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Abstract

In this work, we define a new distance called cs-distance in a cone S-metric space with some properties. Then, we prove
some common fixed point and fixed point theorems for self-mappings with this distance. After that, we obtain some common
fixed point and fixed point results in the setting of cone S-metric spaces. We give some examples to support our work.
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1. Introduction and preliminaries

Fixed point theory is one of the most arousal research fields in nonlinear analysis. In the last decades,
many number of authors have published papers and battened continuously. The application potential
is the main reason for this involvement. Fixed point theory has an application in many areas such as
chemistry, physics, biology, computer science and many branches of mathematics. Banach contraction
mapping principle or Banach fixed point theorem is the most celebrated and pioneer result in a complete
metric space. The easily dealing of this theorem, stimulated many authors to introduce new spaces and
give various generalizations of the Banach contraction mapping principle, for example the S-metric space.

In 2012, Sedghi et al. [15] introduced the concept of a S-metric space which is different from other
spaces and proved fixed point theorems in such spaces. They also give some examples of a S-metric
space which shows that the S-metric space is different from other spaces. They built up some topological
properties in such spaces and proved some fixed point theorems in the setting of S-metric spaces. Sedghi
et al. [15] have done grateful beginning work that open a new field which attracted the authors to study
the problems of the fixed point, common fixed point, coupled fixed point and common coupled fixed
point by using many contractive conditions for mappings (see [6, 8, 12, 14, 16, 19, 20]).
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In 2016, Souayah and Mlaiki [17] introduced the concept of the Sb-metric space as a generalization of
the S-metric space. This work encourage many authors to prove fixed point theorems, as well as common
fixed point theorems for two or more mappings on Sb-metric spaces (see [7, 9, 13, 18]).

In 2017, Dhamodharan and Krishnakumar [4] extended and generalized the notion of S-metric spaces
to cone S-metric spaces with some properties and proved some fixed point results under the condition of
normality for cones. Then, Saluja [10], proved some fixed point theorems on cone S-metric spaces using
implicit relation under the condition of normality for cones.

In 2018, Singh and Singh [2] have introduced the concept of a cone Sb-metric space which is a gen-
eralization of the S-metric space, the Sb-metric space and the cone S-metric space and they proved some
fixed point results (see [3, 11]).

In this paper, we introduce the concept of a cs-distance in a cone S-metric space with some properties
and give some examples. Then, we prove some common fixed point and fixed point theorems for weakly
compatible self mappings with this new distance. After that, as a direct application of this new distance,
we obtain some common fixed point and fixed point results in the setting of cone S-metric spaces for
weakly compatible self mappings with out assumption of the normality for cones.

Let E be a real Banach space, θ denote the zero element in E and P a subset of E. We called P a cone
if satisfies the following three conditions:

1. P is a nonempty set closed and P 6= {θ};
2. If a,b are nonnegative real numbers and υ,ν ∈ P then aυ+ bν ∈ P;
3. υ ∈ P and −υ ∈ P imply υ = θ.

For any cone P ⊂ E, the partial ordering � with respect to P is defined by υ � ν if and only if ν− υ ∈ P.
The notation of ≺ stand for υ � ν but υ 6= ν. Also, we used υ � y to indicate that ν− υ ∈ intP, where
intP denotes the interior of P. A cone P is called normal if there exists a number K such that

θ � υ � ν implies ‖υ‖ 6 K‖ν‖, (1.1)

for all υ,ν ∈ E. Equivalently, the cone P is normal if

(∀n) υn � νn � ωn and lim
n→+∞υn = lim

n→+∞ωn = υ imply lim
n→+∞νn = υ. (1.2)

The least positive number K satisfying Condition (1.1) is called the normal constant of P (for more details
about cones see [1]).

The next lemma is helpful in our work.

Lemma 1.1 ([5]). Let E be a real Banach space with a solid cone P. Suppose that an be a sequens in P. Then we
have:

1. If a � λa where a ∈ P and 0 6 λ < 1, then a = θ.
2. If ε ∈ intP, θ � an and an −→ θ, then there exists a positive integer N such that an � ε for all n > N.
3. If a � b and b� ε, then a� ε.
4. If θ � u� ε for each θ� ε, then u = θ.

Throughout this paper, we do not assume the normality condition for cones, the only assumptions is
that, the cone P is solid, that is intP 6= ∅.

Definition 1.2 ([4]). Let X be a nonempty set and E be a real Banach space equipped and � is the partial
ordering with respect to P. A function S : X×X×X −→ E is said to be a cone S-metric function on X if
it satisfies the following conditions:

1. θ � S(υ,ν,ω) for all υ,ν,ω ∈ X;
2. S(υ,ν,ω) = θ if and only if υ = ν = ω for all υ,ν,ω ∈ X;
3. S(υ,ν,ω) � S(υ,υ,a) + S(ν,ν,a) + S(ω,ω,a) for all υ,ν,ω,a ∈ X.
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Then S is called a cone S-metric on X and the pairs (X,S) is called a cone S-metric space.

Definition 1.3 ([4]). Let (X,S) be a cone S-metric space, {νn1} be a sequence in X and ν ∈ X.

1. For all ε ∈ E with θ � ε, if there exists a positive integer N such that S(νn1 ,νn1 ,ν) � ε for all
n1 > N, then νn1 is said to be convergent and ν is the limit of {νn1}. We denote this by νn1 −→ ν.

2. For all ε ∈ E with θ � ε, if there exists a positive integer N such that S(νn1 ,νn1 ,νn2) � ε for all
n1,n2 > N, then {νn1} is called a Cauchy sequence in X.

3. A cone S-metric space (X,S) is called a complete if every Cauchy sequence in X is convergent.

Lemma 1.4 ([4]). Let (X,S) be a cone S-metric space. Then, S(υ,υ,ν) = S(ν,ν,υ) for all υ,ν ∈ X.

Let f : X −→ X and g : X −→ X be two mappings and let ν ∈ X. Recall that, if ω = gν = fν then
we called ν is a coincidence point of mappings and ω is a point of coincidence. If ν = gν = fν, then
we called ν is a common fixed point of f and g. The mappings f and g are called weakly compatible if
gfν = fgν whenever gν = fν.

2. cs-distance

Now, we gave the idea of a cs-distance on a cone S-metric space with some properties.

Definition 2.1. Let (X,S) be a cone S-metric space. A function Υ : X×X×X −→ E is called a cs-distance
on X if the following conditions hold:

(Υ1) θ � Υ(υ,ν,ω) for all υ,ν,ω ∈ X;

(Υ2) Υ(υ,ν,ω) � Υ(υ,υ,a) +Υ(ν,ν,a) +Υ(a,a,ω) for all υ,ν,ω,a ∈ X;

(Υ3) for each υ ∈ X and n > 1, if Υ(υ,υ,νn) � u for some u = ux ∈ P, then Υ(υ,υ,ν) � u whenever
{νn} is a sequence in X converging to a point ν ∈ X;

(Υ4) for all ε ∈ E with θ� ε, there exists σ ∈ E with θ� σ such that Υ(a,a,υ)� σ, Υ(a,a,ν)� σ and
Υ(a,a,ω)� σ imply S(υ,ν,ω)� ε.

Example 2.2. Let E = R2 and P = {(υ,ν) ∈ E : υ,ν > 0}. Let X = [0,∞) and define a mapping
S : X×X×X −→ E by S(υ,ν,ω) = (|υ−ω|+ |ν−ω|, |υ−ω|+ |ν−ω|) for all υ,ν,ω ∈ X. Then (X,S) is
a complete cone S-metric space. Define a mapping Υ : X×X×X −→ E by Υ(υ,ν,ω) = (ω+ ν,ω+ ν)
for all υ,ν,ω ∈ X. It is Clear that, Υ satisfy (Υ1), (Υ2) and (Υ3). Let ε ∈ E with θ � ε be given and put
σ = ε

4 . Let a ∈ X and suppose that Υ(a,a,υ)� σ, Υ(a,a,ν)� σ and Υ(a,a,ω)� σ. Then we have

S(υ,ν,ω) = (|υ−ω|+ |ν−ω|, |υ−ω|+ |ν−ω|)

� (υ+ ν+ υ+ω,υ+ ν+ υ+ω)

= 2(υ,υ) + (ν,ν) + (ω,ω)

� 2(υ+ a,υ+ a) + (ν+ a,ν+ a) + (ω+ a,ω+ a)

= 2Υ(a,a,υ) +Υ(a,a,ν) +Υ(a,a,ω)

� 2
ε

4
+
ε

4
+
ε

4
= ε.

Hence Υ satisfies (Υ4). Thus, Υ is a cs-distance on X.

Example 2.3. Let X = [0, 1] and E = C1
R [0, 1] with ‖υ‖ = ‖υ‖∞ + ‖υ′‖∞ ,υ ∈ E and let

P = {υ ∈ E : υ (t) > 0 on [0, 1]} .

This cone is solid but it is not normal. Define a cone S-metric S : X×X×X −→ E by



Z. M. Fadail, A. Savić, S. Radenović, J. Math. Computer Sci., 26 (2022), 368–378 371

S(υ,ν,ω)(t) = (|υ−ω|+ |ν−ω|)et,

for all υ,ν,ω ∈ X. Then (X,S) is a complete cone S-metric space. Define a mapping Υ : X×X×X −→ E

by Υ(υ,ν,ω) = (ω+ ν) · et for all υ,ν,ω ∈ X. It is Clear that Υ satisfy (Υ1), (Υ2) and (Υ3). Let ε ∈ E

with θ � ε be given and put σ = ε
4 . Let a ∈ X and suppose that Υ(a,a,υ) � σ, Υ(a,a,ν) � σ and

Υ(a,a,ω)� σ. Then we have

S(υ,ν,ω) (t) = (|υ−ω|+ |ν−ω|)et

� (υ+ ν+ υ+ω)et

= 2υet + νet +ωet

� 2(υ+ a)et + (ν+ a)et + (ω+ a)et

= 2Υ(a,a,υ) +Υ(a,a,ν) +Υ(a,a,ω)

� 2
ε

4
+
ε

4
+
ε

4
= ε.

Hence Υ satisfies (Υ4). Thus, Υ is a cs-distance on X.

Example 2.4. Let E = R and P = {υ ∈ E : υ > 0}. Let X = [0, 1] and define a mapping S : X×X×X −→ E

by S(υ,ν,ω) = |υ−ω|+ |ν−ω| for all υ,ν,ω ∈ X. Then (X,S) is a complete cone S-metric space. Define
a mapping Υ : X×X×X −→ E by Υ(υ,ν,ω) = (ω+ ν) for all υ,ν,ω ∈ X. It is Clear that Υ satisfy (Υ1),
(Υ2) and (Υ3). Let ε ∈ E with θ� ε be given and put σ = ε

4 . Let a ∈ X and suppose that Υ(a,a,υ)� σ,
Υ(a,a,ν)� σ and Υ(a,a,ω)� σ. Then we have

S(υ,ν,ω)(t) = |υ−ω|+ |ν−ω|

� 2υ+ ν+ω
� 2(υ+ a) + (ν+ a) + (ω+ a)

= 2Υ(a,a,υ) +Υ(a,a,ν) +Υ(a,a,ω)

� 2
ε

4
+
ε

4
+
ε

4
= ε.

Hence Υ satisfies (Υ4). Thus, Υ is a cs-distance on X.

Lemma 2.5. The cone S-metric function is a cs-distance on X where (X,S) is a cone S-metric space.

Proof. Let (X,S) be a cone S-metric space and define the function Υ : X×X×X −→ E by Υ(υ,ν,ω) =
S(υ,ν,ω) for all υ,ν,ω ∈ X. It is Clear that Υ satisfy (Υ1), (Υ2) and (Υ3). Let ε ∈ E with θ� ε be given
and put σ = ε

3 . Suppose that Υ(a,a,υ)� σ, Υ(a,a,ν)� σ and Υ(a,a,ω)� σ. Then we have

S(υ,ν,ω) � S(υ,υ,a) + S(ν,ν,a) + S(ω,ω,a)
= S(a,a,υ) + S(a,a,ν) + S(a,a,ω)

= Υ(a,a,υ) +Υ(a,a,ν) +Υ(a,a,ω)

� ε

3
+
ε

3
+
ε

3
= ε.

Hence Υ satisfies (Υ4). Thus, Υ is a cs-distance on X.

Lemma 2.6. Let (X,S) be a cone S-metric space and Υ is a cs-distance on X. Let {υn} and {νn} be two
sequences in X and υ,ν,ω ∈ X. Suppose that τn is a sequence in P converging to θ. Then the following
hold:
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1. If Υ(υn,υn,ν) � τn and Υ(υn,υn,ω) � τn, then ν = ω.
2. If Υ(υn,υn,νn) � τn and Υ(υn,υn,ω) � τn, then {νn} converges to ω.
3. If Υ(υn,υn,υm) � τn for m > n, then {υn} is a Cauchy sequence in X.
4. If Υ(ν,ν,υn) � τn, then {υn} is a Cauchy sequence in X.

Proof.

1. Since τn is a sequence in P converging to θ, then there exist a positive integer N and

θ� ε ∈ intP,

such that τn � ε for all n > N. Hence, Υ(υn,υn,ν) � ε and Υ(υn,υn,ω) � ε. By Υ4 with σ = ε,
it follows that S(ν,ν,ω)� ε. By Lemma 1.1 (4), it follows that S(ν,ν,ω) = θ. Hence ν = ω.

2. As in the proof of (1), there exist a positive integer N and θ � ε ∈ intP such that τn � ε for
all n > N. Hence, Υ(υn,υn,νn) � ε and Υ(υn,υn,ω) � ε. By Υ4 with σ = ε, it follows that
S(νn,νn,ω)� ε. Definition 1.3 (1) shows that {νn} converges to ω.

3. As in the proof of (1) and (2), there exist a positive integer n0 and θ � ε ∈ intP such that τn � ε

for all n > n0. Hence, Υ(υn,υn,υm) � ε for all m > n > n0. Clearly that Υ(υn,υn,υn+1) � ε.
Now, we have Υ(υn,υn,υn+1) � ε and Υ(υn,υn,υm) � ε, By Υ4 with σ = ε, it follows that
S(υn+1,υn+1,υm)� ε. Definition 1.3 (2) shows that {υn} is a Cauchy sequence in X.

4. The proof is similar to (3).

Remark 2.7.

1. Υ(υ,υ,ν) = Υ(ν,ν,υ) does not necessarily for all υ,ν ∈ X.
2. Υ(υ,ν,ω) = θ is not necessarily equivalent to υ = ν = ω for all υ,ν,ω ∈ X.

3. Common fixed point and fixed point results with cs-distance in cone S-metric spaces

In this section, we will study the problems of the common fixed point and the fixed point for weakly
compatible self mappings in cone S-metric spaces with a cs-distance.

Theorem 3.1. Suppose that (X,S) be a cone S-metric space and Υ is a cs-distance on X. Let f,g : X −→ X be two
self mappings satisfy the following contractive condition

Υ(fυ, fυ, fν) � α1Υ(gυ,gυ,gν) +α2Υ(gυ,gυ, fυ) +α3Υ(gν,gν, fν) +α4Υ(gυ,gυ, fν),

for all υ,ν ∈ X where αi ∈ (0, 1), i = l, 2, 3, 4 such that α1 + α2 + α3 + 3α4 < 1. If f(X) is a subset of g(X) and
g(X) is a complete subspace of X, then f and g have a coincidence point υ∗ in X. In addition, if ω = gυ∗ = fυ∗

then Υ(ω,ω,ω) = θ. Furthermore, if f and g are weakly compatible, then f and g have a unique common fixed
point.

Proof. Let x0 be an arbitrary point in X. Opt a point υ1 in X such that gυ1 = fυ0. This can be done for
f(X) ⊆ g(X). Continuing this process we obtain a sequence {υn} in X such that gυn+1 = fυn. Then we
have

Υ(gυn,gυn,gυn+1) = Υ(fυn−1, fυn−1, fυn)
� α1Υ(gυn−1,gυxn−1,gυn) +α2Υ(gυn−1,gυn−1, fυn−1)

+α3Υ(gυn,gυn, fυn) +α4Υ(gυn−1,gυn−1, fυn)
= α1Υ(gυn−1,gυn−1,gυn) +α2Υ(gυn−1,gυn−1,gυn)
+α3Υ(gυn,gυn,gυn+1) +α4Υ(gυn−1,gυn−1,gυn+1)
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� α1Υ(gυn−1,gυn−1,gυn) +α2Υ(gυn−1,gυn−1,gυn)
+α3Υ(gυn,gυn,gυn+1) +α4[Υ(gυn−1,gυn−1,gυn)
+Υ(gυn−1,gυn−1,gυn) +Υ(gυn,gυn,gυn+1)]

= (α1 +α2 + 2α4)Υ(gυn−1,gυn−1,gυn)
+ (α3 −α4)Υ(gυn,gυn,gυn+1).

So,

Υ(gυn,gυn,gυn+1) �
α1 +α2 + 2α4

1 −α3 −α4
Υ(gυn−1,gυn−1,gυn)

= hΥ(gυn−1,gυn−1,gυn)

� h2Υ(gυn−2,gυn−2,gυn−1)

...
� hnΥ(gυ0,gυ0,gυ1),

where h = α1+α2+2α4
1−α3−α4

< 1.
Let m > n > 1. Then we get

Υ(gυn,gυn,gυm) � 2Υ(gυn,gυn,gυn+1) + 2Υ(gυn+1,gυn+1,gυn+2)

+ · · ·+Υ(gυm−1,gυm−1,gυm)

� 2[Υ(gυn,gυn,gυn+1) +Υ(gυn+1,gυn+1,gυn+2)

+ · · ·+Υ(gυm−1,gυm−1,gυm)]

� 2(hn + hn+1 + · · ·+ hm−1)Υ(gυ0,gυ0,gυ1)

� 2
hn

1 − h
Υ(gυ0,gυ0,gυ1) −→ θ as n −→ +∞.

Consequently, Lemma 2.6 (3) explicates that {gυn} is a Cauchy sequence in X. Since g(X) is complete,
there exists υ∗ ∈ X such that gυn −→ gυ∗ as n −→ +∞. Therefore, we have

Υ(gυn,gυn,gυ∗) � 2
hn

1 − h
Υ(gυ0,gυ0,gυ1) −→ θ as n −→ +∞. (3.1)

Note that
q(fυn−1, fυn−1, fυn) = Υ(gυn,gυn,gυn+1) � hΥ(gυn−1,gυn−1,gυn). (3.2)

By utilization (3.2), we get

Υ(gυn,gυn, fυ∗) = Υ(fυn−1, fυn−1, fυ∗)
� hΥ(gυn−1,gυn−1,gυ∗)

� 2h
hn−1

1 − h
Υ(gυ0,gυ0,gυ1)

= 2
hn

1 − h
Υ(gυ0,gυ0,gυ1) −→ θ as n −→ +∞.

(3.3)

Consequently, Lemma 2.6 (1), (3.1) and (3.3) explicate that gυ∗ = fυ∗. Therefore, υ∗ is a coincidence point
of f and g, and ω is a point of coincidence of f and g where w = gυ∗ = fυ∗ for some υ∗ in X.

Suppose that ω = gυ∗ = fυ∗. Then we have

Υ(ω,ω,ω) = Υ(fυ∗, fυ∗, fυ∗)
� α1Υ(gυ

∗,gυ∗,gυ∗) +α2Υ(gυ
∗,gυ∗, fυ∗)
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+α3Υ(gυ
∗,gυ∗, fυ∗) +α4Υ(gυ

∗,gυ∗, fυ∗)
= α1Υ(ω,ω,ω) +α2Υ(ω,ω,ω) +α3Υ(ω,ω,ω) +α4Υ(ω,ω,ω)

= (α1 + a2 + a3 + a4)Υ(ω,ω,ω).

Since (α1 +α2 +α3 +α4) < 1, Lemma 1.1 (1) explicates that Υ(ω,ω,ω) = θ.
Finally, impose there is another point of coincidence µ of f and g such that µ = fν∗ = gν∗ for some ν∗

in X. Then we have

Υ(ω,ω,µ) = Υ(fυ∗, fυ∗, fν∗)
� α1Υ(gυ

∗,gυ∗,gν∗) +α2Υ(gυ
∗,gυ∗, fυ∗)

+α3Υ(gν
∗,gν∗, fν∗) + a4Υ(gυ

∗,gυ∗, fν∗)
= α1Υ(ω,ω,µ) +α2Υ(ω,ω,ω) +α3Υ(µ,µ,µ) +α4Υ(ω,ω,µ)
= α1Υ(ω,ω,µ) +α4Υ(ω,ω,µ)
= (a1 + a4)Υ(ω,ω,µ).

Since (α1 + α4) < 1, Lemma 1.1 (1) explicates that Υ(ω,ω,µ) = θ. Also, we have Υ(ω,ω,ω) = θ.
Thus, Lemma 2.6 (1) explicates that ω = µ. Therefore, ω is the unique point of coincidence. Now, let
ω = gυ∗ = fυ∗. Since f and g are weakly compatible, we have

gω = ggυ∗ = gfυ∗ = fgυ∗ = fω.

Hence, gw is a point of coincidence. The uniqueness of the point of coincidence implies that gω = gυ∗.
Therefore, ω = gω = fω. Hence, ω is the unique common fixed point of f and g.

As a consequence of Theorem 3.1, we have the following common fixed point result under the concept
of a cs–distance in cone S-metric spaces.

Corollary 3.2. Suppose that (X,S) be a cone S-metric space and Υ is a cs-distance on X. Let f,g : X −→ X be
two self mappings satisfy one of the following contractive conditions for all υ,ν ∈ X:

1.
Υ(fυ, fυ, fν) � αΥ(gυ,gυ,gν),

where α ∈ [0, 1) is a constant.
2.

Υ(fυ, fυ, fν) � α1Υ(gυ,gυ, fυ) +α2Υ(gν,gν, fν),

where α1,α2 ∈ [0, 1) are constants such that α1 +α2 < 1.
3.

Υ(fυ, fυ, fν) � α1Υ(gυ,gυ,gν) +α2Υ(gυ,gυ, fυ) +α3Υ(gν,gν, fν),

where α1,α2,α3 ∈ [0, 1) are constants such that α1 +α2 +α3 < 1.

If f(X) is a subset of g(X) and g(X) is a complete subspace of X, then f and g have a coincidence point υ∗ in X.
In addition, if ω = gυ∗ = fυ∗ then Υ(ω,ω,ω) = θ. Furthermore, if f and g are weakly compatible, then f and g
have a unique common fixed point.

Now, we give two examples to support our work.

Example 3.3 (The case of a normal cone). Consider Example 2.2. Define the mappings f : X −→ X by

f(x) =

{ 4υ
3 , if υ 6= 1

2 ,
1
3 , if υ = 1

2 ,

and g : X −→ X by gυ = 2υ for all υ ∈ X. Clear that f(X) ⊆ g(X) and g(X) is a complete subset of X. Let
υ,ν ∈ X, we have the following cases:
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1. If υ = ν = 1
2 , then we have

Υ(f(
1
2
), f(

1
2
), f(

1
2
)) = Υ

(
1
3

,
1
3

,
1
3

)
= (

2
3

,
2
3
)

=
1
3
(2, 2)

=
1
3
Υ(1, 1, 1)

=
1
3
Υ

(
g(

1
2
),g(

1
2
),g(

1
2
)

)
� 4

5
Υ

(
g(

1
2
),g(

1
2
),g(

1
2
)

)
,

with α = 4
5 .

2. If υ 6= ν 6= 1
2 , then we have

Υ(fυ, fυ, fν) =
(

4ν
3

+
4υ
3

,
4ν
3

+
4υ
3

)
=

2
3
(2ν+ 2υ, 2ν+ 2υ)

=
2
3
Υ(2υ, 2υ, 2ν)

=
2
3
Υ(gυ,gυ,gν)

� 4
5
Υ(gυ,gυ,gν),

with α = 4
5 .

3. If υ = 1
2 , ν 6= 1

2 , then we have

Υ(f(
1
2
), f(

1
2
), fν) =

(
4y
3

+
1
3

,
4ν
3

+
1
3

)
=

2
3

(
2ν+

1
2

, 2ν+
1
2

)
� 2

3
(2ν+ 1, 2ν+ 1)

=
2
3
Υ(1, 1, 2ν)

=
2
3
Υ

(
g(

1
2
),g(

1
2
),gν

)
� 4

5
Υ

(
g(

1
2
),g(

1
2
),gν

)
,

with α = 4
5 .

4. If υ 6= 1
2 , ν = 1

2 , then we have

Υ(fυ, fυ, f(
1
2
)) =

(
1
3
+

4υ
3

,
1
3
+

4υ
3

)
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=
2
3

(
1
2
+ 2υ,

1
2
+ 2υ

)
� 2

3
(1 + 2υ, 1 + 2υ)

=
2
3
Υ(2υ, 2υ, 1)

=
2
3
Υ

(
gυ,gυ,g(

1
2
)

)
� 4

5
Υ

(
gυ,gυ,g(

1
2
)

)
,

with α = 4
5 .

Hence, Υ(fυ, fυ, fν) � αq(gυ,gυ,gν) for all υ,ν ∈ X where α = 4
5 ∈ [0, 1). Also f and g are weakly

compatible at x = 0. Therefore, all conditions of Corollary 3.2 are satisfied. Hence, f and g have a unique
common fixed point υ = 0 and f(0) = g(0) = 0 with Υ(0, 0, 0) = 0.

Example 3.4 (The case of a nonnormal cone). Consider Example 2.3. Define the mappings f : X −→ X by
fυ = υ2

4 and g : X −→ X by gυ = υ
2 for all υ ∈ X. Clear that f(X) ⊆ g(X) and g(X) is a complete subset

of X. Let υ,ν ∈ X, we have

Υ(fυ, fυ, fν)(t) = Υ(
υ2

4
,
υ2

4
,
ν2

4
)(t)

= (
ν2

4
+
υ2

4
).et

� 1
2
(
ν

2
+
υ

2
)et

=
1
2
(gν+ gυ) · et

=
1
2
Υ(gυ,gυ,gν)(t),

with α = 1
2 < 1. Also, f and g are weakly compatible at υ = 0. Therefore, all conditions of Corollary

3.2 are satisfied. Hence, f and g have a unique common fixed point υ = 0 and f(0) = g(0) = 0 with
Υ(0, 0, 0) = 0.

In the following theorem, we prove the fixed point theorem for self mappings in a complete cone
S-metric space with a cs-distance.

Theorem 3.5. Let (X,S) be a complete cone S-metric space and Υ is a cs-distance on X. Let f : X −→ X be a self
mapping satisfies the following contractive condition

Υ(fυ, fυ, fν) � α1Υ(υ,υ,ν) +α2Υ(υ,υ, fυ) +α3Υ(ν,ν, fν) +α4Υ(υ,υ, fν),

for all υ,ν ∈ X where αi ∈ (0, 1), i = l, 2, 3, 4 such that α1 +α2 +α3 + 3α4 < 1. Then f has a fixed point υ∗ ∈ X

and for any υ ∈ X, iterative sequence {fnυ} converges to the fixed point. If µ = fµ then Υ(µ,µ,µ) = θ. The fixed
point is unique.

Proof. In Theorem 3.1, put gυ = υ. The proof is complete.

As a consequence of Theorem 3.5, we get the fixed point theorem of Banach contraction type, Kannan
contraction type and Reich contraction type under the concept of a cs-distance in a cone S-metric space
respectively.
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Corollary 3.6. Let (X,S) be a complete cone S-metric space and Υ is a cs-distance on X. Let f : X −→ X be a self
mapping satisfies one of the following contractive conditions for all υ,ν ∈ X:

1.
Υ(fυ, fυ, fν) � αΥ(υ,υ,ν),

where α ∈ [0, 1) is a constant.
2.

Υ(fυ, fυ, fν) � α1Υ(υ,υ, fυ) +α2Υ(ν,ν, fν),

where α1,α2 ∈ [0, 1) are constants such that α1 +α2 < 1.
3.

Υ(fυ, fυ, fν) � α1Υ(υ,υ,ν) +α2Υ(υ,υ, fυ) +α3Υ(ν,ν, fν),

where α1,α2,α3 ∈ [0, 1) are constants such that α1 +α2 +α3 < 1.

Then f has a fixed point υ∗ ∈ X and for any υ ∈ X, iterative sequence {fnυ} converges to the fixed point. If µ = fµ
then Υ(µ,µ,µ) = θ. The fixed point is unique.

4. Some applications

Using Lemma 2.5, we prove some common fixed point and fixed point theorems in cone S-metric
spaces with out assumption of normality for cones. Our results extend and generalize the fixed point
results of Dhamodharan and Krishnakumar [4] and Saluja [10]

Theorem 4.1. Suppose that (X,S) be a cone S-metric space and Υ. Let f,g : X −→ X be two self mappings satisfy
the following contractive condition

S(fυ, fυ, fν) � α1S(gυ,gυ,gν) +α2S(gυ,gυ, fυ) +α3S(gν,gν, fν) +α4S(gυ,gυ, fν),

for all υ,ν ∈ X where αi ∈ (0, 1), i = l, 2, 3, 4 such that α1 + α2 + α3 + 3α4 < 1. If f(X) is a subset of g(X)
and g(X) is a complete subspace of X, then f and g have a coincidence point υ∗ in X. Furthermore, if f and g are
weakly compatible, then f and g have a unique common fixed point.

Proof. Since the cone S-metric function is a cs–distance on X by Lemma 2.5. Put Υ(x,y, z) = S(x,y, z) in
Theorem 3.1. The proof is complete.

In the following theorem, we prove the fixed point theorem for self mappings in a complete cone
S-metric space.

Theorem 4.2. Let (X,S) be a complete cone S-metric space. Let f : X −→ X be a self mapping satisfies the
following contractive condition

S(fυ, fυ, fν) � α1S(υ,υ,ν) +α2S(υ,υ, fυ) +α3S(ν,ν, fν) +α4S(υ,υ, fν),

for all υ,ν ∈ X where αi ∈ (0, 1), i = l, 2, 3, 4 such that α1 +α2 +α3 + 3α4 < 1. Then f has a fixed point υ∗ ∈ X

and for any υ ∈ X, iterative sequence {fnυ} converges to the fixed point. The fixed point is unique.

Proof. In Theorem 4.1, put gυ = υ. The proof is complete.

As a consequence of Theorem 4.2, we get the fixed point theorem of Banach contraction type, Kannan
contraction type and Reich contraction type in a cone S-metric space respectively.

Corollary 4.3. Let (X,S) be a complete cone S-metric space. Let f : X −→ X be a self mapping satisfies one of the
following contractive conditions for all υ,ν ∈ X:
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1.
S(fυ, fυ, fν) � αS(υ,υ,ν),

where α ∈ [0, 1) is a constant.
2.

S(fυ, fυ, fν) � α1S(υ,υ, fυ) +α2S(ν,ν, fν),

where α1,α2 ∈ [0, 1) are constants such that α1 +α2 < 1.
3.

S(fυ, fυ, fν) � α1S(υ,υ,ν) +α2S(υ,υ, fυ) +α3S(ν,ν, fν),

where α1,α2,α3 ∈ [0, 1) are constants such that α1 +α2 +α3 < 1.

Then f has a fixed point υ∗ ∈ X and for any υ ∈ X, iterative sequence {fnυ} converges to the fixed point. The fixed
point is unique.
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