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Abstract

In this paper, we present more effective criteria for oscillation of second-order half-linear neutral dynamic equations with
delayed arguments. Our results essentially improve, complement, and simplify several related ones in the literature. Some
examples are given to illustrate our main results.
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1. Introduction

This paper aims to study the oscillation problem of second-order half-linear neutral delay dynamic
equations

(r(t)(z∆(t))α)∆ + q(t)xα(δ(t)) = 0, t > t0, (1.1)

where α > 0 is a ratio of odd positive integers and z(t) := x(t) + p(t)x(τ(t)). Throughout, the following
assumptions are satisfied

(I1) r ∈ C1
rd([t0,∞)T, (0,∞)), r∆(t) > 0 and

∫∞
t0
r−1/α(s)∆s =∞;

(I2) p,q ∈ Crd([t0,∞)T, R), 0 6 p(t) 6 p0 6 1, q(t) > 0, and q(t) not identically zero for large t;

(I3) τ ∈ Crd([t0,∞)T, T), δ∆ > 0, τ(t) 6 t, δ(t) 6 t, and limt→∞ τ(t) = limt→∞ δ(t) =∞.

Furthermore for sufficiently large t1, we assume

R(t) =

∫∞
t1

r−1/α(s)∆s. (1.2)
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By a solution of (1.1), we mean a function x ∈ Crd[Tx,∞)T, Tx ∈ [t0,∞)T which has the property
r(z∆)α ∈ C1

rd[Tx,∞)T and satisfies (1.1) on [Tx,∞)T. We consider only those solutions x of (1.1) which
satisfy sup |x(t)| : t ∈ [Tx,∞)T > 0 for all T ∈ [Tx,∞)T. We assume that (1.1) possesses such solutions. A
solution of (1.1) is called oscillatory if it is neither eventually positive nor eventually negative; otherwise,
it is termed nonoscillatory.

In recent years, there has been a renewed interest in studying and establishing criteria for the oscil-
latory and asymptotic behavior of various classes of differential equations, partial differential equations,
and dynamic equations on time scales, see; [5–9, 11–15, 17, 27, 28, 31, 33–35, 37, 38].

For instance, the authors in [37] established sufficient conditions for the oscillation of all solutions of
the dynamic equation (

r(t)
(
(y(t) + p(t)y(τ(t)))∆

)γ)∆
+ f(t,y(δ(t))) = 0,

where γ > 0. In the particular case of (1.1) when T = R, Bohner et al. [6] studied the oscillatory behavior
of the solutions of differential equation

(r(t)((x(t) + p(t)x(τ(t))) ′)α) ′ + q(t)xα(σ(t)) = 0, t > t0, (1.3)

where α > 0 is a quotient of odd positive integers, with the condition
∫∞
t0
r−1/α(s)ds <∞ .

Grace et al. [17] established more sharper oscillation criteria for (1.3), under the assumption that∫∞
t0
r−1/α(s)ds = ∞. This study essentially improved the well-known results reported in the literature,

including those for non-neutral differential equations, this study based on taking into account such part
of the overall impact of the delay. However, it seems that there are no known results for the oscillation of
second-order neutral half-linear delay dynamic equations takes into account impact of the delay.

Now, we refer the reader to the particular case of (1.1)(
r(t)

(
x∆

)γ)∆
+ p(t)xγ(t) = 0. (1.4)

Saker [30] examined oscillation for (1.4), where γ > 1 is an odd positive integer and Agarwal [3] studied
oscillation for the same (1.4), where γ > 1 is the quotient of odd positive integers which cannot be applied
when 0 < γ 6 1. Therefore it will be of great interest to solve this problem and improve Agarwal’s and
Saker’s results.

The following studies play an essential role in our paper, this will allow us to refine classical Riccati
transformation techniques by taking into account the impact of the delay that has been neglected in the
earlier results. O’Regan [28] studied the distributions of zeros of solutions of first-order delay dynamic
equation on time scales

x∆(t) + p(t)x(τ(t)) = 0, t ∈ [t0,∞)T,

and established lower bound for the quotient x(τ(t))/x(t) using the sequences {fn(ρ)}
∞
n=0 defined as

fn(ρ) =

{
f0(ρ) = 1, f1(ρ) = 1/ρ,
fn+2(ρ) =

fn(ρ)

fn(ρ)+1−e(1−ρ)fn(ρ) , n = 0, 1, 2, 3, . . . ,
(1.5)

where 0 6 ρ < 1 is a positive constant.
In [38] Zhang and Zhou obtained the particular case for (1.5) when T = R, the sequences {fn(ρ)}

∞
n=0,

defined as

fn(ρ) =

{
f0(ρ) = 1,
fn+1(ρ) = e

(ρ)fn(ρ), n = 0, 1, 2, 3, . . . ,

where ρ is a positive constant.
They showed that, for ρ ∈ (0, 1/e], the sequence is increasing and bounded above and limn→∞ fn(ρ) =

f(ρ) ∈ [1, e], where f(ρ) is a real root of the equation

f(ρ) = eρf(ρ).
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In fact, equation (1.1) has numerous applications in mathematical, theoretical, and chemical physics.
So, there has been much research activities concerning oscillatory behavior of various classes of dynamic
equations and its particular cases. We refer the reader to [1, 2, 16, 18, 20–26]. See also [26, 32] for models
from mathematical biology where delay and oscillatory-type effects phenomena are idealized by external
sources of evolutive PDE’s.

Motivated by this observation, our aim in this paper is to present sufficient conditions for the oscilla-
tory behaviour of solutions of (1.1), under the condition

∫∞
t0
r−1/α(s)∆s = ∞. We introduce two different

techniques, the first is the comparison theorems and the second is classical Riccati transformation tech-
niques by taking into account the impact of the delay. Also, interesting examples that illustrate the
importance of our results are included.

2. Main Results

For simplicity, through this paper, we consider the following:

Q(t) := (1 − p(δ(t)))αq(t),

R̃(t) := R(t) +
1
α

∫t
t1

R(s)Rα(δ(s))Q(s)∆s.

In what follows, we present some results, which will be useful in the proof of our main results.

Theorem 2.1 ([10]). Assume that ν : T→ R is strictly increasing and T̃ := ν(T) is a time scale. Let w : T̃→ R.
If ν∆(t) and w∆̃(ν(t)) exist for t ∈ Tκ, then

(w ◦ ν)∆ = (w∆̃ ◦ ν)ν∆,

where ∆̃ denotes to the derivative on T̃.

Lemma 2.2. Let (I1)-(I3) hold. If x(t) be an eventually positive solution of (1.1), then z(t) satisfies

z(t) > 0, z∆(t) > 0, z∆∆(t) 6 0, for t ∈ [t0,∞)T.

Proof. Since x(t) be an eventually positive solution of (1.1), then by (I1)-(I3) there exists t1 ∈ [t0,∞)T,
sufficiently large such that x(t) > 0, x(δ(t)) > 0, and x(τ(t)) > 0 for all t ∈ [t1,∞)T. Moreover, we get

(r(t)(z∆(t))α)∆ 6 −Q(t)zα(δ(t)) 6 0. (2.1)

Hence r(t)(z∆(t))α is a non-increasing function and is eventually of one sign. We claim that z∆(t) > 0 for
all t ∈ [t1,∞)T. If not, then there exists t2 ∈ [t1,∞)T such that z∆(t) 6 0 for all t ∈ [t2,∞)T . Since q is
not identically zero eventually, we may assume that z∆(t) < 0 for all t ∈ [t2,∞)T . From (2.1) we have

(r(t)(z∆(t))α)∆ 6 −c < 0, for t ∈ [t2,∞)T,

where c := −r (t2) (z
∆(t2))

α > 0, then

z∆(t) 6 −
c

1
α

r
1
α (t)

for all t ∈ [t2,∞)T . (2.2)

Integrating (2.2) on [t2, t)T ⊆ [t1, t)T, we obtain

z(t) 6 z (t2) − c
1
α

∫t
t2

∆ξ

r
1
α (ξ)

for all t ∈ [t2,∞)T .
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Letting t → ∞, then it follows that limt→∞ z(t) = −∞. Therefore, limt→∞ z(t) = −∞, which is a contra-
diction. Consequently, z∆(t) > 0 for all t ∈ [t1,∞)T . Now, since

[r(t)((z∆(t))α)]∆ = r(t)((z∆(t))α)∆ + r∆(t)(z∆(σ(t)))α for t ∈ [t0,∞)T. (2.3)

Applying the Pötzsche chain rule and Theorem 2.1, we get

((
z∆(t)

)α)∆
>

{
α
(
z∆(t)

)α−1
z∆∆(t), α > 1,

α
(
z∆(σ(t))

)α−1
z∆∆(t), 0 < α < 1.

This with the non-increasing fact of z∆(t), leads to((
z∆(t)

)α)∆
> α

(
z∆(t)

)α−1
z∆∆(t). (2.4)

From (2.3) and (2.4), we obtain

αr(t)(z∆(t))α−1z∆∆(t) + r∆(t)(z∆(σ(t)))α 6 0.

Since r(t) > 0, r∆(t) > 0, z∆(t) > 0, we obtain

z(t) > 0, z∆(t) > 0, z∆∆(t) 6 0, for t ∈ [t0,∞)T,

which completes the proof.

The following theorem presents oscillation criteria for (1.1) using a comparison theorem.

Theorem 2.3. Assume that (1.2) holds. If the first-order dynamic equation

y∆(t) +Q(t)R̃α(δ(t))y(δ(t)) = 0, (2.5)

is oscillatory, then (1.1) is also oscillatory.

Proof. Assume that (1.1) has a nonoscillatory solution x(t) on [t0,∞)T. Without loss of generality, we may
assume that there exists a t1 > t0 such that x(t) > 0, x(τ(t)) > 0, and x(δ(t)) > 0, for t > t1. By the
definition of z(t), we obtain

x(t) > z(t) − p(t)x(τ(t)) > z(t) − p(t)z(τ(t)) > (1 − p(t))z(t).

This combined with (1.1) provides

(r(t)(z∆(t))α)∆ 6 −Q(t)zα(δ(t)). (2.6)

Also, from the definition of z(t), we get

z(t) = z(t1) +

∫t
t1

1
r1/α(s)

r1/α(s)z∆(s)∆s > R(t)r1/α(t)z∆(t). (2.7)

On the other hand

[(z(t) − R(t)r1/α(t)z∆(t)]∆ =z∆(t) − [R(t)r1/α(t)z∆(t)]∆

=z∆(t) − [R(t)(r1/α(t)z∆(t))∆ + R∆(t)(r1/α(σ(t))z∆(σ(t)))]

=z∆(t) − R(t)(r1/α(t)z∆(t))∆ −

(
r(σ(t))

r(t)

)1/α

z∆(σ(t)).

(2.8)
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Since (r(t)(z∆(t))α)∆ 6 0, then r(σ(t))(z∆(σ(t)) 6 r(t)(z∆(t))α. Hence, (2.8) takes the form

[z(t) − R(t)r1/α(t)z∆(t)]∆ > z∆(t) − R(t)(r1/α(t)z∆(t))∆ −

(
z∆(t)

z∆(σ(t))

)
z∆(σ(t)),

i.e.,

[z(t) − R(t)r1/α(t)z∆(t)]∆ >− R(t)[r1/α(t)z∆(t)]∆. (2.9)

Applying chain rule, we get

R(t)[r(t)(z∆(t))α]∆ > αR(t)

{
[r1/α(t)z∆(t)]α−1[r1/α(t)z∆(t)]∆, α > 1,
[r1/α(σ(t))z∆(σ(t))]α−1[r1/α(t)z∆(t)]∆, 0 < α < 1.

(2.10)

Since (r(t)(z∆(t))α) is a nonincreasing function, then (2.10) takes the form

R(t)[r(t)(z∆(t))α]∆ > αR(t)[r1/α(σ(t))z∆(σ(t))]α−1[r1/α(t)z∆(t)]∆.

This with (2.6), leads to

−R(t)[r1/α(t)z∆(t)]∆ >
1
α
R(t)[r1/α(σ(t))z∆(σ(t))]1−αQ(t)zα(δ(t)). (2.11)

From (2.9) and (2.11), we get

[z(t) − R(t)r1/α(t)z∆(t)]∆ >
1
α
R(t)[r1/α(σ(t))z∆(σ(t))]1−αQ(t)zα(δ(t)). (2.12)

Combining (2.7) with (2.12), and taking in your account that (r(t)(z∆(t))α) is non-increasing, we
conclude that

[z(t) − R(t)r1/α(t)z∆(t)]∆ >
1
α
R(t)[r1/α(σ(t))z∆(σ(t))]1−αQ(t)Rα(δ(t))r(δ(t))(z∆(δ(t)))α

>
1
α
R(t)Rα(δ(t))[r1/α(σ(t))z∆(σ(t))]1−αQ(t)r(t)(z∆(t))α

>
1
α
R(t)Rα(δ(t))[r1/α(σ(t))z∆(σ(t))]1−αQ(t)r(σ(t))(z∆(σ(t)))α

>
1
α
R(t)Rα(δ(t))[r1/α(σ(t))z∆(σ(t))]Q(t).

(2.13)

Integrating (2.13) from t1 to t and considering the non-increasing fact of the function (r(t)(z∆(t))α),
we get

z(t) >R(t)r1/α(t)z∆(t) +
1
α

∫t
t1

[r1/α(σ(s))z∆(σ(s))]R(s)Rα(δ(s))Q(s)∆s

>R(t)r1/α(σ(t))z∆(σ(t)) +
1
α

∫t
t1

[r1/α(σ(s))z∆(σ(s))]R(s)Rα(δ(s))Q(s)∆s

>r1/α(σ(t))z∆(σ(t))

(
R(t) +

1
α

∫t
t1

R(s)Rα(δ(s))Q(s)∆s

)
>r1/α(σ(t))z∆(σ(t))R̃(t).

Thus, we have

z(δ(t)) > r1/α(σ(δ(t)))z∆(σ(δ(t)))R̃(δ(t)) > r1/α(δ(t))z∆(δ(t))R̃(δ(t)). (2.14)
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Substituting (2.14) into (2.6), we get

y∆(t) +Q(t)R̃α(δ(t))y(δ(t)) 6 0, (2.15)

where y(t) := r(t)(z∆(t))α, is a positive solution of the first order delay dynamic inequality (2.14). By
[19, Theorem 3.1], (2.5) also presents a nonoscillatory solution. This contradiction proves that (1.1) is
oscillatory.

In view of Theorem 2.3 and [19, Theorems 1 and 2], we introduce the following Corollary.

Corollary 2.4. Let δσ(t) 6 t and δ∆(t) > 0. If

lim sup
t→∞

( ∫σ(t)
δ(t) Q(s)R̃α(δ(s))∆s

1 − [1 − µ(δ(t))Q(δ(t))R̃α(δ(δ(t)))]µ(σ(t))Q(σ(t))R̃α(δ(σ(t)))

)
> 1,

then every solution of (2.5) is oscillatory.

The following lemma plays a major role throughout the proofs of our main results.

Lemma 2.5. Let condition (1.2) holds and assume that δ(t) is strictly increasing and (1.1) has a positive solution
x(t) on [t0,∞)T. Then for every n > 0 and y(t) := r(t)(z∆(t))α satisfies

y(δ(t))

y(t)
> fn(ρ), (2.16)

for t large enough and fn(ρ) defined by (1.5).

Proof. Assume that (1.1) has a nonoscillatory solution x(t) on [t0,∞)T. Without loss of generality, we
can suppose that there exists a t1 > t0, such that x(t) > 0, x(τ(t)) > 0, and x(δ(t)) > 0 for t > t1. We
deduce that y(t) := r(t)(z∆(t))α is a positive solution of the first-order delay dynamic inequality (2.15).
Proceeding similarly as in the proof of [28, Theorem 3.1], we get (2.16) holds.

Now, we present new oscillation criteria for (1.1) using the Riccati substitution technique.

Theorem 2.6. Assume that (I1)-(I3) and (1.2) hold, and δ∆>0. If there exists a functionϕ∈C1
rd([t0,∞)T, (0,∞)),

such that

lim sup
t→∞

∫s
t2

(
ϕ(s)Q(s) −

(ϕ∆+(s))
α+1r(δ(s))r(σ(s))

(α+ 1)α+1fn(ρ)ϕα(s)(δ∆(s))αr(s)

)
∆s =∞, (2.17)

holds for some sufficiently large t2 > t1 and for some n > 0, whereϕ∆+(t) = max{0,ϕ∆(t)}, then (1.1) is oscillatory.

Proof. Let x(t) be a nonoscillatory solution of (1.1) on [t0,∞)T such that x(t) > 0, x(τ(t)) > 0, and x(δ(t)) >
0 for t ∈ [t1,∞)T. Define the Riccati substitution

ω(t) = ϕ(t)r(t)

(
z∆(t)

z(δ(t))

)α
.

It is clear that ω(t) > 0 and

ω∆(t) =
ϕ(t)

z(δ(t))α
[r(t) (z(δ(t)))α]∆ +

(
ϕ(t)

z(δ(t))α

)∆
[r(σ(t))(z∆(σ(t)))α]

=
ϕ(t)

(z(δ(t)))α
[r(t) (z(δ(t)))α]∆ +

ϕ∆(t)

(z(δ(σ(t))))α
[r(σ(t))(z∆(σ(t)))α]

−
ϕ(t)(zα(δ(t)))∆

zα(δ(t))zα(δ(σ(t)))
[r(σ(t))(z∆(σ(t)))α]

6−Q(t)ϕ(t) +
ϕ∆(t)

ϕ(σ(t))
ω(σ(t)) −

ϕ(t)

ϕ(σ(t))

(zα(δ(t)))∆

zα(δ(t))
ω(σ(t)).

(2.18)
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Applying the Pötzsche chain rule and Theorem 2.1, we get

(zα(δ(t)))∆ >

{
αzα−1(δ(t))z∆(δ(t))δ∆(t), α > 1,
αzα−1(δ(σ(t)))z∆(δ(t))δ∆(t), 0 < α < 1.

This with the increasing property of z(t), leads to

(zα(δ(t)))∆ > αzα−1(δ(σ(t)))z∆(δ(t))δ∆(t).

Then, (2.18) takes the form

ω∆(t) 6−Q(t)ϕ(t) +
ϕ∆+(t)

ϕ(σ(t))
ω(σ(t)) −α

ϕ(t)

ϕ(σ(t))

z∆(δ(t))δ∆(t)

z(δ(σ(t)))
ω(σ(t))

6−Q(t)ϕ(t) +
ϕ∆+(t)

ϕ(σ(t))
ω(σ(t)) −α

ϕ(t)δ∆(t)

ϕ(σ(t))

z∆(δ(t))

z∆(t)

z∆(t)

z(δ(σ(t)))
ω(σ(t)).

(2.19)

From Lemma 2.5, we get
z∆(δ(t))

z∆(t)
>

(
r(t)fn(ρ)

r(δ(t))

)1/α

.

This combined with (2.19) provides

ω∆(t) 6 −Q(t)ϕ(t) +
ϕ∆+(t)

ϕ(σ(t))
ω(σ(t)) −α

ϕ(t)δ∆(t)

ϕ(σ(t))

(
r(t)fn(ρ)

r(δ(t))

)1/α
z∆(t)

z(δ(σ(t)))
ω(σ(t)). (2.20)

Since z∆∆(t) 6 0, then for t and σ(t),
z∆(t) > z∆(σ(t)).

This with (2.20), leads to

ω∆(t) 6−Q(t)ϕ(t) +
ϕ∆+(t)

ϕ(σ(t))
ω(σ(t)) −α

ϕ(t)δ∆(t)

ϕ(σ(t))

(
r(t)fn(ρ)

r(δ(t))

)1/α
z∆(σ(t))

z(δ(σ(t)))
ω(σ(t))

6−Q(t)ϕ(t) +
ϕ∆+(t)

ϕ(σ(t))
ω(σ(t))) −α

ϕ(t)δ∆(t)

(ϕ(σ(t)))α+1/α

(
r(t)fn(ρ)

r(δ(t))r(σ(t))

)1/α

(ω(σ(t)))α+1/α.

Applying the inequality

Bω−Aω
α+1
α 6

αα

(α+ 1)α+1
Bα+1

Aα
,

with B =
ϕ∆+(t)
ϕ(σ(t)) and A =

αϕ(t)δ∆(t)

(ϕ(σ(t)))α+1/α

(
r(t)fn(ρ)

r(δ(t))r(σ(t))

)1/α

, we get

ω∆(t) 6 −ϕ(t)Q(t) +
(ϕ∆+(t))

α+1r(δ(t))r(σ(t))

(α+ 1)α+1fn(ρ)ϕα(t)(δ∆(t))αr(t)
. (2.21)

Integrating (2.21) from t2 ∈ [t1,∞)T to t, we have∫t
t2

(
ϕ(s)Q(s) −

(ϕ∆+(s))
α+1r(δ(s))r(σ(s))

(α+ 1)α+1fn(ρ)ϕα(s)(δ∆(s))αr(s)

)
∆s 6 ω(t2),

which contradicts (2.17). This completes the proof.

Letting ϕ(t) = Rα(δ(t)), then Theorem 2.6 yields the following result.
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Corollary 2.7. Assume that (I1)-(I3) and (1.2) hold, δ∆ > 0, and suppose that ϕ(t) = Rα(δ(t)). If

lim sup
t→∞

∫t
t2

(
Rα(δ(s))Q(s) −

(
α

α+ 1

)α+1
r(σ(s))δ∆(s)

fn(ρ)R(δ(s))r1/α(δ(s))r(s)

)
∆s =∞, (2.22)

holds for some sufficiently large t2 > t1 and for some n > 0, then (1.1) is oscillatory.

Theorem 2.8. Assume that (I1)-(I3) and (1.2) hold, and there exists a function ψ ∈ C1
rd([t0,∞)T, (0,∞)). If

lim sup
t→∞

∫t
t2

(
ψ(s)Q(s) −

(ψ∆+(s))
α+1r(σ(s))

(α+ 1)α+1(ψ(s))α

)
∆s =∞, (2.23)

holds for some sufficiently large t2 > t1, where ψ∆+(t) = max{0,ψ∆(t)}, then (1.1) is oscillatory.

Proof. Let x(t) be a nonoscillatory solution of (1.1) on [t0,∞)T such that x(t) > 0, x(τ(t)) > 0, and x(δ(t)) >
0 for t ∈ [t1,∞)T.

Now, define the Riccati substitution

ω(t) = ψ(t)r(t)

(
z∆(t)

z(t)

)α
,

then,

ω∆(t) =ψ∆(t)

[
r(t)

(
z∆(t)

z(t)

)α]σ
+ψ(t)

(r(t)(z∆(t))α)∆

zα(t)
+ψ(t)r(σ(t))(z∆(σ(t)))α

(
1

zα(t)

)∆
6
ψ∆+(t))

ψ(σ(t))
ω(σ(t)) +ψ(t)

(r(t)(z∆(t))α)∆

zα(t)
−αψ(t)r(σ(t))

(
z∆(σ(t))

z(t)

)α(
z∆(t)

z(σ(t))

)
,

since z∆(t) is nonincreasing and z(t) is increasing, then for t and σ(t),

ω∆(t) 6
ψ∆+(t)

ψ(σ(t))
ω(σ(t)) +ψ(t)

(r(t)(z∆(t))α)∆

zα(t)
−αψ(t)r(σ(t))

(
z∆(σ(t))

z(σ(t))

)α+1

6
ψ∆+(t)

ψ(σ(t))
ω(σ(t)) −ψ(t)Q(t) −αψ(t)r(σ(t))

(
z∆(σ(t))

z(σ(t))

)α+1

6
ψ∆+(t)

ψ(σ(t))
ω(σ(t)) −ψ(t)Q(t) −

αψ(t)

(ψ(σ(t)))
α+1
α (r(σ(t)))

1
α

(ω(σ(t)))
α+1
α .

Applying the inequality

Bω−Aω
α+1
α 6

αα

(α+ 1)α+1
Bα+1

Aα
,

with B =
ψ∆+(t)
ψ(σ(t)) and A =

αψ(t)

(ψ(σ(t)))
α+1
α (r(σ(t)))

1
α

, we get

ω∆(t) 6 −ψ(t)Q(t) +
(ψ∆+(t))

α+1r(σ(t))

(α+ 1)α+1(ψ(t))α
. (2.24)

Integrating (2.24) from t2 ∈ [t1,∞)T to t, we have∫t
t2

(
ψ(s)Q(s) −

(ψ∆+(s))
α+1r(σ(s))

(α+ 1)α+1(ψ(s))α

)
∆s 6 ω(t2),

which contradicts (2.23). This completes the proof.
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3. Examples

Example 3.1. Let T = R, consider the differential equation(
x(t) +

9
10
x(t/4)

) ′′
+
λ

t2x(t/5) = 0, t > 1, (3.1)

where λ > 0, r(t) = 1, α = 1, p(t) =
9
10

, q(t) =
λ

t2 , and δ(t) = t/5. Since µ(t) = 0, Q(t) =
λ

10t2 ,

R(t) = t− 1, and R̃(t) = t− 1 +
λ
(
t2 + 4t− 6t log(t) − 5

)
50t

.
Applying Corollary 2.7, Eq. (2.22) takes the form

lim sup
t→∞

∫t
t2

(
Rα(δ(s))Q(s) −

(
α

α+ 1

)α+1
r(σ(s))δ

′
(s)

fn(ρ)R(δ(s))r1/α(δ(s))r(s)

)
ds

= lim sup
t→∞

∫t
1

(
R(δ(s))Q(s) −

(
1
2

)2
δ
′
(s)

fn(ρ)R(δ(s))

)
ds

= lim sup
t→∞

∫t
1

(
(s− 5)λ

50s2 +
1

20e− 4es

)
ds.

Then by Corollary 2.7, every solution of (3.1) is oscillatory if λ > 4.59849.

Remark 3.2. Applying [34, Theorem 3.1] to Example 3.1 we find that (3.1) is oscillatory if λ >
23
4

. Thus for
Example 3.1 Corollary 2.7 λ > 4.59849. So our result is more strong for testing oscillations.

Example 3.3. Consider Euler dynamic equation

x∆∆(t) +
µ

t2x(t) = 0, t > 1, (3.2)

where r(t) = 1, α = 1, p(t) = 0, q(t) =
µ

t2 , and δ(t) = t.
Special case, for T = R, (3.2) gives Euler differential equation

x
′′
(t) +

µ

t2x(t) = 0, t > 1. (3.3)

Hence for ψ(t) = t, we can apply Theorem 2.8 condition, then Eq. (2.23) takes the form

lim sup
t→∞

∫t
t2

(
ψ(s)Q(s) −

(ψ
′
+(s))

α+1r(σ(s))

(α+ 1)α+1(ψ(s))α

)
ds = lim sup

t→∞
∫t

1

(
µ

s
−

1
4s

)
ds = (4µ− 1)∞.

So it is clear that (3.3) satisfies Theorem 2.8 condition for µ > 1
4 , then (3.3) is oscillatory when µ > 1

4 .
Now, for T = Z, (3.2) gives the discrete Euler equation

∆2xn +
µ

n2xn = 0, n > 1. (3.4)

Hence for ψ(t) = t, we can apply Theorem 2.8 condition, then (2.23) takes the form

lim sup
n→∞

n∑
s=1

(
ψ(s)Q(s) −

(∆ψ+(s))
α+1r(σ(s))

(α+ 1)α+1(ψ(s))α

)
= lim sup

n→∞
n∑
s=1

(
µ

s
−

1
4s

)
.

So it is clear that (3.4) satisfies Theorem 2.8 condition for µ > 1
4 , then (3.4) is oscillatory when µ > 1

4 .
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Remark 3.4. The obtained result in Example 3.3 is consistent with the results in [29, 36].

Example 3.5. Let T = R. Consider the second order neutral differential equation

((x
′
(t))1/3) ′ +

q0

t4/3x
1/3(0.9t) = 0, t > 1, (3.5)

where r(t) = 1, α = 1/3, p(t) = 0, q(t) =
q0

t4/3 , and δ(t) = 0.9t. Hence for ψ(t) = t, we can apply

Theorem 2.8 condition, then (2.23) takes the form

lim sup
t→∞

∫t
t2

(
ψ(s)Q(s) −

(ψ
′
+(s))

α+1r(σ(s))

(α+ 1)α+1(ψ(s))α

)
ds = lim sup

t→∞
∫t

1

(
q0

s1/3 −
1(4

3

)4/3
s1/3

)
ds.

So it is clear that (3.5) satisfies Theorem 2.8 condition for q0 > 0.68142, then (3.5) is oscillatory for q0 >

0.68142.
The known related criteria for oscillation of this equation are as follows.

Using [4, Theorem 2] q0 > 3.61643
Using [17, Theorem 3] q0 > 1.92916
Using Theorem 2.8 q0 > 0.68142

This means that Theorem 2.8 presents more effective oscillation criteria for (3.5).

Remark 3.6. It would be interesting to extend the obtained results in the non-canonical case, when∫∞
t0
r−1/α(s)∆s <∞.
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