J. Math. Computer Sci., 26 (2022), 330-348

Online: ISSN 2008-949X

Journal of Mathematics and Computer Science

Q¥

3

yourna/ oF
o
N
U109 ¥

PUBLlCATlONS

Journal Homepage: www.isr-publications.com/jmcs

A novel comprehensive analysis of the refinements of W Checkforupdates
Hermite-Hadamard type integral inequalities involving spe-
cial functions

Muhammad Tarig®*, Hijaz AhmadP®°, Soubhagya Kumar Sahoo?, Lama Sh. Aljoufi®, Sher Khan Awan?

@Department of Basic Sciences and Related Studies, Mehran University of Engineering and Technology, Jamshoro 76062, Pakistan.
bpepartment of Computer Engineering, Biruni University, Istanbul 34025, Turkey.
¢Section of Mathematics, International Telematic University Uninettuno, Corso Vittorio Emanuele Il, 39, 00186, Roma, Italy.

9Department of Mathematics, Institute of Technical Education and Research, Siksha ‘O’ Anusandhan University, Bhubaneswar 751030,
India.

€Deanship of Common First Year, Jouf University, PO.Box 2014 Sakaka, Saudi Arabia.
'Basic Sciences Research Unit, Jouf University, PO.Box 2014 Sakaka, Saudi Arabia.

Abstract

The main objective of this article is to employ the concept of preinvexity to establish some new inequalities. In addition,
we discuss some algebraic properties and examples of the generalized preinvex function. With the help of this new relation,
we present new version of Hermite-Hadamard inequality and its some of its refinements using fundamental inequalities like
Hoélder, power-mean, Holder-Iscan, and improved power-mean inequality. These results are speculations of various recently
known outcomes. The immeasurable concepts and tools of this paper may invigorate and revitalize for additional research in
this mesmerizing and absorbing field.
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1. Introduction

The theory of convexity presents a very impressive, remarkable, and mesmerizing field for research
activities. This theory provides us amazing framework to initiate and develop numerical tools to tackle
and study complicated problems in mathematics. This theory has a large number of potential applications
in many different areas of sciences, such as information theory, coding theory, physics, optimization,
engineering, and inequality theory. Due to this reason, this field has been very inspirational and popular
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among researchers. To gain detailed knowledge about convexity, we suggest readers to see the references
[1, 12, 18, 22, 24, 25, 30].

The concept of convex analysis has played crucial and consequential role in the extensions and gen-
eralizations of the theory of inequality. The theory of inequality along with convexity property plays an
essential part in the present-day mathematical investigations. In addition, the modern and amazing view
point on the theory of inequality always offers to proliferate ideas and fruitful applications in every field
and branch of pure an applied sciences, for example, coding theory, geometric function theory, impul-
sive diffusion equations, numerical analysis, and fractional calculus. For the attention of the readers, we
suggest to see the references [5-8].

Toader [27], for the first time introduced m-convex functions. After Toader, Latif [15] and Kalsoom
[9] polished the idea of m-convexity and explored in the form of further generalizations namely m-
preinvexity. Recently Iscan (see [23]) introduced s-type convex function. The s-type convex functions are
very useful for the generation of Julia and Mandelbrot sets involving cubic and quadratic polynomial
(see [13, 14]). The awe-inspiring techniques and majestic tools of this article may excite and energize for
further research activities in this direction.

Motivated by the ongoing research activities, the principal objective of this article is to present a new
class of preinvex function called s-type m-preinvex function and s-type («, m)-preinvex functions before
the readers. We explore some algebraic properties and examples in the manner of newly introduced def-
initions. Some new versions of Hermite-Hadamard (H-H) inequality and its refinements are investigated
in the support of newly discussed concepts.

2. Preliminaries

In this section, we remember some known concepts. Mititelu [16] introduced the notion of invex set,
which is defined as follows

Definition 2.1. Let ¥ : J x J # () — R be a real valued function and for every (, & € Jand w € [0, 1], then J
is known as invex with respect ton(.,.) if £+ wn((, &) € J.

We clearly see that, if we choose 1((, &) = ¢ — &, then we attain classical convexity. Therefore, every
convex set is an invex with respect to n((, &) = ¢ — &, but its converse is not true in general, means that 3
invex sets which are not convex (see [2, 16]).

Mathematicians namely Weir and Mond [29] used the idea of invex set and to perform and explore
the idea of preinvexity.

Definition 2.2. Suppose an invex set J # () € R with respect to W : I xJ # ) — R. Then the mapping
Y :J — Ris known as preinvex with respect to 1, if

Y(E+wn(GE)) < () ¥Y(Q) + 1-w)¥(E), VC,EeX, wel01].

In 2007, Noor [21] for the first time introduced the idea of preinvex function to investigate H-H type
inequality, which is given as follows.

Theorem 2.3. Suppose ¥ : I = [(,(+n(E, )] — (0,00) be a preinvex functions on A° and (, & € I with
(< C+n(GE). Then

v(

¢+ (&,0)
20+m(¢, C)) < 1 J W(x)dx < ¥(Q) +¥(E)
2 (&, Q) Je 2
In the year 2011, another team of mathematicians namely Barani, Gahazanfari, and Dragomir worked
on the concept of preinvex function in the published article [4] and for the first time explored and estab-
lished H-H type inequality, which is given as follows.
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Theorem 2.4. Suppose an open invex subset I C R with respect tom : I x I — R. Let mapping ¥ : I — R be
differentiable. If ¥'| is preivex on J and ¥ (, & € J withn(&, () # 0, then

m(&, Q)
8

Y(x)dx| <

V(O +¥(E+n(E ) 1 cn(&,0)
2 n(&, Q) L W(Q) +Y(E)].

Later on, different authors worked and collaborated on the concept of preinvex functions as presented
in the given articles [3, 10, 19, 20]. Mohan and Neogy [17], first time used the condition-C, which is given
as follows.

Condition-C: Suppose that for any ¢, & € J, w € [0,1] and an open invex subset J C R™ with respect to
n:Jx3J— R, then

NEE+am(GE))=-wn (&), n(GE+wn(GE))=01-w)n(éE).

For any (, & € J and wy, wy € [0,1] from condition C, we have

NE+wan (&), &+ wm (&) = (wr—wi)n(GE).

From the last current decade, many mathematicians polished and worked on the concept of preinvex
functions in a different ways. Recently Latif [15] investigated first time the idea of generalized m-preinvex
and (&, m)-preinvex function, which are given as follows.

Definition 2.5. Suppose a function ¥ :J — RonJ C [0,b*], b* > 0and m € (0,1], then ¥ is known as
m-preinvex with respect to n, if

W(E+an(GE)) < (1— w) W (E) + maW <1f1> ,

holds for every ¢, & € J, w € [0,1].
Definition 2.6. Suppose ¥ :J — R on X C [0,y*],y* > 0, then ¥ is known as (&, m)-preinvex with respect
to n fixed (o, m) € (0,1] x (0, 1], if

WE+n(E8) < 1wV () +mey (),

holds for every (,& € J, w € [0,1].
Iscan [23], introduced s-type convex function, which is given as next.

Definition 2.7. A function ¥ : J — R is said to be a s-type convex function if for every (,& € J, s € [0,1]
and w € [0,1],
VY(wl+1-w) &) <O—(s(I-w)]¥(Q)+1—swl¥(E).

Skala [26], for the first time introduced and explored similarly ordered, which is given as follows.

Definition 2.8. An inequality of the form
(W(CQ) =Y(EN(P(Q) —D(E)) =20, V(EER

is called similarly ordered.

Attributable to the previously mentioned pattern and propelled by the continuous activities, the paper
is structured as follows. After discussing some preliminaries about preinvexity in Sections 1 and 2,
we introduce and investigate the presented concept about s-type m-preinvex and s-type (o, m)-preinvex
functions in Section 3. In Section 4, we derive the novel version of H-H type inequality. In section 5, based
on a established integral identity, we present estimations of H-H type inequality via newly introduced
ideas.
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3. Generalized preinvexity and its algebraic properties

The principal focus and aim of this section is to investigate and explore new notions involving new
class of convex functions namely s-type m-preinvex and s-type (o, m)-preinvex function and also to
discuss some algebraic properties in the manner of these newly introduced definitions.

Definition 3.1. Suppose a function¥:J — Ron J C [0,b*], b* > 0and m € (0,1]. Then the function ¥ is

known as s-type m-preinvex with respect to n, if

W(E+ wn(C, ) < (1—sw) ¥ (E)+ (1— (s(1— w))) m¥ (C>

m
holds for every ¢, & € X, w € [0,1], and s € [0, 1].
Remark 3.2.

(i) Choosing s = m =1 in Definition 3.1, it reduces to preinvex function which was introduced by Weir
and Mond [29].
(ii) Choosing m =1 and n((, &) = ¢ — & in Definition 3.1, it reduces to s-type convex function which was
presented by Iscan et al. [23].
(iii) Choosing s = m =1 and n((, &) = ¢ — & in Definition 3.1, it reduces to convex function which was
introduced and discussed by Niculescu et al. [18].

Definition 3.3. Suppose a function ¥ : X — R on X C [0,b*], b* > 0and («,m) € (0,1] x (0,1]. Then the

function ¥ is known as s-type («, m)-preinvex with respect to n, if

Y(E+wn(GE) <(1—(sw)*)V(E)+(1—(s(1—w)))*mV¥ <C> ,

m
holds for every ¢, & € X, w € [0,1], and s € [0,1].
Remark 3.4.

(i) Choosing s = « = m =1 in Definition 3.3, it reduces to preinvex function.
(ii) Choosing « = m =1 and n((, &) = ¢ — & in Definition 3.3, it reduces to s-type convex function.
(iii) Choosing s = o« =m =1 and n((, &) = (— & in Definition 3.3, it reduces to convex function.

Lemma 3.5. Suppose, Vs € [0,1], m € (0,1] and w € [0, 1], then the following inequalities
w<(1—-(s1—w))) and 1—w<1—sw

hold.

Proof. The proof is obvious. O

Proposition 3.6. Suppose every s € [0,1], m € (0,1], and w € [0,1] holds, then every nonnegative m-preinvex
function is an s-type m-preinvex function.

Proof. According to the Lemma 3.5 and definition of m-preinvexity, we have
WE+on(G €) < (1— ¥ () mat (&) < (1—swl¥(E)+ 1 (s —w))me (£

O

Proposition 3.7. Suppose w € [0,1], m € (0,1], and s € [0,1], then every non-negative s-type m-preinvex is an
(h, m)-preinvex function with the condition h(w) = (1 — (s(1 — w))).
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Proof. From the property of s-type m-preinvex function and the mentioned condition
h(w) = (1—(s(1 —w))), we have

Y(E+wn(GE)) < (T—sw)¥(E) +(1—(s(1—w)))m¥ (i) < h(1— w)¥(&) + hm(w)Y (i) ,

Now, we present examples for the new definitions.

Example 3.8. It is obvious that, every convex function is preinvex function. So using this concept, we say
that, a non-negative convex function ¥(x) = e*,Vx > 0 is m-preinvex function if m = 1. According to
Proposition 3.6, it is an s-type m-preinvex function.

Example 3.9. Let ¥(x) : RT — R™ is defined by

C+E, (<,

Vi, E € RY = [0, +00).
2t+E), (55 )

1, 0<t<1,
W) = T+ T
1, T>1,

and n(( &)= {

The above non-negative function ¥(t) is a m-preinvex function, if m = 1, but not a convex function.
According to Proposition 3.6, it is s-type m-preinvex function on X.

Now, we will explore and obtain some algebraic properties in the manner of the s-type m-preinvex
functions.

Theorem 3.10. Suppose two mappings ¥, ® : J = [(, &] — R be s-type m-preinvex functions, then
(i) Y+ o;
(ii) c¥,
are s-type m-preinvex functions.
Proof.
1) V§EeT well,1],se0,1] and m € (0,1], we attain
(¥ +®) (& +wn(C, £)) = Y(E+wn((, £)) + O(&+ wn(C, E)

< (1—sw)W (&) + (1 (s(1 — w))) m¥ (é)

4 (1= sw) @ (£) + (1— (s(1—w))) m® <C>

m

= (1—5w) [¥ (£) + @ ()] + (1 (s(1— w)) [m‘if (C> +me (ni)]

m

(1= s) (W4 ®)(E) + (1 — (s(1 — ) m(V + D) (é) |

(i) V¢, &ed,wel0,1], me (0,1],s €[0,1] and ¢ € R(c > 0), we have

(W) (£+ an(L,£)) < e (1—saw) W(E) + (1 (s(1 — w))) m¥ (fl) ]
=1—-sw)c¥(&E)+(1—(s(1—w)))emV¥ (i)

=1 —sw)(c¥) (&) + (1 —(s(1—w))) m(c¥) (ni) '

Hence, the desired result is obtained. O
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Theorem 3.11. Suppose for every w € [0,1], m € (0,1], s € [0,1] and ¥ : I = Y and ® : Y — R be an s-type
m-preinvex and increasing function, respectively. Then the composition of both functions, i.e., ® oW is an s-type
m-preinvex function.

Proof. ¥ ¢, €I, me (0,1, w € [0,1] and s € [0, 1], we attain
(@oVW)(E+wn(g &) = D(Y(E+ wn(( E)))
< D[ (1—sw)W(E)+ (1 (s(1—w))) m¥ <C> }

m

< (1 50) @Y £) + (1 (s(1 - w) mo(my ()

(11— sw) (@ 0 W) (£) 4+ (1— (s(1 — w))) m2(® 0 W) (C) .

m
Hence, the desired result is obtained. O
Remark 3.12.

(i) If we set s =1 in the above Theorem 3.11, we attain the inequality

(@ oW) (mé+wn(,&m)) < (1—w)(@oW) (&) +wm?(@oV) (i) .

(ii) If we set m = s = 1 in the above Theorem 3.11, then as a result, we attain the inequality
(@o¥) (E4+wn(GE)) < (1—w)(@o¥) (&) +w(®o¥) (7).
(iii) Putting m = 1 and 1((, &, m) = { — m& in the above Theorem 3.11, we have
(@o¥) (wl+ (1-w)E) < (1—sw)(PoV¥) (&) + (1—(s(1—w))(PoV¥)(C).

Theorem 3.13. Suppose for every w € [0,1], m € (0,1], s € [0,1], 0 < L < &, ¥ : T = [(, &) — RT be a family
of s-type m-preinvex function and W(u) = sup; ¥j(u), then W is an s-type m-preinvexity and U = {t € [(, &]
Y(ty) < oo} is an interval.

Proof.

Y(E+wn(C &) =sup¥j(&+wn(( &) < (1—sw)sup ¥ (&) + (1 —(s(1—w))) msup ¥ (ni)
) ) )

= (1—sw)VY(E)+(1—(s(1—w)))m¥ <Ti> < 0.

This is the required proof. O

Theorem 3.14. Suppose for every w € [0,1], m € (0,1], s € [0,1], and ¥; : R™ — R is an s-type m-preinvex
function, then the set M ={t € R:V¥;(t) <0,i=1,2,3,...,n}is an m-invex set.

Proof. Since

Wi+ am(G, &) < (1—sw) ¥ (&) + (1— (s(1— w)) m¥ (C)

m
when ¢, & € M, we know ¥;(¢) < 0 and V(&) <0, from the above inequality, it yields that
Wl(£+wn(C/£))<0/ i:112/3/---/1’1-

That is, £ + wn(¢, &) € M. Hence, M is an m-invex set. O
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Theorem 3.15. Suppose for every w € [0,1], m € (0,1], s € [0,1], and ¥ : I C R™ — R is s-type m-preinvex
function on m-invex set J, then Y is also generalized quasi m-preinvex function on J.

Proof. We assume that m‘i’(%) < Y(&), then for all (, & € J, we have

W(E+ wn(E, ) < (1—sw) ¥ (E) + (1— (s(1— w))) m¥ (i)
(&

SIA=(s(I-w)))+{1—sw)]¥ () <V(E).

In the same manner, let ¥(&) < m‘l’(%), for all ¢, & € J, we can also get

W(E + wn(,E) < m¥ (C> .
m

Consequently,
W(E+wn((, &) < max{¥(q), ¥(&)}

This is the required proof. O

Theorem 3.16. Suppose for every w € [0,1], s € [0,1] and m € (0,1], ¥ : Ro — R, be an s-type m-preinvex
function with respect ton : R x Rs x (0,1] = Ro. Suppose that, v is monotone increasing and Y is monotone
decreasing regarding m for fixed (, & € R, and my < mp (my, myp € (0,1]). Suppose ¥ is a s-type my-preinvex
function, then ¥ is a s-type my-preinvex function.

Proof. Employing the definition of s-type m;-preinvexity

W(E+ (G E)) < (1—sw) ¥ (E) + (1 (s(1— w))) myW (é) _
Combining ¥ with 1 regarding m for some fixed (, & € R, and m; < my, it follows
(1—sw)¥ (&) +(1—(s(1-w))) m¥ <C> <(1T—sw)W(E) 4+ (1—(s(1—w))) mp¥ <C> .

mq mp

Finally, we have

W(E+awn(G£)) < (1—sw) W (E) + (1— (s(1— ) mo¥ (C) |

mp

Hence, the above inequality shows the definition of s-type m,-preinvexity. O

Theorem 3.17. Suppose w € [0,1], m € (0,1], s € [0,1] and ¥, ® : I = [(, &] — R. If ¥, © be two similarly
ordered, s-type m-preinvex functions with the condition [1 — (s(1 —w))] 4+ [1 —sw] < 1, then YO is s-type m-
preinvex function.

Proof.
Y(E+ wn(C, &) Q&+ wn((, E))

<|(1—=sw)¥Y(E)+(1—(s(1—w)))m¥ <ni> } [(1 —sw) O (&) + (1 —(s(1 —w))) md (i) ]
< (1= sw)PY(E)D(E) + (1 — (s(1— w)))2 m2W <C> ® <C>
m m
0 (51— w))) (1 - sw) [m¥( £ )0(&) + ¥(E)m (n‘l)]

< (1= swPY(E)D(E) + [ — (s(1 — ) Pm2w () o <C)
m m
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(51— ) (1 (sw)) ¥ (o (fl) U D(E)]

11— s@) W(ED(E) + (1 — (51 — w)))m2W <C> o (C) ] ((1— (s(1— ) + (1—st>

m m

<(1—sw)Y(E)D(E) + (1— (s(1—w))) m?¥ <C> ) (C) )

m m
This is the required proof. O

Remark 3.18. If m =1 and n((, &, m) = (—mé& in Theorem 3.17, then as a result, we attain the inequality
Y(wl+ (1-w)EP(wi+ (1 -w)E) <[1—(s(1—w))¥(Q) () + [1—sw]¥ (&) D(E).

Theorem 3.19. Suppose mappings ¥, @ : J = [(, &] — R be two s-type (x, m)-preinvex functions, then

(i) W+ @ is s-type (x, m)-preinvex function;
(ii) c¥ is an s-type (x, m)-preinvex function.

Proof.
(i) V¢ é&Eed, wel0,1],se€[0,1],and (x,m) € (0,1] x (0,1], we attain

(W4 @) (£+wn(C,£)) = W(E+ an(C, ) + O(& + wn((,£)
< (1= (s0)¥) W () + (1 — (s(1 — w)))* mV¥ <C>

m

(= (50)™) @ () + (1 — (s(1 — w)))* m® (C>

m
= (1—(sw)*) W (&) + @ () + (1 —(s(1—w)))* {m‘i’ (C> +mo® (Cﬂ
m m
= (1 (sw)*) (W4 ©)(E) + (1— (s(1 — w))* m(¥ + D) <§1>
() V¢ &ed, wel0,1], sel0,1], (o, m) € (0,1] x (0,1], and ¢ € R(c > 0), we attain
() £+ wnlC 8)) < | (1= (s ¥(E) + (1= (51— w))*m¥ (=)
— (1 (sw)) ¥ )+ (1 (s(1 — w)))*em¥ ()
= (1—(sw)®) (c¥) (&) + (1 —(s(1—w))*m(c¥) <T]C1> .
This is the required proof. O

Theorem 3.20. Suppose for every w € [0,1], s € [0,1] and (x,m) € (0,1] x (0,1], ¥:J - Yand ® : Y — R
be an s-type (x, m)-preinvex and an increasing function, respectively. Then ® oV is a s-type (x, m)-preinvex
function.

Proof.
(@) (&4 @n(¢,£)) = DY+ @n(¢ )
<0 (1 (sw) VO + (1 (11w my ()
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< (1= (50)) (¥ (£))+ (1 (s(1 — w)))*m@(m¥ 1))
= (1= (50)*) (® o W) (&) + (1— (s(1 — ) MA@ 0 V) (i)

Hence, the desired result is obtained. O

Theorem 3.21. Suppose w € [0,1], s € [0,1], (&, m) € (0,1] x (0,1]. Let 0 < (< &, W5 : T = [(, &E] — [0, +00) be
a family of s-type (&, m)-preinvex function and ¥(u) = sup; W;(u). Then W is an s-type («, m)-preinvex function
and U ={t € [(, &) : ¥(Ti) < oo} is an interval.

Proof
Y(E+wn(G &) = sg}p‘i’j (E+wn(C &) < (1—(sw)®) slepwj (&) +(1—(s(1—aw))® m51;1p‘{/)- <§1>
= (1= (5w) X)W (&) + (1— (5(1 — w))) ¥ mV¥ (ni) < oo.
Hence, the desired result is obtained. 0

4. H-H type inequality in the frame of s-type m-preinvex functions

The main objective of this part is to investigate the new sort of H-H type inequality in the mode of
newly introduced idea namely s-type m-preinvex functions.

Theorem 4.1. Let X° C R be an open invex subset with respect ton : X° x X° x (0,1] — Rand let ¢, & € X°,( <
& with & +n(¢, &) < & Suppose V¥ : [E+1((, &), E] for all m € (0,1] and justifies Condition-C, then

(1-3%) &+ (CE)
(¢ &) [L

g

W(E+ on(68) < _—

3=

m

)dx—i—J ‘P(x)dx] < (2—3)[‘1’(5)+m‘1’(£)].

mé&+n(GE)
m

Proof. Since (¢, & € X° and for every w € [0,1], s € [0,1] and m € (0,1], we attain &+ wn((, &) € X°.
For the proof of the first inequality, putting w = 1 in the Definition 3.1, and employing condition C and
integrating over [0, 1],

Y(b+wn(a,b)) < (1—(sw))¥(b) + (1—(s(1—w)))m¥(—),

a
n
Wb+ Ln(a b)) < (1 - ;) [mw“)

5 +‘{’(b)].

m

So, we put the value of a = m&+ wn((, & m) and mb = mé&+ (1 — w)n(¢, & m) in the above inequality,
we get

W(b+ nla b)) = Y(E+ (1 - @in(E, &) + onle+wn(C,E), &+ (1 - wn(t,£))) @)

Now by using Condition C, we have

n(E+wn(G &), &+ (1—w) w
n(&+wn(G &), &+ (1-wn(G &) = (2w —1)n(C, &).

3
oY
&~
Il
€
|
[
+
5
oY
&~

Now, putting the value of 1 in (4.1),

W(b+ 7na,b)) = V(& -+ (1 - wIn(, &) + 520 — (L ),
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W(b+ 2n(a,b) = W(E+ (1 -+ @ 2)n(g E),

W(y+ 0% y)) = W(ES (G E))

Now
1 1 —
\y(a+%n(c,a)) < <1—;> U m\y(Hwn(C’E))derJ et w)n(c,a))dw]
0 m 0
S 1 E4n(GE) x &
< <1 — 2> ) [L m‘{’(a)dx + Jmam(c,a) ‘P(x)dx].
For the proof of the second inequality, using the definition of s-type m-preinvexity, we have
1 E+n(¢,8) X 3 1 ! (1—w)
[ e e[ e < [ e en@ enao | wier U el
(G &) e m mEn(cE) 0 .
1 1
<| 1= GenwEdo | (1 (51 w)me()dw
0 0 m
1 1
—i—J (1—(5(1—w)))W(£)dw+J (1—sw)m‘£’(£)dw
0 0 m
2 —
< (337) o+ wie) + mv(S) 4 me )
m m
< 2= ) [W(E) + mw(S)].
m
This is the required proof. O

Corollary 4.2. If we put s = m =1and n((, &) = (— & in Theorem 4.1, then we get H-H inequality in [11].

5. Refinements of H-H type inequality

The main subject of this section is to present some estimations of (H-H) type inequality for s-type
m-preinvex and s-type (&, m)-preinvex functions.

Lemma 5.1 ([4]). Let ¥ : J° C R — R be a differentiable mapping on 3°, ¢, & € 1° with ¢ < & . If ¥ € L[(, &),
then

(1—2w)¥'(&+ wn((, &))dw.

Y(E) +Y(E+n(CE) 1 rﬂ“@ n(c,a)r

Y —
2 (g &) Je (x)dx 2 Jo

Theorem 5.2. Suppose J° C R be an open invex subset with respect ton : J° x J° — Rand ¢, & € I° with

E+n(G &) < & Assume that mapping W : 3° — R be differentiable such that ¥’ € L[E +n((, &), &l If [W'] is
s-type m-preinvex function on [£+1((, &), &l and w € [0,1],s € [0,1], m € (0, 1], then

<miol(23)a(mw o e),

Y(x)dx

Y(E)+Y(E+M(EE)) 1 Jam(c,a)

2 (g8 e

where A is arithmetic mean.

Proof. Assume that for any w € [0,1] and (& € J°, we have &+ wn(( &) € J°. Using Lemma 5.1,
properties of modulus and definition of [¥'|, we have
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Y(E) +Y(E+NGE) 1 (Eled)
‘ 2 NG5 L Fix)ax
1
2 0

\

n (c,a)lj 1—2w |<(1—(sw))l‘i’/(aﬂ—i—(l—(s(l—w)))ml‘i”(iﬂ)dw

n( e
< ( W ( J I1—2w|(1— (sw))dw +m[¥ (m)IJO |1—2w|(1—(s(1—w)))dw)
<3 (wia(5) imr(33))
m 4
<m(¢ E)|< >A< W= )| (& )|>

This completes the proof. O

Corollary 5.3. If m = s = 1 in the above Theorem 5.2, then the Theorem 2.1 in [4] is recovered.
Corollary 5.4. Puttingn((, &) = (— & and m = 1 in the Theorem 5.2, we get inequality (4.1) in [28].

Theorem 5.5. Suppose J° C R be an open invex subset with respect ton : J° x J° — Rand ¢, & € I° with
E4+1n(g &) < E, q>1, 1 —1—% = 1. Assume that mapping ¥ : J° — R be differentiable such that V' €

LIEE+N(C &), &l IFW'9is s- type m-preinvex function on [£4+n((, &), &} and w € [0,1], s € [0,1] and m € (0,1],

& (CE)
'w(£)+‘l’(£+n(6,£)) 1 J“‘ Y(x)dx

2 (G E) e

MCEI( 1 \7(2=s)T 1 ,
< e <p+1> ( 2) q<m|\v( )|q,|wa)|q),

where A is arithmetic mean.

Proof. Assume that for any w € [0,1] and (, & € J°, we attain &+ wn((, &) € J°. Employing Lemma 5.1,
properties of modulus, Holder’s inequality, and definition of [¥’/|9, then we have

£+ (GE)
‘\y(awwam(c,a)) 1 J*" W(x)dx

2 - n(g,8) Je
(G &)

1
L(l—Zw)‘P’(Eern(C, a))dw'

1 s a
B[ s )
2 0 0

: 1 1 :
< MG ) (s | - swnaw | miv2 e s - @)

MEGEN/ 1 \P(2—s\a 1/ . ¢ ,
<73 (p+1> < . ) Aq(mmf (=19, 1 (a)|q>.

This completes the proof. O

h ‘

Corollary 5.6. If m = s =1 in Theorem 5.5, then published Theorem 2.2 in [4] is recovered.

Corollary 5.7. Choosing n((, &) = (— & and m = s = 1 in the above Theorem 5.5, then we get inequality (4.2) in
[28].
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Theorem 5.8. Suppose J° C R be an open invex subset with respect tomn : J° x J° — Rand (, & € J° with
E+n(GE) <& q =1 Assume that mapping ¥ : I° — R be differentiable such that V' € LIE+n((, &), &l If
[W'|9 is s-type m-preinvex function on [£ +n((, &), & and s € [0,1], w € [0,1] and m € (0, 1], then

E4n(¢,E)
’\y(awwam(can 1 J“‘ Y(x)dx

2 (8 e

1-2 i
gm(cz,an(;) q(iS)“Aé<m|xy'(1fl)|q,|w’(a)|q),

where A is arithmetic mean.

Proof. Assume that for any w € [0,1] and (, & € J°, we have &+ wn(( &) € J°. Let q > 1. Applying
Lemma 5.1, properties of modulus, power mean inequality, and definition of [¥/|9, we have

“1’(5)+‘P(E+n(é,£))_ 1 Jémc/a)
2 n(g &) Je

1
\‘ n(& E’)j( —2w)‘i”(£+wn(C,E))dw'

'(

Y(x)dx

1 -1 0 T
J |1—2w|dw> <J |1—2w||‘1”(£+wn(C,£))|qdw>
0 0

1— % q
) (- 2w|[(1—(sw))|wa)|q+(1—(s(l—w)nmw(inq}dw)

1
)
c )1\ 1 ! e
(2> ( |1—2w|(1—(sw))dw+J 1 —2wm[¥ (m)lq(l—(s(l—w)))dw>
0 0
1
2)

S lq( ) (S e ).

For the case q = 1, we apply the same technique step by step as used in the Theorem 5.2. This completes
the proof. O

f‘\'N

N

1
q

J:\»-

N

Corollary 5.9. Choosing m = s =1 in Theorem 5.8, then

Y(E) +Y(E+N(GE) 1 Jam(m

n(g &)
2 (G &) Je 4

W(x)dx‘ < A [Mcnq,maw ,

holds.

Corollary 5.10. Choosing s =1 and n((, &) = C— & in Theorem 5.8, we get inequality (4.3) in [28].

Theorem 5.11. Suppose J° C R be an open invex subset with respect ton : J° x J° — Rand (, & € I° with
E+n(GE) <& q>1, ,% +% = 1. Assume that mapping ¥ : J° — R be differentiable such that V' €

LIE+1(C &), &l and w € [0,1], s € [0,1] and m € (0, 1]. If [¥'|9 be s-type m-preinvex function on [£ +n((, &), &,
then

E+n(CE)
‘W(£)+W(£+H(C,£)) 1 J”‘ Y(x)dx

2 n(G &) Je

NGO 1 \NF [ Cig3=25 35\ E Coals alond
) (2(p+1)> {(mN’ (E)Iq c + ¥ (5)“6) +<ml‘1’ (a) c (5)|q6> }

N
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Proof. Assume that for any w € [0,1] and ¢, & € J°, we have &+ wn((, &) € J°. Applying Lemma 5.1,
properties of modulus, Holder-Iscan integral inequality, and definition of [V'|4, we have

W(E) +W(E+N(LE)) 1 (&mied)
’ 2 NG L ¥lx)dx
1
< &) “Za'j 1 — 20|/ (& + awn(, £)) da
1 % 1 1
(0 |1—2w|Pdw> (L(l—w)|\y’(a+wn(c,£))lqdw>

e !
InCE,I( w|1 2w|pdw> <J wI\y/(£+wn(C,E,))|qdw>

0

1
q

1 1
nt )'(2(p1+1)) (1008 | (1= @)1= (swhaw + | (1= @ (S0 - (s(1 - w)))dw)

MGEl, 1 \v [, 1 . :
T <Z(p+l)) <|‘1’ (ﬁ)qL w(l—(sw))dw—i—L mY (m)|qw(1—(3(1—w)))dw>

mE el 1 \F  Cigd3=28 g3 -8\
<" () { (v s ven )

# (w32 e ) ",

This is the required proof. O

<

Corollary 5.12. Choosing m = s =1 in the above Theorem 5.11, then

W(x)dx

“P(E)Jr‘l’(am(c,a))_ 1 J&+T1(C,£)
2 n(G &) Je

MG E [ 1 \P[/W(Q  2W/(E)I\a  (2W(Qd  [W(E)d)a
<M () [T ()

Corollary 5.13. Choosing s = m =1 and n((, &) = (— & in Theorem 5.11, we get inequality (4.4) in [28].

Theorem 5.14. Suppose J° C R be an open invex subset with respect ton : J° x I° — R and (, & € I° with
E+n(G &) <& q = 1. Assume that mapping W : I° — R be differentiable such that V' € L[E+n((, &), &) and
w € [0,1], s € [0,1] and m € (0,1). If [W'|9 is s-type m-preinvex function on [&+n((, &), &), then

E4M(CE)
‘W(mwamcan_ 1 J” W(x)dx

2 NG &) Je

2 ; :
<PEEL) H (mr Simate) + @)+ (mie (S iials) + el Ta(s))

where

1 1
J (1—w)1—-2wl(1-(s(1—w)))dw :J w|l —2wl(1— (sw)))dw,
0 0

kq(s)

1 1

w|l—2wl|(1—(s(1—w)))dw :J (1—w)|l—2wl|(1—(sw))dw.
0

ko(s) ZJ

0
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Proof. Assume that for any w € [0,1] and (, & € J°, we have &+ wn(( &) € J°. Let q > 1. Applying
Lemma 5.1, properties of modulus, improved power-mean integral inequality, and definition of [V'|9, we
have

W(E) +Y(E+1(C8)) 1 (&micE)
‘ 2 TG a)J Ylxdx
<hﬂgaw‘u—zlw(é+wMC£me
1 -1 5
< & e) (J (1—w)|1—2w|dw> (j (1—w)1—2wW'(a+wn(c,anqdw>
2 0 0
1 -1 /0 &
| G E) (J (w1—2w|dw) (J w|1—2w||W’(a+wn(c,a))|qdw)
2 0 0
22
ghﬂaan<) 4
! ¢ &
X {< w)|l— 2w|(17(sw))dw+J (1w)|12w|m|‘1”()Iq(l(s(lw)))dw>
0 m
1 ¢ a
+< w|1—2w|(l—(sw)))dw+J w1—2w|m‘1"(m)|q(l—(s(l—w)))dw> }
0

- : !
<MEELE) (v Ermate) 4 eimiale)) "+ (i Sl + @1 )

For the case q = 1, we apply the same technique step by step as used in the Theorem 5.2. This completes
the desired proof. O

Corollary 5.15. If m = s = 1 in Theorem 5.14, then

“P(E)+W(£+n(c,a))_ 1 Jam(c,a)
2 n(¢ &) Je

MG &[T 3W/(ENINT (3T [WI(E)a\T
< M (P ) (R )

Corollary 5.16. If we choose s = m =1 and n((, &) = C— & in Theorem 5.14, we get inequality (4.5) in [28].

Y(x)dx

Note: We pass some comments regarding comparison on the above estimations of the mentioned lemma.
Using Lemma 5.1, we established two Theorems 5.5 and 5.11, employing the Holder and Hélder-Iscan
inequality. If we compare, Theorem 5.11 gives better result than Theorem 5.5. Similarly, using Lemma 5.1,
we estimate two Theorems 5.8 and 5.14, employing power mean inequality and improved power mean
inequality. Again, if we compare, Theorem 5.14 gives the better than Theorem 5.8.

Theorem 5.17. Suppose J° C R be an open invex subset with respect ton : J° xIJ° — R and (, 6 € J° with
E+1n(C &) < & Assume that mapping W : 3° — R be differentiable such that W' € L[E+n(( &), &l If [Y'] is
s-type (o, m)-preinvex function on [&+n((, &), &), then

Y(E) +Y(E+NGE) 1 Jam(c,a)
2 n(¢ &)

holds for w € [0,1], (&, m) € (0,1] x (0,1] and s € [0, 1], where

W(X)dx‘ . |n(cz,a)|<

MW+ mAs(s 1)),

As)=| 1T—-2w|(1—-(sw)*)dw =

0 Ao+ 1) (a+2)

7

Jl 202 + 60+ 4 —22 xtlgx _gyex

1
NAo(s) = L 1—2wl|(1—(s(1—w))*)dw.
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Proof. Suppose that for any w € [0,1] and ¢, & € J°, we have &+ wn((, &) € J°. Applying Lemma 5.1,
properties of modulus, and definition of [¥’|, we have

YE) +YE+N(GE) 1 (Emles)
' 2 n(¢ &) L Hlx)dx
1
< '““Z‘E)J (1—2w)‘1”(£+wn(&,ci))dw’
0
1
< '”(Cz"”J |1—2w|(1—(sw)“w%a)w(1—(s(1—w)))“mwC)|>dw
0 m
1 1
< '”(CZ"E)QW'(&J |1—2w|(1—(sw)°<)dw+m|wC)|J |1—2w|(1—(s(1—w)))“dw)
0 m Jo
< M&E) (Alts)|w’(a)|+mm(s)|w’(C)|>.
m
This is the required proof. O

Corollary 5.18. If we take x = m = s = 1 in the above Theorem 5.17, we attain the published Theorem 2.1 in [4].

Corollary 5.19. Choosing (¢, &) = (— & and o« = m = 1 in the above Theorem 5.17, we get inequality (4.1) in
[28].

Theorem 5.20. Suppose J° C R be an open invex subset with respect ton : J° x J° = R and (, & € I° with
E+n(GE) <& q>1, %—i— L — 1. Assume that mapping V¥ : I° — R be differentiable such that V' € L[E +
n(¢ &), &l If [Y'|9 is s-type (o, m)-preinvex function on [£+n((, &), &l and w € [0,1], (o, m) € (0,1] x (0,1]
and s € [0,1], then

o

Y(E) +YE+NGE) 1 (Emed
‘ 2 NG E) L ¥lx)dx

) |ﬂ(C2,E,)|<pil>p(/\3(5)|\y’(5)|q+m/\4(s)|‘i"(]i)|q>,
where
B ! « _at+1—s% _ ! wq_ —(1=s)* -1
/\3(5)_J0(1—(sw) )dw—W, /\4(5) —Jo(l_(s(l_w))) dw = S((X-Fl)

Proof. Suppose that for any w € [0,1] and ¢, & € J°, we have &£+ wn((, &) € I°. Applying Lemma 5.1,
properties of modulus, Holder’s integral inequality, and definition of [¥’/|9, we have

Y(E) +Y(E+n(GE)) 1 (Emied
‘ 2 - n(gé) L i
1
< ‘“(“’)J (1 20)W'(&+ wn (4, a))dw'
2 Jo
1 % 1 %
< WZE)'G |1—2w|p> (J |1P’(E,+wn(c,£))lqdw>
0 0
% 1 1 q
<MEE) (W | a tswraw | mw - s - w))taw)
p+1 0 0 m
< In(CZ,E,)I (qu)‘” </\3(s)|\y’(g)|q +m/\4(s)|‘l”(1i)lq>-

This is the required proof. O
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Corollary 5.21. Choosing x = m = s = 1 in the above Theorem 5.20, we attain the published Theorem 2.2 in [4].

Corollary 5.22. Choosing n((, &) = ¢ — & and o« = m = s = 1 in the above Theorem 5.20, then we get inequality
(4.2) in [28].

Theorem 5.23. Suppose J° C R be an open invex subset with respect ton : J° x I° — R and ¢, & € I° with
E+n(GE) <& q = 1. Assume that mapping V¥ : I° — R be differentiable such that ¥’ € LIE+n(( &), &) If
W19 is s-type (o, m)-preinvex function on [&+n((, &), &), then

V(E) +Y(E+(GE) 1 (Eled)
‘ 2 NG E) L Yix)dx
=
<|T'(CZ"Z’)|<§> </\1(s)l‘lf’(£)lq+m/\2(s)|ly'(C)|q>,
m

holds for w € [0,1], (o, m) € (0,1] x (0,1] and s € [0, 1], where A1(s) and Ay(s) are defined in Theorem 5.17.

Proof. Assume that for any w € [0,1] and ¢, & € J°, we have & +wn(( &) € J°. Let q > 1. Applying
Lemma 5.1, properties of modulus, power mean inequality, and definition of [¥/|9, we have

W(x)dx

“P(é)+‘l’(&+n(c6)) 1 J“ﬂ“@

2 (g E) e
1
< ’“(CZ"(’) L(1—2w)\y’(a+wn(c, é))dw'
1 1—1 1 %
<MEEN( [ n-2wiae) ([ 120w e+ wn(e o))
0 0

-4 /¢l .

< |n(52'5”<;> (J |1—2w|(1—(sw)°‘)|‘11’(&)|q+(1—(S(1—w)))“ml‘1”(C)Iq]dw>
. m

1-1 1 1 g

< Wf”(;) (w'(anqj |1—2w|(1—(sw)°‘)dw+J 1_zw|m|w'(qu(l—(su—w))“)dw)q
0 0 m
y 1 17% / /
- '““2‘5)' (2) (Al(s)mf (E)19 + mA(s)[¥ (qu).
m
For the case q = 1, we apply the same technique step by step as used in the Theorem 5.17. This completes

the proof. O

Corollary 5.24. Choosing x = m = s = 1 in the above Theorem 5.23, then

‘P(x)dx’ SLLLYE [Mcnq,w%anq .

“P(E)+‘1’(£+n(c,a)) 1 Jam(m
Corollary 5.25. If x = m = s =1 and n((, &) = {— & in Theorem 5.23, we get inequality (4.3) in [28].

Theorem 5.26. Suppose J° C R be an open invex subset with respect ton : J° x J° — Rand (, & € I° with
E+n(GE) <& q>1, ,% —i—% = 1. Assume that mapping ¥ : 3° — R be differentiable such that ¥’ €

LIE+N(G &), &L If [W'[9 be s-type («, m)-preinvex function on [§+1((, &), &, then

Y(x)dx

“1’(&) +W(E+1((E)) 1 Jamc,a)

2 (g8 e

(3551) " { (st @1+ madom12010) " + (st el + mastone (210 ) "},
m m

o MG &)l
p+1)

)
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holds for w € [0,1], (e, m) € (0,1] x (0,1] and s € [0, 1], where

As(s) = ::(1 @l (sw) e = —

Aols) :u":(l—w)u—(su—w)))“dw - (1_3)(”2_1_(S(zl(;jgﬂ_(“l”gﬁ,
Arls) = : w(1— (sw)™)dw = "m‘

Aols) = | w1 = (s(1 - w))"do = Bt bl (13—2(2[;;““ ~ (et DI}

Proof. Assume that for any w € [0,1] and (, & € J°, we have &+ wn((, &) € J°. Applying Lemma 5.1,
properties of modulus, Holder-Iscan integral inequality, and definition of [¥’|9, we have

Y(x)dx

"F(é)+‘¥(£+n(c,a))_ 1 Ja+n(c,a)
2 n(¢ &) Je

1
\n((; &)l J 11— 2w[[W' (&4 wn((, &))ldw

5 (o ) [

n(G &)l

<

al=

w)I‘P/(Eern(C,E))quw)

s q
( w\l 2w|pdw) <J0w|‘i”(5+wn(C,E))|qdw>

al=

1

1
< ‘““;‘5 (355 1)) (1w | (- @)1 (w10 + [ (1= wpmp/ (L1911~ (51 - @)

|n(C'E’)| 1 % / ! Iod ! / C o q
+ 5 (2(P+1)) (\}’ (£)|qJO w(l—(sw) )dw—‘rL mjW (Hﬂqw(l—(s(l—w))) dw)

< n(@&)l( 1
2 2(p+1)

1 1 1
) ’ { (A5(s)|w’(a)|q +mA6(s)|W’(1fl)q) ) (A7(s)|W'(a)q +m/\s(8)‘l”(i)lq> q }
This completes the desired proof. O

Corollary 5.27. If we take s = x = m = 1 and n((, &) = (— & in Theorem 5.26, we get inequality (4.4) in [28].

Theorem 5.28. Suppose J° C R be an open invex subset with respect ton : J° x I° — R and (, & € I° with
E+n(G &) <& q > 1. Assume that mapping ¥ : 3° — R be differentiable such that ¥' € L[E +n((, &), &l If
W9 is s-type (o, m)-preinvex function on [&+n/((, &), &), then

Y(E) +YE+NGE) 1 EmEd)
‘ 2 NG E) L Yixdx
27% % %
<PEEL) (ot e+ manoie(£09) "+ (Anlo (217 + maniw (£ )9) ",
m m

holds for w € [0,1], (o, m) € (0,1] x (0,1] and s € [0, 1], where

1
Ng(s) = J w|l —2wl|(1— (sw)¥)dw,
0
1
Anls) = JO /1 — 20](1 — (sw)*)dav,

1

Anols) = JO (1— w1 —20](1 - (s(1 — w)))*da,
1

Aa(s) = Jo wll —2wl|(1—(s(1—w)))*dw.
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Proof. Assume that for any w € [0,1] and ¢, & € J°, we have £+ wn/((, &) € I°. Let q > 1. From lemma 5.1,
properties of modulus, improved power-mean integral inequality, and definition of [W'[9, we have

"P(E)+W(a+n(c,a))_ 1 Jam(c,a)

1
< In((?2,5)| J 11— 2w|W' (& + am (g, &))ldw

1 1—% 1
(J w)[1— dew) (Jo(l—w)1—2w||‘{”(£+wn(C,5))|qdw>

0

Y(x)dx

o=

o=

(¢ &)l s ,
< 1—2w|dw) <J w|1-2w|\1!(a+wn(c,£))qdw)

2 0
<| (C,E)l( ) @
2 2

1 !
x{ W ( w)|1—2w|(1— (sw)* )dw-i—J (1—w)1—2wm‘l"(C)Iq(l—(s(l—w)))“dw)
0 m
1 ¢ s
—|—<| W ( wll 2w|(1— (sw)* )dw—l—J' w|1—2w|m|W'(m)q(l—(s(l—w))“dw) }
0
2‘& 3 3
<'““2'£”(;> { (st e+ mas (s (£09) " (An sl (@19 + mAn(sw(5)9) "},
m m

For the case q = 1, we apply the same technique step by step as used in the Theorem 5.17. This completes
the proof. O

Y(x)dx

Corollary 5.29. If we take x = m =1 and s = 1 in Theorem 5.28, then
Y(E)+Y¥(E+n(GE) 1 rm(c,a) @I " 3[¥(&)[9 %+ 3[Y(0)| n W(E)a\ T
2 n(G &) Je S8 1 4 4 1 '

Corollary 5.30. If we take s = x = m = 1 and n((, &) = C— & in Theorem 5.28, we get inequality (4.5) in [28].

Note: We pass some comments regarding comparison on the above estimations. Using Lemma 5.1, we
established Theorems 5.20 and 5.26, with the help of Holder and Holder-Iscan inequality. If we compare,
then Theorem 5.26 gives the better result than Theorem 5.20. Similarly, Using Lemma 5.1, we presented
Theorems 5.23 and 5.28, with the help of power mean inequality and improved power mean inequality. If
we compare, then Theorem 5.28 gives the better result than Theorem 5.23.

6. Conclusion

In our article, we have defined two new preinvex functions namely s-type m-preinvex and s-type
(o, m)-preinvexity and also discussed some related algebraic properties. Next, employing these new no-
tions of preinvexity, we presented some novel variant of H-H type inequality and some of its refinements.
To support their summed up behaviour, we show the association between our results and the generally
established ones in the literature. In future, researchers can extend this concept in variant ways like time
scale calculus, Raina convexity, polynomial Raina convexity, quantum calculus, fractional calculus, etc.
We believe the procedure of this manuscript will motivate mathematicians to investigate a more amazing
sequel in this direction.
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