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Abstract

In this work, the notion of (, s)-generalized fuzzy semi-closed sets is introduced and some properties are given. Also, we
show that every (1, s)-generalized fuzzy closed set by Abbas (2006) is (r, s)-generalized fuzzy semi-closed set, but the converse
need not be true. After that, the generalized forms of fuzzy continuous mappings between double fuzzy topological spaces
(X,t1,77) and (Y, T2, T5) are introduced and studied. Some interesting relationship between these mappings and other mappings
introduced previously are investigated with the help of examples. In the end, the notion of (r,s)-fuzzy GS-connected sets is
introduced and studied with help of (v, s)-generalized fuzzy semi-closed sets.
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1. Introduction

Zadeh [21] introduced the basic idea of a fuzzy set as an extension of classical set theory. The theory of
fuzzy sets provides a framework for mathematical modeling of those real world situations, which involve
an element of imprecision, uncertainty, or vagueness in their description. This theory has found wide
applications in engineering, information sciences, etc.; for details the reader is referred to [15, 23]. The
notion of an intuitionistic fuzzy set which is a generalization of fuzzy sets was introduced by Atanassov
[5, 6]. Coker [8, 9] introduced the idea of fuzzy topological space in Chang’s sense [7] of intuitionistic
fuzzy sets. After that Samanta and Mondal [18, 19] gave the definition of an intuitionistic fuzzy topological
space as a generalization of fuzzy topological space in Sostak’s sense [20]. The concept of (r,s)-fuzzy
semi-closed sets was introduced and investigated by Lee [14]. The name (intuitionistic) was replaced
with the name (double) by Garcia and Rodabaugh [11]. Zahran et al. [22] have introduced (1, s)-semi
generalized fuzzy closed sets in double fuzzy topological spaces in Sostak’s sense and discussed some of
their properties; for more details the reader is referred to [2—4, 16, 17].

The paper is organized in the following way. In Section 3, the notion of (r, s)-generalized fuzzy semi-
closed sets is introduced in double fuzzy topological space (X,T,T*) based on the sense of Sostak and
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some characterizations are given. Also, we show that every (r, s)-generalized fuzzy closed set [1] is (T, s)-
generalized fuzzy semi-closed set, but the converse need not be true. In Section 4, the generalized forms
of fuzzy continuous mappings between double fuzzy topological spaces are introduced and studied. The
relationship between these mappings and other mappings introduced previously are investigated with
the help of examples. In Section 5, the notion of (v, s)-fuzzy GS-connected sets is introduced and studied
with help of (v, s)-generalized fuzzy semi-closed sets.

2. Preliminary assertions

In this section, we present the basic definitions and results which we need next sections. Throughout
this paper, nonempty sets will be denoted by X, Y etc.,, I = [0,1], I = (0,1] and I; = [0,1). For « € I,
a(x) = a for all x € X. A fuzzy point x; for t € I, is an element of IX such that

[t ify=x
Xt(y)_{o, ify #x.

The set of all fuzzy points in X is denoted by Pt(X). A fuzzy point x; € A iff t < A(x). A fuzzy set A
is quasi-coincident with p, denoted by Aqy, if there exists x € X such that A(x) + pu(x) > 1. If A is not
quasi-coincident with p, we denote Aqu. Notions and notations not described in this paper are standard
and usual.

Proposition 2.1 ([12]). Let X be a nonempty set and A, i € 1X. Then:

(1 Aqu iff there exists x¢ € A such that x¢qu;

2) if Aqu, then ?\/\ uw#0;

3) AqQuiffA<l—w

AU zjfxt €A zmplies Xt € Wiff x¢qA implies x¢ qu iff x¢qu implies x¢qA;
xtq Vier Wi iff there exists ig € T such that x qu,.

(4
6

\_/\_/\_/\_/

Definition 2.2 ([19, 22]). A double fuzzy topology on X is a pair (t,7*) of the mappings T, t* : IX — I,
which satisfies the following conditions:

1) TA)+T*(A) <1, VAe IX;
(2) TAMAN) = T(AM) AT(A2) and T (A AN) < T5(A) VT (A2), V A, Ap € T%;
©B) ™VierM) = Aier tA) and T (Vigr Ai) < Vigr ™A, V Aihier € X

The triplet (X, T,7*) is called a double fuzzy topological space (dfts, for short). T(A) and t*(A) may be
interpreted as a gradation of openness and a gradation of nonopenness for A € IX, respectively.

Theorem 2.3 ([10, 13]). Let (X, t,t*) be a dfts. Then for each A € X, rel,ands € 1; we define an operator
Cors : X x 1o x Iy = X as follows: Cooc(A,1,8) = Alp € IX A< wt(l—p) = 1,75(1—p) < s} For A,
weIXandr,r €l,,s,s1 €1y the operator C .+ satisfies the following statements:

(C1) Cor:(O1,8) =0

(Cz) A< CT,T*U\/ T, S);

(C3) CT,T* ()\ T, S) \/CT T*(},L,T,S) = CT,T* ()\\/ T, 5);
(C4) Crrs(A1,8) < Corr (AT, 81) if <1y and s > sq;
(C5) Cr+(Crqrx(A1,8),1,8) = Crr+(A,1,8).

Theorem 2.4 ([10, 13]). Let (X,t,t*) be a dfts. Then for each A € X, rel,ands € 1; we define an operator
It XxI,x[; - IX as follows: I .+(A,1,8) = \/{p € X cu < AT(p) =1, (p) < s). Also, the operator
Lt = satisfies the following: 1< +(1 —A,1,8) =1—Cr (A, 1,8) and Cr < (L —A,1,8) =1 =1 (A, 1,58).

Definition 2.5 ([14]). Let (X,T,7*) be a dfts, A, p € X and r € I, s € I;.
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(1) A is called (r,s)-fuzzy semi-closed set ((r,s)-fsc, for short) if It (Ceqr (A, 1,5),7,8) < A. The (r,s)-
fuzzy semi-closure of A, denoted by SCr (A, 1,s) is defined by : SCr (A, 1,8) = Afn € X:pn>
A u is (r,s)-fsch

(2) A is called (r,s)-fuzzy semi-open ((r,s)-fso, for short) if A < Coqr(Igr (A, 1,8),7,8). The (r,5)-
fuzzy semi-interior of A, denoted by Sl; (A, 1,s) is defined by : Sl .-(A,1,s) = \{u € X<
A u is (r,s)-fsol.

Definition 2.6 ([1, 22]). Let (X, T,7*) be a dfts, \, p e IXand r € I, s € I;.

(1) Ais called (r,s)-generalized fuzzy closed set ((r, s)-gfc, for short) if C+(A,7,s) < p whenever A <
and t(p) > 7, (1) < s.

(2) Ais called (r,s)-semi generalized fuzzy closed set ((1, s)-sgfc, for short) if SCr +(A, 1, s) < p whenever
A < pand pis (r,s)-fso.
The complement of (r,s)-gfc (resp. (r,s)-sgfc) is (r,s)-gfo (resp. (r,s)-sgfo).

Theorem 2.7 ([1]). Let (X,T,t*) be a dfts. For each A\, € X and v € 1, s € 1y, we define an (r,s)-generalized
fuzzy closure GCqppr 1 IX x Io x I — X as follows: GCrox(A,1,8) = A{p € X : w > A, u is (r,5)-gfc}. For
Au€Xandr €1, s € 1y, the operator GCo .+ satisfies the following properties.

(1) GCrr+(0,7,8) =0.

(2) A< GCqrrr(A,1,58).

(B) GCrrr(A,1,8)V GCr (1, 1,8) = GCrrs(AV 1, 1,8).
(4) GCrr+(GCrr=(A,1,8),1,8) = GCrprx (A, 1,58).

() If Nis (r,s)-gfc, then GCTT*(A T,8)=A

(6)

7) C

GCrr+(A1,8) < Cofes(A,1,8).
GCTT* ()\ T, S) ) = GCT,T*(CT,T*()\/TIS)/T/S) = CT,T*(}\/T/S)'

Definition 2.8 ([1]). Let (X, T, T*) be a dfts, A, p € IX and r € I, s € I;. Then, two fuzzy sets A and p are
said to be (r, s)-fuzzy separated iff AqQC~ - (1, 1,8) and uqCr (A, 1,8). Also, a fuzzy set which cannot be
expressed as the union of two (r, s)-fuzzy separated sets is said to be (1, s)-fuzzy connected set.

Definition 2.9 ([1]). A dfts (X, T, t*) is called DFT% if T(1—A) > 1,7 (1—A) <sforeach A € IXis (r,s)-gfc
setand r e I, s € 1.

Definition 2.10 ([19, 22]). Let f : (X, 11, 7]) — (Y, T2, 75) be a mapping and A € IX, u € IY. Then f is called:

(1) DE-continuous if T (f~*(n)) > T2(n) and Tf(f_l(u)) <15 (W);
(2) DF-open if 12(f(A)) = 71(A) and 73 (f(A)) < 17 (A);
(3) DF-closed if T2(1 —f(A)) > 11(1 —A) and 15 (1 —f(A)) < 17 (1L—A).

Definition 2.11 ([1, 14, 22]). Let f: (X, 11, 7]) — (Y, T2, 75) be a mapping and A € X,uel¥,rel, sel;.
Then f is called:

(1) DFS-continuous (resp. DFG-continuous and DFSG-continuous) if f~1(u) is (r,s)-fso (resp. (r,s)-gfo
and (r,s)-sgfo) and To(n) > v, 15(1) < s;

(2) DFS-open (resp. DFG-open and DFSG-open) if f(A) is (r,s)-fso (resp. (r,s)-gfo and (r,s)-sgfo) and
A >7,1(A) <5

(3) DFS-closed (resp. DFG-closed and DFSG-closed) if f(A) is (v, s)-fsc (resp. (v,s)-gfc and (v, s)-sgfc)
and t1i(1—-A) >7r,17(1—-A) <s.
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3. On (1,s)-generalized fuzzy semi-closed sets

In this section, the notion of (r, s)-generalized fuzzy semi-closed sets is introduced in double fuzzy
topological space in Sostak sense and some properties are given.

Definition 3.1. Let (X, T,7*) be an dfts, \,p € Xand r € I, s € I;.

(1) Ais called (r,s)-generalized fuzzy semi-closed set ((r, s)-gfsc, for short) if SCr +(A, 1, s) < p whenever
A<pand t(p) > 71, (M) <s.
(2) Ais called (1, s)-generalized fuzzy semi-open set ((1,s)-gfso, for short) if 1 — A is an (r, s)-gfsc set.

The following implications hold:
(r,s) —gfc &+ (r,s) —fsc
\ 1
(r,s) —gfsc — (r,s) —sgfc
In general the converses are not true.

Problem 3.2. Define the double fuzzy topology (T,7*) on X ={a, b} by:

1, if Ae{0,1}, 0, ifAe{0,1},
) =< 1, ifA=04, TN =4 1, ifA=04,
0, otherwise, 1, otherwise.

Then, 0.35 is (%, %)-gfsc but it is neither (%, %)-gfc nor (%, %)-fsc.

Problem 3.3. Define the double fuzzy topology (t,7*) on X ={a, b} by:

1, ifAe{01}, 0, ifAe{0,1},
TA) =1 3 ifA€{01,03,  TM=1 3 ifAe€{0.1,03}
0, otherwise, 1, otherwise.

Then, 0.2 is (%, %)-gfsc but it is not (%, %)-sgfc.

Remark 3.4. The intersection of two (r,s)-gfsc sets is not (r,s)-gfsc set, in general, as shown by Problem
3.5. Also, the union of two (1, s)-gfsc sets is not (1, s)-gfsc set, in general, as shown by Problem 3.6.
Problem 3.5. Let X = {a,b,c} and , 1, o € IX defined as follows: pu = {15 %, ool 1 = {70 1‘%0, oo, and
w2 = {15, 0%, 15)- Define the double fuzzy topology (T, 7*) on X by:

1, ifAe{01}, 0, ifAe{01},

1 ifA=p TA) =< %, ifA=ny,

0, otherwise, 1, otherwise.

Then, w1 and p are (%, %)-gfsc sets, but u = py /\ uy is not (%, %)-gfsc.

Problem 3.6. Let X ={a,b,c} and p,v,p € IX defined as follows: p= {15 N 3 00
and p = {1%, 1% o5 Define the double fuzzy topology (t,t*) on X by:

1, ifAe€{0,1}, 0, ifAe{01},

1A=y, 3 ifA=np,
T(A) = %, ifA=v, T(A) = %, ifA=v,

§, if A =p, %, if A =p,

0, otherwise, 1, otherwise.

Then, 1 and v are (%, %)-gfsc sets, but p = uV v is not (%, %)-gfsc.
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Theorem 3.7. Let (X, 7, T*) be an dfts. For each \,u € IX and v € 1o, s € 1y, we define an (v, s)-generalized fuzzy
semi-closure GSCr = : XxI, x; = IX as follows:

GSCr(A1,s) = A e Xt = A is (1, 5)-gfsc).

For A, pn€ Xandr € 1,, s € 1y, the operator GSC -+ satisfies the following properties:

(1) GSCrr+(0,1,8) =0;

(2) A< GSCrqr(A,1,8);

(3) GSCTT*O\ 1,8)V GSCr (1, 7,8) < GSCrr-(AV 1, 1,8);

(4) GSCTT (GSCr+(A,1,8),1,8) = GSCrr (A, 1,8);

(5) If Nis (r,s)-gfsc, then GSCTT*O\ T,8) =N\

(6) GSCrr+(A,1,8) < GCrr+(A,1,8) < Crr=(A,1,8);

(7) Crxx(GSCr+(A,1,8),7,8) = GSCrr (Cr (A, 1,8),7,8) = Cr (A, 1,8).

Proof (1), (2), and (5) are easily proved from the definition of GSCr .
(3) Since A, 0 < AV u, we have

GSCT,T* (A1,8)V GSCT,T* (n,7,8) < GSCT,T* AV y,r,s).

(4) From (2), we only show GSCr +(A,1,5) > GSCr < (GSCr < (A, 1,8),7,8).
Suppose GSCr,+(A,7,8) 2 GSCrx+(GSCrr+(A, 7, 8),1,5). There exist x € X and t € (0,1) such that

GSCra(A,T,8)(x) < t < GSCr e+ (GSCrrr(A,T,8),1,8)(x). (B)

Since GSCr+(A,1,8)(x) < t, there exists (r,s)-gfsc set A; with A < A; such that GSCr (A, 1,8)(x) <
A1(x) < t. Since A < A1, we have GSCr (A, 1,5) < Aj. Again, GSCr, - (GSCrr+(A,1,8),7,8) < A1. Hence

GSCT,T* (GSCT,T* (A, 1,8),1,8)(x) < A1(x) < t.
It is a contradiction for (B). Thus,
GSCT,T* (}\/ T/ S) 2 GSCT,T* (GSCT,T* (}\/ T/ S)/ T‘/ S)‘

(6) Since Crq+(A,1,5) is (1,s)-gfsc, it is easily proved.
(7) Trivially, GSCr = (Crcx(A,1,5),7,5) = Crx(A, 1, 5). We only show that

CT,T* (GSCT,T* ()\/ T/ S)/ T/ S) = CT,T* ()\/ T/ S)'

Since A < GSCr1+(A, 1, 5), we have Cr 1+ (GSCr (A, 1,8),1,8) = Cra(A,1,8).
Suppose Cr ¢+ (GSCr+(A,1,5),1,5) ﬁ Cr+(A, 1,5). There exist x € X and t € (0,1) such that

CT,T*(GSCT,T* (AT, S)/ T, 3)(X) >t> CT,T* (}\/ T, S)(X)-

Since Cr+(A,1,8)(x) < t, by the definition of Cr . , there exists p € I* with A < p, T(1—p) > 1 and
(1 —p) < s such that

Crr(GSCr (A, 1,8),1,8)(x) >t > p(x) = Crr=(A,1,8)(x).
On the other hand, since p = C = (p,1,8) is (1,5)-gfsc, A < p implies
GSCrx+(A1,8) < GSCrae(p,1,8) = GSCrr+ (Crre(p,7,8), 1, 8) = Crev(p, 1, 8) = p.
Thus, C1+(GSCr+ (A, 1,8),1,5) < p. It is a contradiction. Hence
Crr(GSCr (A, 1,8),1,8) < Crx(A, 1, 8).
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Theorem 3.8. Let (X, T, T*) be an dfts. For each A, € IX and v € 1o, s € 1y, we define an (v, s)-generalized fuzzy
semi-interior GSI¢ o+ : IX x I, x Iy — IX as follows: GSI (A, 1,8) = V{n € IX:uw< A is (r,s)-gfso}. Then
GSIT,T* (l_ )\/ T, S) = l_ GSCT,T* ()\/T/ S)'

Proof. For each A € Xand rel,, s € I; we have

GSIlt (1 —A,1,8) = \/{H eTX:p<1—Au is (1s)-gfso}

=1-A\0-pel®:1-pu>A1-—p is (rs)-gfsc}
=1—GSCr(A,1,58).

4. Double fuzzy generalized semi-continuous mappings

In this section, the generalized forms of fuzzy continuous mappings between double fuzzy topolog-
ical spaces are introduced and studied. Moreover, the relationship between these mappings and other
mappings introduced previously are investigated with the help of examples.

Definition 4.1. Let f: (X, 11,7]) — (Y, T2, 7;) be a mapping and r € I, s € I;. Then f is called:

(1) double fuzzy generalized semi-continuous (DFGS-continuous, for short) if =1 (u) is (r, s)-gfsc for each
pel’, nl—p) >r andt5(1—p) <s;

(2) double fuzzy generalized semi-open (DFGS-open, for short) if f(A) is (r,s)-gfso for each A € IX,
T1(A) > 1 and 17(A) <5

(3) double fuzzy generalized semi-closed (DFGS-closed, for short) if f(A) is (r,s)-gfsc for each A € X,
T(l—A) =71 and 1j(1—A) <s.

The following implications hold:

DF-continuity

e pN
DFG-continuity DFS-continuity

+ +
DFGS-continuity — DFSG-continuity

In general the converses are not true.

Problem 4.2. Let X = {a, b}. Define 7, t*,n,n* : IX — I as follows:

1, ifAe{0,1}, 0, ifAe{0,1},
1(7\){ 1, ifA=04, T*U\){ 1, ifA=04,
0, otherwise, 1, otherwise,
1, ifAe{0,1}, 0, ifAe{01},
n(?\){ 3, ifA =065 n*(?\){ 3 ifA =065
0, otherwise, 1, otherwise.

The identity mapping idx : (X, T, ™) — (X,n,n*) is DFGS-continuous but it is neither DFG-continuous
nor DFS-continuous.
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Problem 4.3. Let X = {a, b}. Define T, t*,n,n* : IX — I as follows:

1, ifAe{0,1}, 0, ifAe{0,1},
T(A) { 1, if A €{0.1,0.3}, T(A) { 1, ifA€{0.1,0.3},

0, otherwise, 1, otherwise,

1, ifAe€{0,1}, 0, ifAe{0,1},
nA) =< 3, ifA=08, n*A) =< 3, ifA=08,

0, otherwise, 1, otherwise.

The identity mapping idx : (X,T,7*) = (X,1,1*) is DFGS-continuous but it is not DFSG-continuous.

Theorem 4.4. Let f : (X,t1,7]) — (Y, T2, 75) be DFGS-continuous mapping. The following statements hold for
eachAelX, pel¥andrel, s el

(1) f(GSCTl,TT (7\; T, S)) < CTZ,T; (f(?\), T, 5)-

(2) GSCT],TT (f_l (H)/ T/ S) < f_l (CTz,T; (H/ T, S))

(3) Loy (1,7, 5)) < GSLey s (F1(10), 7, ).

Proof.

(1) For each A € IX, 15(1 — Cryy(f(A),1,8)) = 7, 5 (1 — Coy iy (F(A), 7, 8)) < 5. Since f is DFGS-continuous
then f*I(CTZ,T;(f(A),r,s)) is (r,s)-gfsc set of X. Since f(A) < Cq,r;(f(A),1,s) then A < f1(f(A) <
ffl(CTZ,T;(f(A),r,s)) and so GSCqyr: (AT, 8) < ffl(CTZ,T;(f(M,r,s)). Hence

f(GSCq,T;()\, 1,8)) < Cryry (f(A), 7, s).

(2) For each pu € IY,1p(1 — CTZ,T;(p, T,8)) > rand t5(1 — Croyrg (n,7,8)) < s. Since f is DFGS-continuous
then f_l(CTM;(p, 1,8)) is (r,8)-gfsc set of X. Since u < Cr, 3 (1,7, 8), ) < f_l(CTM;(p, T,s)) and so

GSCoypes (F1 (1), 7,8) < GSCrprr (7 (Cryrz (1, 7,8)),7,8) = £ (Crryyry (1,7, 8)).

(3) For each pn € IY,TZ(ITZ,Tz(u,r,s)) > 1 and T;(leyr;(1,1,8)) < s. Since f is DFGS-continuous,
ffl(ITM;(p., T,8)) is (1, s)-gfso set of X. Since I, ; (1, ) < pt then ffl(ITM;(p., ,s)) < f~1(n) and so

f_l(ITz,T;(urr/S)) = GSITLTT(f_l(ITz,T;(M/ T,S)),T’,S) < GSITl,Ti‘ (f_l(H)IT/S)-
O

Theorem 4.5. If f : (X,11,77) — (Y, 72, 7;5) is DFGS-closed then for each A € Xandr €1, s € Iy we have
f(Crpxr (A, 1,8)) =2 GSCory iy (f(A), 1, 8).

Proof. For each A € IX, since A < Crpry (A, 1,s8), then f(A) < f(Crl,T; (A, 7,s)). Since 11(1 — Crpry (A, 71,8)) >,
(1 — Crz(A1,8)) < s and f is DFGS-closed then f(Cq (A, 7,s) is (r,s)-gfsc of Y. Hence
f(cj’[l,’ti’K (7\,1‘,3)) 2 GSCTQ,TE (f(?\),T',S). D

Theorem 4.6. Let f : (X, 11,77) — (Y, T2, 75) be DFGS-open mapping. The following statements hold for each
AelX,pelVandrel,, s el.

(1) ]C(I’fl,"tiK (}\/ T, S)) g GSITz,T; (f()\)/T/S)'

) Lo (1 (w),7,s) < £ HGSIy, 2 (1,1, 8)).

Proof.

(1) For each A € IX, since Lty c: (A1, 8) < A then f(Ir, (A 1,8)) < f(A). Since T1(lr (A, 1,8)) > T,
Ti‘(ITl’TT(A,r,s)) < s and f is DFGS-open, then f(ITl,T{U\,T,S)) is (r,s)-gfso. Hence f(ITl,TT(A/T/S)) <
GSITQ,T;(f(A)/rrs)‘
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(2) Forall u € IY, put A = f~(u). From (1),
f(Ley o (£ (1), 7, 8)) < GSLay e (F(F (1)), 7,'8) < GSlayz (7, 8).
Hence Ly, o (f (), 7,8) < £ (F(Tey e (£ (1), 7,5))) < F1(GSTeya5(1, 7, 8)). O
Theorem 4.7. Let f: (X, 11,7]) = (Y, T2, 5) and g : (Y, T2, T5) — (Z,713,75) be mappings. Then gof is:
(1) DFGS-continuous, if f is DFGS-continuous and g is DF-continuous;

(2) DFGS-open, if f is DF-open and g is DFGS-open;
(3) DFGS-closed, if f is DF-closed and g is DFGS-closed.

Proof.

(1) Suppose that pu € 14, 13(n) > T and T3(n) < s. Since g is DF-continuous, then (g W) > r
and Tﬁ(gfl(u)) < s. Since f is DFEGS-continuous, then f~1(g~1(u)) is (r,s)-gfso set in (X, T1,77). Thus,
(gof)~1(w) = f~1(g~(n)) is (r,s)-gfso and therefore gof is DFGS-continuous.

(2) Suppose that A € X, 11(A) > r and T} (A) <'s. Since f is DF-open, then 15(f(A)) > r and 75 (f(A)) < s.
Since g is DFGS-open, then g(f(A)) is (r,s)-gfso set in (Z,13,75). Thus, (gof)(A) = g(f(A)) is (1, s)-gfso
and therefore (gof) is DFGS-open.

(3) Suppose that A € IX, 1y(1—A) > r and 7}(1 —A) < s. Since f is DF-closed, then 12(1 — f(A)) > r and
75 (1 —f(A)) < s. Since g is DFGS-closed, then g(f(A)) is (r,s)-gfsc set in (Z,13,73). Thus, (gof)(A) =
g(f(A)) is (r, s)-gfsc and therefore (gof) is DFGS-closed. O

Definition 4.8. Let f: (X, 11,7]) — (Y, T2, 75) be a mapping and r € I, s € I;. Then f is called:

(1) double fuzzy generalized semi-irresolute (DFGS-irresolute, for short) if f~1(p) is (r,s)-gfsc for each
peIYis (r,s)-gfsc;

(2) double fuzzy generalized semi-irresolute open (DFGS-irresolute open, for short) if f(A) is (r,s)-gfso
for each A € 1X is (1, s)-gfso;

(3) double fuzzy generalized semi-irresolute closed (DFGS-irresolute closed, for short) if f(A) is (r, s)-gfsc
for each A € X is (r,s)-gfsc;

(4) DFGS-irresolute homeomorphism iff it is bijective and both of f and f~! are DFGS-irresolute.

The following implication holds:
DFGS-irresolute — DFGS-continuity
In general the converses are not true.

Problem 4.9. Let X = {a, b}. Define 7, t*,n,n* : IX — I as follows:

1, ifAe€{0,1}, 0, ifAe{0,1},
T(A) { 1, ifA€{0.1,03}, T(A) { 1, ifA€{0.1,03},

0, otherwise, 1, otherwise,

1, if Ae{0,1}, 0, ifAe{0,1},
nm{ 3 ifA=01 n*m{ 7 ifA=01

0, otherwise, 1, otherwise.

The identity mapping idx : (X, T,T*) — (X,1n,1*) is DFEGS-continuous but it is not DFGS-irresolute.

Theorem 4.10. Let f : (X, 11, 7]) — (Y, 72, 75) be DFGS-irresolute mapping. The following statements hold for
eachhelX, pel¥andrel, sel:

(1) F(GSCxryx; (A1, 8)) < SCrprz (f(A),7,8);
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(2) GSCTl,’L‘i‘ (fﬁl(li)ﬂ“/ S) g fﬁl(SCTz,Tz (H'I T/ S))/

(3) 1 (Skeyrz (1,1, 8)) < GSIyy or (F (1), 7, 8);

(4) If f is bijective, then Slx, <5 (f(A),7,8)) < f(GSIey: (A T, 8)).
Proof.

(1) For each A e IX, SCTZ,T;(f(?\),r,s) is (r,s)-gfsc set of Y. Since f is DFGS-irresolute, then
_1(SCT2,T§(f0\),T,S)) is (1, s)-gfsc set of X. Since

f()\) <SCT2,T; (f()\)/T/S)/ A < f_1 (f(}\)) < f_l(SCTz,TE (f()\),‘r‘,s)), C‘;SC’Tl,"I.’i< (A/ T,S) < f_l(SCTz,T;(f()\)/rrs))‘

Hence
f(GSCTl,T{ (A, 1,8))< SCTZ,’Q (f(A),1,s).

(2) For each u e 1Y, SCryrs (w,7,s) is (r,s)-gfsc set of Y. Since f is DFGS-irresolute, ffl(SCTZ,TE (u,1,8))is
(r,8)-gfsc set of X. Since u < SCr, 13 (1, 1, 8), then £ (1) < F71(SCx,;(p, 7,8)). Then,

GSCn,Ti‘(fil(H)rT/ s) < GSCTl,T}‘ (fﬁl(SCTz,Té‘(H/r/ s)),1,8) = fﬁl(SCTz,TE(H/T/ s)).

(3) Foreach p e 1Y, Slt, (w1, 8) is (1, s)-gfso set of Y. Since f is DFGS-irresolute then ffl(SITM; (n,,s))
is (r,s)-gfso set of X. Since Slt, ; (1, 1,8) < p then f~1(SI,,, (1, 7,8)) < f~1(n) and so

fﬁl(SITz,Tg(uITI S)) = GSITl,Ti‘ (fﬁl(SITZ,T;(FLrT/ 5))1” < GSIrl,T;‘(fil(H),r, 5)-

(4) Let f be DFGS-irresolute and A € IX. Then f~ !SI, «; (f(A),1,5)) is (r,s)-gfso. By (3), and the fact
that f is injective, we have f_l(SITZ,T;(f(A),T,S)) < GSIT],TT(f_l(f(?\)),T,s) = GSly «; (A, 1,8). Since f is
surjective, we have

SITz,T;(f(A) ) - f( (GSIT1 T ()\ T, 5))) < f(GSITl,TT(AIrI S))
O

Theorem 4.11. If f : (X, 11, 7]) — (Y, T2, T5) be DF-irresolute, DF-open and bijective mapping. Then f is DFGS-
irresolute.

Proof. Let w € 1Y be (r,s)-gfsc set. We will show that f~!(u) is (r,s)-gfsc set. Let f~!(n) < v with
T1(v) = 1, 17 (v) < s. Since f is onto and DF-open, pu = f(f~1(n)) < f(v) with T2(f(v)) >, 75 (f(v)) < s.
Since w is (1, s)-gfsc, SCry vz (1, 1,8) < f(v). Since f is injective, ffl(SCTle;(p., 1,s)) < f1(f(v)) = v. Since
f is DF-irresolute, f*1(3C12,T§ (w,7,8)) is (r,s)-gfsc. Hence,

SCorye: (FH (W), 7,8) < SCrprr (FH(SCry g (1,7, 8)),7,8) < v
Thus, f~1(p) is (1, s)-gfsc set. O

Theorem 4.12. If f : (X, 11,7]) — (Y, T2, 73) and g : (Y, T2, 75) — (Z,73,73) be mappings and v € I, s € Iy,
then gof is:

(1) DFGS-irresolute, if f and g are both DFGS-irresolute;

(2) DFGS-irresolute open, if f and g are both DFGS-irresolute open;

(3) DFGS-irresolute closed, if f and g are both DFGS-irresolute closed;

(4) DFGS-continuous, if f is DFGS-irresolute and g is DFGS-continuous;
(5) DFGS-open, if f is DFGS-open and g is DFGS-irresolute open;

6)

(6) DFGS-closed, if f is DFGS-closed and g is DFGS-irresolute closed.
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Proof. 1t is similarly proved as in Theorem 4.7. O

Definition 4.13. A dfts (X, T, T*) is called DFST% ift(1—A)>1, 1t (1—A) < s foreach A € X is (r,s)-gfsc
setand r € I, s € I;.

It is clear that DFST, implies that DFT,.
Theorem 4.14. A dfts (X, T,7*) is DFST% iff GSCrx+ (A, 1,8) = Cr v (A, 1, 8) for each A € Kandrel,, s el

Proof.
(=) Let (X,1,7*) be DFST%. By definitions of GSC+ and Cr .+, we have GSC+ +(A,1,5) = C (A, 1, 8)
foreachA e Xandrel,, s el;.

(<) Suppose (X, T,T*) is not DFST%. There exist (r,s)-gfsc u € I* and r € I,, s € I; such that t(1 —

) < r. Hence GSCr+(p,1,8) = pbut Cr+(1,1,8) # p. Thus, GSCrqr+(p,1,8) # Crqr(p,7,8) itis a
contradiction. Then (X, T, t*) is DFST% . O

Corollary 4.15. Let f: (X, 11,77) = (Y, 712, 75) be a mapping and v € 1o, s € Iy. The following statements hold.

(1) If (X, tq,77) is DFST% , then the concepts of DF-continuity, DFS-continuity, DFSG-continuity, DFGS-contin-
uity, and DGF-continuity are equivalent.

2) If (Y, 12, 73) is DFST% , then the concepts of DFSG-continuity and DFSG-irresolute are equivalent. Also, the
concepts of DFGS-continuity and DFGS-irresol-ute are equivalent.

3) If (X,T1,77) and (X, 12,75 ) are DFST% , then the concepts of DF-continuity, DFS-continuity, DFSG-continuity,
DFGS-continuity, DFG-continuity, DFSG-irresolute, and DFGS-irresolute are equivalent.

Corollary 4.16. Let f : (X,t1,7]) — (Y, 72, 73) and g : (Y,72,7;) — (Z,73,73) be DFGS-continuous and
(Y, 12, 75) be DFST%. Then gof : (X, t1,7]) = (Z,73,73) is DFGS-continuous.

5. (r,s)-fuzzy GS-connected sets

In this section, the notion of (r,s)-fuzzy GS-connected sets is introduced and studied with help of
(v, s)-generalized fuzzy semi-closed sets.

Definition 5.1. Let (X, T, ) be an dfts, A, u € X and v € I,, s € I;. Then, two fuzzy sets A and p are said
to be (1, s)-fuzzy GS-separated iff \qGSCr + (1, 1, s) and uqGSCr, +(A, 1, 5). Also, a fuzzy set which cannot
be expressed as the union of two (1, s)-fuzzy GS-separated sets is said to be (r, s)-fuzzy GS-connected set.

Remark 5.2. It is clear that:

(1) (r,s)-fuzzy separated [1] implies that (1, s)-fuzzy GS-separated;
(2) (v, s)-fuzzy GS-connected implies that (r, s)-fuzzy connected [1].

The converse is not true in general as shown by the following Problem.

Problem 5.3. Let X = {a, b, ¢} and p, py, pp € I* defined as follows: p ={%, 0L o1k 1 =1{gp L 0p), and
b

w2 = {55, 00 03 Define the double fuzzy topology (T, 7*) on X by:

1, ifAe{0,1}, 0, ifAe{01},
T(A) = %, ifA=yp, ™A\ = %, ifA=yp,
0, otherwise, 1, otherwise.

Then p; and py are (2, 2) -fuzzy GS- separated but are not (% %)—fuzzy separated. Also p = p V yp is
(3, 1)-fuzzy connected, but it is not (3, 3)-fuzzy GS-separated.
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Theorem 5.4. Let (X, T, T*) be an dfts. Foreach \,p € Xandr €1, s € 1.

(1) If A, w are (v,s)-fuzzy GS-separated and v,n € 1X —{0} such that v < A and n < u, then v,m are also
(v, 8)-fuzzy GS-separated.

(2) If N\qu and either both are (v,s)-gfso or both (r,s)-gfsc, then A and w are (v, s)-fuzzy GS-separated.

@) If A\ ne IX — {0} and there exist two an (v,s)-gfso sets v, w such that A < v, p < w, Aqw and uqv, then A
and w are (v, s)-fuzzy GS-separated.

(4) If A, w are either both (r,s)-gfso or both (r,s)-gfsc, then A/\ (1 —p) and w/\ (1 —A) are (r,s)-fuzzy GS-
separated.

Proof. (1) and (2) are obvious.

(3) Let v and w be (1,s)-gfso sets such that A < v, p < w, Aqw and pqv. Then A < 1—w, p <1—v.
Hence GSCr (A, 1,5) < 1—w, GSCr+(1,1,8) < 1—7v, which in turn imply that GSCr (A, 1, s)qu and
GSCr (1,1, 5)qA. Thus A and p are (1, s)-fuzzy GS-separated.

(4) Let A and p be (r,s)-gfso. Since AA(1—p) < 1—p, GSCr+(AN(1—p),7,8) < 1—p and hence
GSCrrs (AN (L —n),1,8)qu. Then GSCr o+ (AN (L —n),1,8)q(L A (1 —A)). Again, since p/A (1 —A) <1—A,
GSCr (LA (1—A),1,8) <1—Aand hence GSCr + (it A(1—A), 1, s)gA. Then GSCr 1+ (/A (L—A), 7, 8)GAN
(1—pn)). Thus AA(1—p) and u/A (1 —A) are (1, s)-fuzzy GS-separated.

Similarly we can prove when A and p are (1, s)-gfsc. O

Theorem 5.5. Let (X, T,7*) be an dfts, A € IX —{0}and v € 1o, s € 1y. If N is a (v, s)-fuzzy GS-connected set such
that A < uw < GSCor e+ (A, 1, 8), then wis also (v, s)-fuzzy GS-connected.

Proof. Suppose that u is not (r,s)-fuzzy GS-connected. Then there exist (r,s)-fuzzy GS-separated sets
wq and wy in X such that ut = w3V wy. Let v=AAw; and w = AN wy. Then A = vV w. Since
v < wp and w < wy, by Theorem 5.4, v and w are (1, s)-fuzzy GS-separated, contradicting the (r, s)-fuzzy
GS-connectedness of A. Thus p is (1, s)-fuzzy GS-connected. O

6. Conclusion

In this paper, we have continued to study the fuzzy sets on double fuzzy topological space (X, T, T*)
in Sostak sense. As a weaker form of (v, s)-generalized fuzzy closed sets by Abbas [1], the notion of
(r,s)-generalized fuzzy semi-closed sets is introduced and some properties are given. After that, the
generalized forms of fuzzy continuous mappings between double fuzzy topological spaces are introduced
and studied. Furthermore, some relationship between these mappings and other mappings introduced
previously are investigated with the help of examples. Finally, the notion of (r,s)-fuzzy GS-connected
sets is introduced with help of (r, s)-generalized fuzzy semi-closed sets.

In the upcoming works, we will define some separation axioms using (r, s)-generalized fuzzy semi-
closed sets. Also, we shall introduce the notion of (r, s)-strongly* generalized fuzzy semi-closed set as a
stronger form of (1, s)-generalized fuzzy semi-closed set.
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