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Abstract

The aim of this paper is to introduce the concept of (3,4)-fuzzy sets. We compare (3,4)-fuzzy sets with intuitionistic fuzzy
sets, Pythagorean fuzzy sets, and Fermatean fuzzy sets. We focus on the complement of (3,4)-fuzzy sets. We construct some
of the fundamental set of operations of the (3,4)-fuzzy sets. Due to their larger range of describing membership grades, (3,4)-
fuzzy sets can deal with more uncertain situations than other types of fuzzy sets. For ranking (3, 4)-fuzzy sets, we define a score
function and an accuracy function. In addition, we introduce the concept of (3,4)-fuzzy topological space. Ultimately, we define
(3,4)-fuzzy continuity of a map defined between (3, 4)-fuzzy topological spaces and we characterize this concept.
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1. Introduction

The concept of fuzzy sets was introduced by Zadeh [9]. After that several researchers developed the
idea of fuzzy set theory. The concept of intuitionistic fuzzy sets was published by Atanassov [1], this idea
was useful in real-life situations such as medical diagnosis and considered one of the extensions of fuzzy
sets with enable for the presentation of a bigger body of nonstandard membership grades than fuzzy
membership grades. The Pythagorean fuzzy set was offered by Yager [7] as a new fuzzy set. Senapati
et al. [8] introduced Fermatean fuzzy sets and constructed some fundamental operations over Fermatean
fuzzy sets. Recently, (3, 2)-fuzzy sets were released by Ibrahim et al. [5].

The concept of fuzzy topological space was published by Chang [2]. He defined some basic concepts of
topology like the open set, closed set, continuity, and compactness via fuzzy topological spaces. Moreover,
the concept of intuitionistic fuzzy topological spaces was introduced by Coker [3]. He also defined some
fundamental notions of classical topology such as continuity and compactness. Besides, Pythagorean
fuzzy topological spaces were presented by Olgun et al. [6], and Fermatean fuzzy topological spaces were
defined by Ibrahim [4].

In this paper, we define a (3,4)-fuzzy set, which is a new type of fuzzy set extension and introduce
their relationship with other kinds of fuzzy sets. We describe some of the basic set operations on (3, 4)-
fuzzy sets. Furthermore, we investigate the notion of topology for (3,4)-fuzzy sets. Finally, we study
(3,4)-fuzzy continuous maps in details.
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2. Preliminaries

Definition 2.1 ([1]). The intuitionistic fuzzy sets (IFSs) are defined on a non-empty set X as objects having
the form I = {(x,A1(x), wi(x)) : x € X}, where A1(x) : X — [0,1] and wi(x) : X — [0,1] denote the degree
of membership and the degree of non-membership of each element x € X to the set I, respectively, and
0 <Ar(x)+wi(x) <1, forall x € X.

Definition 2.2 ([7]). The Pythagorean fuzzy sets (PFSs) are defined on a non-empty set X as objects having
the form P = {(x,Ap(x), wp(x)) : x € X}, where Ap(x) : X — [0,1] and wp(x) : X — [0, 1] denote the degree
of membership and the degree of non-membership of each element x € X to the set P, respectively, and
0< (Ap(x))?+ (wp(x))?> <1, forall x € X.

Definition 2.3 ([8]). Let X be a universe of discourse. A Fermatean fuzzy set (FFS) F in X is an object having
the form F = {(x, Af(x), wg(x)) : x € X}, where Ag(x) : X — [0,1] and wr(x) : X — [0, 1], including the
condition 0 < (Ar(x))® + (wg(x))® < 1, for all x € X. The numbers Ar(x) and wr(x) denote, respectively,
the degree of membership and the degree of non-membership of the element x in the set F.

For any FFS F and x € X, mg(x) = \3/ 1— (Ar(x))3 + (wg(x))3 is identified as the degree of indeterminacy
of x to F.

Definition 2.4 ([5]). Let X be a universe of discourse. A (3, 2)-Fuzzy set ((3, 2)-FS) D in X is an object
having the form D = {(x,Ap(x), wp(x)) : x € X}, where Ap(x) : X — [0,1] and wp(x) : X — [0,1], in-
cluding the condition 0 < (Ap(x))® + (wp(x))? < 1, for all x € X. The numbers Ap (x) and wp(x) denote,
respectively, the degree of membership and the degree of non-membership of the element x in the set D.
For any (3, 2)-FS D and x € X, mp(x) = ¥/1— (Ap(x))3 + (wp(x))? is identified as the degree of indeter-
minacy of x to D.

3. (3,4)-fuzzy Sets

In this section, we initiate the notion of (3, 4)-fuzzy sets and study their relationship with other kinds
of fuzzy sets. Then, we furnish some operations to (3,4)-fuzzy sets.

Definition 3.1. Let E be a discourse universe. Then, the (3,4)-fuzzy set (briefly, (3,4)-FS) S in E is an
object having the form:

S={(e,As(e), ws(e)) : e € E},
where Ag(e) : E — [0,1] and ws(e) : E — [0,1], with condition
0 < (As(e))® + (ws(e))* <1,

for all e € E, the functions As(e) and ws(e) denote the degree of membership and the degree of non-
membership, respectively, of the element e € E in the set S. For any (3,4)-FSand e € E,

nis(e) = /1 —[(As(e))? + (ws(e))4]

is identified as the degree of indeterminacy of e in the set S and ns(e) € [0,1]. In what follows, (As (€))% +
(ws(e))* + (ms(e))” = 1. Otherwise, s (e) = 0 whenever (As(e))® + (ws(e))* = 1. For simplicity, we shall
mention the symbol S = (As, ws) for the (3,4)-FS S = {(e,As(e), ws(e)) : e € E}.

To understand the importance of (3,4)-FS to extend the grades of membership and non-membership
degrees, assume that As(e) = 0.9 and ws(e) = 0.7 for X = {x}. We can get 0.9 +0.7 =1.6 > 1, (0.9)% +
(0.7)> = 1.3 > 1, (0.9)® + (0.7)2 = 1.219 > 1 and (0.9)® + (0.7)*> = 1.072 > 1 which does not obey the
condition of IFS, PFS, (3, 2)-FS and FFS. However, we can get (0.9)% + (0.7)* = 0.9691 < 1, which means
we can apply the (3,4)-FS to control it. Thatis S ={(e,0.9,0.7) : e € E} is a (3,4)-FS.
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Theorem 3.2. The set of (3,4)-fuzzy membership grades are larger than the set of intuitionistic membership grades,
Pythagorean membership grades, and Fermatean membership grades.

Proof. 1t is well known that for any two numbers ey, e; € [0, 1], we have

e%ge%gel and eégeé’ge%gez-

Then, we have
e1ter <l = e%—l—e%él = e%~|—e§<1 = ei’+e§<1.

Hence, the space of (3,4)-fuzzy membership grades is larger than the space of intuitionistic membership
grades, Pythagorean membership grades, and Fermatean membership grades. O

This development can be significantly noticed in Figure 1.

Figure 1: Comparison of grade space of IFSs, PFSs, FFSs, (3, 2)-FSs, and (3,4)-FSs.

Remark 3.3. From Figure 1, we notice that the set of (3,4)-fuzzy membership grades is larger than the set
of (3, 2)-fuzzy membership grades.

Lemma 3.4. Let E = {ei} be a universal set, fori=1,...,nand S be a (3,4)-FS. If ts(e) = 0, then

L. As(e)l = ¢l(ws(ei)?2 —1)(ws(ei)? +1));
2. lws(ei)l = v/I(As(ei) —1)(As(ei)? + As(ei) + 1)I.

Proof. Assume that S is a (3,4)-FS and nis(ei) =0 for e; € E, then
1.

(As(e1))® + (ws(er))* =1

bodou oy
N
z
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2.

—(ws(e))* = (As(e)) —1

—(ws(e))* = (As(er) —1)(As(ei)® +As(ei) +1)

| — (ws(ei))*| =I(As(ei) — 1) (As(e1)* +As(eq) + 1)
wl(ws(ei))* =[(As(ei) — 1) (As(e)* +As(eq) + 1)
ws (el = /s (er) — 1) (As (ex)2 +As(e) + 1)L

(As(ed))® + (ws(e)* =1

A 2

Example 3.5. Assume that S is a (3,4)-FS and e € E such that tg(e) = 0 and ws(e) = 0.7, then

As(e)l = {fllws(e)2—Dws(e2+ 1), Asle)l= {1072 1)(0.72+1)|, Rs(e)l = V075%.

Definition 3.6. Let S = (A5, ws), S1 = (As,, ws,), and Sp = (As,, ws,) be three (3,4)-FSs, then their
operations are defined as follows:

1. $1N Sy = (min{As, As, }, max{ws,, ws,});

2. $1US; = (max{As,, As,}, min{ws,, ws,});

3

4 3
3. 5¢ = (w},Al).

We will use supremum “sup” (resp. infimum “inf”) instead of maximum “max” (resp. minimum
“min”) if the union and the intersection are infinite.

Example 3.7. Let S; = (03,0.6), and S, = (0.7,0.9) be two (3,4)-FSs, then
1. Sl N 52 = (mln{)\sll )\Sz}/ maX{w51/ wSz}) = (mln{()?), 07}, maX{0.6, 09}) = (03, 09),‘
2. $1USy = (max{As,, As,}, min{ws,, ws,}) = (max{0.3,0.7}, min{0.6,0.9}) = (0.7,0.6);
3. 8§ = (ws,, As,) = ((0.6)3,(0.3)3).

Definition 3.8. Let S = (A5, ws), S; = (As,, ws,), and Sy = (As,, ws,) be three (3,4)-FSs and n > 0, then
their operations are defined as follows:

1SS, = (\/?\3 A%, = N AL, ws, ws, );
2. 51098, = (7\31?\52,\/(»51 +w52 —w31w52>;

3. nS = (3 l—(l—A%)“,wg‘);

4. 8™ — (7\’;, 41— (1—w‘§)n).

Theorem 3.9. Let S = (As, ws), S1 = (As,, ws, ), and Sy = (As,, ws, ) be three (3,4)-FSs and n,nq,ny > 0, then

1. S1®8S,=S® Sy,
S1®95=5®$5;;
n(S1®S2) =nS, HnSy;
(ny +1n2)S =n1SHn,S;
(S1®S,)™ = S{L ® S,
S ® SN2 — Snﬁ—nz'

AL

Proof. Assume that S, S; and S; are three (3,4)-FSs and n,ny,ny > 0, then
1.

195, = (A3, + AL, — NN, ws,ws, ) = (YA, + A3, =AY, ws,ws, ) = S2 @ Sy
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2.
S1®Sy = (?\517\52/ </w§l +ws, — w‘élw‘éz) = ()\32?\31, (‘/w‘éz +wl — w‘ézwéJ — S, ®Sy;
3.
n(81 K 82) - (\3/)\%1 +)\ )\3 ASZ ws1w52) (\/1 o )\3 + }\3 }\%1)\%2))“/ (w51w52)n>
(\/1— (-3 (1 -2 )“I(wsl)“(wsz)n),
and
nsl @TLSQ = < 31— (1 —}\%])n, (wsl)n> e ( 3/1 (1 _}\%Z)n, ((.Usz)n)
= (10N A" (ws, )M ws, ™) = n(S; & S);
4.
(Tll +T1.2)S = (\3/1 - (1 —7\3§)n1+n2, (ws)ernz) — (\3/1 _ (1 —7\%)“1(1 _7\:;)“2, (wS)nlJrnz)
- (Yol ) (Yo )
=mSOngS;
5.
n
($188" = (Asihsy i/t + ot — it 0,
(()\Sl)\SZ \/1_ 1_u)sl _wsz +w51w52)n)
= (MBS, Y1- (- @b n(1— wh )
= ( S\ 1—(1—w‘él)n) ®< T8 1_(1_w‘é2)n)
=S ® S35
6.

S™M @St = (7\;‘1, Y1-1- wg)m> ® <A*§2, Y1-(- wg)nz>

_ (Ag”*“a ‘11— (1w‘§)“1+“2> = §lmtma)

O

Theorem 3.10. Let S1 = (As,, ws, ) and Sy = (As,, ws,) be two (3,4)-FSs, then the following properties are valid:
1. $1NS, =S,NSy;
2. S1US, =S, USy;
3. (S1NS)USy, =8S5;
4. (S$1US)NS, =8,
Proof. Assume that S; and S; are two (3,4)-FSs. Then,

1.
S1 NSy = (min{As,, As, }, max{ws,, ws,}) = (min{As,, As, }, max{ws,, ws,}) = S2 N S1.
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2. The proof is similar to (1).
3.

(S1NS2) USy = (min{As,, As, }, max{ws,, ws,}) N (As,, ws, )
= (max{min{As,, As,}, As, }, min{max{ws,, ws,}, ws,}) = (As,, ws,) = S».

4. The proof is similar to (3).

O

Theorem 3.11. Let S; = (As,, ws,), S2 = (As,, ws,) and S3 = (As,, ws,) be three (3,4)-FSs and n. > 0, then the
following properties are valid:

1. $1N(S2NS3) =(S1NS)NS3;
2. S1U(S2US3) =(S1US,)US3;
3. n(S1US2) =nS;UnSy;
4. (S1USH)™ =STUSH
Proof. Assume that Sq,S; and S3 are three (3,4)-FSs and n > 0. Then,
1.

$11 (82N 83) = (Asy, ws,) N (min{As,, As,}, max{ws,, ws,})

= (min{As,, min{As,, As, }}, max{ws,, max{ws,, ws,}})

= (min{min{As,,As,}, As,}, max{max{ws,, ws,}, ws,})

= (min{As,, As, }, max{ws, , ws,}) N (As,, ws,) = (S1 N S2) N S3.
2. The proof is similar to (1).

3.

n(S1USz) = n(max{As,, As,}, min{ws,, ws,}) = ({/1 — (1— (max{Ag , A3, )™, min{w§,, w3, ).

And,

nS;uUnS, = (¢ 1—(1—7\%1)“,wg‘1)u(3 1—(1—A3§2)“,wg‘2)

= (max({/1— (1=A3 )", §/1— (1=, )™, min{wd, wl )

- (f/l — (1 —max(A} ,A3 )", min{wd, wl }) = n(S; US,).

4. The proof is similar to (3).

Theorem 3.12. Let S = (As,, ws,) and S, = (As,, ws,) be two (3,4)-FSs, then
1. (51N S2)¢ =S§USs;
2. (S1USy)¢ =85NS§;

3. (Sy)¢=S.
Proof. Let S; and S; be two (3,4)-FSs. Then,
1.

(S1NS2)¢ = (minfAs,, As,}, max{ws,, ws, })¢
— (max{ws,, ws,}?, min{As,, As,}1)

4 4 . 3 3 4
= (max{ws, 3, ws, 3}, min{As, 4,As,1}) = (W}
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2. The proof is similar to (1).
4

3 3
3. (S5)° = (W, AE)° = (IAE]

(RIS

i 3
[wg 11 = ;.

Definition 3.13. Let S; = (As,, ws,) and Sy = (As,, ws, ) be two (3,4)-FSs, then

1. §S; =S, if and only if As, = As, and ws, = ws,;
2. §1 =2 Sy if and only if As, > As, and ws, < ws,;
3. 51 DS5if S = Ss.

Example 3.14.

1. If S; = (0.9,0.7) and S, = (0.9,0.7) for E = e, then S; = Sy;
2. If S =(09,04) and S, = (0.6,0.7) for E =¢, then S > S, and S; D S».

Definition 3.15. Let S = (As, ws) be a (3,4)-fuzzy set, then the score function of S can be defined as:
s(S) = 7\% — w‘é.
Proposition 3.16. For any (3,4)-fuzzy set S = (As, ws), the score function s(S) € [—1,1].

Proof. We know that for (3,4)-FS, A} + w¢ < 1. Then A —wt < A} < 1land A —wl > —wi > -1

Therefore, —1 < A3 —w? < 1, namely s(S) € [—1,1]. In particular if S = (0,1), then s(S) = —1, and if
S S y P

S =(1,0), then s(S) = 1. O

Definition 3.17. Let S = (As, ws) be a (3,4)-fuzzy set, then the accuracy function of S can be defined as
a(S) =AY + wt.
Remark 3.18. For any (3,4)-fuzzy set S = (As, ws), the suggested accuracy function a(S) € [0, 1].

Definition 3.19. For any (3,4)-FSs S; = (As,, ws,) the comparison technique is supposed as,

1. if s(S1) < s(S3), then S1 < Sy;

2. if s(S1) > s(Sy), then S1 > Sy;

3. if s(S1) = s(S»), then
(@) a(S1) < a(Sy), then S; < Sy;
(b) Cl(Sl) > (1(32), then S1 > Sy;
(c) a(S1) = a(Sy), then S1 = S,.

4. Topology on (3,4)-fuzzy sets

In this section, we formulate the concept of (3,4)-fuzzy topology on the family of (3,4)-fuzzy sets and
scrutinize main properties.

Definition 4.1. Suppose that 7 is a class of (3,4)-fuzzy subsets of a non-empty set E. If

1. 1g,0¢ € 1, where 1¢ = (1,0) and Og = (0,1);
2. SN Sy e 1, forany Sq,S; € E;
3. Uie1Si € T, for any {Si};c; € E,
then, T is called a (3, 4)-fuzzy topology on E and (E, 7) is a (3, 4)-fuzzy topological space. Each member of

T is called an open (3,4)-fuzzy subset. The complement of an open (3,4)-fuzzy subset is called a closed
(3,4)-fuzzy subset.
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Remark 4.2. The class {1¢,0g} is called indiscrete (3,4)-fuzzy topological space and the topology that
contains all subsets is called discrete (3,4)-fuzzy topological space. In addition, a (3,4)-fuzzy topology T
on a set is called coarser than a (3,4)-fuzzy topology T, on the same set if 11 C 7.

Example 4.3. Suppose that T = {1¢,0g, S1,S2, S3, S4, S5} is a class of (3,4)-fuzzy subsets of E = {ej, ez},
where

S1={(e1,0.9,0.62), (e2,0.91,0.61)}, Sp = {(e1,0.93,0.53), (e5,0.92,0.62)},
S3 ={(e1,0.89,0.63), (e2,0.90,0.63)}, Sy ={(e1,0.93,0.53), (e3,0.92,0.61)},
S5 ={(e1,0.9,0.62), (e2,0.91,0.62)}.

Thus, (E, 1) is a (3,4)-fuzzy topological space.

Remark 4.4. We showed that every fuzzy set S is a (3,4)-fuzzy set having the form S = {({e,As(e),1 —As(e)) :
e € E}. Then, every fuzzy topological space (E,T;1) in the sense of Chang is obviously a (3,4)-fuzzy
topological space in the form T ={S : As € 11} whenever we identify a fuzzy set in E whose membership
function is Ag with its counterpart S = {(e,As(e),1—As(e)) : e € E}. In the same way, one can note
that every intuitionistic fuzzy topology, Pythagorean fuzzy topology and Fermatean fuzzy topology are a
(3,4)-fuzzy topology. The following examples illustrate this note.

Example 4.5. Suppose that T = {1¢, 0, S1, Sz} is a class of fuzzy subsets of E = {e}, where

T ={{e,Arp(e) = 1,1 =71, (e) = wy(e) = 0)},
O = {(e,Aoc (€) = 0,1 —Ag. (&) = wo (e) = 1)},
S1={(e,As,(e) =0.6,1—Ag,(e) = ws,(e) =04)},
Sy ={(e,As,(e) =0.1,1 —Ag,(e) = ws,(e) =0.9)}.

Then, T is a fuzzy topology on E, and thus it is (3,4)-fuzzy topology.

Example 4.6. Suppose that T = {1¢,0g,S1,S2} is a class of fuzzy subsets of E = {ey, ez}, where S$; =
{(e1,0.9,0.53), (e2,0.91,0.62)} and S, = {(e1,0.93,0.53), (e2,0.92,0.62)}. Then, T is (3,4)-fuzzy topology but
T is not intuitionistic fuzzy topology, Pythagorean fuzzy topology and Fermatean fuzzy topology.

Definition 4.7. Suppose that (E,7) is a (3,4)-fuzzy topological space and S is a (3,4)-FS in E. Then, the
(3,4)-fuzzy interior and the (3,4)-fuzzy closure of S are, respectively, defined as:

1. int(S)= U{B : B is an open (3,4)-FSin E and B C S};
2. c(S)=n{A:Aisaclosed (3,4)-FSin Eand S C A}.

Remark 4.8. Let (E, T) be a (3,4)-fuzzy topological space and S be any (3,4)-FS in E. Then,

1. int(S) is an open (3,4)-FS;
2. cl(S) is a closed (3,4)-FS;
3. int(l]:_) = Cl(l]:_) = 1E and int(OE) = CI(OE) = OE.

Example 4.9. Consider the (3,4)-fuzzy topological space in Example 4.3 if
S={(e1,0.65,0.91), (e,0.73,0.71)},
then int(S) = Og and cl(S) = 1.

Theorem 4.10. Let (E, T) be a (3,4)-fuzzy topological space. If S1 and Sy are two (3,4)-FSs in E, then the following
axioms hold.:

1. int(S1) € Sy and S C cl(Sy);
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2. if S1 C Sy, then int(S1) C int(Sy) and cl(S1) C cl(Sz);
3. Sy is open if and only if S C int(Sy);
4. Sy is closed if and only if cl(S1) C Sy.

Proof. Obvious. O
Corollary 4.11. Let (E,T) be a (3,4)-fuzzy topological space. If S and S, are two (3,4)-FSs in E, then
1. int(S1) Uint(S;) C int(S1US»);
cl(S1NS2) C cl(S1) N (S2);

2.
3. int(S1NSy) = int(S1) Nint(S,);
4. cl(S1)ucl(Sy) =cl(S1USy).

Proof. (1) and (2) are obvious by Theorem 4.10.

(3) Since int(S1N'Sz) C int(S1) and int(S; N'S2) C int(S;) we get int(S; N'S2) C int(S1) Nint(Sz). On the
contrary, from the fact int(S1) C S; and int(Sz2) C S we get int(S1) Nint(S2) C S1 NSy and since int(S1) N
int(S,) is open, then we have int(S1) Nint(S;) C int(S; N'S2) and hence int(S; N S2) = int(S1) Nint(S;).

(4) The proof is similar to (3). O

Theorem 4.12. Let (E, 1) be a (3,4)-fuzzy topological space and S be any (3,4)-FS in E. Then, the following
axioms hold:

1. cl(S€) = int(S)S;
2. int(S€) = cl(S)¢;
3. cl(8€)¢ =int(S);
4. int(S€)¢ = cl(S)

Proof. We will prove (1) and the others can be proved similarly. Let S = {({e,As(e), ws(e)) : e € E} and
assume that the class of open (3, 4)-fuzzy sets contained in S is indexed by class A; = {(e,Aa,(e), wa,(€)) :
i € I Then, int(S) = {(\VAa,(e), Awa,(e))}. Thus, int(S)® = {</\[wAi(e)]%,V[?\Ai(e)]%>}. Now,
S¢ = {<[w5(e)]%,[7\5(e)]%>} such that Ay, < As and wa, > ws for each i € I. This implies that
4 3
3 1

{<[wAi(e)] ,[Aa,(e)] >i € I} is the class of closed (3,4)-fuzzy sets containing S¢. That is, cl(S¢) =
{(Mwa,(@)1F, VIra, (€17 )). Hence, cl($¢) = int(S)°. O

5. (3,4)-fuzzy continuous maps
In this section, we define (3,4)-fuzzy continuous maps and give some characterizations.

Definition 5.1. Let f : E — T be a map with S and D are (3,4)-fuzzy subsets of E and T, respectively.
The functions of membership and non-membership of the image of S, denoted by f[S], are respectively,
defined by

Ass(t) = {iuepfl(t))\S(Z)' D # &, wegs) (1) = {iznéfl(t)wS(Z)' (1) # o,

0, otherwise, 1, otherwise.

The functions of membership and non-membership of the inverse image of D, denoted by f~![D], are
respectively, defined by A;-1p)(z) = Ap (f(z)) and w¢-1p;(z) = wp(f(z)).
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Remark 5.2. To prove f[S] and f~![D] are (3,4)-fuzzy subsets, consider (ra(z))” = (As(z))® + (ws(z))* and
t € T, then we obtain,

(Aisy(0)° + (wes) (1)* = (iuepffl(t)xs(l))sg + (0 ws(2)*

- Szuepf—l(t)()\S(Z))3 +iznéf*1(t] (ws(l))4
sup

= erip s (2))7 — (ws(2)H) +2 v (ws (z))*

S Szuepf‘l(t)(l —(ws(2))Y) +iznéf—1(t] (ws(2)* =1,

whenever f~1(t) # ¢. But, if f~1(t) = ¢, then we have (As(z))® + (ws(z))* = 1. The proof is obvious for
f~1[D].

Example 5.3. Let E ={ej,e2}, T ={ty,t2} and f: E — T be defined as follows:

tl = v
f(e)—{2 e=a

t1, e=es.
Let S = {(e1,0.6,0.88), (e,0.8,0.6)}, then f[S] = {{t1,0.8,0.6), (t2,0.6,0.88)}.

Theorem 5.4. Let f: E — T be a map with S and D are (3,4)-fuzzy subsets of € and T, respectively. Then, we
have

£1D¢] = (F D))

f[S]¢ c f[S€];

if D1 C Dy, then 71[D1] C f~1[D,], where Dy and D are (3,4)-fuzzy subsets of T;

if S1 C Sy, then f[S1] C f[S,], where Sy and S are (3,4)-fuzzy subsets of E;

flf~}[D]] C D;

6. S C f1[f[S]].

Proof.
1. Let e € E and D be a (3,4)-fuzzy subsets of T. Then, A¢-1;pci(e) = Apc(f(e)) = (wD(f(e)))% =
(wffl(D)(e))% = A¢-1[pjc(€). Similarly, one can have w¢-1pc)(e) = we-1pjc(e). Thus, f~1[D¢] = (f1

N N

2. For any t € T such that f~1(t) # ¢ and for any (3,4)-fuzzy subsets S of E, we can write

(reis1 (1) = Aprs) (0)° + (s (£))*

= M@+ R ws(2)!

sup inf

= 2P (s — (ws (@) + 5 ws (2)?

< e s@) = T lws@)t+ e ws (@)t = TE L (s(2)),

Now,
Afisel(t) = SUP, ¢ ¢1(¢)Ase (z)
=SUpP, -1y / (ws(z))*
_ 3 7 3
= sup,cr1(e) YT (2)7 — (As(2))
> {fsuper1()Ts(2) —sUp,ep(y (As(2))?

> /resi(t) — (Agsy ()3 = f/(wf[S](t))4 = A¢rsge(t).

The proof is obvious when f~1(t) = ¢. Following a similar technique, we get
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weise)(t) < wyise(t),
which means that
f[S]¢ C f[S€].
3. Suppose that D1 C Dj. Then, for each e € E,
As-1p,(e) = Ap, (f(e)) < Ap,(f(e)) = A¢-1p,;(e)-

Also, we-1p,j(€) = we-1p,j(e). Thus, we get the desired result.

4. Suppose that S; C Sy and t € T. The proof is easy when f(t) = ¢, assume that f(t) # ¢. Then,

Ajis;)(t) = SUpP,cp1(4)As, (2) < SUP,cp1(4)As, (2) = Agisy ().

Similarly, we have wy(s,j(t) > wys,)(t). Thus, we get the desired result.
5. For any t € T such that f(t) # ¢, we find that

_ Sup —

At (t) = J e M1oy(2) = iuepf_1(t)7\D(f(Z)) < Ap(t).
On the other side, we have A¢¢—1p(t) = 0 < Ap(t), when f(t) = ¢. Similarly, we have w;;-1p)j(t) >
wp (t).

6. For any e € E, we have
Aeppisy (e) = Ags(fe)) = seuepffl(t)As(e) > As(e).
Similarly, we have w-1(¢5)1(€) < ws(e). O
The proof for the following result is straight, so it is omitted.

Theorem 5.5. Let f: E — T be a map. Then,

1. flUie1Si] = Uierf(Sil, for any (3,4)-fuzzy subsets Si of E;

2. £ 1UierDy] = Uielf_l[Dﬂ,for any (3,4)-fuzzy subsets Di of T;

3. f[S1 N Sy] C f[S1] N F[Sal, for any two (3,4)-fuzzy subsets Sy and Sy of E;
4. £7HNie1Dil = Nierf LDy, for any (3,4)-fuzzy subsets D; of T.

Definition 5.6. Assume that S and U are two (3,4)-fuzzy subsets in a (3, 4)-fuzzy topological space. Then,
U is said to be a neighborhood of S, if there exists an open (3, 4)-fuzzy subsets G such that S € G C U.

Theorem 5.7. A (3,4)-fuzzy subset S is open if and only if it contains a neighborhood of each its subset.

Proof. Let S be an open (3,4)-fuzzy set and A be a (3,4)-fuzzy set such that A C S. Since A C S C S and
S is an open (3,4)-fuzzy set, then S is a neighborhood of A.

Conversely, let S be a neighborhood of its each subset. For arbitrary A C S there exists an open (3,4)-
fuzzy set O such that A C Op C S. Thus, we have S C [J5 5 Oa and since forall A C Sand Oa C S,
we get [Jo-s Oa C S. Consequently, we obtain S = (J, -5 Oa which implies S is an open (3, 4)-fuzzy
set. O

Definition 5.8. Let (E, 1) and (T, 12) be two (3, 4)-fuzzy topological spaces and f : E — T be a map. Then,
f is said to be (3,4)-fuzzy continuous if for any (3,4)-fuzzy subset S of E and for any neighborhood V of
f[S] there exists a neighborhood U of S such that f[U] C V.

Theorem 5.9. Let f: E — T be a map. Then, the following statements are equivalent:

1. fis (3,4)-fuzzy continuous;
2. for each (3,4)-fuzzy subset S of € and each neighborhood V of f[S] there is a neighborhood U of S such that
for each D C U, we have f[D] C V;
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3. for each (3,4)-fuzzy subset S of E and each neighborhood V of f[S], there is a neighborhood U of S such that
uc vy
4. for each (3,4)-fuzzy subset S of E and each neighborhood V of f[S], f~1[V] is a neighborhood of S.

Proof.

(1) = (2) Let f be (3,4)-fuzzy continuous and S be a (3,4)-fuzzy subset of E. Consider V as a neigh-
borhood of f[S]. Then, there is a neighborhood U of S such that f[U] C V. Since D C U, we have
f[D] C f[U] C V.

(2) = (3) Let S be a (3,4)-fuzzy subset of E and V be a neighborhood of f[S]. From (2), there is a
neighborhood U of S such that for each D C U, we have f[D] C V. Therefore, D C f1[f[D]] ¢ f1[VI.
Since D is an arbitrary subset of U, we obtain U C f1v].

(3) = (4) Let S be a (3,4)-fuzzy subset of E and V be a neighborhood of f[S]. From (3), there is a
neighborhood U of S such that U C f~1[V]. Since U is a neighborhood of S there is an open (3,4)-fuzzy
subset G of E such that S c G c U, and so S ¢ G  f~1[V]. Therefore, f1[V] is a neighborhood of S.

(4) = (1) Let S be a (3,4)-fuzzy subset of E and V be a neighborhood of f[S]. Then f~![V] is a neigh-
borhood S. Thus, there is an open (3,4)-fuzzy subset G of E such that S € G C f~![V] which means
f[G] c f[f~1[V]] ¢ V. Moreover, G is an open (3,4)-fuzzy subset, thus it is a neighborhood of S. Hence, f
is (3,4)-fuzzy continuous. O

Theorem 5.10. Let (E, 1) and (T, t2) be two (3, 4)-fuzzy topological spaces. A map f: E — T is (3, 4)-fuzzy
continuous if and only if £=1[D] is an open (3, 4)-fuzzy subset of E for each open (3, 4)-fuzzy subset D of T.

Proof. Suppose that f is (3, 4)-fuzzy continuous. Let D be any open (3, 4)-fuzzy subset of T and let
S c f~![D]. Then, we have f[S] C D. By Theorem 5.7, there is a neighborhood V of f[S] satisfying V C D.
Since f is (3, 4)-fuzzy continuous, then by Theorem 5.9 we obtain that f~![V] is a neighborhood of S.
Therefore f~1[V] C f~1[D], and so f~![D] is a neighborhood of S. As S is an arbitrary subset of f~![D],
then f~1[D] is an open (3, 4)-fuzzy subset E.

Conversely, let S be a (3, 4)-fuzzy subset of E and V be a neighborhood of f[S]. Then, 1, contains a (3,
4)-fuzzy subset G of T such that f[S] C G C Vandso S C f1f[S]] ¢ £ 1G] ¢ f1[V]. Hence, f1[V] is a
neighborhood of S. This proves that f is (3, 4)-fuzzy continuous. O

The following two examples are constructed such that the first example shows a (3, 4)-fuzzy continu-
ous map, while the second shows a fuzzy map that is not (3, 4)-fuzzy continuous.

Example 5.11. Consider E = {ej, eo} with the (3, 4)-fuzzy topology 11 = {1¢,0g, S} and T = {t1, tp} with the
(3, 4)-fuzzy topology 1, = {17,071, D}, where

S ={(e1,0.6,0.88), (e5,0.8,0.6)} and D ={(t;,0.8,0.6), (t,0.6,0.88)}.

Let f: E — T defined as follows:
t =
f(e) { 2, € €1,

t1, e=en.
Since 11,071 and D are open (3, 4)-fuzzy subsets of T, then
f17] ={(e1,1,0),(e2,1,0)}, f101] ={(e1,0,1),(er,0,1)}, f '[D]={(es,0.6,0.88),(e,0.8,0.6)},
are open (3, 4)-fuzzy subsets of E. Hence, f is (3, 4)-fuzzy continuous.

Example 5.12. Consider E = {e1, ep} with the (3, 4)-fuzzy topology t1 = {1¢,0¢} and T = {t1, tp} with the
(3, 4)-fuzzy topology 1, = {17,071, D}, where

D = {(t;,0.92,0.52) , (t5,0.62,0.80)}.
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Let f: E — T defined as follows:
t =
fe) = { voe=en

t,, e=en.

Since D is an open (3, 4)-fuzzy subset of T, but f~1[D] = {(e,0.92,0.52), (e2,0.62,0.80)} is not an open (3,
4)-fuzzy subsets of E. Hence, f is not (3, 4)-fuzzy continuous.

6. Conclusions

In this paper, we constructed a new extension of intuitionistic fuzzy set called (3, 4)-fuzzy sets and
compared with other classes of fuzzy sets such as intuitionistic fuzzy sets, Pythagorean fuzzy sets and
Fermatean fuzzy sets. Further, some well-known operators have been proved over (3, 4)-fuzzy sets. The
score function and accuracy function have been defined on (3, 4)-fuzzy sets. Moreover, the concept (3,
4)-fuzzy topology is given. Some fundamental concepts of classical topology are defined like open sets,
closed sets, interior and closure. Finally, (3, 4)-fuzzy maps and (3, 4)-fuzzy continuity are presented.

In future works, we will try to present the notions of compactness and connectedness in (3,4)-fuzzy

topology.
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