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Abstract

In this paper, we introduce and study a new subclass of analytic functions which are defined by means of a linear oper-
ator. Some results connected to coefficient estimates, growth and distortion theorems, radii of starlikeness, convexity close-to-
convexity and integral means inequalities related to the subclass is obtained.
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1. Introduction
Let A denote the class of all functions u(z) of the form
u(z) =z+ Z anz™, (1.1)
n=2
in the open the unit disk E = {z: |z| < 1} . Let S be the subclass of A consisting of univalent functions and
satisfy the following usual normalization condition u(0) = 0 and u’(0) = 1. We denote by S the subclass

of A consisting of u(z) which are all univalent in E. A function u € A is a starlike function of the order v,
v(0 < v < 1) if it satisty
" { zu’(z)

u(z)

} >v, (z€E), (1.2)

we denote by this class S*(v) .

A function u € A is a convex function of the order v, v(0 < v < 1) if it satisfy
zu” (z)
u’(z)

m{l + } >v, (z€E), (1.3)

we denote this class with K(v).
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Denote by T the subclass of A consisting of functions u of the form
u(z) =z— Z anz", (an =0). (1.4)
n=2

This subclass was introduced and extensively studied by Silverman[13].
For u € A given by (1.1) and g(z) given by

g(z) =z+ ) bnz", (1.5)
n=2
their convolution (or Hadamard product), denoted by (u * g), is defined as

(uxg)(z) =z+ Z anbnz™ = (g*xu)(z), (z€E). (1.6)

n=2

Note that ux*x g € A.

Mittag-Leffler function and Borel distribution

The study of operators is fundamental in geometric function theory, complex analysis and related
areas. Several derivative and integral operators can be expressed by convolution of certain analytic func-
tions. It should be noted that this formalism helps future mathematical research as well as a better grasp
of the geometric properties of such operators. Let E,(z) and E4 g(z) be functions defined by

o Z-n_
E“(Z) = Z m, (Z € C,m((X) > 0),

n=0
and
Eup@= 5ty 2 (@ BeC Rx) >0, W) >0)
“/BZ—I,(B)—FT;M, OC,BE , x) >0, B > 0).
It can be written in other form
1 o Zn—1
B (&) = 557+ X Fram =g (@B €S Rl >0 R(B)>0).

n—=

The function E«(z) was introduced by Mittag-Leffler [9] and is, therefore, known as the Mittag-Leffler
function. A more general function E g generalizing E(z) was introduced by Wiman [18] and defined by

n

Eaplz) = gw (z,a,B €C, R(a) >0, R(B) > 0).

Observe that the function E g contains many well-known functions as its special case, for example,

_ef—1
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sinz
Eyo (—2%) = ,
22 (-22) =

1 3

E3(z) = = e’ 126722 cos (le/g’)] ,
2 2
1 1/4 1/4

E4(z) = 5 {cosz + coshz ] .

The Mittag-Leffler function appears naturally in the solution of fractional order differential and integral
equations. In the study of complex systems and super diffusive transport, in particular, fractional gen-
eralisation of the kinetic equation, random walks, and Levy flights. Several properties of Mittag-Leffler
function and generalized Mittag-Leffler function can be found, e.g., in [1-3, 5-7, 12]. Observe that Mittag-
Leffler function E4 g(z) does not belong to the family A. Thus, it is natural to consider the following
normalization of Mittag-Leffler functions as below

M) .

n—-1)+p) ’ (1.7)

Eopl(z) =2zlN(B)Exp(z) =z + Z Mo
n=2

it holds for complex parameters «, 3 and z € C. In this paper, we shall restrict our attention to the case of
real-valued o, 3 and z € E.

A discrete random variable x is said to have a Borel distribution if it takes the values 1,2,3,--- with
the probabilities %, 27‘3;% , 9}‘%;73,- -+, respectively, where A is called the parameter.

Very recently, Wanas and Khuttar [17] introduced the Borel distribution (BD) whose probability mass

function is

A)P—1le—Ap
_(p)p,e, 0=1,2,3,---.

~
=
Il

>
|

Wanas and Khuttar introduced a series Mj (z) whose coefficients are probabilities of the Borel distribution
(BD)

00 D\(Tl _ 1)]7172677\(7171)

Maz)=z+ ) T

n=2

2%, (0<A<1). (1.8)

Murugusundaramoorthy and El-Deeb [10], El-Deeb et al. [4] and Srivastava et al. [16] are defined the
Mittag-Leffler-type Borel distribution as follows:

(Ap)P~!
Eo g (Ap)T(ctp+ )’

?}\(O(,B,p): p:0/1/2/"'/
where

o0 Zn
Eop(2) :;)M, (o, p€C, R(x) >0, R(B) > 0).

Thus by using (1.7) and (1.8) and by convolution operator, the Mittag-Leffler-type Borel distribution series
defined as below

Y A DHAM -2 A D
Balo, B)(2) _ernZ_z(n1)!Ecx,ﬁ(7\(n1))r((x(nl)HS

)zn, (0<A<1).

Furthermore, we consider the linear operator B(«, 3) : A — A defined by the convolution or Hadamard
product
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B (e, Blu(z) = )\(OC/B)(Z)*U(Z)

B JIAM — 1) 2e A1) n
Z+Z _1 'Eocﬁ An— D) am—1)+p)

=z+Z b(M)anz", (o B €C, R(a) >0, R(B) >0, 0<A< ),

n=2
here A(n— 1)1 (n — 1)) 2e M)
A=A =1 e A
¢n) = (M—1!ExpgAM—1))MNax(n—1)+B) (1.9)
If u € T is given by (1.1) then we have
Balo, Blu(z) =z— ) d(n)anz", (1.10)
n=2

where ¢(n) is given by (1.10). Now, by making use of the Mittag-Leffler-type Borel distribution series
Ba(x, B), we define a new subclass of functions belonging to the class A.
Now, we define the following new subclass motivated by Popade et al [11].

Definition 1.1. The function u(z) of the form (1.1) is in the class Sx(«, 3, 1, y), if it satisfies the inequality
{ z(Ba(o, Blu(z))’ _ Oc} - ‘ z(Ba (e, Blu(z))’

(1—wz+ puBa(x, Blu(z) (1—wz+ pBa(x, Blu(z)
for 0 < u <1, 0 < vy < 1. Further we define TSx (e, B, 1, v) = Sale, B, 1, y)NT.

_1,

The aim of present paper is to study the coefficient bounds, radii of close-to-convex and starlikeness
convex linear combinations and integral means inequalities of the TS)(«, 3, 1, v).

2. Coefficient bounds
Theorem 2.1. A function u(z) of the form (1.1) is in Sx (e, 3, 1, y), then

o0

Y n—uly+Dipm)anl <1-v,

n=2
where 0 < n <1, 0 <y < 1and $(n) is given by (1.10).
Proof. It suffices to show that

z(Ba(er, Blu(z))’ z(Ba(o, Blu(z))’
(1 )z + 1B (o, B)ulz) 1’ 4 { (1= Wz + uBa (e, BJulz) 1} sy
We have
‘ z(Ba(x, Blu(z))’ _1‘ —9%{ z(Ba(, Blu(z))’ _1}
(1—wz+ uBa(x, Blu(z) (1—wz+ uBa(e, Blu(z)
‘ z(Ba (e, Blu(z))’ _1‘
(1—w)z+ uBx(e, Blu(z)

o0

23 (= w(nlan ="

<
~ 00

1— 3 pbMm)anlz~1
n=2

23 (n—wdmlanl

n=2
< =

1— ;2 ud(n)lanl
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The last expression is bounded above by (1 —v) if

ee]

D Pn—uly+1ldMm)anl <1-v,

n=2
and the proof is complete. O

Theorem 2.2. Let 0 < p < 1, 0 < v < 1, then a function u of the form (1.4) to be in the class TSx(«, B, 1, v) if
and only if

D Pn—uly+DldMm)lan <1-7, (2.1)

n=2

where $(n) is given by (1.10).

Proof. In view of Theorem 2.1 we need only to prove the necessity. If u € TSx(«, 3, 1, v) and z is real, then

o0 [o°]

1— Y ndMm)anz™ ! (m—wom)anz™!
R n;Z —y > n=2 -
1— 3 ud(m)anzn! 1— 3 ud(m)anzn!
n=2 n=2

Letting z — 1 along the real axis, we obtain the desired inequality

Y Pn—uly+Didpm)anl <17,
n=2
where 0 < u < 1,0 <y <1and ¢(n) is given by (1.10). O

Corollary 2.3. Ifu(z) € TSx(e, B, 1,v), then

1—vy

anl < , 2.2
1S Bty 160 2
where 0 < u<1,0 <y < 1and d(n) is given by (1.10). Equality holds for the function
— -y n
T oy e

Theorem 2.4. Let wq(z) = z and

un(z) =z— 1—v ",n>2 (2.3)

T Pn—ply+Dlem)” 7 T '

Then u(z) € TSa(e, B, 1,7), if and only if, it can be expressed in the form

u(z) = Z Wnun(z), wn 20, Z wn =L (2.4)

n=1 n=1

Proof. Suppose u(z) can be written as in (2.4), then

B o0 1—vy n
u(z) z—nZZWn 2n—p(y+ ibm)~
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Now,

Thus u(z) € TSx(, B, 1, v).
Conversely, let u(z) € TSx(«, B, 1, v), then by using (2.2), we get

_ Pn—ply+1Dldp(n)

- 7 2 2/
e -y "

and w; =1— ) w;,. Then we have u(z) =
n=2

Wnn (z) and hence this completes the proof of Theorem.

1
O

i ™Me

Theorem 2.5. The class TS («, B, W,7Y) is a convex set.
Proof. Let the function

Z’) =Z— Z an,jzn/ an,j 2 O/ J = ]-/ 2/
be in the class TSx(«, 3, 1, v). It is sufficient to show that the function h(z) defined by

hiz) = Eui(z) + (1 - EJua(z), 0<E<T,

in the class TS (e, B, 1,7y). Since

(e.¢]

h(z) =z— ) [Eani+(1—E)analz™

n=2
An easy computation with the aid of Theorem (2.2) gives

Y Pn—uly+DlEd(M)ani+ Y 2n—ply +DI(1—E)b(M)an?
n=2

n=2

SEL1—v)+(1-81—-y)=01-v),

which implies that h € TSx(«, 3, 1,v). Hence TSa(«, 3, 1, 7y) is convex. O

3. Radii of close-to-convexity, starlikeness and convexity

In this section, we obtain the radii of close-to-convexity, starlikeness and convexity for the class
TS?\((X/ [5/ I"L/’Y)

Theorem 3.1. Let the function u(z) defined by (1.4) belong to the class TS (e, 3, 1,v), then u(z) is close-to-convex
of order 6(0 < & < 1) in the disc |z| < 11, where

00 1/n—1
(1-208) 2 2Pn—uly+1Dld(n)
T = inf n=2 , n>=2
n>2 n(l—vy)

The result is sharp, with the external function u(z) is given by (2.3).
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Proof. Given u € T and u is close-to-convex of order o, we have
W(z)—1<1-56. (3.1)

For the left hand side of (3.1), we have

o0
Wiz -1 < Y naglz™ .

n=2
The last expression is less than 1 — 6
Y ant <1
1-5
n=2

We can see that (3.1) is true, if

or, equivalently

(1—8)2n —p(y +1))pm) | /™

|zl < ,
n(l-v)

which completes the proof. O

Theorem 3.2. Let the function u(z) defined by (1.4) belong to the class TSx(«x, 3, 1,v). Then u(z) is starlike of
order (0 < 6 < 1) in the disc |z| < 15, where

oo 1/n—1
(1-5) 3 l2n—uly +1io(n)
! (n—8)(1—7)

The result is sharp, with external function u(z) is given by (2.3).

Proof. Given u € T and u is starlike of order 6, we have

zu/(z)
-1 <1-6. 2
) ‘ < (3.2)
For the left hand side of (3.2), we have
/ o o n—1
a'(z) 1' 3 (- Daner
u(z) n21— Y aglznt
n=2
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Using the fact that u(z) € TSa(«, 3, 1, v) if and only if

o0

2n —u(y +1)ld(n)
y brolre

an < 1.
n=2

We can say (3.2) is true, if
3 RS ¢ Broply+ Do)

X

7

= 1-5 1—vy
or equivalently
‘Z|n—1 < (1 B 6)[2“— PL(‘Y + 1)](')(“)
h (n—258)(1—v) ’
which yields the starlikeness of the family. O
4. Integral means inequalities
In [13], Silverman found that the function uy(z) = z — %2 is often extremal over the family T. He

applied this function to resolve his integral means inequality conjunctured [14] and setteled in [15], that

27t 27t
J u(ret®)[*dg < J iz (ret®)[Fde,
0 0

foralu e T, > 0and 0 < r < 1. In [15], he also proved his conjuncture for the subclasses T*() and
C(a) of T.

Now, we prove Silverman’s conjecture for the class of functions TS)(«, 3, 1,v). We need the concept
of subordination between analytic functions and a subordination theorem of Littlewood [8].

Two functions u and v, which are analytic in E, the function u is said to be subordinate to v in E, if
there exists a function w analytic in E with w(0) =0, |w(z)| < 1, (z € E) such that u(z) = v(w(z)), (z € E).
We denote this subordination by u(z) < v(z). (< denote subordination)

Lemma 4.1. If the function wand v are analytic in E with w(z) < v(z), then for t > 0and z=71e'®?,0 <1 < 1
27t 27t
| wretoirae < [ tureie)rap.
0 0

Now, we discuss the integral means inequalities for functions win TS)(«, B, 1, Y).

Theorem 4.2. uw e TS\ (o, B, 1,v), 0 < nu<1,0<y <1and uy(z) be defined by

I-v,»
Ww(z)=z——2z 4.1
2 ) (4.1)
Proof. For u(z) =z— )  anz™, (4.1) is equivalent to
n=2
27 00 T 27t -
n—1 1-vy
1—Zanz do < 1-— z| deo.
oy ¢(2)
5 =
By Lemma (4.1), it is enough to prove that
1— anzt 1 <1- Y
2 ®(2)
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Assuming

(0.0} 1 o
1— Z anz™t<1-— yw(z),
n=2 %2

and using (2.1), we obtain

o @2 . - 0(2)
iz =| > P ana <l 3 P an <
n=2 n=2
where
o) =[2n—ply +1)dn).
This completes the proof. O

5. Concluding remarks

This research has introduced study the Mittag-Leffler-type Borel distribution series related to analytic
function and studied some basic properties of geometric function theory. Accordingly, some results to
coefficient estimates, growth and distortion theorem, radii of starlikeness, convexity, close-to-convexity
and integral means inequalities have also been considered, inviting future research for this field of study.
We hope that this distribution series play a significant role in several branches of Mathematics, Science
and Technology.
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