réi), then
16
Hs1 ()| < ===.
[Hz1 () 375
Proof. Let f € fRézL), then by series (3.1), (3.2), and (3.3), for m = 2, we have
2 4 2 2 12\ ;4
f(&) =14 3a3&” + 5a58 —i—---:1+gcz£ + 5C4— 202 [
After comparing, we get
_2 _2., 1o
az = 15C2, a5 = 25C4 25C2.
This implies that
_ 2
Hs1 (f) = a3 (a5 — a3) .
Substituting above values, we get
2 2 13 ,\ 4 13 ,
Mo () = g5¢2 (25”‘ 225°2> ~ 3752 <°4 18C2) ‘
Now using triangle inequality along with (1.6) and (1.7), we get the required result. O
Theorem 3.2. If f € Ré‘?, then
1
Hzq ()| < =—=.
IHz,1 ()] o5
The result is sharp for function
& 4,1 1
= 1+t +-t? ) dt=¢4+ -84+
f3(&) L( +5 +5 ) E,+5£+
Proof. Let f € fRéSL) Then by (3.1), (3.2), and (3.3) for m = 3, we have
/ 2
FE) =T+4a8 o =14 28 4o
After comparing, we get
1
ay EC3
This implies that
Haq (f) = —aj
and substituting above values, we get
1
Hs 1 (f) _ﬁ%
Now using triangle inequality along with (1.7), we get the required result. O
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4. Zalcman functional for f € Rs¢

One of the main conjectures in Geometric function theory, suggested by Lawrence Zalcman in 1960, is
that the coefficients of class § satisfy the inequality,

la? —azn_1] < (n—1)%

Only the well-known Koebe function k(§) = ra«i)z and its rotations have equality in the above form. For

the popular Fekete-Szego inequality, when n = 2, the equality holds. Many researchers have researched
Zalcman functional in the literature [3, 4, 19].

Theorem 4.1. Let f be given by (1.1) and belongs to Rs . Then

4
2

— < —.
la5 — as| < 25

The result is sharp for function

I3
f4(E,)—J <1+§t4+;t16> dt:£+24—55,5-|_..._

Proof. We use the equations (2.9) and (2.11) to get Zalcman functional, and then we have

|3 —as| = ) Y SR PRSP
3T o5 2887 36 2T T Tt
Using Lemma 1.3, we can get the necessary result for the last expression. O

5. Krushkal inequality for f € Rs¢
In this section we will give direct proof of the inequality

ab — ag(n_l) <2r(n=1) _pup

over the class R3 for choice of n =4, p =1, and for n =5, p = 1. Krushkal introduced and proved this
inequality for whole class of univalent functions in [17].

Theorem 5.1. Let f be given by (1.1) and belongs to Rz . Then

a4 —a3| <

gl —

The result is sharp for function

S
f3(5)=J <1+§t3+;t12> dt:a+%g4+...

Proof. From equations (2.8) and (2.10), we get

17 5 1 1
3 _

10001 ~ 10921 T 103

7

jas—ai] -

applying (1.9) to above, we get the required result. O
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Theorem 5.2. Let f be given by (1.1) and belongs to R3 . Then

4

|a5—a%} < 5

The result is sharp for function

f&%¢{0+4#+Hﬁ>&—a+4§+
4 0 5 5 25 '

Proof. From equations (2.8) and (2.10), we get

las — a4| _ 2 26‘ — §0202 +c3cy + 1c2 —cC4
217250800 1 4! 272
Using Lemma 1.3, we can get the necessary result for the last expression. O

6. Conclusion

A class

of bounded turning functions is defined in connection with three leaf functions. Various

important properties are evaluated for these functions like the estimates of four initial coefficients, Fekete-
Szego functional, the second-order Hankel determinant, Zalcman conjecture and Krushkal inequality.
The sharpness is also discussed for these results. In addition to these results we not only estimated the
bounds of the third-order Hankel determinants for this class but also for its 2-fold and 3-fold symmetric
functions. The idea and means of characterizing these functions with various important properties is
novel and can be extended to various other areas like multivlent functions, meromorphic functions and
Harmonic functions.
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