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Abstract

In this work, we define a new distance called cs-distance in a cone S-metric space with some properties. Then, we prove
some common fixed point and fixed point theorems for self-mappings with this distance. After that, we obtain some common
fixed point and fixed point results in the setting of cone S-metric spaces. We give some examples to support our work.
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1. Introduction and preliminaries

Fixed point theory is one of the most arousal research fields in nonlinear analysis. In the last decades,
many number of authors have published papers and battened continuously. The application potential
is the main reason for this involvement. Fixed point theory has an application in many areas such as
chemistry, physics, biology, computer science and many branches of mathematics. Banach contraction
mapping principle or Banach fixed point theorem is the most celebrated and pioneer result in a complete
metric space. The easily dealing of this theorem, stimulated many authors to introduce new spaces and
give various generalizations of the Banach contraction mapping principle, for example the S-metric space.

In 2012, Sedghi et al. [15] introduced the concept of a S-metric space which is different from other
spaces and proved fixed point theorems in such spaces. They also give some examples of a S-metric
space which shows that the S-metric space is different from other spaces. They built up some topological
properties in such spaces and proved some fixed point theorems in the setting of S-metric spaces. Sedghi
et al. [15] have done grateful beginning work that open a new field which attracted the authors to study
the problems of the fixed point, common fixed point, coupled fixed point and common coupled fixed
point by using many contractive conditions for mappings (see [6, 8, 12, 14, 16, 19, 20]).
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In 2016, Souayah and Mlaiki [17] introduced the concept of the Sy-metric space as a generalization of
the S-metric space. This work encourage many authors to prove fixed point theorems, as well as common
fixed point theorems for two or more mappings on Sy-metric spaces (see [7, 9, 13, 18]).

In 2017, Dhamodharan and Krishnakumar [4] extended and generalized the notion of S-metric spaces
to cone S-metric spaces with some properties and proved some fixed point results under the condition of
normality for cones. Then, Saluja [10], proved some fixed point theorems on cone S-metric spaces using
implicit relation under the condition of normality for cones.

In 2018, Singh and Singh [2] have introduced the concept of a cone Sy-metric space which is a gen-
eralization of the S-metric space, the Sy,-metric space and the cone S-metric space and they proved some
fixed point results (see [3, 11]).

In this paper, we introduce the concept of a cs-distance in a cone S-metric space with some properties
and give some examples. Then, we prove some common fixed point and fixed point theorems for weakly
compatible self mappings with this new distance. After that, as a direct application of this new distance,
we obtain some common fixed point and fixed point results in the setting of cone S-metric spaces for
weakly compatible self mappings with out assumption of the normality for cones.

Let E be a real Banach space, 6 denote the zero element in [E and IP a subset of [E. We called IP a cone
if satisfies the following three conditions:

1. IP is a nonempty set closed and IP # {6};
2. If a, b are nonnegative real numbers and v, v € IP then av +bv € I;
3. velPand —v € P imply v = 6.

For any cone IP C E, the partial ordering < with respect to IP is defined by v < v if and only if v —v € .
The notation of < stand for v < v but v # v. Also, we used v < y to indicate that v —v € intlP, where
intlP denotes the interior of P. A cone P is called normal if there exists a number K such that

0 <v=<v implies |v| <K]v|, (1.1)
for all v, v € E. Equivalently, the cone IP is normal if

(Vn) vn R vqp fwnand lim vy, = lim w, =v imply Iim v, =wv. (1.2)
n—-+oo n—-+4oo n—+o0
The least positive number K satisfying Condition (1.1) is called the normal constant of IP (for more details
about cones see [1]).
The next lemma is helpful in our work.

Lemma 1.1 ([5]). Let E be a real Banach space with a solid cone IP. Suppose that an, be a sequens in IP. Then we
have:

1. Ifa < Aawherea € Pand 0 < A < 1, then a = 0.

2. Ife €intlP, 0 < an and an, — O, then there exists a positive integer N such that an < € foralln > N.
3. Ifa=<bandb < ¢, then a < e.

4. If 0 = u < € for each © < €, then u = 0.

Throughout this paper, we do not assume the normality condition for cones, the only assumptions is
that, the cone P is solid, that is intlP # ().

Definition 1.2 ([4]). Let X be a nonempty set and [E be a real Banach space equipped and < is the partial
ordering with respect to IP. A function S : X x X x X — [E is said to be a cone S-metric function on X if
it satisfies the following conditions:

1. 0 XS(v,v,w) forallv,v,w € X;
2. S(lv,v,w)=0ifandonlyifv=v=wforallv,v,w e X;
3. S(v,v,w) < S(v,v,a)+S(v,v,a) +S(w,w, a) forall v,v,w,a € X.
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Then S is called a cone S-metric on X and the pairs (X, S) is called a cone S-metric space.

Definition 1.3 ([4]). Let (X, S) be a cone S-metric space, {vn,} be a sequence in X and v € X.

1. For all e € E with 0 < ¢, if there exists a positive integer N such that S(vy,, vn,,v) < € for all
ng > N, then vy, is said to be convergent and v is the limit of {vy,,}. We denote this by v,,, — .

2. For all € € E with 0 < ¢, if there exists a positive integer N such that S(vn,, Vn,, Vn,) < € for all
ny, Ny > N, then {vy,} is called a Cauchy sequence in X.

3. A cone S-metric space (X, S) is called a complete if every Cauchy sequence in X is convergent.

Lemma 1.4 ([4]). Let (X, S) be a cone S-metric space. Then, S(v,v,v) = S(v,v,v) forallv,v € X.

Let f : X — X and g : X — X be two mappings and let v € X. Recall that, if w = gv = fv then
we called v is a coincidence point of mappings and w is a point of coincidence. If v = gv = fv, then
we called v is a common fixed point of f and g. The mappings f and g are called weakly compatible if
gfv = fgv whenever gv = fv.

2. cg-distance
Now, we gave the idea of a cs-distance on a cone S-metric space with some properties.

Definition 2.1. Let (X, S) be a cone S-metric space. A function ¥V : X x X x X — [E is called a cs-distance
on X if the following conditions hold:

(Y1) 8 <Y(v,v,w) forallv,v,w € X
(Y2) Y(v,v,w) XY(v,v,a)+Y(v,v,a)+Y(a,a w) forallv,v,w,a € X;

(Y3) foreachv € Xand n > 1, if Y(v,v,vn) X u for some u = u, € P, then Y(v,v,v) < u whenever
{vn} is a sequence in X converging to a point v € X;

(Y4) for all € € [E with 08 < ¢, there exists 0 € E with 6 < o such that Y(a,a,v) <« ¢, Y(q,qa,v) < 0 and
Y(a,a w) < oimply S(v,v, w) < e.

Example 2.2. Let E = R> and P = {(v,v) € E : v,v > 0. Let X = [0,00) and define a mapping
S:XxXxX-—EbySv,v,w)=(v-wl+|v-—w|v—w/+[v—w|) forall v,v,w € X. Then (X,S) is
a complete cone S-metric space. Define a mapping ¥ : X x X x X — E by Y(v,v,w) = (w +v,w + V)
for all v, v,w € X. It is Clear that, Y satisfy (Y1), (Y2) and (V3). Let € € E with 0 < € be given and put
o = ;. Let a € X and suppose that Y(a, a,v) < 0, Y(a,a,v) < o and Y(a, a, w) < 0. Then we have

S, v,w)=(v—w|+|v—w]|v—w|+v—w|)
Sw+v+v+w,v+v+v+w)
=2(v,v)+ (v, v) + (w, w)
X2v+aquv+a)+(v+av+a)+(w+aw+a)
=2Y(a,a,v)+Y(a,a,v)+Y(a,a w)

€ € €
<2p+7+7
=e.

Hence Y satisfies (Y4). Thus, Y is a cs-distance on X.
Example 2.3. Let X = [0,1] and E = C§ [0, 1] with |[v]| = [[v]|,, + [[V[l« ;v € E and let
P={veE:v(t) >0o0n [0,1]}.

This cone is solid but it is not normal. Define a cone S-metric S : X x X x X — [E by
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S, v, w)(t) = (jv—w|+|v—wlet,

for all v, v, w € X. Then (X, S) is a complete cone S-metric space. Define a mapping ¥ : X x X x X — [E
by Y(v,v,w) = (w+v)-e* forall v,v,w € X. It is Clear that Y satisfy (Y1), (Y2) and (Y3). Let € € E
with 6 < € be given and put 0 = . Let a € X and suppose that Y(a,a,v) < o, Y(a,a,v) < o and
Y(a,a,w) < 0. Then we have

S(v,v,w) (t) = (v—w|+|v—wl)et
<(+v+v+w)et
=2ve' +ve' + wet
<2v+a)et +(v+a)e + (w+a)et
=2Y(a,a,v)+Y(a,a,v)+Y(a,a, w)

«224+24°2
17171

= €.
Hence Y satisfies (Y4). Thus, Y is a cs-distance on X.

Example 2.4. Let E =R and P ={v € E:v > 0}. Let X = [0, 1] and define a mapping S: X x X x X — [E
by S(v,v,w) =v—w|+|v—w|for all v,v,w € X. Then (X, S) is a complete cone S-metric space. Define
amapping YV : X x X x X — E by Y(v,v,w) = (w+v) for all v,v,w € X. It is Clear that Y satisfy (Y1),
(Y2) and (V3). Let € € [E with 6 < € be given and put 0 = 7. Let a € X and suppose that Y(a, a,v) < o,
Y(a,a,v) < oand Y(a,a, w) < 0. Then we have

S(v,v,w)(t) =v—w|+|v—w|
X2v+vtw
<2v+a)+(v+a)+ (w+a)
=2Y(a,a,v)+Y(a,a,v)+Y(a,a w)

<254542
4744

=e.
Hence Y satisfies (Y4). Thus, Y is a cs-distance on X.
Lemma 2.5. The cone S-metric function is a cs-distance on X where (X, S) is a cone S-metric space.

Proof. Let (X,S) be a cone S-metric space and define the function ¥ : X x X x X — E by Y(v,v,w) =
S(v,v,w) for all v, v,w € X. It is Clear that Y satisfy (Y1), (Y2) and (Y3). Let € € E with 6 < € be given
and put 0 = £. Suppose that Y(a,a,v) < 0, Y(a,a,v) < o and Y(a, a, w) < 0. Then we have

S(v,v,w) < S(v,v,a)+S(v,v,a) + S(w, w, a)
=S(a,a,v)+S(a,a,v)+S(a,a, w)
=Y(a,a,v)+Y(a,a,v)+Y(q,a w)

cfLe. ¢
3 3 3

=e.
Hence Y satisfies (Y4). Thus, Y is a cs-distance on X. O

Lemma 2.6. Let (X, S) be a cone S-metric space and Y is a cs-distance on X. Let {vn} and {vy} be two
sequences in X and v, v, w € X. Suppose that 1, is a sequence in IP converging to 0. Then the following
hold:
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1. If Y(vn,vn,v) 2 1th and Y(vn, Vn, W) <X Th, then v = w.

2 If Y(un,Un, vn) 2 Th and Y (Un, Un, w) = Ty, then {vy } converges to w.
. IfY(vn,Un,vm) =2 Th for m > n, then {v,} is a Cauchy sequence in X.

4 If Y(v,v,vn) =% Tn, then {vy} is a Cauchy sequence in X.

Proof.

1. Since T, is a sequence in IP converging to 6, then there exist a positive integer N and
0 < € € intP,

such that 1, < € for all n > N. Hence, Y(vn,Vn,v) < € and Y(vn, v, w) < €. By Y4 with 0 = ¢,
it follows that S(v, v, w) < e. By Lemma 1.1 (4), it follows that S(v,v, w) = 6. Hence v = w

2. As in the proof of (1), there exist a positive integer N and 6 < e € intlP such that T, < € for
all n > N. Hence, Y(vn,Un,Vvn) < € and Y(vn,vn, w) < €. By Y4 with 0 = ¢, it follows that
S(Vn, vn, w) < €. Definition 1.3 (1) shows that {v,} converges to w.

3. As in the proof of (1) and (2), there exist a positive integer ng and 0 < € € intlP such that 7, < €
for all n > ng. Hence, Y(Vn,Vn,Vm) < € for all m > n > ng. Clearly that Y(vn, vn, vn41) < €.
Now, we have Y(Un,Un,Unyt1) < € and Y(vn,Un,Vm) < €, By Y4 with 0 = ¢, it follows that
S(Un+1,Vn41,Vm) < €. Definition 1.3 (2) shows that {v,} is a Cauchy sequence in X.

4. The proof is similar to (3).

Remark 2.7.

1. Y(v,v,v) =7Y(v,v,v) does not necessarily for all v, v € X.
2. Y(v,v,w) = 0 is not necessarily equivalent tov =v = w forallv,v,w € X.

3. Common fixed point and fixed point results with cs-distance in cone S-metric spaces

In this section, we will study the problems of the common fixed point and the fixed point for weakly
compatible self mappings in cone S-metric spaces with a cs-distance.

Theorem 3.1. Suppose that (X, S) be a cone S-metric space and Y is a cs-distance on X. Let f, g : X — X be two
self mappings satisfy the following contractive condition

Y (fv, fu, fv) < Y (gv, gu, gv) + x2 Y (gv, gv, fv) + 3 Y (gv, gv, fv) + a4 Y (g, gu, fv),

forallv,v € X where «; € (0,1),i=1,2,3,4 such that ot; + &2 + o3 + 3ag < 1. If f(X) is a subset of g(X) and
g(X) is a complete subspace of X, then f and g have a coincidence point v* in X. In addition, if w = gv* = fv*
then Y(w, w, w) = 0. Furthermore, if f and g are weakly compatible, then f and g have a unique common fixed
point.

Proof. Let xg be an arbitrary point in X. Opt a point vy in X such that gu; = fvg. This can be done for
f(X) C g(X). Continuing this process we obtain a sequence {v,} in X such that gun+1 = fu,. Then we
have

Y(gun, gun, guni1) = Y(fon_1, fon_1, fun)
= oqY(gun—1,gvxn_1,9un) + %V (gUn_1, gun—1, fon_1)
+ a3Y(gun, gun, fun) + Y (gun_1,gun_1, fun)
= o1 Y (gun—1,9vn—1,9vn) + @Y (gun_1,gvn-1,gun)
+ o3V (gun, gun, gun+1) + sV (gun—1, gUn—1, gon+1)
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= oY (gun—1,9vn—1,9vn) + Y (gun_1,gvn—_1,gvn)
+ o3Y(gun, gun, gun+1) + x4V (gun_1, gun_1,gun)
+Y(gun-1,9Vn—1,9vn) + Y(gn, gun, guni1)]

= (o1 + o2 +2x4)Y(gUn—1,gVn—1, gun)
+ (a3 — &)Y (gun, gun, gun+1)-

So,
o1 + o + 20
Y(gun, gun, guni1) = %Y(gvnq, gUn—1,9Vn)
— X3 — X4
=hY(gun_1,9vn—1,9vn)
< h?Y(gun_2,gUn_2,gVn_1)
j hnY(QUO/ gvo, gvl)/
where h = &to+2a

1—og—oy
Let m > n > 1. Then we get
Y(gun, gun, gUm) = 2Y(gun, gun, guni1) +2Y(gun 41, gUn+1, gun42)
+ -+ Y(gum-1,9Vm-1, gUm)
=< 2[Y(gun, gun, gun+1) + Y(gUn41, gVni1, GUn+2)
+ -+ Y(gm-1,gVm—1, gum)]
< 2(h™ +h™ 4+ h™ Y (guy, gug, gur)

hn
<2
~— 1—h

Y(gvo, gvg, gv1) — 6 as n — 4oo.

Consequently, Lemma 2.6 (3) explicates that {gun} is a Cauchy sequence in X. Since g(X) is complete,
there exists v* € X such that gu,, — gv* as n — +oo. Therefore, we have

n

hY(gvo, guvg,guy) — 60 as n — +oo. (3.1)

Y(gun, gun, guv*) < 21

Note that
q(fuon—_1, fon_1,fun) = Y(gun, gun, gun+1) < WY (gun_1,gun_1, gun). (3.2)

By utilization (3.2), we get
Y(gun, gun, fU*) = Y (fun_1, fun_q, fU*)
=< hY(gun—_1,gun—1,gv")

hnfl
< 2h1 — hY(gvo, gvo, gu1) (33)

n

=2
1—h

Y(gvo, guvg, gv1) — 6 as n — +o0.

Consequently, Lemma 2.6 (1), (3.1) and (3.3) explicate that gu* = fv*. Therefore, v* is a coincidence point
of f and g, and w is a point of coincidence of f and g where w = gv* = fv* for some v* in X.
Suppose that w = gv* = fv*. Then we have

Y(w,w,w) =Y(fv*, fv*, fv*)
= oY (guv*, gv*, gv*) + ax Y (gv*, gu*, fv™)
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+ a3Y(gu*, gu*, fu*) + oy Y (gv™, gu*, fv™)
=Y (w,w,w)+ Y (w,w w)+ oY (w,w,w)+ oY (w,w,w)
=(p+ax+az+aq)V(w,w,w).
Since (o1 + &2 + o3 + 4) < 1, Lemma 1.1 (1) explicates that V(w, w, w) = 6.

Finally, impose there is another point of coincidence p of f and g such that u = fv* = gv* for some v*
in X. Then we have

Y(w,w,u) =Y(fv*, fu*, fv*)
< 1 Y(gv*, guv*, gv*) + x Y (gv*, guv*, fv*)
+ a3 Y(gv*, gv*, fv*) + a Y (gu*, gu*, fv*)
=YV (w,w, 1)+ Y (w,w,w)+osY (w1, )+ ogY(w,w, )
=Y (w,w, )+ gV (w, w, 1)
= (a1 + ag)V(w, w, p).
Since (x; + o4) < 1, Lemma 1.1 (1) explicates that Y (w,w,u) = 6. Also, we have Y(w,w,w) = 6.

Thus, Lemma 2.6 (1) explicates that w = p. Therefore, w is the unique point of coincidence. Now, let
w = gv* = fv*. Since f and g are weakly compatible, we have

gw = gguv* = gfv* = fgu™ = fw.

Hence, gw is a point of coincidence. The uniqueness of the point of coincidence implies that gw = gv*.
Therefore, w = gw = fw. Hence, w is the unique common fixed point of f and g. O

As a consequence of Theorem 3.1, we have the following common fixed point result under the concept
of a cs—distance in cone S-metric spaces.

Corollary 3.2. Suppose that (X, S) be a cone S-metric space and Y is a cs-distance on X. Let f,g : X — X be
two self mappings satisfy one of the following contractive conditions for all v, v € X:
1.
Y(fv, fv, fv) = «¥(gu, gu, gv),

where o € [0,1) is a constant.
2.
Y(fv, fu, fv) X ayY(gv, gu, fv) + Y (gv, gv, fv),

where o, & € [0,1) are constants such that «q + xp < 1.
3.
Y(fv, fu, fv) 2 ayYV(gv, gu, gv) + 2V (gv, gu, fv) + a3 Y (gv, gv, fv),

where o, %, a3 € [0,1) are constants such that o1 + oo + oz < 1.

If £(X) is a subset of g(X) and g(X) is a complete subspace of X, then f and g have a coincidence point v* in X.
In addition, if w = gv* = fv* then Y(w, w, w) = 0. Furthermore, if f and g are weakly compatible, then f and g
have a unique common fixed point.

Now, we give two examples to support our work.
Example 3.3 (The case of a normal cone). Consider Example 2.2. Define the mappings f : X — X by
v 1
£(x) ={ 5 M7y
37 ifv= 27

and g : X — X by gv =2v for all v € X. Clear that f(X) C g(X) and g(X) is a complete subset of X. Let
v, v € X, we have the following cases:
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1. fv=v= %, then we have
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with o =
2. fv#v# %, then we have

4
5

S
<

Y(fu, fu, fv) = -, =
(fu, fu, fv) +33 3

@]

4v 4v 41))

(2v +2v,2v + 2v)

Y(2v,2v,2v)

Y(gv, gv,gv)

G WIN WIN WIN

A

Y(gv, gv, gv),

with o =

(S

3. Ifv= %, v #£ %, then we have

&
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=
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TN W
N
<
+
N =
N
<
+
=
N~

N =
—
N
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—
N |
—
N
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=
Il
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Y(1,1,2v)

1 1
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Qi WIN WINWIN WN —/—

=

A

=
N
o)
| =
«Q
| =
e
<
~~_

with o0 =

(S

4. Ifv # %, V= %, then we have

Y(fv,fv,f(%)) = ( +—4/ 5+t 5
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2 /1 1
—5 <2+2U,2+2U>

IA

(1+2v,1+42v)

Y(2v,2v,1)

Y <9v, 9%9(2))

Y (gv, gv,g(;)> ,

Uil WIN WINWIN

IA

with o = %

Hence, Y(fv, fv,fv) < aq(gv,gv,gv) for all v,v € X where a = % € [0,1). Also f and g are weakly

compatible at x = 0. Therefore, all conditions of Corollary 3.2 are satisfied. Hence, f and g have a unique
common fixed point v = 0 and f(0) = g(0) = 0 with Y(0,0,0) =0.

Example 3.4 (The case of a nonnormal cone). Consider Example 2.3. Define the mappings f : X — X by

fu = ”Tz and g : X — X by gu = 5 for all v € X. Clear that f(X) C g(X) and g(X) is a complete subset
of X. Letv,v € X, we have

1
= EY(QU, gv, gv)(t),

with « = 1 < 1. Also, f and g are weakly compatible at v = 0. Therefore, all conditions of Corollary
3.2 are satisfied. Hence, f and g have a unique common fixed point v = 0 and f(0) = g(0) = 0 with
Y(0,0,0) =0.

In the following theorem, we prove the fixed point theorem for self mappings in a complete cone
S-metric space with a cs-distance.

Theorem 3.5. Let (X, S) be a complete cone S-metric space and Y is a cs-distance on X. Let f : X — X be a self
mapping satisfies the following contractive condition

Y(fv, fu, fv) < 1 Y(v,v,v) + Y (v,v,fv) + a3Y (v, v, fv) + a4 Y (v,v, V),

forallv,v € X where «; € (0,1),1=1,2,3,4 such that x; + o2 + o3 + 34 < 1. Then f has a fixed point v* € X
and for any v € X, iterative sequence {f™v} converges to the fixed point. If @ = fu then Y(p, u, u) = 6. The fixed
point is unique.

Proof. In Theorem 3.1, put gu = v. The proof is complete. O

As a consequence of Theorem 3.5, we get the fixed point theorem of Banach contraction type, Kannan
contraction type and Reich contraction type under the concept of a cs-distance in a cone S-metric space
respectively.
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Corollary 3.6. Let (X, S) be a complete cone S-metric space and Y is a cs-distance on X. Let f : X — X be a self
mapping satisfies one of the following contractive conditions for all v,v € X:

1.
Y(fv, fv, fv) < «Y(v,v,v),

where « € [0,1) is a constant.

Y (fv, fu, fv) < 1Y (v, v, fv) + Y (v, v, fv),

where o1, o € [0,1) are constants such that oq + xp < 1.

Y (fv, fu, fv) < 1 Y(v,v,v) + Y (v,v, fv) + a3V (v, v, v),
where &1, &, a3 € [0,1) are constants such that oy + 0o + 3 < 1.

Then f has a fixed point v* € X and for any v € X, iterative sequence {f™v} converges to the fixed point. If p = fu
then Y(u, u, u) = 0. The fixed point is unique.
4. Some applications

Using Lemma 2.5, we prove some common fixed point and fixed point theorems in cone S-metric
spaces with out assumption of normality for cones. Our results extend and generalize the fixed point
results of Dhamodharan and Krishnakumar [4] and Saluja [10]

Theorem 4.1. Suppose that (X, S) be a cone S-metric space and Y. Let f, g : X — X be two self mappings satisfy
the following contractive condition

S(fl), fU, fV) j (xls(gvl gu, QV) + OCZS(QU/ gu, f'U) + OC35(9‘\/1 gv, fV) + 0648(91), gu, f\/),

forall v,v € X where oy € (0,1),1 =1,2,3,4 such that «; + x2 + a3 +30g < 1. If £(X) is a subset of g(X)
and g(X) is a complete subspace of X, then f and g have a coincidence point v* in X. Furthermore, if f and g are
weakly compatible, then f and g have a unique common fixed point.

Proof. Since the cone S-metric function is a cs—distance on X by Lemma 2.5. Put Y(x,y,z) = S(x,y,z) in
Theorem 3.1. The proof is complete. O

In the following theorem, we prove the fixed point theorem for self mappings in a complete cone
S-metric space.

Theorem 4.2. Let (X,S) be a complete cone S-metric space. Let f : X — X be a self mapping satisfies the
following contractive condition

S(fv, fv, fv) < 1S(v,v,v) + xS(v,v, fv) + 3S(v, v, Tv) + 4 S(v, v, Tv),

forallv,v € X where «; € (0,1),1=1,2,3,4 such that x; + oz + o3 + 34 < 1. Then f has a fixed point v* € X
and for any v € X, iterative sequence {f™v} converges to the fixed point. The fixed point is unique.

Proof. In Theorem 4.1, put gu = v. The proof is complete. O

As a consequence of Theorem 4.2, we get the fixed point theorem of Banach contraction type, Kannan
contraction type and Reich contraction type in a cone S-metric space respectively.

Corollary 4.3. Let (X, S) be a complete cone S-metric space. Let f: X — X be a self mapping satisfies one of the
following contractive conditions for all v, v € X:
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S(fv, fv, fv) < aS(v,v,v),

where « € [0,1) is a constant.

S(fv, fu, fv) < 1S(v,v, fv) + uS(v,v, fv),

where &1, & € [0,1) are constants such that o) + oo < 1.

S(fv, fu, fv) < x1S(v,v,v) + 0S(v,v, V) + x3S(v, v, fv),
where &1, &, a3 € [0,1) are constants such that oy + 0o + 3 < 1.

Then f has a fixed point v* € X and for any v € X, iterative sequence {f™v} converges to the fixed point. The fixed
point is unique.
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