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Abstract

A soft set of E over U is a mapping from E to the set of all subsets of U. There are many studies that apply the concept of
soft sets to investigate the properties of some algebraic structures. The notions of (M,N)-union soft left (resp., right) hyperideals
in ordered semihypergroups were introduced by Farooq, Khalaf, and Khan. These concepts are generalizations of uni-soft
left and right hyperideals. Ordered semihypergroups can be characterized by many mathematical concepts, such as their
hyperideals, fuzzy hyperideals, and soft hyperideals. In this paper, we apply the notions of (M,N)-union soft left (resp., right)
hyperideals to characterize some regularities of ordered semihypergroups: regular, weakly regular, and intra-regular ordered
semihypergroups.
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1. Introduction

Hyperstructure theory was first introduced by Marty [24]. The theory is widely studied from the
theoretical point of view and for its applications to many areas of pure and applied properties (see
[3, 4, 5]).

The idea of semihypergroups (also called hypersemigroup or multisemigroup) was first investigated
by Bonansinga, and Corsini [2, 4]. Later studied by many authors, for example by Mahmood [23], Hila
et al. [11], Davvaz et al. [5], Gu and Tang [9], Heidari and Davvaz [10], and many others. The concept
of ordered semihypergroups is a generalization of the concept of ordered semigroups. Indeed, every
ordered semigroup can be regarded as an ordered semihypergroup (see [14]).

Recently, many interesting properties of ordered semihypergroups were investigated by many scien-
tists. In 2021, Gu [8] extended classification of weakly semiprime segments in ordered semigroups to
ordered semihypergroups. By this similar idea, extending a study in ordered semigroups to ordered
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semihypergroups, Yiarayong et al. [29] classified completely prime ideals in ordered semihypergroups.
By these two studies, the primness properties of hyperideals are spotted considered.

We mention that some classical algebraic structures are now extended and widely investigated. For
example, in 2013, the authors [27] considered a generalization of semihypergroups which is called a left
almost semihypergroup. The left almost concept was applied to polygroups in [28]. The concept of uni-
soft structure was applied to ordered Γ -semihypergroups by Khan et al. [19]. The notion of ordered
∗-semihypergroups was studied in 2021 by Tang and Yaqoob [26].

Molodtsov [25] introduced the concept of soft sets as a new mathematical tool for dealing with uncer-
tainties that are free from the difficulties that have troubled the usual theoretical approaches. Anvariyeh et
al. [1] initiated soft semihypergroups by using the soft set theory. They introduced soft semihypergroups,
soft subsemihypergroups, soft hyperideals and studied several related properties. Naz and Shabir [22]
applied soft set theory to semihypergroups.

The concept of union-soft semigroups, union-soft l-ideals, union-soft r-ideals, and union-soft semiprime
soft sets have been considered by Jun et al. [13]. As a generalization of the concept of soft semigroups, soft
left (right) ideals and left (right) idealistic soft semigroups, in 2010, Jun et al. [12] initiated the study of
soft ordered semigroups, soft left (right) ideals, and left (right) idealistic soft ordered semigroups. Shabir
et al. [20] introduced the concept of union-soft version of semiprime quasi-ideals of ordered semigroups
and characterized completely regular ordered semigroup in terms of semiprime union-soft quasi-ideals.
Khan et al. [21] characterized weakly regular, intra-regular, and semisimple ordered semigroups by the
properties of their union-soft ideals.

This present paper is to study ordered semihypergroups in the context of union soft left (right) hyper-
ideals. The notion of generalized union soft left (right) hyperideals is studied, and their related properties
are discussed. We characterize regular and weakly regular ordered semihypergroups in terms of gen-
eralized union soft left (right) hyperideals. Finally, we also characterize intra-regular using union soft
hyperideals.

2. Preliminaries

This section will recall the basic terms and definitions from the hyperstructure theory and the soft set
theory.

Definition 2.1 ([5]). A map ◦ : H×H → P∗(H) is called a hyperoperation on the set H, where H is a
nonempty set and P∗(H) denotes the set of all nonempty subsets of H.

A hypergroupoid is a structure 〈H; ◦〉 comprising of a nonempty set H with together a (binary) hyper-
operation on H.

Let A and B be two nonempty subsets of H. We define

A ◦B =
⋃

a∈A,b∈B
a ◦ b.

Definition 2.2 ([5]). A hypergroupoid 〈H; ◦〉 satisfying

x ◦ (y ◦ z) = (x ◦ y) ◦ z,

for all x,y, z ∈ H is called a semihypergroup.

Definition 2.3 ([5]). The hyperstructure 〈H; ◦,6〉 is called an ordered semihypergroup if

1. 〈H; ◦〉 is a semihypergroup;
2. 〈H;6〉 is a partially ordered set;
3. for every a,b, c ∈ H if a 6 b, then a ◦ c 6 b ◦ c and c ◦ a 6 c ◦ b. Here, A 6 B means that for each
a ∈ A there exists b ∈ B such that a 6 b.
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For simplicity, we denoted an ordered semihypergroup 〈H; ◦,6〉 by its carrier set as a bold letter H.
Let H be an ordered semihypergroup. For K ⊆ H, we denote

(K] := {a ∈ H : a 6 k for some k ∈ K}.

A nonempty subset A of H is called a subsemihypergroup of H if 〈A; ◦,6〉 is an ordered semihypergroup.

Definition 2.4 ([5]). Let H be an ordered semihypergroup. A nonempty subset R of H is called a right
hyperideal of H if

1. R ◦H ⊆ R;
2. for a ∈ H and b ∈ R, if a 6 b, then a ∈ R.

Definition 2.5 ([5]). Let H be an ordered semihypergroup. A nonempty subset L of H is called a left
hyperideal of H if

1. H ◦ L ⊆ L;
2. for a ∈ H and b ∈ L, if a 6 b, then a ∈ L.

A nonempty subset I of H is called a hyperideal of H if it is both a left hyperideal and a right
hyperideal of H.

For any a ∈ H, we denote by R(a) and L(a) the right hyperideal of H generated by a and left
hyperideal of H generated by a, respectively. One can prove that R(a) = (a ∪ (a ◦ H)] and L(a) =
(a∪ (H ◦ a)].

From now on, U is an initial universe set, E is a set of parameters, P(U) is the set of all subsets of U
and A,B,C, · · · are nonempty subsets of E.

Definition 2.6 ([25]). A soft set fA of E over U is defined as fA : E→ P(U) such that fA(x) := ∅ if x /∈ A.

Hence, fA is also called an approximation function. A soft set fA of E over U can be represented by
the set of ordered pairs

fA := {(x, fA(x)) : x ∈ E and fA(x) ∈ P(U)}.

By the above definition, a soft set is a parameterized family of subsets of U. From now on, we denote the
set of all soft sets of E over U by SE(U).

Let A ⊆ E. The characteristic soft sets χA and χc
A of E over U are defined by

χA(x) :=

{
U if x ∈ A,
∅ otherwise,

and

χc
A(x) :=

{
∅ if x ∈ A,
U otherwise,

for all x ∈ E (see [18]). We observe that, for any A ⊆ E, we have χc
A(x) = χErA(x) for all x ∈ E.

Let fA, fB ∈ SE(U). In [25], Molodtsov defined binary relations and operations on SE(U) as follows.

1. The soft set fA is said to be a soft subset of fB, denote by fA v fB, if fA(x) ⊆ fB(x) for all x ∈ E.
Note that we also write fB w fA instead of fA v fB.

2. The soft sets fA and fB are said to be equal, denoted by fA = fB, if fA v fB and fB v fA.
3. The soft union of fA and fB, denoted by fA t fB = fA∪B, is defined by (fA t fB)(x) := fA(x)∪ fB(x)

for all x ∈ E.
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4. The soft intersection of fA and fB, denoted by fA u fB = fA∩B, is defined by

(fA u fB)(x) := fA(x)∩ fB(x),

for all x ∈ E.

Khan et al. [18] apply the concept of soft sets to ordered semihypergroups. Let H be an ordered
semihypergroup. We call any soft set of H over U by a soft set of H over U. Denote the set of all soft sets
of H over U by H(U). In this case, SH(U) = H(U).

Let H be an ordered semihypergroup and a ∈ H. Then, we define

Ha := {(x,y) ∈ H×H : a 6 x ◦ y for some x,y ∈ H}.

For any fA, fB ∈ H(U), define a new soft set fA � fB by

(fA � fB)(a) =


⋂

(x,y)∈Ha

(fA(x)∪ fB(y)) if Ha 6= ∅,

U otherwise,
(2.1)

for all a ∈ H.
Besides, they defined the notions of union soft subsemihypergroups and union soft left (resp., right)

hyperideals of ordered semihypergroups. The related properties were investigated. This paper focuses on
a generalized concept of union soft left (resp., right) hyperideals of ordered semihypergroups, so-called
(M,N)-union soft left (resp., right) hyperideals which were introduced by Farooq et al. [7].

Now, we always assume that ∅ ⊆ M ⊂ N ⊆ U. We recall some knowledge concerning the concept of
(M,N)-union soft left (resp., right) hyperideals. Let H be an ordered semihypergroup. For any fA, fB ∈
H(U), we define a relation w[M,N] by

fA w[M,N] fB if and only if (fA(x)∪M)∩N ⊇ (fB(x)∪M)∩N,

for all x ∈ H. In particular, fA =[M,N] fB if fA w[M,N] fB and fB w[M,N] fA.
By this setting, they obtained the following theorem.

Theorem 2.7 ([7, Theorem 4.1]). Let H be an ordered semihypergroup. Then 〈H(U); �,w[M,N]〉 is an ordered
semihypergroup.

Definition 2.8 ([7]). Let H be an ordered semihypergroup. A soft set fA of H over U is called an (M,N)-
union soft subsemihypergroup of H over U if( ⋃

a∈x◦y
fA(a)

)
∩N ⊆ fA(x)∪ fA(y)∪M,

for all x,y ∈ H.

Definition 2.9 ([7]). Let H be an ordered semihypergroup. A soft set fA of H over U satisfying x 6 y

implies fA(x)∩N ⊆ fA(y)∪M is called

1. an (M,N)-union soft left hyperideal of H over U if
(⋃

a∈x◦y fA(a)
)
∩N ⊆ fA(y)∪M;

2. an (M,N)-union soft right hyperideal of H over U if
(⋃

a∈x◦y fA(a)
)
∩N ⊆ fA(x)∪M.

A soft set of H over U is called an (M,N)-union soft hyperideal of H over U if it is both an (M,N)-
uni-soft left hyperideal and an (M,N)-uni-soft right hyperideal of H over U.

By the above definitions given by Farooq et al., we can see that the concept of (M,N)-union soft left
(resp., right) hyperideals is a generalization of union soft left (resp., right) hyperideals provided by Khan
et al. in [17]. That is, an (M,N)-union soft left (resp., right) hyperideal is a union soft left (resp., right)
hyperideal whenever M = ∅ and N = U.
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Example 2.10. Let H = {a,b, c}. Define the hyperoperation ◦ on H by the following table:

◦ a b c

a {a} {a} {a}

b {a} {a} {a}

c {a} {a,b} {c}

Define a partial order 6 on H as follows: 6 := ∆H ∪ {(a,b)}, where ∆H = {(x, x) : x ∈ H}. Then H :=
〈H; ◦,6〉 is an ordered semihypergroup. Let U = {1, 2, 3, 4, 5, 6, 7} be a set. Define fH : H→ P(U) by

fH(x) =


{3, 4, 5, 6} if x = a,
{1, 2, 3} if x = b,
{3, 4, 5, 6, 7} if x = c,

for all x ∈ H. We put M = {4, 5} and N = {2, 3, 4, 5}. Then, we can carefully calculate that fH is an
(M,N)-union soft left hyperideal of H over U. In contrast, fH is not an (M,N)-union soft right hyperideal
of H over U since there exists b ∈ c ◦ b such that fH(b)∩N = {2, 3} 6⊆ {3, 4, 5, 6, 7} = fH(c)∪M.

Example 2.11. Let H = {a,b, c}. Define the hyperoperation ◦ on H by the following table:

◦ a b c

a {a} {a} {a}

b {a} {a} {a}

c H H H

Define a partial order 6 on H as follows: 6 := ∆H ∪ {(a, c), (b, c)}, where ∆H = {(x, x) : x ∈ H}. Then
H := 〈H; ◦,6〉 is an ordered semihypergroup. Let U = N be a set. Define fH : H→ P(U) by

fH(x) =

{
2N if x = a,b,
{1, 2, 3} if x = c,

for all x ∈ H. We put M = {4, 5} and N = {2, 3, 4, 5}. Then, we can carefully calculate that fH is an
(M,N)-union soft right hyperideal of H over U. But, fH is not an (M,N)-union soft left hyperideal of H
over U since there exists c ∈ a ◦ a such that fH(c)∩N = {2, 3} 6⊆ 2N∪ {5} = fH(a)∪M.

3. Main results

In this main results section, we introduce new soft sets and use them to characterize some particular
classes of ordered semihypergroups: regular, intra-regular, and weakly-regular.

Before starting our main theorems, we provide a characterization of (M,N)-union soft subsemihyper-
groups in terms of the operation �.

Theorem 3.1. Let H be an ordered semihypergroup, and fA be a soft set of H over U such that x 6 y implies
fA(x)∩N ⊆ fA(y)∪M for any x,y ∈ H. Then the following statements are equivalent:

1. fA is an (M,N)-union soft subsemihypergroup of H over U;
2. fA � fA w[M,N] fA.

Proof. (1)⇒ (2). Let x ∈ H. Since M ⊇ [fA(x)∪M]∩N, we obtain that

[(fA � fA)(x)∪M]∩N =M ⊇ [fA(x)∪M]∩N,

whenever Hx = ∅. We suppose that Hx 6= ∅. Let (u, v) ∈ Hx. Then x 6 t for some t ∈ u ◦ v. By our
presumption, we have that

fA(x)∩N ⊆ fA(t)∪M ⊆
⋃

t∈u◦v
(fA(t)∪M) .
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This means that fA(x)∩N ⊆
⋃

t∈u◦v (fA(t)∪M) for any (u, v) ∈ Hx. Therefore,

[(fA � fA)(x)∪M]∩N =

 ⋂
(u,v)∈Hx

(fA(u)∪ fA(v))

∪M
∩N

=

 ⋂
(u,v)∈Hx

(fA(u)∪ fA(v))

∪M∪M
∩N

=

 ⋂
(u,v)∈Hx

(fA(u)∪ fA(v)∪M)

∪M
∩N

⊇

 ⋂
(u,v)∈Hx

( ⋃
c∈u◦v

fA(c)∩N

)∪M
∩N

⊇

 ⋂
(u,v)∈Hx

(fA(x)∩N)

∪M
∩N

=

 ⋂
(u,v)∈Hx

fA(x)∪M

∩N
= (fA(x)∪M)∩N.

By these two cases, we obtain fA � fA w[M,N] fA.
(2) ⇒ (1). Assume that fA � fA w[M,N] fA. That is, (fA(a) ∪M) ∩N ⊆ [(fA � fA)(z)∪M] ∩N for all

z ∈ H. Let x,y ∈ H. Then, for any a ∈ x ◦ y, we obtain

fA(a)∩N ⊆ (fA(a)∪M)∩N
⊆ ([(fA � fA)(a)∪M]∩N)∩N
⊆ [(fA � fA)(a)∪M]∩N

=

 ⋂
(b,c)∈Ha

[fA(b)∪ fA(c)]∪M

∩N
⊆

 ⋂
(b,c)∈Ha

[fA(b)∪ fA(c)]∪M


⊆ fA(x)∪ fA(y)∪M.

Thus,
(⋃

a∈x◦y fA(a)
)
∩N ⊆ fA(x) ∪ fA(y) ∪M. Hence, fA is an (M,N)-union soft subsemihypergroup

of H over U.

In [7], the authors showed the following result.

Theorem 3.2 ([7, Theorem 4.6 and 4.7]). Let H be an ordered semihypergroup, and fA be a soft set of H over U
such that x 6 y implies fA(x)∩N ⊆ fA(y)∪M for any x,y ∈ H. Then the following statements are equivalent:

1. fA is an (M,N)-union soft left (resp., right) hyperideal of H over U;
2. χc

H � fA w[M,N] fA (resp., fA � χc
H w[M,N] fA).

By applying Theorem 3.2, one can prove the following corollary.
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Corollary 3.3. Let H be an ordered semihypergroup, and fA be a soft set of H over U such that x 6 y implies
fA(x)∩N ⊆ fA(y)∪M for any x,y ∈ H. Then the following statements are equivalent:

1. fA is an (M,N)-union soft hyperideal of H over U;
2. χc

H � fA w[M,N] fA and fA � χc
H w[M,N] fA.

Theorem 3.4. Let H be an ordered semihypergroup. If fA is an (M,N)-union soft left (resp., right) hyperideal of
H over U, then fA � fA w[M,N] fA.

Proof. In this proof, we consider only the case that fA is an (M,N)-union soft left hyperideal of H over
U. For the case that fA is an (M,N)-union soft right hyperideal of H over U, we can prove similarly. Let
x ∈ H. If Hx = ∅, then

[(fA � fA) (x)∪M]∩N = N ⊇ [fA(x)∪M]∩N.

Suppose that Hx 6= ∅. Given (u, v) ∈ Hx. Then x 6 t for some t ∈ u ◦ v. Since fA is an (M,N)-union soft
left hyperideal of H over U, we obtain that

fA(x)∩N = (fA(x)∩N)∩N
⊆ (fA(t)∪M)∩N
= (fA(t)∩N)∪M

⊆

[ ⋃
t∈u◦v

(fA(t)∩N)

]
∪M

⊆ (fA(v)∪M)∪M
⊆ fA(u)∪ fA(v)∪M.

This illustrates that fA(u)∪ fA(v)∪M ⊇ fA(x)∩N for any (u, v) ∈ Hx. Therefore,

[(fA � fA) (x)∪M]∩N =

 ⋂
(u,v)∈Hx

(fA(u)∪ fA(v))

∪M
∩N

=

 ⋂
(u,v)∈Hx

(fA(u)∪ fA(v)∪M)

∪M
∩N

⊇ [(fA(x)∩N)∪M]∩N
= (fA(x)∪M)∩N.

Altogether, we have that fA � fA w[M,N] fA.

Corollary 3.5. Let H be an ordered semihypergroup. If fA is an (M,N)-union soft hyperideal of H over U, then
fA � fA w[M,N] fA.

The following essential results were proved in [7].

Lemma 3.6 ([7, Theorem 4.4]). Let H be an ordered semihypergroup and A a nonempty subset of H. Then the
following conditions are equivalent:

1. A is a left (resp., right) hyperideal of H;
2. χc

A is an (M,N)-union soft left (resp., right) hyperideal of H over U.

Lemma 3.7 ([7, Corollary 4.1]). Let H be an ordered semihypergroup and A a nonempty subset of H. Then the
following conditions are equivalent:
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1. A is a hyperideal of H;
2. χc

A is an (M,N)-union soft hyperideal of H over U.

To prove our main theorem, we need the following result.

Proposition 3.8. Let H be an ordered semihypergroup. Then the following conditions are hold:

1. χc
A t χc

B =[M,N] χ
c
A∪B;

2. χc
A � χc

B =[M,N] χ
c
(A◦B].

Proof. In order to show that χc
A t χc

B =[M,N] χ
c
A∪B, we let x ∈ H. If x ∈ A∪B, then

(χc
A t χc

B)(x) = χ
c
A(x)∪ χc

B(x) = ∅ = (χc
A∪B)(x).

This implies that
[
(χc

A t χc
B)(x)∪M

]
∩N =

[
(χc

A∪B)(x)∪M
]
∩N. If x 6∈ (A∪B), then

(χc
A t χc

B)(x) = χ
c
A(x)∪ χc

B(x) = U = (χc
A∪B)(x).

This implies that
[
(χc

A t χc
B)(x)∪M

]
∩N =

[
(χc

A∪B)(x)∪M
]
∩N. Hence, χc

A t χc
B =[M,N] χ

c
A∪B.

Now, we show that χc
A � χc

B =[M,N] χ
c
(A◦B]. Let x ∈ H. If x ∈ (A ◦ B], then χc

(A◦B](x) = ∅ and there
exist a ∈ A and b ∈ B such that x 6 a ◦ b. That is, Hx 6= ∅ and (a,b) ∈ Hx. Then

(χc
A � χc

B)(x) =
⋂

(u,v)∈Hx

(χc
A(u)∪ χc

B(v)) ⊆ χc
A(a)∪ χc

B(b) = ∅.

This means that (χc
A � χc

B)(x) = ∅. Thus, we obtain that

[(χc
A � χc

B)(x)∪M]∩N =
[
(χc

(A◦B])(x)∪M
]
∩N.

Now, we suppose that x 6∈ (A ◦ B]. Clearly, χc
(A◦B](x) = U. If Hx = ∅, then (χc

A � χc
B)(x) = U. If Hx 6= ∅,

then (χc
A � χc

B)(x) =
⋂

(u,v)∈Hx
(χc

A(u) ∪ χc
B(v)). We show that χc

A(u) ∪ χc
B(v) = U for all (u, v) ∈ Hx.

Let (a,b) ∈ Hx. Then, we have that a 6∈ A or b 6∈ B. Otherwise, x 6 a ◦ b ∈ A ◦ B, which implies
that x ∈ (A ◦ B]. This is a contradiction. Therefore, χc

A(u) ∪ χc
B(v) = U for all (u, v) ∈ Hx. That is,

(χc
A � χc

B)(x) = U. Altogether, we have (χc
A � χc

B)(x) = U = χc
(A◦B](x). This implies that

[(χc
A � χc

B)(x)∪M]∩N =
[
(χc

(A◦B])(x)∪M
]
∩N.

By these two cases; x ∈ (A ◦B] and x 6∈ (A ◦B], we have that χc
A � χc

B =[M,N] χ
c
(A◦B].

An ordered semihypergroup H is regular [16] if, for each element a ∈ H, there exists an element x ∈ H
such that a 6 a ◦ x ◦ a. Equivalent definition:

1. A ⊆ (A ◦H ◦A] for all A ⊆ H;
2. a ∈ (a ◦H ◦ a] for all a ∈ H.

Kehayopulu characterized regular ordered semihypergroups by using the concepts of left hyperideals
and right hyperideals as follows.

Lemma 3.9 ([16, Theorem 3.9]). Let H be an ordered semihypergroup. Then the following conditions are equiva-
lent:

1. H is regular;
2. R∩ L = (R ◦ L] for every right hyperideal R and every left hyperideal L of H.
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Our first goal is to characterize regular ordered semihypergroups in terms of (M,N)-union soft left
hyperideals and (M,N)-union soft right hyperideals. To do that, we need the following lemma.

Lemma 3.10. Let H be an ordered semihypergroup. Suppose that fA and fB is an (M,N)-union soft right hyper-
ideal and an (M,N)-union soft left hyperideal of H over U, respectively. Then we have fA � fB w[M,N] fA t fB.

Proof. Let x ∈ H. If Hx = ∅, then

[(fA � fB)(x)∪M]∩N = N ⊇ (fA(x)∪ fB(x)∪M)∩N.

Suppose that Hx 6= ∅. Let (u, v) ∈ Hx. Then x 6 t for some t ∈ u ◦ v. Since fA is an (M,N)-union soft
right hyperideal of H over U, we obtain that

fA(x)∩N = (fA(x)∩N)∩N
⊆ (fA(t)∪M)∩N
= (fA(t)∩N)∪M

⊆

[ ⋃
t∈u◦v

(fA(t)∩N)

]
∪M

⊆ (fA(u)∪M)∪M
= fA(u)∪M.

Analogously, we have that fB(x)∩N ⊆ fB(v)∪M. Therefore, we have that

(fA(x)∪ fB(x))∩N ⊆ (fA(u)∪ fB(v))∪M,

for all (u, v) ∈ Hx. This implies that

(fA � fB)(x)∪M =
⋂

(u,v)∈Hx

(fA(u)∪ fB(v))∪M ⊇ (fA(x)∪ fB(x))∩N.

Altogether, we obtain that fA � fB w[M,N] fA t fB.

Theorem 3.11. Let H be an ordered semihypergroup. Then the following statements are equivalent:
1. H is regular;
2. fA � fB =[M,N] fA t fB for any (M,N)-union soft right hyperideal fA and any (M,N)-union soft left

hyperideal fB of H over U.

Proof. (1)⇒(2). Let fA and fB be an [M,N]-union soft right and an [M,N]-union soft left hyperideal of H
over U, respectively. Given a ∈ H. Since H is regular, there exists x ∈ H such that a 6 a ◦ x ◦ a. That is,
there exists c ∈ a ◦ x such that a 6 c ◦ a, which implies that Ha 6= ∅. Then

((fA � fB)(a)∪M)∩N =

 ⋂
(u,v)∈Ha

(fA(u)∪ fB(v))∪M

∩N
=

⋂
(u,v)∈Ha

(fA(u)∪ fB(v)∪M)∩N

⊆ [fA(c)∪ fB(a)∪M]∩N
= (fA(c)∩N∩N)∪ [(fB(a)∪M)∩N]

⊆

[ ⋃
c∈a◦x

fA(c)∩N∩N

]
∪ [(fB(a)∪M)∩N]

⊆ [(fA(a)∪M)∩N]∪ [(fB(a)∪M)∩N]

= [(fA(a)∪ fB(a))∪M]∩N
= [(fA ∪ fB)(a)∪M]∩N.

Thus, fA t fB w[M,N] fA � fB. By Lemma 3.10, we obtain that fA � fB =[M,M] fA t fB.
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(2)⇒(1). Let R and L be a right hyperideal and a left hyperideal of H, respectively. Then, by Lemma
3.6, χc

R and χc
L is an (M,N)-union soft right hyperideal and an (M,N)-union soft left hyperideal of H

over U, respectively. Thus, by our presumption, we have that χc
R � χc

L =[M,N] χ
c
R ∪ χc

L. Our aim is to show
that H is regular. By Lemma 3.9, it is enough to show that R ∩ L = (R ◦ L]. It is not difficult to see that
R∩ L ⊆ (R ◦ L]. Thus, we let a ∈ (R ◦ L]. Applying Proposition 3.8, we have

(χc
R t χc

L) (a) =[M,N] (χ
c
R � χc

L) (a) =[M,N] χ
c
(R◦L](a) =[M,N] M.

This implies that χc
R(a) ⊆M and χc

L(a) ⊆M. That is, χc
R(a) = ∅ = χc

L(a). It follows that a ∈ R and a ∈ L.
Thus, a ∈ R∩ L. That is, (R ◦ L] ⊆ R∩ L. Altogether, we obtain R∩ L = (R ◦ L]. Therefore, H is regular.

An ordered semihypergroup H is left (resp., right) weakly regular [6] if for every a ∈ H there exist
x,y ∈ H such that a 6 x ◦ a ◦ y ◦ a (resp., a ◦ x ◦ a ◦ y). Equivalently:

1. a ∈ ((H ◦ a)2] (resp., a ∈ ((a ◦H)2]) for all a ∈ H;
2. A ⊆ ((H ◦A)2] (resp., A ⊆ ((A ◦H)2]) for any A ⊆ H.

If H is both a left weakly regular and a right weakly regular, then it is called a weakly regular ordered
semihypergroup. It is observed that H is regular whenever it is commutative and weakly regular.

The following results, we characterize:

1. left (resp., right) weakly regular ordered semihypergroups in terms of (M,N)-union soft left (resp.,
right) hyperideals;

2. weakly regular ordered semihypergroups in terms of (M,N)-union soft hyperideals.

Lemma 3.12 ([6, Lemma 3.1]). Let H be an ordered semihypergroup. Then the following conditions are equivalent:

1. H is left (resp., right) weakly regular;
2. L = (L ◦ L] (resp., R = (R ◦ R]) for any left hyperideal L (resp., right hyperideal R) of H;
3. L(a) = (L(a) ◦ L(a)] (resp., R(a) = (R(a) ◦R(a)]) for every a ∈ H.

Theorem 3.13. Let H be an ordered semihypergroup. Then the following conditions are equivalent:

1. H is left weakly regular;
2. fA � fA =[M,N] fA for any (M,N)-union soft left hyperideal fA of H over U.

Proof. (1)⇒(2). Let fA be an (M,N)-union soft left hyperideal of H over U. Then, by Theorem 3.4,
fA � fA w[M,N] fA. On the other hand, let a ∈ H. Since H is left weakly regular, there exist x,y ∈ H such
that a 6 (x ◦ a) ◦ (y ◦ a). That is, there exist u ∈ x ◦ a and v ∈ y ◦ a such that a 6 u ◦ v. This implies that
(u, v) ∈ Ha, that is Ha 6= ∅. Thus,

((fA � fA)(a)∪M)∩N =

 ⋂
(u,v)∈Ha

(fA(u)∪ fA(v))

∪M
∩N

⊆ (fA(u)∪ fA(v)∪M)∩N
= (fA(u)∪ fA(v)∪M)∩N∩N
= ([(fA(u)∩N)∪ (fA(v)∩N)]∪M)∩N

⊆

([( ⋃
u∈x◦a

fA(u)∩N

)
∪

( ⋃
v∈x◦a

fA(v)∩N

)]
∪M

)
∩N

⊆ [(fA(a)∪M)∪ (fA(a)∪M)∪M]∩N
= (fA(a)∪M)∩N.

Therefore, fA w[M,N] fA � fA. Altogether, we have fA � fB =[M,N] fA t fB.
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(2)⇒(1). Let a ∈ H. We show that L(a) = (L(a) ◦ L(a)]. Let x ∈ L(a). Then χc
L(a) is an (M,N)-union

soft left hyperideal of H over U. Therefore, by Proposition 3.8,

χc
(L(a)◦L(a)](x) =[M,N]

(
χc
(L(a)] � χ

c
(L(a)]

)
(x) =[M,N] χ

c
(L(a)](x) =[M,N] M.

This implies that χc
L(a)◦L(a)](x) ⊆ M. That is, χc

L(a)◦L(a)](x) = ∅. It follows that x ∈ (L(a) ◦ L(a)]. Thus,
L(a) ⊆ (L(a) ◦ L(a)]. On the other hand (L(a) ◦ L(a)] ⊆ (H ◦ L(a)] ⊆ (L(a)] = L(a). Altogether, we obtain
L(a) = (L(a) ◦ L(a)]. By Lemma 3.12, H is left weakly regular.

Similarly, we can prove the following theorem.

Theorem 3.14. Let H be an ordered semihypergroup. Then the following conditions are equivalent:
1. H is right weakly regular;
2. fA � fA =[M,N] fA for any (M,N)-union soft right hyperideal fA of H over U.

Combining Theorem 3.13 and Theorem 3.14, the following result is obtained.

Corollary 3.15. Let H be an ordered semihypergroup. Then the following conditions are equivalent:
1. H is weakly regular;
2. fA � fA =[M,N] fA for any (M,N)-union soft hyperideal fA of H over U.

An ordered semihypergroup H is intra-regular [15] if for each element a ∈ H, there exist elements
x,y ∈ H such that a 6 x ◦ a ◦ a ◦ y. Equivalently:

1. a ∈ (H ◦ a ◦ a ◦H] for all a ∈ H;
2. A ⊆ (H ◦A ◦A ◦H] for all A ⊆ H.

Lemma 3.16 ([16, Theorem 3.12]). Let H be an ordered semihypergroup. Then the following conditions are
equivalent:

1. H is intra-regular;
2. R∩ L ⊆ (L ◦ R] for any right hyperideal R and any left hyperideal L of H.

Now, we present a characterization of intra-regular ordered semihypergroups as follows.

Theorem 3.17. Let H be an ordered semihypergroup. Then the following statements are equivalent:
1. H is intra-regular;
2. fB t fA w[M,N] fB � fA for any (M,N)-union soft right hyperideal fA and any (M,N)-union soft left

hyperideal fB of H over U.
Proof. (1)⇒(2). Let fA and fB be an (M,N)-union soft right and (M,N)-union soft left hyperideal of H
over U, respectively. Let a ∈ H. Since H is intra-regular, there exist x,y ∈ H such that a 6 x ◦ a ◦ a ◦ y.
That is, there exist u ∈ x ◦a and v ∈ a ◦ y such that a 6 u ◦ v. This implies that (u, v) ∈ Ha, that is, H 6= ∅.
Thus,

((fB � fA)(a)∪M)∩N =

 ⋂
(u,v)∈Ha

(fB(u)∪ fA(v))

∪M
∩N

=
⋂

(u,v)∈Ha

(fA(u)∪ fB(v)∪M)∩N

⊆ [fA(u)∪ fB(v)∪M]∩N
= (fA(u)∩N∩N)∪ (fB(v)∩N∩N)∪M

⊆

[ ⋃
u∈x◦a

fA(u)∩N∩N

]
∪

[ ⋃
v∈a◦y

fB(v)∩N∩N

]
∪M

⊆ [(fA(a)∪M)∩N]∪ [(fB(a)∪M)∩N]∪M
= [(fA(a)∪ fB(a))∪M]∩N.

This illustrates that fB t fA w[M,N] fB � fA.
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(2)⇒(1). Let R and L be a right hyperideal and a left hyperideal of H over U, respectively. Then, by
Lemma 3.6, χc

R and χc
L is an (M,N)-union soft right hyperideal and an (M,N)-union soft left hyperideal

of H over U, respectively. Thus, by our assumption, we have that χc
R t χc

L w[M,N] χ
c
L � χc

R. We show that
H is intra-regular by applying Lemma 3.16. Let a ∈ R∩ L. Thus, by our assumption and Proposition 3.8,
we have that

M =[M,N] (χ
c
R t χc

L) (a) w[M,N] (χ
c
R � χc

L) (a) =[M,N] χ
c
(R◦L](a).

This implies that χc
(R◦L](a) ⊆M. That is, χc

(R◦L](a) = ∅. It follows that a ∈ (R ◦ L]. Hence, R∩ L ⊆ (R ◦ L].
Therefore, by Lemma 3.16, H is intra-regular.

4. Conclusion

In this paper, we use the notion of (M,N)-union soft left (resp., right) hyperideals in ordered semihy-
pergroups, introduced by Farooq et al. [7], to characterize some regularities of ordered semihypergroups.
By our study, it turns out that our results generalize some results investigated by Khan et al. [18]. For
our future, we will apply the notions of (M,N)-union soft left (resp., right) hyperideals to characterize
others regularities of ordered semihypergroups, for example, intra-quasi-regular and completely regular
ordered semihypergroups.
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