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Abstract

The notions of intuitionistic fuzzy subalgebras and intuitionistic fuzzy ideals of Hilbert algebras are introduced and studied
in this work, as well as some of their properties. Under intuitionistic fuzzy ideals, we also investigate inverse images of
homomorphisms. Finally, several equivalence relations on the class of all intuitionistic fuzzy ideals are examined.
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1. Introduction

The concept of fuzzy sets was proposed by Zadeh [21]. Many scholars have researched the theory
of fuzzy sets and their several applications in real-life situations. After introducing the concept of fuzzy
sets, several research studies were conducted on the generalizations of fuzzy sets. The integration between
fuzzy sets and some uncertainty approaches such as soft sets and rough sets has been discussed in [1, 5, 8].
The idea of intuitionistic fuzzy sets, suggested by Atanassov [4] is one of the extensions of fuzzy sets with
better applicability. Applications of intuitionistic fuzzy sets appear in various fields, including medical
diagnosis, optimization problems, and multi-criteria decision-making [13-15]. The concept of Hilbert
algebra was introduced in the early 50-ties by Henkin and Skolem for some investigations of implications
in intuitionistic and other non-classical logics. In the 60-ties, these algebras were studied, especially by
Horn and Diego, from an algebraic point of view. Diego [10] proved that Hilbert algebras form a locally
finite variety. Hilbert algebras were treated by Busneag [6, 7] and Jun [16] and some of their filters forming
deductive systems were recognized. Dudek [11] considered the fuzzification of subalgebras and deductive
systems in Hilbert algebras.

In this paper, we introduce and study the concepts of intuitionistic fuzzy subalgebras and intuitionistic
fuzzy ideals of Hilbert algebras and investigate some of their properties. We also study inverse images
of homomorphisms under intuitionistic fuzzy ideals. Finally, we study some equivalence relations on the
class of all intuitionistic fuzzy ideals.
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2. Preliminaries

Definition 2.1 ([10]). A Hilbert algebra is a triplet H = (H, -, 1), where H is a nonempty set, ”-” is a binary
operation on H, and ”1” is the fixed element of H such that the following axioms hold:

L ("yeH)x-(y-x)=1);
2. (Vxy,ze H)((x-(y-2)) - ((x-y)- (x-2)) =1);
3. ("W,yeH)((xy=Ly-x=1)=x=vy).
The following result was proved in [11].
Lemma 2.2. Let H = (H, -, 1) be a Hilbert algebra. Then,
1. (vxeH)(x-x=1);
2. (e H)(1-x=x);
3. (xeH)(x-1=1);
4. (W",y,ze H)(x-(y-z)=y-(x-2z)).

It is easily checked that in a Hilbert algebra H, the relation < is defined by x <y & x-y =1asa
partial order on H with 1 is the largest element.

Definition 2.3 ([9]). A nonempty subset I of a Hilbert algebra H = (H, -, 1) is called an ideal of H if,
1.1,
2. (WweH,Wel)(x-yel;
3. (" eH,YWi,y2 € D((y2-(y1-x)) - x €1).

A fuzzy set [21] in a nonempty set X is defined to be a function p : X — [0, 1], where [0, 1] is the unit
closed interval of real numbers.

Definition 2.4 ([12]). A fuzzy set p in a Hilbert algebra H is said to be a fuzzy ideal of H if the following
conditions hold:

L (vx € H)(u(1) = u(x));
2. (vx,y € H)(u(x-y) = uly));
3. (v%,y1,Y2 € H)(k((y1 - (Y2 - x)) - x) = min{u(y1), nly2)}).
Definition 2.5 ([4]). An intuitionistic fuzzy set on a nonempty set H is defined to be a structure
A ={{x, na(x), valx) | x € H}, (2.1)
where pa : H — [0,1] is the degree of membership of x and ya : H — [0,1] is the degree of non-

membership of x such that 0 < pa(x) +va(x) < 1, and the intuitionistic fuzzy set in (2.1) is simply
denoted by A = (pa,vA).
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3. Intuitionistic fuzzy Hilbert algebras

Definition 3.1. An intuitionistic fuzzy set A = (na,va) in a Hilbert algebra H is called an intuitionistic
fuzzy subalgebra of H if the following conditions hold:

ia(x-y) > min{pa (x), pa (y))
(vxy € H) ( Yale-y) < max{ya(x),va (9)} > :

Example 3.2. Let H = {1, x, y, z, 0} with the following Cayley table:

1 xy z O
111 xy z 0
x|1 1 y z O
yll x 1 z z
z|1 1 y 1wy
0(f1 1 1 11

Then H is a Hilbert algebra. We define an intuitionistic fuzzy set A = (ua,va) as follows:

H ‘ 1 x y =z 0
ua| 1 08 08 07 04
ya |03 05 07 03 0.6

Then A is an intuitionistic fuzzy subalgebra of H.

Proposition 3.3. Every intuitionistic fuzzy subalgebra A = (ua, v ) of a Hilbert algebra H satisfies

A (1) > pua(x), and va(l) <val(x),
forall x € H.

Proof. For any x € H, we have

HA (1) = pa(x-x) = min{pa (x), pa (X)} = pa(x),
and
Ya(l) =valx-x) <max{ya(x), va(x)} =va(x).
O

Proposition 3.4. Let f : X — Y be a homomorphism of a Hilbert algebra H into a Hilbert algebra Y and A =
(LA, YA) an intuitionistic fuzzy subalgebra of Y. Then the inverse image f~1(A) of A is an intuitionistic fuzzy
subalgebra of H.
Proof. Let x,y € X. Then
He1a)(x-y) = pal(f(x-y))

= kA (f(x) - f(y))

> min{pa (f(x)), wa(f(y))}

=min{pe(a)(X), ke ay (Y

and
Yeray) (X y) =valf(x-y))

=valf(x) - fly))
< max{ya (f(x)), ya(f(y))}
= max{y¢1(a)(X), Ye10a)(Y))

Hence, f~1(A) is an intuitionistic fuzzy subalgebra of H. O
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Definition 3.5. An intuitionistic fuzzy set A = (ua,va) in a Hilbert algebra H is said to have the sup-inf

property if for any subset T C H, there exists ty € T such that pa (to) = sup pa(t) and ya(to) = t1g£ wa (t).
teT

From Example 3.2, we have A is an intuitionistic fuzzy subalgebra of H that has the sup-inf property.

Proposition 3.6. Let f : X — Y be a homomorphism of a Hilbert algebra H onto a Hilbert algebra Y and let
A = (Ha,YA) be an intuitionistic fuzzy subalgebra of H that has the sup-inf property. Then the image f(A) of A is
an intuitionistic fuzzy subalgebra of Y.

Proof. Foru,v €Y, letxo € f~1(u),yo € f1(v) such that pa(xg) = sup wpa(t), palyo) = sup pal(t),
tef-1(u) tef-1(v)

Yalxo) = inf vya(t)and ya(yo) = inf vya(t). Then, by the definition of p¢(4), we have
tef-1(u) tef-1(v)

Heay(w-v) = sup  paf(t)
tef-1(u-v)

1A (X0 - Yo)
min{pa (xo), HA (Yo)}

=min{ sup pa(t), sup pa(t)}
tef-1(u) tef-1(v)

= min{uf(A) (u), Hf(A) v}

and

Yeay(w-v) = inf  ya(t)
tef-1(u-v)

< va(x0-Yo)
<max{ya(xo), YA (yo)}

=max{ inf vya(t), inf vya(t)}
tef-1(u) tef-1(v)

= maX{Yf(A) (u),Yf(A) (v)}
Hence, f(A) is an intuitionistic fuzzy subalgebra of Y. O

Definition 3.7. An intuitionistic fuzzy set A = (na,ya) in a Hilbert algebra H is said to be an intuitionistic
fuzzy ideal of H if the following conditions hold:

ua(1l) = pa(x)
(Vx & H) ( Yall) < vyalx) > / 6D
HA(x-y) = pnaly)
(Ve y € H) < Yalx-y) <valy) ) (32)
ta((y1 - (y2-x)) - x) = min{pna (y1), LA (y2)}
e <1 iAo o ) 3

Example 3.8. Let H = {1, x, y, z, 0} with the following Cayley table:

onEg R -
[SE U G W U G S SN
o R e R R
—e R e e e
o= NN NN
e N O oo
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Then H is a Hilbert algebra. We define an intuitionistic fuzzy set A = (ua,va) as follows:

H ‘ 1 x y z 0
ua | 1 08 08 07 04
YA |03 05 07 03 0.6

Then A is an intuitionistic fuzzy ideal of H that has the sup-inf property.

Proposition 3.9. If A = (ua,YA) is intuitionistic fuzzy ideal of a Hilbert algebra H, then

rA((y-x)-x) > paly)
(Vey € ) < yally-x)-x) <valy) ) ' G4

Proof. Putting y; =y and y, =1 in (3.4), we have

HA ((y-x)-x) > min{ua (y), ua (1)} = paly),

and
Ya((y-x)-x) <max{ya(y), va(l)} =valy).

Lemma 3.10. If A = (ua,YA) is an intuitionistic fuzzy ideal of H, then we have the following

A (x) < HA(Y)
(vxy € H) < xSy= { YA(X) > va(y) ) : (3:5)

Proof. Let x,y € H be such that x <y. Then x-y =1 and so

HA(y) = pa(l-y)
=pua(l(x-y)-(x-y))y)
> min{pa (x - y), pa(x)}
> min{pa (1), pa (x)}
= pa(x),
and
Yaly) =va(l-y)
=valllx-y)-(x-y))y)
max{ya (x-y), va(x)}
max{ya (1), va(x)}
=val(x).

<
<

Theorem 3.11. Every intuitionistic fuzzy ideal of H is an intuitionistic fuzzy subalgebra of H.

Proof. Let A = (na,YAa) be an intuitionistic fuzzy ideal of H. Since y < x -y for all x,y € H and from
Lemma 3.10, we have

HA(Y) 2 pa(x-y), valy) < valx-y).
It follows from (3.2) that
tA (y)
in{pa (x-y), ua (x)}
in{pa (x), na(y)h

HA(X-Y)

P
> m
> m
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and
Yalx-y) <valy)
< max{ya(x-y), va(x)}
< max{ya(x), ya(y)}
Hence, A is an intuitionistic fuzzy subalgebra of H. O

Proposition 3.12. If {(na,, YA,) : 1 € A} is a family of intuitionistic fuzzy ideals of a Hilbert algebra H, then
A\ A is an intuitionistic fuzzy ideal of H.
ieA
Proof. Let {(na,, YA,) : 1 € A} be a family of intuitionistic fuzzy ideals of a Hilbert algebra H. Let x € H.
Then
. = i (1)) > i (x)} = (%),

(ié\A Ha)(1) = inf{ua (1)} > inf{pa, (x)} (i/e\A HA ) (x)

and

(A va) (1) =sup{ya, (1)} < sup{ya, ()} = ( A\ va,)(x).

ieA iea €A ieA
Let x,y € H. Then
(ié\A HA) (- y) = influa, (x-y)} > influa, (y)} (ié\A Ha) ()
and

(/\ Ya)(x-y) =sup{ya, (x-y)} < sup{va, (W)} = ( \ va,)v).
iea iea iea ieA

Let x,y1,y2 € H. Then
(A a1 (y2 %) - x) = inf{pa, ((y1- (y2-x)) - x)}

i€eA
> inf{min{pa, (y1), na, (y2)}}
i1EA
= min{inf pa, (y1), inf pa, (y2)}
i€eA iEA

=min{( /\ ua) 1), (A ra)(y2)),

ieA ieA
and
(A va) (w1 (y2-x)) - x) = supfya, ((y1- (y2-x)) - x)}
ieA ieA
< sup{max{ya,(y1), v, (y2)}}
i€A
= max{sup YA, (y1),supva, (y2)}
ieA N
=max{( /\ va)w1), ( /\ va)(y2)}
ieA ieA
Hence, /A A; is an intuitionistic fuzzy ideal of H. O

ieA
Definition 3.13 ([22]). An intuitionistic fuzzy set A = (ua,va) in a Hilbert algebra H is said to be an
intuitionistic fuzzy deductive system of H if the following conditions hold:

HaA (1) = pa(x)
(vx € H) < YD) <yalx) > '

tA(y) = min{ua (x - y), pa (x)}
(Fxy € H) < Ya(y) <max{ya(x-y),na(x)} ) ‘
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Proposition 3.14. Every intuitionistic fuzzy ideal of a Hilbert algebra H is an intuitionistic fuzzy deductive system
of H.

Proof. Let A = (ua,YA) be an intuitionistic fuzzy ideal of H. If y; = x -y, y2 = x, where x,y € H, then by
(1) and (2) of Lemma 2.2 and (3.3), we have

uA(y) = ua(l-y) = pal((x-y) - (x-y)) - y) = min{ua (x-y), ua(x)},

and
Yaly) =vall-y) =valllx-y)-(x-y))-y) <max{ya(x-y), valx)}

Hence, A = (1A, YA) is an intuitionistic fuzzy deductive system of H. O

Lemma 3.15. An intuitionistic fuzzy set A = (Ua,YA) is an intuitionistic fuzzy ideal of H if and only if ua and
Y A are fuzzy ideals of H.

Proof. Assume that A = (A, yA) is an intuitionistic fuzzy ideal of H. Then obviously pa is a fuzzy ideal
of H. Consider for every x,y € Hwe have Y5 (1) =1—va(1) > 1 —va(x) =Ya(x). Also,

Yaly) =1-valy)
> 1—max{ya(x-y),va(x)}
=min{l —ya(x-y),1—va(x)}
=min{y (x-y),Va(x)}
Hence, ¥ 5 is a fuzzy ideal of H.

Conversely, let us take ua and y, are fuzzy ideals of H. Then obviously for every x € H, we have
HA(1) = pa(x), 1=va(1) =Ya(1) Z¥A(x) =1 —val(x), thatis, ya (1) < ya(x). Moreover,

HA (y) = min{ua (x - y), na(x)},

and
I1=valy) =valy)
> min{ya (x-y),¥a(x)}
=min{l —ya(x-y), 1 —va(x)}
=1—max{ya(x-y),val(x)}
Hence, ya(y) < max{ya(x-y),va(x)}. Thus A is an intuitionistic fuzzy ideal of H. 0

Theorem 3.16. An intuitionistic fuzzy set A = (Ua,YA) is an intuitionistic fuzzy ideal of H if and only if
(HA, B ) and (YA, Y ) are intuitionistic fuzzy ideals of H.

Proof. If an intuitionistic fuzzy set A = (ua,yA) is an intuitionistic fuzzy ideal of H, then py = iy and
YA are intuitionistic fuzzy ideals of H from Lemma 3.15, hence (na,ta) and (YA, YA ) are intuitionistic
fuzzy ideals of H.

Conversely, if (ua,ta) and (YA, YA ) are intuitionistic fuzzy ideals of H, then pa and y 5 are ideals of
H, hence the intuitionistic fuzzy set A = (1a,ya) is an intuitionistic fuzzy ideal of H. O

Theorem 3.17. Let A be a nonempty subset of a Hilbert algebra H and (ua,yA) be an intuitionistic fuzzy set in
H defined by for all x € H and o, Bi € [0,1] such that oy > o1, Bo < B1, and oy +B1 < 1fori=0,1,

oy ifx €A, ~ fBo ifxeA,
Ha(X) = {oq otherwise, and Y (x) = {[31 otherwise.

Then (ua,YA) is an intuitionistic fuzzy ideal of H and uy, = A = vp,.
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Proof. Assume that (pa,va) is an intuitionistic fuzzy ideal of H. Since pa (1) > pa(x) and ya (1) < va(x)
for all x € H, we have pa(l) = ®; and ya(l) = B1andso1 € A. Let x € Hand y € A. Then
A (X Y) = pa(y) = a1 and then pa(x-y) = 0. Also ya(x-y) < va(y) = B1 and then ya(x-y) = B1.
Hence, x -y € A. For any y;,y2 € A and x € H, we get pa((y1- (y2-x)) - x) = min{pa (Y1), pa(y2)} = o
and YA ((y1 - (y2-x)) -x) < max{ya(y1), va(y2)} = B1, which implies that pa ((y1 - (y2-x)) -x) = «; and
Ya((y1 - (y2-x))-x) = B1. It follows that (y1 - (y2 - x)) - x € A. Therefore, A is an ideal of H.

Conversely, suppose that A is an ideal of H. Since 1 € A, it follows that pa (1) = a1 > pa(x) for all
x € H Letx,y e H. If y € A, then x-y € A and so pa(x-y) = &1 = pa(y), yalx-y) = 1 = valy).
If y € H\A, then pa(y) = a2, Ya(y) = B2, and hence pa(x-y) > a2 = na(y) and ya(x-y) < B2 =
Ya(y). Finally, let y;,y2 € H. If y; € H\A or yo € H\A. Then pa(y1) = a2 or pa(yz) = ap. It
follows that pa((yr - (yz2-x))-x) = oo = min{ua(y1), na(y2)}. Also if y; € H\A or y, € H\A, then
YA (y1) = B2 or ya(yz2) = B2. It follows that ya((y1 - (y2-%)) - x) < B2 = max{ya(y1), va(y2)}. Assume
that y;,y2 € A. Then (y; - (y2-x)) - x € A and thus pa((yr - (y2-x)) - x) = g = min{pa (y1), ka(y2)} and
Ya((yr-(y2-x))-x) = B1 =max{ya(y1), va(y2)}. Hence, (La,vA) is an intuitionistic fuzzy ideal of H. [

Theorem 3.18. If A = (1A, YA) is an intuitionistic fuzzy ideal of a Hilbert algebra H, then the sets U(pua, «) and
L(ya, «) are ideals of H for every & € Im(fa) NIm(ga) N[0,0.5].

Proof. Assume that A = (1a,va) is an intuitionistic fuzzy ideal of a Hilbert algebra H and
a € Im(fa)NIm(ga)NI0,0.5].

Let x € U(pa, «). Then pa(x) > o Since A is an intuitionistic fuzzy ideal of H, pa(1) > pa(x) > o
Hence, 1 € U(pa, ). Let x € L(ya, «). Then ya(x) < «. Since A is an intuitionistic fuzzy ideal of H,
Ya(l) € ya(x) < «. Hence, 1 € L(ya,«). Let x € Hand y € U(pa, ). Since A is an intuitionistic
fuzzy ideal of H, ua(x-y) > paly) > «. Hence, x-y € U(pa,«). Let x; € Hand y; € L(ya, «).
Since A is an intuitionistic fuzzy ideal of H, ya(x1-y1) < vYa(y1) < « Hence, x1 -y1 € L(ya, ). Let
x € Hand y,y2 € U(pa, ). Then pa(y1) > « and pa(yz) > «. Since A is an intuitionistic fuzzy ideal
of H, ua(yr - (y2-x)) -x) = min{pua (Y1), ua(y2)} = « Hence, (y1-(y2-x))-x € U(ua, ). Let x' € H
and vy}, Y5 € L(ya, «). Then ya(yj) < « and va(yj) < «. Since A is an intuitionistic fuzzy ideal of H,
Yally] - (h X)) -x') < maxtya(y}), v Wh)} < . Hence, (y] - (y}-x'))- X' € L{ya, ). Thus U(pa, ) and
L(ya,«) of H are ideals of H for every o« € Im(fa) NIm(ga)N[0,0.5]. O

Corollary 3.19. Let xnm be the characteristic function of an intuitionistic fuzzy ideal of H. Then the intuitionistic
fuzzy set M = (Xm, Xm) is an intuitionistic fuzzy ideal of H.

Theorem 3.20. An intuitionistic fuzzy set A = (WA, YA) is an intuitionistic fuzzy ideal of H if and only if for all
s,t €[0,1], the sets U(pna,t) and L(g, s) are either empty or ideals of H.

Proof. Let A = (na,vA) be an intuitionistic fuzzy ideal of H and let s,t € [0,1] be such that U(pa,t) and
L(va,s) are nonempty sets of H. It is clear that 1 € U(pua,t) NL(ya,s) since pa(l) > t and ya(1) < s.
Letx € Hand y € U(pa,t). Then pa(y) > t. It follows that pa (x-y) = pa(y) > tsothatx-y € U(pa,t).
Let x € Hand y1,y2 € U(ua,t). Then pa(yr) > t and pa(y2) > t. Hence,

HA (Y1 - (y2-x)) -x) = min{ua (Y1), ma(y2)t > t,

so that (y1 - (y2-x))-x € U(ua,t). Hence, U(pa,t) is an ideal of H. Let x € Hand y € L(ya,s). Then
Ya(y) < s. It follows that ya (x-y) < valy) < ssothatx-y € L(ya,s). Let x € Hand y,yz € L(ya,s).
Then ya(y1) < s and ya(yz) < s. Hence, ya((y1-(y2-x))-x) < max{ya(y1),va(yz)} < s so that
(y1-(y2-x))-x € L(ya,s). Hence, L(ya,s) is an ideal of H.

Assume now that every nonempty sets U(pa,t) and L(ya,s) are ideals of H. If ua (1) > pa(x) is not
true for all x € H, then there exists xg € H such that pa (1) < pa(xo). But in this case for

s = S (hA (1) +ua(x0))
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Then xp € U(pa,s), that is, U(pna,s) # 0. Since by the assumption, U(pa,s) is an ideal of H, then
Ha (1) > s, which is impossible. Hence, pa (1) > pa(x). If ya(1) < ya(x) is not true, then there exists
yo € H such that ya(1) < ya(yo). But in this case for sy = %(y;\(l) +7va(yo)). Then yg € L(ya, so), that
is, L(yA, so) # 0. Since by the assumption, L(ya, so) is an ideal of H, then ya (1) < so, which is impossible.
Hence, YA (1) < YA(x). If ua(x-y) = pnal(y) is not true for all x,y € H, then there exists xp,yp € H such
that pa (xo - yo) < ma(yo). Let t = J(na(x0-Yo) + 1a(yo)). Then t € [0,1] and pa(xo-yo) < t < pa(yo),
which prove that yp € U(pa,t). Since U(ua,t) is an ideal of H, xg - yo € U(pa,t). Hence, ua(xo-yo) > t,
a contradiction. Thus pa(x-y) > pa(y) is true for all x,y € H. If ya(x-y) < va(y) is not true for all
x,y € H, then there exists xg,yo € H such that ya(xo-yo) > va(yo). Let ty = %(YA(XO “Yo) + YA (yo))-
Then ty € [0,1] and va(x0-Yo) > t > va(yo), which prove that yo € L(ya,to). Since L(ya,to) is
an ideal of H, xo-yo € L(va,to). Hence, ya(xo-yo) < to, a contradiction. Thus ya(x-y) < val(y)
is true for all x,y € H. Suppose that pa((y1-(y2-x))-x) = min{pa(y1), na(yz2)} is not true for all
x,Y1,Y2 € H. Then there exist up,vo,xg € H such that pa ((up - (vo-x0))) - xo) < min{pa (up), wa (vo)}
Taking p = 5 (1A ((uo - (vo-%0))) - Xo) +min{pa (1), na (vo)}). Then we have

1A ((uo - (vo-x0)) -x0) <p <min{ua (uo), ua(vol},

which prove that ug,vo € U(pa,p). Since U(pa,p) is an ideal of H, (ug - (vo-xo))x0 € U(pa,p), a
contradiction. Thus pa ((y1 - (y2 - %)) - x) > min{pa (Y1), ua(yz2)} is true for all x,y1,y2 € H. Suppose that
YA ((y1 - (y2-x)) -x) < max{ya(y1),Ya(y2)}is not true for all x,y1,y> € H. Then there exist ug, vo,x9o € H
such that ya ((up - (vo - X0) - x0) > max{ya (up), va (vo)}. Taking

Po = %(YA((LLO - (vo-x0)) - x0) + max{ya (ug), ya(vo)}).

Then we have ya ((uo - (vo-%0)) - x0) > po > max{ya(uo), va(vo)}, which prove that up,vo € L(ya,po).
Since L(ya,po) is an ideal of H, (ug - (vo-x0)) - x0 € L(YA,Po), a contradiction. Thus

Yal(yr - (y2-x)) -x) <max{ya(y1), va(y2)}
is true for all x,y1,y2 € H. Hence, A = (na,vA) is an intuitionistic fuzzy ideal of H. O

Theorem 3.21. Let {I : t € A C [0, 1]} be a collection of ideals of H such that H = |J Iy and forall s,t € A, s >t
tea
if and only if I C 1. Then an intuitionistic fuzzy A = (na,YA) in H is defined by pa (x) = sup{t € A:x € I}

and ya (x) = inf{t € A:x € It} for all x € X as an intuitionistic fuzzy ideal of H.

Proof. According to Theorem 3.20, it is sufficient to show that the nonempty sets U(ua,t) and L(ya,t)
are ideals of H. In order to prove that U(pa,t) is an ideal of H, we divide the proof into the following
two cases:

(1) t=sup{qe A:q <t}
(2) t#£sup{qe A:q <t}
The case (1) implies that x € U(pua,t) & x € Ig, Vg <t & x € () Ig, so that U(ua,t) = () Iy, which

q<t q<t
is an ideal of H. For the case (2), we claim that U(ua,t) = U Iq. If x € |J Ig, then x € I for some
a>t a>t
q > t. It follows that ua(x) > q > t, so that x € U(ua,t). This shows that |J I4 C U(ua,t). Now,
q>t
assume that x ¢ J Iq. Then x ¢ I for all ¢ > t. Since t = sup{q € A : q < t}, there exists ¢ > 0 such

q>t
that (t —e, t) NA = (. Hence, x ¢ 14 for all ¢ > t — €, which means that x € I, then q < t —e. Thus
HA(x) <t—e <tandsox ¢ U(ua,t). Therefore, U(ua,t) C |J Iq and thus U(pua,t) = | Ig, which is
qz>t qz>t
an ideal of H. Next we prove that L(ya,t) is an ideal of H. We consider the following two cases:



A. Tampan, N. Rajesh, V. V. Bharathi, J]. Math. Computer Sci., 28 (2023), 72-84 81

B) s=inflre A:s<r};
4) s#inf[re A:s <}

For the case (3), we have x € L(ya,s) © x € I, Vs <1t < x € () L and hence L(ya,s) = ) L,
s<T s<T

which is an ideal of H. For the case (4), there exists ¢ > 0 such that (s,s+¢)NA = (. We will show

that L(ya,s) = U L. If x € |J I, then x € I, for some r < s. It follows that ya(x) < r < s, so that
s>T s>T

x € L(ya,s). Hence, |J I+ C L(ya,s). Conversely, if x ¢ |J I, then x ¢ I, for all r < s, which implies
s>T s>r

thatx € I, forall r < s+ ¢, thatis,if x € I, thenr > s+ €. Thus ya(x) > s+ € > s, thatis, x € L(ya,s).

Therefore, L(ya,s) C |J I+ and consequently L(ya,s) = | I, which is an ideal of H. O
s2>T sS2>T

A mapping f : X — Y of Hilbert algebras is called a homomorphism if f(x -y) = f(x) - f(y) for all
X,y € X. Note that if f : X — Y is a homomorphism of Hilbert algebras, then f(1) = 1. Let f : X — Y be a
homomorphism of Hilbert algebras. For any intuitionistic fuzzy set A = (ua,va) in Y, we define a new
intuitionistic fuzzy set f~1(A) = (uf-1(a), Yi-1(a)) in X by

Re10a) () = A (f(X)), Ye10a)(x) =valf(x), ¥xeX

Theorem 3.22. Let f : X — Y be a homomorphism of Hilbert algebras and A = (1a,YA) be an intuitionistic fuzzy
setin Y. If A = (1A, YA) is an intuitionistic fuzzy ideal of Y, then f~1(A) = (1 1(A) Yi-1(A)) 18 an intuitionistic
fuzzy ideal of X.

Proof. Since f is a homomorphism of X into Y, then f(1) =1 € Y and, by the assumption,
HA(f(1) = na(1) = pnaly),
for every y € Y. In particular, pug(f(1)) > ug(f(x)) for x € X. Hence,

1Ay (1) = pe1pa) (%)
Also YA (f(1)) = va(l) < va(y) for every y € Y. In particular, yg(f(1)) < yg(f(x)) for x € X. Hence,
Y¢-1(a)(1) < V¢104)(x), which proves (3.1). Now, let x,y € X. Then, by the assumption,
He1a) (X y) = pa(f(x-y)) = pal(f(x) - fly) = palf(y)) = peaa)(y),
and
Y1) (X y) = va(f(x-y)) =va(f(x) - fly) < valf(y)) =ve1a) )
For any x € Y, there exists a € X such that f(a) = x. Then

Ha (x) = pa(f(a)) = f(rpa)(a) = f(pa)(1) = pa(f(1)) = pa(l),
and

Ya(x) =va(f(a)) = g(va)la) < g(va)(l) =val(f(1)) =va(l),
which proves (3.2). Let x,y1,y2 € X. Then by assumption,

He1a) (Y1 (Y2-x)) - x)) = pal(flyr - (y2-x) -x))
= pa(fly1) - (fly2-x)) - f(x))
= pa(f(yr - (Y2 -x)) - f(x))
= pa(flyr- (y2-x)) -x))
> min{ua (f(y1)), na (f(y2))}
= min{uffl(A) (y1), He-1(A) (y2)},
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and

Ul)/Yffl(A) (y2)},

|
=
Q
X
=
.<
i
>

which proves (3.3). Hence, f~}(A) = (Ke-1(A), Ye-1(a)) is an intuitionistic fuzzy ideal of X. O

4. Equivalence relations on intuitionistic fuzzy ideals of Hilbert algebras

Let .#(H) be the family of all intuitionistic fuzzy ideals of a Hilbert algebra H and let t € [0,1]. Define
binary relations U* and L* on .#(H) as follows:

(A/B) € ut ~ U(HAIU = U(HB/t),

and
(AIB) € I—t <~ L(YArt) = L(YB/t)/

respectively, for A = (pa,va) and B = (ug,yg) in . (H). Then clearly U* and L* are equivalence relations
on .#(H). Forany A = (na,va) € #(H), let [A]« (resp., [A]lL 1) denote the equivalence class of A modulo
Ut (resp., LY), and denote by .# (H)/U* (resp., .# (H)/L") the system of all equivalence classes modulo U*
(resp., LY), so

JH)/U" = {[Alye : A = (1A, va) € F(H)),

and
JH)/L* ={[AlLt : A = (ua, vA) € F(H)},

respectively. Now, let I(H) denote the family of all ideals of H and let t € [0, 1]. Define maps f¢ and g from
Z(H) to I(H) U{0} by ft(A) = U(pa,t) and g¢(A) = L(ya,t), respectively, for all A = (pa,va) € Z(H).
Then f; and g are clearly well defined.

Theorem 4.1. Forany t € (0,1), the maps f and g are surjective from .# (H) to I(H) U{0}.

Proof. Lett € (0,1). Note that 0 = (0,1) is in .# (H), where 0 and 1 are fuzzy sets in H defined by 0(x) = 0
and 1(x) = 1 for all x € H. Obviously f¢(0) = U(0,t) = 0 = L(0,t) = g¢(0). Let G(# @) € I(H). For

G = (xG,Xc) € #(H), we have f(G) = U(xg,t) = G and g+(G) = L(Xg,;t) = G. Hence, f; and g are
surjective. O

Theorem 4.2. The quotient sets % (H)/U" and .# (H)/L* are equipotent to 1I(H) U{0} for every t € (0,1).

Proof. For t € (0,1), let f} (resp., g}) be a map from .#(H)/U* (resp., .#(H)/L") to I(H) U{0} defined by
fi([Alyt) = fe(A) (resp., gi([AlLt) = gi(A)) for all A = (ua,va) € F(H). If U(na,t) = U(up,t) and
L(ya,t) = L(yg,t) for A = (ua,vA) and B = (ug,yg) € .#(H), then (A,B) € U' and (A,B) € L', hence
[Alye = [Blyr and [A]L+ = [B]Lt. Therefore, the maps f{ and gj are injective. Now, let G(# ) € I(H). For

G = (xg,Xg) € #(H), we have - -
f:([G]Ut - ft(G) - U(XG/t) - G/

and - -
gt ([Glre = g¢(G) = L(Xa, t) = G.
Finally, for 0 = (0,1) € .#(H), we get

([0l =1 (0) =U(0,t) =0,
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and
g7 ([0l e = g¢(0) = L(0,t) = 0.

This shows that f{ and g} are surjective. This completes the proof. O
For any t € [0, 1], we define another relation R* on .#(H) as follows:
(A,B) €R" & U(pa, ) NL(ya, t) = Ulup, ) NL(ye, 1),
forany A = (pa,YA), B = (1B, vB) € #(H). Then the relation R* is also an equivalence relation on .# (H).

Theorem 4.3. Forany t € (0,1), the map @ : #(H) — I(H) U{0} is defined by @+(A) = ft(A) N g¢(A) for each
A = (1A, YA) € Z(H) as surjective.

Proof. Lett € (0,1). For 0 = (0,1) € .#(H),
@¢(0) = f((0) N g¢(0) = U(0,t) NL(0,t) = 0.
For any H € .#(H), there exists H = (x11,X11) € # (H) such that
@¢(H) = fe(H) N ge(H) = Ulxn, t) NL(Xn, t) = H.
This completes the proof. O
Theorem 4.4. For any t € (0,1), the quotient set .% (H)/R*" is equipotent to 1(H) U{0)}.

Proof. Let t € (0,1) and let ¢f : #(H)/R* — I(H) U{0} be a map defined by @F([Alg:) = @¢(A) for all
[Alge € £ (H)/RYIf @f ([Alge) = @5 ([Blge) for any [Alge, [Blge € #(H)/RY, then

fe(A)Nge(A) = fe(B) N ge(B),

that is, U(una,t) NL(ya,t) = U(up, t) NL(ys,t), hence (A, B) € Rt. It follows that [A]g: = [B]g: so that @}
is injective. For 0 = (0,1) € .#(H),

@i ([01ge) = @+ (0) = (0) N g (0) = U(0,t) NL(T,t) = 0.
If H € #(H), then for H = (X1, X1) € -#(H), we have
@% (Hlgt) = @¢(H) = fe(H) N ge(H) = U(xn, t) N LK, t) = H.

Hence, o7 is surjective, this completes the proof. O

5. Conclusions and future works

We have introduced and studied the concepts of intuitionistic fuzzy subalgebras and intuitionistic
fuzzy ideals in Hilbert algebras and investigated some of their properties. We also studied inverse im-
ages of homomorphisms under intuitionistic fuzzy ideals. Finally, we have defined and studied some
equivalence relations on the class of all intuitionistic fuzzy ideals.

The research topics of interest by our research team being studied in Hilbert algebras are as follows:

(1) to study int-soft ideals over the soft sets in Hilbert algebras based on the concept of Muhiuddin and
Mahboob [18];

(2) to study N-ideals theory in Hilbert algebras based on N-structures using the concept of Muhiuddin
etal. [2,17];

(3) to introduce the concept of bipolar (A, §)-fuzzy subalgebras and bipolar (A, §)-fuzzy ideals based on
the concept of Ansari et al. [3, 20].
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