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Abstract

Two quasi-subordination subclasses Q)Zy ok (19 p; ) and MZZCE (1,9, p; ) of the class X of analytic and bi-univalent func-
tions associated with the convolution operator involving Mittag-Leffler function are introduced and investigated. Then, the
corresponding bound estimates of the coefficients ap and ag are provided. Meanwhile, Fekete-Szeg6 functional inequalities for
these classes are proved. Besides, some consequences and connections to all the theorems would be interpreted, which generalize
and improve earlier known results.
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1. Introduction

Denote by A the class of analytic function f given by Taylor-Maclaurin’s series

z)=z+ Z anz" (1.1)
n=2

in the open unit disk U = {z € C : |z| < 1} and normalized as f(0) = 0 = f’(0) — 1. Also, let 8§ be the
subclass of A which are univalent functions in U.

For f1,f, € A, as given by fj(z) = z+ ), an;jz"(j = 1,2), the Hadamard product or convolution
f1 x f, is given by

(fixf)(z) =z+ ) anianpz", (z€U).

n=2
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For two analytic functions F and G, if there exist two analytic functions ¢ and h with |@(z)] < 1,
h(0) = 0 and |h(z)| < 1 for z € U so that F(z) = ¢(z)G(h(z)), then F is quasi-subordinate to G, i.e.,
f <quasi G- Note that if @ =1, then F is subordinate to G in U, i.e.,, F < G. Further, if G € §, then there
exists the next equivalent relation ([13, 37]):

F < G & F(U) ¢ G(U) and F(0) = G(0).

In addition, if h(z) = z, then F is majorized by G in U, ie., F < G. For the related work on quasi-
subordination relation, refer to Robertson [50]. From now on, let ¢ and ¢ be denoted by

¢(z) =1+ ) Enz", (E1>0,z2€T) (1.2)

n=1

and
e(z) = Bo+Bll+BQZZ+B3Z3,..., (le(z)| <1,z U).

1.1. Mittag-Leffler type function

Recently, there has been awesome attention to the study of Mittag-Leffler functions. The Mittag-Lefferr
type functions have widely applied in fractional differential equations, stochastic systems, dynamical sys-
tems, statistical distributions, and chaotic systems, and some aspects of the applications of these functions
can also be seen in physics, biology, chemistry, engineering and some other applied sciences (for more
applications, we refer to [51] pp. 269-296). The Mittag-Leffler function arises naturally in the solu-
tions of fractional differential and integral equations, and especially in the investigations of fractional
generalization of kinetic equation, random walks, Lévy flights, super-diffusive transport and the study
of complex systems. Since Wiman [66, 67] firstly defined and investigated the special function named
by Mittag-Leffler [40, 41] in term of power series with the complex parameter, the geometric proper-
ties as starlikeness, convexity and close-to-convexity of this kind of function have been examined on a
large scale by a great deal of mathematicians. For example, Agarwal [2], Humbert [25] and Humbert
and Agarwal [26] considered the two-parameter Mittag-Leffler function. For the more properties and
applications of Mittag-Leffler functions and even generalized Mittag-Leffler functions, we may refer to
[5, 8, 10, 20, 23, 27, 30, 44, 60] and their references therein.

Now we recall Mittag-Leffler function E,(z) [40, 41] denoted by

ZTL

Ex(z) = m,

(ze C,Re(a) > 0),

and it converges in the whole complex plane for all R{«} > 0, while it diverges everywhere in C \ {0} for
all \{a} < 0. We also note that for R{x} = 0, its radius of convergence is R = e™/2Im(z) To generalize
Ex(z), Wiman [66, 67] defined a more general function E, g given by

o Zn
Eopl(z) = HZ_O Tlan B’ (z,0,, B € C,R{x} >0, R{B} > 0).

For different values of parameters, the conditions of convergence vary. When « and 3 are positive and
real, the above given series converges in the entire complex plane. Another important and interesting fact
about Mittag-Leffler function is that the one and two-parametric Mittag-Leffler functions are fractional

extensions of the basic functions. Observe that the function E, g takes many well-known functions as
1

its special case, for example, E11(z) = €%, E1a(z) = €1, Ey1(z2) = coshz, Ey1(—2%) = cosz, Epy(22) =
P p , , Z , § ,

(
%, Eop(—22) = Si%, E4(z) = %(COSZU4 +coshz!74) and E3(z) = %(ezl/3 + 227" cos(§z1/3)); see
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[20, 28, 30, 70] and references therein. We note that Mittag-Leffler function E, g (z) does not belong to the
family A. Thus, it is expected to cogitate the following normalization of Mittag-Leffler functions:

- T r(p) n
Eop(z) = 2T (B)Eqp(z) =2+ nZ_Z Fam—1 5%

which is due to Bansal and Prajapat [10] and also holds for positive real parameters «, 3 and z € C. In
this paper, we will restrict our focuses to the case of real-valued «, 3 and z € U.
The generalized Mittag-Leffler function IEZCE (z) [60] is denoted by

yk
Eq T;)Fom—i—ﬁ PGS

for the complex parameters f3, v, R{a} > max{0, R{k} — 1} or R{k} > 0 and R{«} = 0 when R{k} = 1 with
B # 0, where (), is the Pochhammer symbol or shifted factorial by

(0, = Ne+m) :{ 1, if m=0and { € C\{0},

() Le+1)(€+2)...(6+m—1), if me N={1,2,3,...)and £ € C.

Set

Explz) =2l(B)EY 5 (2).
Following the methods of Aouf and Seoudy [7], by Hadamard product or convolution we define the linear
operator T’ B as below:

o0
‘J’Z:};f(z) = EZ(E (z)xf(z) =z + Z Ananz™,
n=2

where
(V) n—1)xT'(B)

/\n = /\n(o‘/ ﬁ/Y/k) = F(OC(Tl—l) + ﬁ)(n—l)'

In particular

(V)2iT'(B)

(V)i T'(B)
F2a+p)@2)!

Ao = /\2(0(/ B/‘Y/k) = r(O(+ B)

and Az == /\3(0(/ B/‘Y/ k) = (13)
Furthermore, note that

Topf(z) = f(z) and Ty s f(2) = zf'(2).

Here, we remark thatify =land k =1, Ei;,lﬁf(z) = Eq, pf(z) is a two-parameter Mittag-Leffler function by
Wiman [66, 67]. Further, if f =1, then E4 1f(z) = Exf(z) is the classical (or one-parameter) Mittag-Leffler
function [40, 41].

1.2. Bi-univalent function class X

According to the Koebe’s one-quarter theorem [17], every f € § has the compositional inverse f~!
satisfying
f1f(z) =z, (zeU)and f(f 1(w)) =w, (we U,),
where p > % is the radius of the image f(U). As is well known that f~1(w) has the normalized Taylor-
Maclaurin’s series

=w+ ) baw", (welUy), (14)
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where

-1 n+1
by = (T3'|Aij|/

and |Ay| is the (n — 1)*" order determinant whose entries are denoted by (see [41])

IAs| = [(i_j+1)n+j—1]ai_j+2, if i+12>,
K 0, if i+1<].

Then
Y w) =w—anw? + (Za% —az)w’ — (Sa% —5apaz + ag)wh+ - - . (1.5)

If f € A and its inverse f~! both are univalent in U, then f is said to be bi-univalent and let £ denote
the class of all bi-univalent functions in U. Lewin [34] introduced the analytic and bi-univalent function
and proved that |ap| < 1.51, Brannan and Clunie [11] conjectured that |ap| < v/2, and Netanyahu [43]
obtained that r]{1€a£< las| = %. However, Styer and Wright [61] showed that there exists f(z) so that |ap| > %.

In fact, up to now the upper bound estimate |a| < 1.485 of coefficient for functions in £ by Tan [63] is
best. But, as far the coefficient estimate problem for every Taylor-Maclaurin coefficient |an|(n € N\ {1, 2})
is probably still an open problem. Since the works of Brannan and Taha [12] and Srivastava et al. [57],
many subclasses of the class  of analytic and bi-univalent functions were introduced and investigated,
and the non-sharp estimates of first two Taylor-Maclaurin coefficients |ay| and |az| were provided; see
[16, 19, 24, 29, 35, 38, 39, 47, 49, 54-56, 58, 59, 68, 69] and the references cited therein. In addition, for
the subclasses of analytic and bi-univalent functions associated with quasi-subordination we mainly refer
to [15, 22, 48]. To study the determinations of the sharp upper bounds for the subclass of S, Fekete-
Szego [18] proposed the functional problem named by himself, which was considered in many classes of
functions; refer to Abdel-Gawad [1] for class of quasi-convex functions, Koepf [31] for class of close-to-
convex functions, Orhan and Raducanu [46] for class of starlike functions, Panigrahi and Raina [48] for
class of quasi-subordination functions, Orhan et al. [45] for the classes of bi-convex and bi-starlike type
functions, and Tang et al. [65] for classes of m-mold symmetric bi-univalent functions.

Lately, the mathematicians paid more attention to the behaviors of the Mittag-Leffler function and
extended their related results to the more complex domain. Until now, many properties of the emphasized
special function have been derived in the literature [3, 4, 9, 27, 36, 42, 52, 53] for some other perspective.
In this article inspired by the above works, we define and explore two new subclasses of the function
class I of analytic and bi-univalent functions concomitant with the quasi-subordination and convolution
operator concerning Mittag-Leffler function, and study the analogous estimates of the coefficients a, and
az. Instantaneously, we also obtain the corresponding Fekete-Szegt functional inequalities. In addition,
the significances and influences to some earlier known results are established.

We now introduce the following general subclasses of L associated with generalized Mittag-Leffler
function based on quasi-subordination.

Definition 1.1. A function f € £ as assumed in (1.1), belongs to the class QZK’/E (9, p; d) if the following
quasi-subordinations

TV (2)1° (YR ()]0
(1-9) [“B(Z) +(TYRR) (2) M] —1 <quasi ((2) —1)
z 4 z
and )
TJV.K P [k p—
(1-9) Teop o) +I(TVEg) (w) Top o) —1 <quasi (G(w) —1)
o, B w q

are satisfied for z,w € U, where § > 0,p > 0 and g = ! is given by (1.4) or (1.5).
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From the Definition 1.1, by specializing the parameters one can define the following subclasses based
on Mittag-Leffler function which are new and not yet studied so far:

o QZZJ,E (1,p;) = BZK’,E (p; ), the class of bi-Bazelvic functions associated with Mittag-Leffler func-
tions;

o QZZ",E (9,0;0) = SZ};}E (¥; d), the class of bi-starlike functions associated with Mittag-Leffler func-
tions;

. QZZ{/E(O, 1,¢) = SFZZ(’,E(cb), the class of bi-univalent functions associated with Mittag-Leffler func-
tions.

Definition 1.2. A function f(z) € X is assumed as in (1.1), then f € MZZC]E (1,9, p; d) if the following two
quasi-subordinations

Z(TZ:E f)(z)+ (29 + 90— p)zz(‘J'Z:E )" (z) + 8()23(71:};1:) "|(z)
(1=9+p)(TYEF(2) + (0 — p)z(TY 1) (2) + Dp22 (T 5 )" (2)

1
T

- 1] ‘<quasi (d)(Z) - 1)

and

W(TYE9)(2) + (200 +9 — p)WA(TL 5 g)” (W) + Dpw? (TY 5 9) ™ ()
(1—9+p)(TY

Y5 W) + (3 — p)w(TY 5 g)’ (W) +8pw?(TY 5 g)” (w)

- 1] ‘<quasi (d)(w) - 1)

1
T

are satisfied for z,w € U, where 1 € C* = C\ {0}, 9,p > 0and g = f ! is given by (1.4) or (1.5).

. . k
2. Functional estimates for QZZ(I 5 (9, p;P)

In the section, making use of the following lemma we study the estimates for the class QZZ{/E (9, p; d).

Lemma 2.1 ([17, 21]). Let P be the class of all analytic functions h(z) of the following form
h(z) =1+ Z cnz, (zeU)
n=1

satisfying Rh(z) > 0 and h(0) = 1. Then the sharp estimates |c| < 2(n € IN) are true. In Particular, the equality
holds for all n about the next function

1+2z >
h(z) = 1_Z=1+ZZZ“-

n=1

For the sake of brevity we assume that A, and Az are assumed as in (1.3), « and (3 are positive and
real, > 0,p >0,and g = f~1is given by (1.4) or (1.5), z,w € U, unless otherwise stated.

Theorem 2.2. Let f(z) be given by (1.1). If f € QZZ",E (9, p; d), then

|a2|<mm{ E: \/ ALl +E)  EVIE }|Bo| o)
V+p"\ (p+1)(20+p)[Bol” \/ITI(D, p, Bo, Eq, E2)| | A2
and 5
las| < (IBol + [B1)Ey . { IBolEY 2(|E2—E1|+E1)}|Bo| 22)
(29 4 p)|A3| B +0)?" (p+1)(20+p) J Al
where

TI(9, p, Bo, E1, E2) = (p+1)(29 + p)BoEZ +2(9 + p)2(E1 — Ea). (2.3)
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Proof. 1f f(z) € QZZ{/E (9, p; d), then by Lemma 2.1 there exist two analytic functions u(z) and v(w) € P so
that

TVEf(2)]° TV E(2)]°
(1—9) %Z +8(T§;}§f)/(2) “BZZ] —1=o0(2)[p(u(z)) —1] (2.4)
and , o1
T Eg(W) TURaw) T
(1-9) [ﬁvf (T g) (W) ff] —1 = p(w)ibv(w)) — 11 25)
Expanding the left hand sides of (2.4) and (2.5), we know that
TVR(2)]° Trkf(2)]"
R ++>(tr%kf)’(7~)[ ”. (Z)] B
z xB z
(2.6)
=@+ p)Araz+ [(2s+ p)Azaz + “’_”(ZMAgag] 24
and
Yk P Yk p—1
o) |2 gy "‘Bj(w)] -1
(2.7)

(p+3)(29+p)

= —(‘8 + p)/\zazw — |:(219 + p)/\3a3 — 5

Agag] W

Denote the functions p, q € P by

p(z) = 1t$2 =1 +ni:1cnz“ and q(w) = m =1 +§ daw',  (z,we U). (2.8)
Equivalently, from (2.8) we know that
u(z):zgjlizz +;(cz—(§>zz+-'~, (z e 1), (2.9)
and 2
v(w):m:?w+;<dz—2l>wz+~-, (we U). (2.10)
Then, by (2.9)-(2.10) and (1.2) we derive that
i

1 1
d(u(z)) =1+ §E1C1Z+ |:2E1 <C2 —

and

1 1 d?
dv(w)) =1+ EEldlw + [2151 (dg — 1

Furthermore, we see that

1 1 1 c? 1
e2)d(u(z)) —1] = EBQE]C12+ [28115101 + EBoEl <cz — 21) + 4BoE20%:| 224 (2.11)

and

1 1 1 d? 1
e(W)[pv(w))—1] = EBoEldlw + [2BlE1dl + 5BOE1 (dz — 21) + 4BOEzdﬂ w24 (2.12)
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Therefore, from (2.4)-(2.7) and (2.11)-(2.12) we have that
1
(D +p)A2az = EBOE1C1, (2.13)
—1)(29 1 1 N 1
(29 + p)Aszasz + w/\gag — SByEjcy 4+ =BoE [ca— 1) + ~BoEacs, (2.14)
2 2 2 2 4
—(® 4 p)A2ax = =BoE1d, (2.15)
and
29 1 1 azy 1
—(20 + p)Azas + W@ag = 5BiE1ds + 5BoFy <d2 — 21> + ZLBOEZd%. (2.16)
In view of (2.13) and (2.15), we express that
BoEicy BoE1d;
= = — 2.17
CT0 oA 20+ p)A, 217)
such that
C1 = —d1 (2.18)
and
B3EZ(c? +d3) = 8(9 + p)?A3a3. (2.19)
By (2.14) and (2.16), we obtain that
1 1
1 Bo(E2 —Ex)(cf +di) + BoEa(ca + da) = (p+1)(20 + p)AZ 3. (2.20)
Then, together with (2.19)-(2.20) we get that
) B3E3(c2 + do) 521
az = 2 272" (2.21)
2[(p+1)(20 + p)BoE] +2(E1 — E2) (¥ + p)2]A3
Moreover, it infers from Lemma 2.1 and (2.19)-(2.21) that
[BolE4
QS T A
IS B+ ol
2|Bol(|JEo — E E
gl < V/2[Bol(JE2 — B4l + 1)’
(p+1)(29 4+ p)IAz]
and
IBolE1v/2E4
lap| < ,
V10 +1)(20 + p)BoE3 +2(E1 — E2)(® + p)2lIAs|
then (2.1) holds. Similarly, from (2.14), (2.16), and (2.18), it also implies that
B1Eq(c1 —dy) + BoEq(ca — da) = 4(20 + p)[Azaz — A3a3l. (2.22)
Hence, from (2.19) and (2.22) we derive that
0 B1Eq(c1 —dq) + BoEi(co — d2) | BjEf(ci+df)
3 4(29 + p)As 8(9+p)2Az
Further, from Lemma 2.1 we remark that
B3E2
las| < (IBol + [B1)Eq oE1 (2.23)

(20 +p)IAsl (D +p)2As]
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On the other hand, by (2.20) and (2.22) we deduce that

_ BiEi(e1 —di) + BoEy(co — da) Bo(E2 — E1)(c% + d?) +2BoEq(ca + do)
4(20 + p)A3 4(p+1)(20 + p)As '

as

Therefore, from Lemma 2.1 we see that

as| (IBol +1[B11)E1 = 2|Bol(|E2 — Eq|+ Eq)
S (20 + p)|Ag| (p+1)(29 +p)|A3]

Then, from (2.23) and (2.24) we know (2.2) is true. O

(2.24)

If we let 9 =1 or p = 0 in Theorem 2.2, respectively, then we can state the following corollaries.

Corollary 2.3. Let f(z) be given by (1.1). If f € TBZZ[,]E (p; d), then

ol < min{ Ey ’\/2(|E2—E1|+E1) , E1V2E; } Bol
p+1 (p+1)(p+2)[Bol \/|”(D,Bo,E1,E2)| 4%
and )
las| < (IBol + [B1[)Eq . {|BO|E1/2(|E2_F—1|+F—1)} |Bo /
(p+2)|As5] p+1 p+2 (p + 1)|A5]
where

T(p,Bo, E1, E2) = (p+ 1)[(p +2)BoE +2(p + 1) (E; — E2)].

Corollary 2.4. Let f(z) be given by (1.1) and & > 0, and if f € SZK;E (9; b), then

lap| < min E [E2 —Eif + &y EvE M
5 OMBol " JoiBoE2+0(E, —Ey)| | 1!
and B 2
(IBol + [B1])Eq [ BolE{ [Bol
< {[Bol + [B1)Es JEs —Eq +Ep b -2
|as| oA T ming BRI R ST

Remark 2.5. By fixing ¢@(z) = 1 the coefficient estimates for this class are partially due to Tang et al. [64].
Furthermore, suitably fixing the parameters 9, p, and ¢ in Theorem 2.2, we provide the better estimates
for the functions classes noted below:

o 05Y8(1,1;¢) = Hx(d), refer to Ali et al. [6];
¢ OIVK(9,1;4) = Hz (D, $) and QXK (1, p;d) = HE(¢), refer to Kumar et al. [32].
In addition, if we take

& _
$lz) = (1“) —pe(z) or plz) = LHIZ22 L )

1—z 1—z

then we have another reduced classes as follows:

. QZK’/E (9, p;0e) = HY(D,E) or QZZ{/E (9, p;xc) = HE(9, ), refer to Caglar et al. [14];
¢ QXKD L) = H (9, ) or QLYK (9,1;xc) = Hz (9, ), refer to Frasin and Aouf [19];

. QZK’/E(Ll}ﬂ)a) =HY(E) or QZZ"/E (1,1;x¢) = HE(Q), refer to Srivastava et al. [57].
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Now we determine to study the Fekete-Szeg6 functional inequality for f € QZZ(’,]E (9, p; P).
Theorem 2.6. Let f(z) be given by (1.1). If f € QZZZ,]E (D, p;,0) and 6 € R, then

A2,

<
> [TTAZ,

(IBol+IB1|)Eq : 21 A2
aa—sadl<d CU AT e on if 2(29 + p)[BolE{IA; — 53]
= 0 —OA3 ; 2(A2
(219—0—19)\1/\3' + \ﬂi\%/z\s\ , lf 2(21(} + p)|Bo|E1|/\2 — dA3|
where TT =TI(9, p, Bo, E1, E2) is fixed as in (2.3).

Proof. From (2.22), we have

_Ng3 _ BiEi(e1 —di) + BoEi(co — do)
/\3 4(219 + p)/\3 )

as

By (2.21) we easily obtain that

2 B1Eq(c1 —dp) BoE1 [ZBoE%(Zﬁ + p)(/\% —O0A3) + ﬂ/\%]cz
az —da; = 5
4(20 + p)As3 429 + p)TTASA3
N BoE1[2BoEZ(29 + p) (A3 — 8A3) —TTA3]d,
4(29 + p)ﬂ/\%/\3 '

Hence, from Lemma 2.1 we imply that

(IBol + IB11)Eq
lag — 83| < U T PLUEL
TN 20 4 )N

if 2(29 + p)IBQIE%I/\% — 03| < II"I/\%I, and

B1lE4 2[BoPEFIAZ — A
(29 + p)IAs| MTAZAS|

lag — 83| <

if 2(29 + p)[BolE3IAS — 8A5] > [TTAZ]. O
By fixing 6 = 0, we may formulate the following corollary.

Corollary 2.7. Let f(z) be given by (1.1). If f € QY5 (9, p; ), then

ST if 2(20 + p)[BlE2 < [T,
R R 1 A e
oA T omArs i 2(20+p)[BolEY = [T,

where T1 =T1(9, p, By, E1, E2) is given in (2.3).

. . Kk
3. Functional estimates for f € MZZ‘ B (t,9,p;,0)

Now we consider the coefficients for the class MZZ‘E (1,9, p; $) and give the next theorem for coeffi-
cient bounds.

Theorem 3.1. If f(z) is assumed as in (1.1) and f € MZZE (t,9,p;, ), then

laz| < min{JF7, Fr, F3}
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for
5 [BotlEy __|IBotl(E2 —Fal + Ey)
[(20p 4+ —p+ 1A,/ 1Q(9, p)A3|
and
5, — 1Bot/E1VEL
VB3O, 0) + (E1 — E2)(28p +9 — p + 1)21/Aql
and
las| < min{G1, G2}
for
G — Eqlt[([Bol + B1l) IBoT?EZ
L 21690 +20 — 20+ 1[[As] | (29p+9 — p+ 1)2]A4)
and
G, — EqlTl(IBol + IB1l) |TBol(|E2 — E1] + E4)
27 2169p + 20 — 2p + 1]|A3] 1Q(9, p)As]
where
Q@,p) =269 +20—2p+1)— (29p+9—p+1)2 (3.1)

Proof. Since f(z) € MZZ(’,]E(T, 9, p; ¢), there exist two analytic functions u(z),v(z) : U — U with u(0) =0
and v(0) = 0 such that

FYK £y 200 +9 — p)Z2(TYRF) " (2) + DpB(TV K £) 17
1| HapD(e) + (2949~ )z a7 (2) £ 902 Tag V71D o) oy -1 o)
T 19+ p)(TUEN) + (0 — p)z(TLER (2) +dp22(TL 1) (2)
and
TV )/ (2) + (200 + 0 — )W (TVK g) () + Dpwd (T K g)
1| w(Tap9) (z)J]:( p+9—p)w( arﬁs) (W) + Dpw?( a,ﬁkg) (w) 1| = o) pvw) — 1. (3.3)
T LA =3 +0)(TLg) (W) + (B —p)w(TL59) (W) +dew(TY 5 g)" (W)

Expanding the left hand sides of (3.2) and (3.3), we obtain that

1 [z(trg;};f) "(2) + (200 + 9 — p)Z2(TYK )" (2) + DpB(TLE )" (2) 1]
TL1=9+p)(TYFH(2) + (0 — p)z(TY) () + 0p2(TY§ 1) (2)
(20p+9—p+1)2

29 d— 1 2(69 29 -2 1
= Pt = Pt NAoarz + ( P+ T P+ )/\30.3— - /\%a%:| Zz—i-...

(3.4)

and

1
T

w(TY59) (2) + (20 +9 — p)w(Ty/g g) (W) +9pw (T 5 g) " (W) 1]
(1=9+p)(TLEG) (W) + (80— p)w(TY§g) (W) +dpw?(TH 5 g)" (W)
_29p+d—p+1

= /\2 aw
T

—2(63p+29 —2p+1) 4(69p+20—2p+1)— (29p+9—p+1)?
+ - /\3C13+ T

(3.5)

/\%a%} Wi

Furthermore, from (2.11)-(2.12) and (3.2)-(3.5), by the coefficient comparison method we know that

20p+0—p+1
T

1
Axap = EBOE1C1, (3.6)
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— 1 20p+9—p+1)2 1 1 2 1
2(69p + 29 —2p + )/\3(13— (20p+9—p+1) A2 = 1ByErer + SBoE; (- )+ tBoEac2,  (37)
T T 2 2 2 4
29 39— 1 1
_cvpt P+ NApay = =BpEqdy, (3.8)
T 2
and
—2(69p+20—2p+1 469p+20 —2p+1)—(20p+0—p+1)2
(69p + P+ )A3a3+ (69p + p+1)—(20p+d—p+ )A%a%
T T
1 1 d? 1 (39)
= ~B4E ~ByE — 1) 4+ ZByE,d?.
>B1 1dl+2 0 1<d2 2>+4 oE2d]
Now proceeding on similar lines of Theorem 2.2 and using (3.6) and (3.8), we get
a — BoElclT _ B()Eldl"t
2T 229 —p+ DAy 2299 —p+ DAY
Then, it infers that
c1=—dp
and
8(20p + 9 — p+1)2A3a3 = B3E3T?(c? + d?). (3.10)
By (3.7) and (3.9), we have that
2A203 1. 5, 1
TQ(SI p) = iBo(Cl +d7)(E2 —Eq) + EBOEl(CZ +do), (3.11)

where
Q@ p) =2(69p+20—2p+1)— (29p+9—p+1)2

Therefore, by (3.10)-(3.11) we obtain that

1
2= 1BGEI (2 + do) . (3.12)
27 [BoE2tQ(9, p) + (E1 — E2)(20p +9 — p + 1)2]A2

Hence, from (3.10)-(3.12) and Lemma 2.1 we know that

|BoT|E1
[(20p +0 —p+1)A2l”

4] < IBoTl(|E2 — Eq1] + Eq)
h Q9,p)A

las| <

and

BotlE1vEr
\/IBoE3TO(, 0) + (E1 — E2) (20p +9 — p + 1)2As|

las| <

Correspondingly, by detracting (3.9) from (3.7), it infers that

4(69p + 29 —2p +1)(Azaz — A2ad)

1 1
—B1E — —BoE — =
5 B1 1(ct d1)+2 oE1(c2 —dp) -

(3.13)

Hence, by (3.10) and (3.13), it trails that

o :ElT[B1(C1—d1)+Bo(Cz—d2)] n B3E3T%(c% + d3)
3 8(60p - 29 —2p + 1)As 8(20p +9 —p +1)2A5°
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So, we attain from Lemma 2.1 that

Eqltl(IBol + [B1l) IBoTl*EZ
2160p +20 —2p + 1|A3]  (20p+9 —p +1)2|A3]

lag| <

On the other hand, by (3.11) and (3.13) we infer that

0n E1t[B1(c1 — di) + Bolcz — dp)] +TBO[(EZ_El)(C%‘i‘d%)+2E1(C2+d2)]
> 8(69p + 29 —2p + 1)As 8Q(9, p)As

Thus, from Lemma 2.1 we obtain that

sl < Eq[l(IBol + [B4]) [TBol([E2 — E4| + E4)
T 20600 +20 20 +1IAs] T 1O, p)AS]
Then, we complete the proof of Theorem 3.1. O

If we choose 9=1 and p =0, respectively, we let MZZCE (t,1,p; P) :MZZC:]E (t,0; d), MZZ(E (1,9,0;p) =

MZXE (t,9; ¢) and have two corollaries below.

Corollary 3.2. If f(z) is as assumed in (1.1) and f MZZ(E (t,p; ), then

lay| < min [BotlEs \/|BOT|(|E2 —Eil+ &) IBotlE1vEr
AN 7 2 ,

and

m3|<EllTl(lBo\JrlBll)Jr . { [BotlPE] | 7Bol([E2 — Eal + E1)
- (

2(4p +3)IAs] p+2)2A5" 1Q(p)As]

where
Qp) =6—(p—2)~

Corollary 3.3. If f(z) is as assumed in (1.1) and f MZZ(E (t,9; ), then

lap| < min{ [BotlEs \/|BoT|(|E2—E1|+E1)’?}

(®+ DA QD)3

for

F_ BotlE1vEr '

V/IBoE3TO(8) + (E1 — Ea) (9 + 1)2/As]
and en
Eq|T|(IBol +B1]) . [Botl"ET  [TBol(|E2 — B4l + Eq)
las| < + min A ,
2(29 + 1)|Ag] (O +1)%As] QD) Az

where

QE) =2—(9-1>

Remark 3.4. If the quasi-subordination reduces to the subordination (i.e., fixing ¢(z) = 1), then our result
in Theorem 3.1, partly belongs to Tang et al. [64]. Furthermore, suitably choosing the parameter 9, p, and
¢, we afford the subsequent condensed forms for MZZZ,]E (1,9, p; ) and analogues results as in Theorem
3.1:

1. MZXE (1,9,0;p) = N‘;,T(cb) ® > 0,7 € C*), refer to Kumar et al. [32];



P. Long, G.MS Moorthy, H. Tang, W. Wang, J. Math. Computer Sci., 26 (2022), 379-394 391

2. MZZ(]E (1,0,0;9¢) = 85 (&) (see Remark 2.5 for 1), refer to Taha [62];

3. MZK‘E (1,1,0; ) = Hs (), refer to Lashin [33], furthermore, MZY’k (1,1,0;xc) = Xs(C) and
MZZ(]E (1,0,0;x¢) = 85(C) (0 < ¢ < 1) (see Remark 2.5 for ), refer to Brannan and Taha [12].
Next, we primarily cogitate Fekete-Szeg6 problems for MZK’, s (09,0, 4).

Theorem 3.5. Let f(z) be fixed as in (1.1) and f € ML (T,S, p; ) and & € R. Then

|(1 —6(12‘ < |BlT|E1 + |B%T2|E%|/\%—6/\3|
ST 20600 +20 — 20+ 1[IAs] T [BoEZTQ(®, p) + (E1 — E2)(20p +9 — p + 12 A52[As]
if
2BolE3|(69p + 20 — 2p + 1) (A — 8A3)| = [BoETTQ(D, p) + (E1 — E2)(20p + 9 — p+ 12| A%,
" (IBol +B1l)IT[E
+1B11)ITIEq
S 2 < 0
a3 =802l < 5650120 — 20 + 1IAs)
if

2BolE3|(69p + 20 — 2p + 1) (A — 8A3)| < [BoETTQ(D, p) + (E1 — E2)(20p + 9 — p+ 12| A%,
where Q)(9, p) is given by (3.1).
Proof. From (3.13), we have

A 5 EqtlBi(er —di) + Bolca — do)]
a3 ——a

As 2 8(69p+20—2p+1)A;s

By (3.12) we obtain that

az —da3
_ BiEit(c1 —dyp)
8(60p+29 —2p+1)A3
. BoElT{ZBoE%T(6ﬁp + 29— 2p + 1)(/\% — 5/\3) [B()EZTQ(S p) (E1 — Ez)(Zﬁp +9— p+ 1)2]/\%}02
8(69p + 20 —2p + 1)[BoE2TtQ(D, p) + (E1 — E2)(20p +9 — p + 1)2]A3A;
N BoE1T{2BoE2T(60p + 20 — 2p + 1)(AZ — 8A3) — [BoEFTQ(D, p) + (E1 — E2)(20p + 9 — p + 1)2AZ}d2
8(69p +29 —2p + 1)[BoE2tQ(9, p) + (E1 — E2)(20p +9 — p + 1)2]A3A; '

Hence, from Lemma 2.1 we imply that

las — 502| < IB1TIEq N IBZT2[E3INS — 85
3T 20600 + 20— 20 + 1[IA3] T [BoEZTQ(D, p) + (E1 — E2)(20p+ 9 — p+ 12IA2PIAS|
when
2[BotlEF|(69p 420 — 2p + 1)(AF — 5A3)| = [BoETTQ(D, p) + (E1 — E2)(20p + 9 — p + 1) A2,
> (IBol + [B1])ITIE
+ [B11)|TIE1
-5 2 < 0
a3 =83l < 5650120 — 20 + 1l1As)
when

2|BoT|EZ|(60p + 20 —2p + 1)(AZ — 5A3)| < [BeEFTQ(D, p) + (E1 — E2)(20p + 9 — p + 1)?[|AL%.
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By taking 6 = 0, we provide the following corollary.

Corollary 3.6. Let f(z) given by (1.1) belongs to the class MZZCE (1,9, 0;d). Then

or

if

|B1TlEq N IB272|E3
2/60p +20 —2p +1[IA3]  [BoEITQ(D, p) + (E1 — E2)(20p + 9 — p + 1)2[| A3

lag| <

2|BoT|E2[69p 428 —2p + 1| > [BoE2tQ (D, p) 4+ (E; —Ep)(20p + 9 —p +1)%,

(IBol + [B1|)ITIEq
2169p + 29 —2p + 1||A3]

lag| <

2|Bot|E3|68p + 20 — 2p 4+ 1| < [BoE3TQ(9, p) + (E1 — E2)(29p + 9 — p +1)?,

where Q(9, p) is assumed by (3.1).

4. Conclusions

By fixing « =1/2 and 3 =1 we get

_ 22 _ 22 i - D" onia
E%ll(z)—e erfc(—z) = e <1+\/ﬁnz_0n!(2n+1)z .

We can define and explore new subclasses of the function class X of analytic and bi-univalent functions
concomitant with the quasi-subordination and convolution operator concerning error function, and study
the analogous estimates of the coefficients a; and az as given for f € MZZ‘E (t,9,p;,d)orf e QZZ(’IE (D, 0, 0).
Instantaneously, one can obtain the corresponding Fekete-Szegd functional inequalities. Besides, the
consequences and connections to some earlier known results would be expounded which are new and
has not been studied so far, we left this as an exercise to interested readers.
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