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Abstract
In this paper, we introduce and study a new subclass of analytic functions which are defined by means of a linear oper-

ator. Some results connected to coefficient estimates, growth and distortion theorems, radii of starlikeness, convexity close-to-
convexity and integral means inequalities related to the subclass is obtained.
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1. Introduction

Let A denote the class of all functions u(z) of the form

u(z) = z+

∞∑
n=2

anz
n, (1.1)

in the open the unit disk E = {z : |z| < 1} . Let S be the subclass of A consisting of univalent functions and
satisfy the following usual normalization condition u(0) = 0 and u ′(0) = 1. We denote by S the subclass
of A consisting of u(z) which are all univalent in E. A function u ∈ A is a starlike function of the order υ,
υ(0 6 υ < 1) if it satisfy

<

{
zu ′(z)

u(z)

}
> υ, (z ∈ E), (1.2)

we denote by this class S∗(υ) .
A function u ∈ A is a convex function of the order υ, υ(0 6 υ < 1) if it satisfy

<

{
1 +

zu ′′(z)

u ′(z)

}
> υ, (z ∈ E), (1.3)

we denote this class with K(υ).
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Denote by T the subclass of A consisting of functions u of the form

u(z) = z−

∞∑
n=2

anz
n, (an > 0). (1.4)

This subclass was introduced and extensively studied by Silverman[13].
For u ∈ A given by (1.1) and g(z) given by

g(z) = z+

∞∑
n=2

bnz
n, (1.5)

their convolution (or Hadamard product), denoted by (u ∗ g), is defined as

(u ∗ g)(z) = z+
∞∑
n=2

anbnz
n = (g ∗ u)(z), (z ∈ E). (1.6)

Note that u ∗ g ∈ A.

Mittag-Leffler function and Borel distribution

The study of operators is fundamental in geometric function theory, complex analysis and related
areas. Several derivative and integral operators can be expressed by convolution of certain analytic func-
tions. It should be noted that this formalism helps future mathematical research as well as a better grasp
of the geometric properties of such operators. Let Eα(z) and Eα,β(z) be functions defined by

Eα(z) =

∞∑
n=0

zn

Γ(αn+ 1)
, (z ∈ C,<(α) > 0),

and

Eα,β(z) =
1
Γ(β)

+

∞∑
n=1

zn

Γ(αn+β)
, (α,β ∈ C, <(α) > 0, <(β) > 0).

It can be written in other form

Eα,β(z) =
1
Γ(β)

+

∞∑
n=2

zn−1

Γ(α(n− 1) +β)
, (α,β ∈ C, <(α) > 0, <(β) > 0).

The function Eα(z) was introduced by Mittag-Leffler [9] and is, therefore, known as the Mittag-Leffler
function. A more general function Eα,β generalizing Eα(z) was introduced by Wiman [18] and defined by

Eα,β(z) =

∞∑
n=0

zn

Γ(αn+β)
, (z,α,β ∈ C, <(α) > 0, <(β) > 0).

Observe that the function Eα,β contains many well-known functions as its special case, for example,

E1,1(z) = ez, E1,2(z) =
ez − 1
z

,

E2,1
(
z2) = cosh z,

E2,1
(
−z2) = cos z,

E2,2
(
z2) = sinh z

z
,



H. Niranjan, A. N. Murthy, P. T. Reddy, J. Math. Computer Sci., 26 (2022), 395–404 397

E2,2
(
−z2) = sin z

z
c,

E3(z) =
1
2

[
ez

1/3
+ 2e−

1
2z

1/3
cos

(√
3

2
z1/3

)]
,

E4(z) =
1
2

[
cos z1/4 + cosh z1/4

]
.

The Mittag-Leffler function appears naturally in the solution of fractional order differential and integral
equations. In the study of complex systems and super diffusive transport, in particular, fractional gen-
eralisation of the kinetic equation, random walks, and Levy flights. Several properties of Mittag-Leffler
function and generalized Mittag-Leffler function can be found, e.g., in [1–3, 5–7, 12]. Observe that Mittag-
Leffler function Eα,β(z) does not belong to the family A. Thus, it is natural to consider the following
normalization of Mittag-Leffler functions as below

Eα,β(z) = zΓ(β)Eα,β(z) = z+

∞∑
n=2

Γ(β)

Γ(α(n− 1) +β)
zn, (1.7)

it holds for complex parameters α,β and z ∈ C. In this paper, we shall restrict our attention to the case of
real-valued α,β and z ∈ E.

A discrete random variable x is said to have a Borel distribution if it takes the values 1, 2, 3, · · · with
the probabilities e

−λ

1! , 2λe−2λ

2! , 9λ2e−3

3! , · · · , respectively, where λ is called the parameter.
Very recently, Wanas and Khuttar [17] introduced the Borel distribution (BD) whose probability mass

function is

P(x = ρ) =
(ρλ)ρ−1e−λρ

ρ!
, ρ = 1, 2, 3, · · · .

Wanas and Khuttar introduced a series Mλ(z) whose coefficients are probabilities of the Borel distribution
(BD)

Mλ(z) = z+

∞∑
n=2

[λ(n− 1)]n−2e−λ(n−1)

(n− 1)!
zn, (0 < λ 6 1). (1.8)

Murugusundaramoorthy and El-Deeb [10], El-Deeb et al. [4] and Srivastava et al. [16] are defined the
Mittag-Leffler-type Borel distribution as follows:

Pλ(α,β; ρ) =
(λρ)ρ−1

Eα,β(λρ)Γ(αρ+β)
, ρ = 0, 1, 2, · · · ,

where

Eα,β(z) =

∞∑
n=0

zn

Γ(αn+β)
, (α, β ∈ C, <(α) > 0, <(β) > 0).

Thus by using (1.7) and (1.8) and by convolution operator, the Mittag-Leffler-type Borel distribution series
defined as below

Bλ(α,β)(z) = z+
∞∑
n=2

[λ(n− 1)]![λ(n− 1)]n−2e−λ(n−1)

(n− 1)!Eα,β(λ(n− 1))Γ(α(n− 1) +β)
zn, (0 < λ 6 1).

Furthermore, we consider the linear operator Bλ(α,β) : A→ A defined by the convolution or Hadamard
product
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Bλ(α,β)u(z) = Bλ(α,β)(z) ∗ u(z)

= z+

∞∑
n−2

[λ(n− 1)]![λ(n− 1)]n−2e−λ(n−1)

(n− 1)!Eα,β(λ(n− 1))Γ(α(n− 1) +β)
anz

n

= z+

∞∑
n=2

φ(n)anz
n, (α,β ∈ C, <(α) > 0, <(β) > 0, 0 < λ 6 1),

where

φ(n) =
[λ(n− 1)]![λ(n− 1)]n−2e−λ(n−1)

(n− 1)!Eα,β(λ(n− 1))Γ(α(n− 1) +β)
. (1.9)

If u ∈ T is given by (1.1) then we have

Bλ(α,β)u(z) = z−
∞∑
n=2

φ(n)anz
n, (1.10)

where φ(n) is given by (1.10). Now, by making use of the Mittag-Leffler-type Borel distribution series
Bλ(α,β), we define a new subclass of functions belonging to the class A.

Now, we define the following new subclass motivated by Popade et al [11].

Definition 1.1. The function u(z) of the form (1.1) is in the class Sλ(α,β,µ,γ), if it satisfies the inequality

<

{
z(Bλ(α,β)u(z))′

(1 − µ)z+ µBλ(α,β)u(z)
−α

}
>

∣∣∣∣ z(Bλ(α,β)u(z))′

(1 − µ)z+ µBλ(α,β)u(z)
− 1
∣∣∣∣ ,

for 0 6 µ 6 1, 0 6 γ 6 1. Further we define TSλ(α,β,µ,γ) = Sλ(α,β,µ,γ)∩ T .

The aim of present paper is to study the coefficient bounds, radii of close-to-convex and starlikeness
convex linear combinations and integral means inequalities of the TSλ(α,β,µ,γ).

2. Coefficient bounds

Theorem 2.1. A function u(z) of the form (1.1) is in Sλ(α,β,µ,γ), then∞∑
n=2

[2n− µ(γ+ 1)]φ(n)|an| 6 1 − γ,

where 0 6 µ 6 1, 0 6 γ 6 1 and φ(n) is given by (1.10).

Proof. It suffices to show that∣∣∣∣ z(Bλ(α,β)u(z))′

(1 − µ)z+ µBλ(α,β)u(z)
− 1
∣∣∣∣−<

{
z(Bλ(α,β)u(z))′

(1 − µ)z+ µBλ(α,β)u(z)
− 1
}

6 1 − γ.

We have ∣∣∣∣ z(Bλ(α,β)u(z))′

(1 − µ)z+ µBλ(α,β)u(z)
− 1
∣∣∣∣−<

{
z(Bλ(α,β)u(z))′

(1 − µ)z+ µBλ(α,β)u(z)
− 1
}

6 2
∣∣∣∣ z(Bλ(α,β)u(z))′

(1 − µ)z+ µBλ(α,β)u(z)
− 1
∣∣∣∣

6

2
∞∑
n=2

(n− µ)φ(n)|an||z|
n−1

1 −
∞∑
n=2

µφ(n)|an||z|n−1

6

2
∞∑
n=2

(n− µ)φ(n)|an|

1 −
∞∑
n=2

µφ(n)|an|

.
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The last expression is bounded above by (1 − γ) if

∞∑
n=2

[2n− µ(γ+ 1)]φ(n)|an| 6 1 − γ,

and the proof is complete.

Theorem 2.2. Let 0 6 µ 6 1, 0 6 γ 6 1, then a function u of the form (1.4) to be in the class TSλ(α,β,µ,γ) if
and only if ∞∑

n=2

[2n− µ(γ+ 1)]φ(n)|an| 6 1 − γ, (2.1)

where φ(n) is given by (1.10).

Proof. In view of Theorem 2.1 we need only to prove the necessity. If u ∈ TSλ(α,β,µ,γ) and z is real, then

<


1 −

∞∑
n=2

nφ(n)anz
n−1

1 −
∞∑
n=2

µφ(n)anzn−1
− γ

 >
∣∣∣∣∣∣∣∣
∞∑
n=2

(n− µ)φ(n)anz
n−1

1 −
∞∑
n=2

µφ(n)anzn−1

∣∣∣∣∣∣∣∣ .
Letting z→ 1 along the real axis, we obtain the desired inequality

∞∑
n=2

[2n− µ(γ+ 1)]φ(n)|an| 6 1 − γ,

where 0 6 µ 6 1, 0 6 γ 6 1 and φ(n) is given by (1.10).

Corollary 2.3. If u(z) ∈ TSλ(α,β,µ,γ), then

|an| 6
1 − γ

[2n− µ(γ+ 1)]φ(n)
, (2.2)

where 0 6 µ 6 1, 0 6 γ 6 1 and φ(n) is given by (1.10). Equality holds for the function

u(z) = z−
1 − γ

[2n− µ(γ+ 1)]φ(n)
zn.

Theorem 2.4. Let u1(z) = z and

un(z) = z−
1 − γ

[2n− µ(γ+ 1)]φ(n)
zn, n > 2. (2.3)

Then u(z) ∈ TSλ(α,β,µ,γ), if and only if, it can be expressed in the form

u(z) =

∞∑
n=1

wnun(z), wn > 0,
∞∑
n=1

wn = 1. (2.4)

Proof. Suppose u(z) can be written as in (2.4), then

u(z) = z−

∞∑
n=2

wn
1 − γ

[2n− µ(γ+ 1)]φ(n)
zn.
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Now, ∞∑
n=2

wn
(1 − γ)[2n− µ(γ+ 1)]φ(n)
(1 − γ)[2n− µ(γ+ 1)]φ(n)

=

∞∑
n=2

wn = 1 −w1 6 1.

Thus u(z) ∈ TSλ(α,β,µ,γ).
Conversely, let u(z) ∈ TSλ(α,β,µ,γ), then by using (2.2), we get

wn =
[2n− µ(γ+ 1)]φ(n)

(1 − γ)
an, n > 2,

and w1 = 1−
∞∑
n=2

wn. Then we have u(z) =
∞∑
n=1

wnun(z) and hence this completes the proof of Theorem.

Theorem 2.5. The class TSλ(α,β,µ,γ) is a convex set.

Proof. Let the function

uj(z) = z−

∞∑
n=2

an,jz
n, an,j > 0, j = 1, 2,

be in the class TSλ(α,β,µ,γ). It is sufficient to show that the function h(z) defined by

h(z) = ξu1(z) + (1 − ξ)u2(z), 0 6 ξ < 1,

in the class TSλ(α,β,µ,γ). Since

h(z) = z−

∞∑
n=2

[ξan,1 + (1 − ξ)an,2]z
n.

An easy computation with the aid of Theorem (2.2) gives

∞∑
n=2

[2n− µ(γ+ 1)]ξφ(n)an,1+

∞∑
n=2

[2n− µ(γ+ 1)](1 − ξ)φ(n)an,2

6 ξ(1 − γ) + (1 − ξ)(1 − γ) = (1 − γ),

which implies that h ∈ TSλ(α,β,µ,γ). Hence TSλ(α,β,µ,γ) is convex.

3. Radii of close-to-convexity, starlikeness and convexity

In this section, we obtain the radii of close-to-convexity, starlikeness and convexity for the class
TSλ(α,β,µ,γ).

Theorem 3.1. Let the function u(z) defined by (1.4) belong to the class TSλ(α,β,µ,γ), then u(z) is close-to-convex
of order δ(0 6 δ < 1) in the disc |z| < r1, where

r1 = inf
n>2

(1 − δ)
∞∑
n=2

[2n− µ(γ+ 1)]φ(n)

n(1 − γ)


1/n−1

, n > 2.

The result is sharp, with the external function u(z) is given by (2.3).
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Proof. Given u ∈ T and u is close-to-convex of order δ, we have

|u′(z) − 1| < 1 − δ. (3.1)

For the left hand side of (3.1), we have

|u′(z) − 1| 6
∞∑
n=2

nan|z|
n−1.

The last expression is less than 1 − δ ∞∑
n=2

n

1 − δ
an|z|

n−1 6 1.

Using the fact, that u(z) ∈ TSλ(α,β,µ,γ) if and only if

∞∑
n=2

[2n− µ(γ+ 1)]φ(n)
1 − γ

an 6 1.

We can see that (3.1) is true, if
n

1 − δ
|z|n−1 6

[2n− µ(γ+ 1)]φ(n)
1 − γ

,

or, equivalently

|z| 6

{
(1 − δ)[2n− µ(γ+ 1)]φ(n)

n(1 − γ)

}1/n−1

,

which completes the proof.

Theorem 3.2. Let the function u(z) defined by (1.4) belong to the class TSλ(α,β,µ,γ). Then u(z) is starlike of
order δ(0 6 δ < 1) in the disc |z| < r2, where

r2 = inf
n>2

(1 − δ)
∞∑
n=2

[2n− µ(γ+ 1)]φ(n)

(n− δ)(1 − γ)


1/n−1

.

The result is sharp, with external function u(z) is given by (2.3).

Proof. Given u ∈ T and u is starlike of order δ, we have∣∣∣∣zu′(z)u(z)
− 1
∣∣∣∣ < 1 − δ. (3.2)

For the left hand side of (3.2), we have∣∣∣∣zu′(z)u(z)
− 1
∣∣∣∣ 6 ∞∑

n=2

(n− 1)an|z|n−1

1 −
∞∑
n=2

an|z|n−1
.

The last expression is less than 1 − δ if

∞∑
n=2

n− δ

1 − δ
an|z|

n−1 < 1.
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Using the fact that u(z) ∈ TSλ(α,β,µ,γ) if and only if

∞∑
n=2

[2n− µ(γ+ 1)]φ(n)
1 − γ

an 6 1.

We can say (3.2) is true, if ∞∑
n=2

n− δ

1 − δ
|z|n−1 6

[2n− µ(γ+ 1)]φ(n)
1 − γ

,

or equivalently

|z|n−1 6
(1 − δ)[2n− µ(γ+ 1)]φ(n)

(n− δ)(1 − γ)
,

which yields the starlikeness of the family.

4. Integral means inequalities

In [13], Silverman found that the function u2(z) = z − z2

2 is often extremal over the family T . He
applied this function to resolve his integral means inequality conjunctured [14] and setteled in [15], that

2π∫
0

|u(reiϕ)|τdϕ 6

2π∫
0

|u2(re
iϕ)|τdϕ,

for all u ∈ T , τ > 0 and 0 < r < 1. In [15], he also proved his conjuncture for the subclasses T∗(α) and
C(α) of T .

Now, we prove Silverman’s conjecture for the class of functions TSλ(α,β,µ,γ). We need the concept
of subordination between analytic functions and a subordination theorem of Littlewood [8].

Two functions u and v, which are analytic in E, the function u is said to be subordinate to v in E, if
there exists a function w analytic in E with w(0) = 0, |w(z)| < 1, (z ∈ E) such that u(z) = v(w(z)), (z ∈ E).
We denote this subordination by u(z) ≺ v(z). (≺ denote subordination)

Lemma 4.1. If the function u and v are analytic in E with u(z) ≺ v(z), then for τ > 0 and z = reiϕ, 0 < r < 1

2π∫
0

|v(reiϕ)|τdϕ 6

2π∫
0

|u(reiϕ)|τdϕ.

Now, we discuss the integral means inequalities for functions u in TSλ(α,β,µ,γ).

Theorem 4.2. u ∈ TSλ(α,β,µ,γ), 0 6 µ < 1, 0 6 γ < 1 and u2(z) be defined by

u2(z) = z−
1 − γ

φ(2)
z2. (4.1)

Proof. For u(z) = z−
∞∑
n=2

anz
n, (4.1) is equivalent to

2π∫
0

∣∣∣∣∣1 −

∞∑
n=2

anz
n−1

∣∣∣∣∣
τ

dϕ 6

2π∫
0

∣∣∣∣1 −
1 − γ

ϕ(2)
z

∣∣∣∣τ dϕ.

By Lemma (4.1), it is enough to prove that

1 −

∞∑
n=2

anz
n−1 ≺ 1 −

1 − γ

ϕ(2)
z.
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Assuming

1 −

∞∑
n=2

anz
n−1 ≺ 1 −

1 − γ

ϕ2
w(z),

and using (2.1), we obtain

|w(z)| =

∣∣∣∣∣
∞∑
n=2

ϕ(2)
1 − γ

anz
n−1

∣∣∣∣∣ 6 |z|

∞∑
n=2

ϕ(2)
1 − γ

an 6 |z|,

where
ϕ(n) = [2n− µ(γ+ 1)φ(n).

This completes the proof.

5. Concluding remarks

This research has introduced study the Mittag-Leffler-type Borel distribution series related to analytic
function and studied some basic properties of geometric function theory. Accordingly, some results to
coefficient estimates, growth and distortion theorem, radii of starlikeness, convexity, close-to-convexity
and integral means inequalities have also been considered, inviting future research for this field of study.
We hope that this distribution series play a significant role in several branches of Mathematics, Science
and Technology.
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