J. Math. Computer Sci., 26 (2022), 291-308

Online: ISSN 2008-949X

Journal of Mathematics and Computer Science

afics ang
" (@&
Ry )

S

&
>

yournal ¢,
U109

PEicinons
Journal Homepage: www.isr-publications.com/jmcs

Ostrowski type integral inequalities, weighted Ostrowski, R Checkforupdates
and trapezoid type integral inequalities with powers

Al-Taher A. Ghareeb®*, Samir H. Saker®¢, A. A. Ragab?

aDepartment of Basic Science, Faculty of Engineering, Sinai University, El-Arish, Egypt.

bpepartment of Mathematics, Faculty of Science, New Mansoura University, New Mansoura, Egypt.
¢Department of Mathematics, Faculty of Science, Mansoura University, Mansoura 35516, Egypt.
dDepartment of Mathematics, Faculty of Science, Al-Azhar University, Nasr City (11884), Cairo, Egypt.

Abstract

In this paper, we prove some new weighted Ostrowski and Trapezoid type inequalities with powers on time scales. The
results will be proved by employing the generalized version of Montgomery identity with weights on time scales designed and
proved for this purpose. As special cases, we will derive some new weighted discrete inequalities of Ostrowski and Trapezoid
types which to the best of the authors” knowledge are essentially new.
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1. Introduction

During the recent decades the theory of inequalities has been used in investigating and studying
complex problems, we refer the reader to the papers [1-3, 6, 10, 14, 20, 30, 34, 36-38, 40, 42] and the
references cited therein. The theory of inequalities has also been used in the analysis of qualitative
properties of solutions of partial differential equations (in short, PDEs); see [29]. See also [18, 19, 26] for
analyses of partial differential equations whose studies rely on the employments of functional inequalities.
One of these inequalities is the inequality proved by Ostrowski in [34]. In particular, Ostrowski proved

that
1 t o Cler 2
<zt b—Z (b—a) sup [f'(t)],
—a te(a,b)

b
f(t) — ! Jf(s)ds

b—al,

where f : [a,b] — R is continuous on [a,b], f and f’ are differentiable on (a,b). The inequality is
sharp in the sense that the constant 1/4 cannot be replaced by a smaller quantity. This inequality has

*Corresponding author
Email addresses: altaher_ali2008@yahoo.com (Al-Taher A. Ghareeb), shsaker@mans.edu.eg (Samir H. Saker),
awaragab15852@gmail.com (A. A. Ragab)

doi: 10.22436/jmcs.026.03.07
Received: 2021-10-04 Revised: 2021-10-17  Accepted: 2021-11-05


http://dx.doi.org/10.22436/jmcs.026.03.07
http://dx.doi.org/10.22436/jmcs.026.03.07
http://crossmark.crossref.org/dialog/?doi=10.22436/jmcs.026.03.07&domain=pdf

A. A. Ghareeb, S. H. Saker, A. A. Ragab, ]. Math. Computer Sci., 26 (2022), 291-308 292

powerful applications in numerical integration, probability and optimization theory, stochastic, statistics,
information and integral operator theory, see for example [6, 7, 16, 23]. In 1938, Ostrowski [34] also proved

the inequality )
1 (t—a)2+(b—t)2} :
[f(t) <. f(n)dn] <[ s e

by employing the Montgomery identity [31]. In 1994, Mitrinovi¢, Pecari¢ and Fink [32] proved the Trape-
zoid inequality
sup ‘f” (t)‘

(b —Cl) < te(a,b)

b
[[ g ML) g ceton)

(b—a)?,

a

where f : [a,b] — R is supposed to be twice differentiable on the interval (a, b) with the second derivative
bounded on (a,b).

In the last years Ostrowski’s inequality has been generalized and extended by several authors on time
scales, see [1, 5-7, 10, 11, 16, 24, 28, 30, 35, 46] and the references cited therein. The general idea is to prove
a result for dynamic inequalities where the domain of the unknown function is a so-called time scale T,
to avoid proving results twice, once for differential inequality and once again for difference inequality.
This idea goes back to its founder Stefan Hilger [21] who started the study of dynamic equations on time
scales. Since the integral and discrete inequalities are important in the analysis of qualitative properties
of solutions of differential and difference equations, see [15, 17, 25], we also believe that the dynamic
inequalities with weights on time scales will play the same effective role in the analysis of qualitative
properties of dynamic equations with boundary conditions like oscillation, nonoscillation and distribution
of zeros of solutions, see [8, 9]. For related dynamic inequalities on time scales, we refer the reader to the
papers [36-45] and the books [2, 3]. In [11] Bohner and Matthews generalized the Montgomery identity
on time scales and proved that

1

b b
flt) = U o man -+ | vt man

, (1.1)

where a,b € Twitha<band f € C}d([a, blr,R) and V¥ is defined by

\y(t S) L s—a, sc [a/t)T/
’ o S _bl NS [t/b]T/

for s, t € [a, bly. By using the identity (1.1) Bohner et al. [11] proved Ostrowski inequality

b
[f(t)—l J £ (m)An

b—al,

o , (1.2)

<< sup [fA(m)|

ne(a,b)

) [hz(t, a) +ha(t, b)

where h;(t, s) is defined by

t

hy(t,s) = J hi(t,s)At and hy(t,s) =t—s, forall s, t € T.

S

In 2008, Karpuz and Ozkan [24] generalized Ostrowski’s inequality and Montgomery’s identity on ar-
bitrary time scales by means of generalized polynomials on time scales. In 2009, Liu et al. [28] proved
a generalization of the inequality (1.2) on time scales. In 2010, Liu [27] established a weighted three
point inequality with a parameter for mappings of bounded variation. In 2012, Liu and Tuna [30] estab-
lished some weighted dynamic Ostrowski, Trapezoid, and Griiss type inequalities based on a weighted
Montgomery identity on time scales.
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Following this trend and to develop the study of dynamic inequalities on time scales, we will prove
some new weighted Ostrowski and Trapezoid type inequalities with powers. To obtain the main results,
we will prove a generalized version of Montgomery identity with weights. As special cases, we derive
some discrete inequalities which to the best of our knowledge are essentially new. The paper is organized
as follows. In Section 2, we present some basic definitions and concepts on time scales. In Section 3, we
will prove the basic lemmas that will be needed in the proofs of the main results. In Section 4, first, we
will prove weighted Ostrowski type inequalities on time scales with powers and second, we will prove
Trapezoid type inequalities on time scales with powers and derive the special cases.

2. Preliminaries

In this section, we present some basic definitions and concepts concerning the delta calculus on time
scales. For more details, we refer the reader to the book [12]. A time scale T is an arbitrary nonempty
closed subset of the real numbers R.

The forward jump operator and the backward jump operator are defined by o(t) :==inf{[s € T : s >
t}, and p(t) := sup{s € T : s < t}, where sup() = infT. A point t € T, is said to be left-dense if p(t) =t
and t > inf T, is right-dense if o(t) = t, is left-scattered if p(t) < t and right-scattered if o(t) > t. The set
of all such rd-continuous functions is denoted by C,4(T).

A function f : T — R is said to be right-dense continuous (rd-continuous) provided f is continuous
at right-dense points and at left-dense points in T, left hand limits exist and are finite. Without loss of
generality, we assume that sup T = oo, and define the time scale interval [a, bl by [a, blT := [a,b] N T.

For a function f : T — R, we define the derivative f2(t) to be the number, if it exists, such that for all
€ > 0, there is a neighborhood U of t such that for all s € U,

[f(o(t)) — f(s) = fA (1) (a(t) — )| < elo(t) —s.

We say that f is delta differentiable on T provided that f2(t) exists for all t € T. The set of functions
that are differentiable and whose derivative is rd-continuous is denoted by Cl q(T) = C1 4(T,R). The
graininess function p for a time scale T is defined by u(t) := o(t) —t, and for any function f : T — R the
notation f°(t) denotes f(o(t)).

Recall the following product and quotient rules for the derivative of the product fg and the quotient
f/g (where gg° # 0, here g° = g o 0) of two differentiable functions f and g

Ag_ng

f\* f
(fg)® = f2g+1°¢g” = fg® +2¢° and <g> = 99° (2.1)

Let f : R — R be continuously differentiable and suppose g : T — R is delta differentiable, then
fog:T — R is delta differentiable and

/

f2(g(t) =f (g(d) g (t), for de [t o(t) (2.2)

If FA(t) = f(t), then the Cauchy (delta) integral of f is defined by ﬁo f(s)As := F(t) — F(tg). It can be shown
(see [12]) that if f € C;4(T), then the Cauchy integral F(t) := f:o f(s)As exists, where ty € T, and satisfies
FA(t) = f(t), for t € T. An infinite integral is defined as fzo f(t)At = limy 00 fz f(t)At. Integration on
discrete time scales is defined by
b
J fAt= ) pu(t)f(t).
a tela,b)

The integration by parts on time scales reads

Jb u(t)v2(t)At = u(t)v(t)]® — Jb u® (v (t)At. (2.3)
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Now, we define the Taylor monomials defined in [13]. These types of monomials are important because
they are intimately related to Cauchy functions for certain dynamic equations which are important in
variations of constants formulas.

The Taylor monomials hy : T xT — R, k € INg = INU{0}, are defined recursively as follows. The
function hy is defined by hy(t,s) = 1, for all s, t € T, and given hy for k € Ny, the function hy; is
defined by

t
hiy1(t,s) = J hi(T,s)AT, foralls, t e T.

S

If we let hﬁ(t, s) denote for each fixed s € T, the derivative of h(t, s) with respect to t, then
h2(t,s) =hi_1(t,s), keN, teT,

for each fixed s € T.
The above definition obviously implies h;(t,s) =t—s, for all s, t € T. In the case when T = R, then
o(t) =t p(t) =0, y*(t) =y (t), and

, forall s,t € R.

3. Basic lemmas

In this section, we prove the basic lemmas that will be needed in the proofs of the main results. To do
this, we need the following inequalities (see [4, Page 51])

A+ <(a+b) A <27 +bP), ifa, b0, A>1, (3.1)

A+ > (a+b) =22 +bM), ifa, b>0, 0K AL, (3.2)
and

a® +v* >2"Ma+b)?, ifa, b>0, A<0. (3.3)

Lemma 3.1. Let a,b € Twitha <b,0 <k <1, w:[ablyr = [0,00) be rd-continuous and positive function
and f, h: [a, bl — R are A-differentiable functions such that h?(t) = w(t) on [a, blT. Define

(3.4)

) — h(t)— ((1—k)h(a)+kh(x)), a<t<x,
st )—{ h(t) — (kh(x) + (1—k)h(b)), x<t<b.

Then for all x € [a, blt, we have

b
J sP(x, t)f2 (1) At < {B(l—k)pf(x) + kP

a

b p x
X (J w(t)At) —p U h(o(t)) — (1 —k)h(a) + kh(x)P T w(t)f(o(t))At  (3.5)

where
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Proof. By using integration by parts (2.3), we see that

b
sP(x, t)f2 (1) At + J sP(x, t)f2 (1) At

X

J: sP(x, t)fA (1) At = E

J [h(t) — (1 — )h(a) + kh(x))]? FA(1)At

+Jb + (1 —=X)h(b)IP fA(t)At
— (hx) — (1~ h(a) + Kh()P £6x) — hla) — (1 Kh(a) + Kh(x)IP f(a)
jx h(a) + KnG)IP) flo(t))At
1 h(b) — (Kh(x) + (1 — KRB F(b) — () — (kh(x) + (1 — KIR(b)]P F(x)

b
- J (Ih(t) — (Kh(x) + (1 — Kh(b))IP)® f(o(t))At

= (1-K%)P [h(x) = h(a)]” f(x) = kP [R(a) —h(x)]? f(a)
+kP [h(b) —h(x)]P f(b) — (1 —Kk)P [h(x) —h(b)]? f(x)

- UX ([h(t) — (1 —K)h(a) +kh(x))]P)* f(o(t)) At (3.6)

a

b
+ J (Ih(t) — (Kh(x) + (1 — Kh(b))IP)® F(o(t))At

= (1= K)Pf(x) [(h(x) —h(a)]’? — [h(x) —h(b)]"]
+ kP [f(b) [h(b) —h(x)]” —f(a) [h(a) — h(x)]"]

_ U " ([h(1) — (1 —K)h(a) + kh(x))")2 F(o(t))At

b
+ J (Th(t) — (Kh(x) + (1= K)h(b))P)* f(o(t))At

= (1 —K)Pf(x) [[h(x) —h(a)]P + [h(b) — h(x)]"]
+ kP [f(b) [h(b) — h(x)]P + f(a) [h(x) — h(a)]P]

_ [ J " (1) — (1 — KJh(a) + kh(x))P) F(o(1)) At

a

b
4 j (I(t) — (kh(x) + (1 — Wh(B)IP)A fo(t)At] .

Applying the chain rule (2.2), we see that there exists d € [t, o(t)] such that

(I(t) — (1 —K)h(a) + kh(x)IP)* = p[h(d) — (1 —K)h(a) + kh(x))]P " hA (1),

and
([h(t) — (kh(x) + (1 —K)h(b))IP)* = p [h(d) — (kh(x) + (1 — K)h(b))P I hA(1).

Since h2(t) > 0 and o(t) > d, we have

(I(t) — (1= K)h(a) + kh(x)IP)* < p [h(o(t)) — (1 —K)h(a) + kh(x))]P " w(t), (3.7)

and

(Th(t) — (kh(x) + (1= K)h(b))]]P)* < p h(0(t)) — (Kh(x) + (1= k)h(b))]P " w(t). (3.8)
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Applying the inequalities (3.1) and (3.2) on the term [h(x) — h(a)]P + [h(b) — h(x)]P, we get
[h(x) —h(a)]” + [h(b) — h(x)]” < B [h(x) — h(a) + h(b) — h(x)]P
b P 3.9
= B [h(b) —h(a)]? =B (J w(t)At) . (39)

Combining (3.6), (3.7), (3.8), and (3.9), we have that

b
J sP(x, t)F2 () At

b

< B(1—KPF(x) ( J

a

P
w(t)At> + kP

X P b P
f(a) <J w(t)At> + f(b) (J w(t)At)

-Pp UX [h(o(t)) — (1 —k)h(a) + kh(x))]P " w(t)f(a(t))At

a

b
+ J p h(o(t)) — (Kh(x) + (1 — ORI w(t)f(o(t))At

Ewtat)” [Pwat)” b P

b A
(wa(t)At> f(aH(ij(t)At el Lw(t) '
=[] thlett) - (1= Whl0) + kniIP o)t

a

g{Bﬂ—kWﬂx%H@

b
+J p [h(o(t) — (Kh(x) + (1 = k)h(b))P w(t)f(a(t))At |,

which provides the desired inequality (3.5). The proof is complete. O

Lemma 3.2. Let a,b € Twitha <b,0<k <1, w:[ablr — [0,00) be rd-continuous and positive function
and f,h: [a, bl — R are A-differentiable functions such that h®(t) = w(t) on [a, blt. Define

) — h(t)— ((1—k)h(a) +kh(x)), a<t<x,
ﬁ&)_{Mﬂ—RMm+H—MMMLx<t<b

Then for all x € [a, blt, we have

b
J sP(x, ) f2 (1) At

> {y(l —K)Pf(x) + kP

Jowat)" o (Lowan” TR
(ﬂ;w(tmt) f(aH(ﬁ;w(t)At EIRIRES
= |]_ 0 = (1=t k) T wio(o(w)ae

a

b
+ J (1) — (kh(x) + (1 — KRB wt)f(o(t)At |,

where

_ | fo<p<l,
Y= 2P, ifp<0,orp>1.
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Proof. By using integration by parts (2.3), we see that

Jb sP(x, t)F2 () At
b

= r sP(x, t)F2 (1) At +J sP(x, t)f2 (1) At

a X

a

= [h(x) = ((1 = Kk)h(a) + kh(x))]P f(x) — [h(a) = ((1 = k)h(a) + kh(x))]? f(a)

X b
= J [h(t) — (1 —k)h(a) + kh(x))]P f2(t)At + J [h(t) — (kh(x) + (1 —k)h(b))IP f2(t)At

_ j (Ih(t) — (1 — K)h(a) + Kh(x))P)® f(o(t)) At

+ h(b) — (kh(x) + (1 — KRB £(b) — [h(x) — (Kh(x) + (1 — KJh(b))IP f(x)
b

—J (Ih(t) — (Kh(x) + (1 — Kh(b))IP)® fo(t))At

= (1-Kk)P [n(x) = h(a)]? f(x) = kP [R(a) —h(x)]? f(a) (3.11)
+kP [h(b) —h(x)]P f(b) — (1 = Kk)P [h(x) —h(b)]” f(x)

X b
- J ([h(t)—((l—k)h(a)+kh(X))]p)Af(0(t))At+J ([h(t) — (Kh(x) + (1 — K)h(b)IP)* f(o(t))At

= (1= )P £(x) [Th(x) = h(@)]P — [h(x) — h(b)]P] + KP [£(b) [h(b) — h(x)]” — f(a) [h(a) — h(x)]"]

X rb
- J ([(t) — ((1 —K)h(a) + kh(x))P)* f(o(t) At + | ([h(t) — (kh(x) + (1 —K)h(b))]P)™ f(o(t))At

= (1= k)P £(x) [Th(x) = R(@)]P + [h(b) — h(x)IP] + KP [£(b) [h(b) — h(x)]” + (a) [h(x) — h(a)]"]

X rb T
— J ((h(t) = (1 —Kk)h(a) + kh(x))IP)* f(o(t)At + | ([h(t) — (kh(x) + (1 — k)h(b))P)* f(o(t))At] .

X

Applying the chain rule (2.2), we see that there exists d € [t, o(t)] such that
([h(t) — (1 —K)(a) + kh(x)]P)® =p () — (1 —k)h(a) + kh(x))]P T hA(t),

and
(Th(t) — (kh(x) + (1 = Kh(D)IP)* = p [h(d) — (kh(x) + (1 — k) h(b)IP T hA(1).

Since h(t) > 0 and t < d, we have
(((t) — (1~ K)h(a) +Kkh(x))]P)* > p [h(t) — (1 - k)h(a) + kh(x))]P " w(t), (3.12)

and
([h(t) — (kh(x) + (1 = KR(D)IP)? = p (t) — (kh(x) + (1 —Kk)h(b)]P " w(t). (3.13)

Applying the inequalities (3.1), (3.2,) and (3.3) on the term [h(x) — h(a)]” + [h(b) — h(x)]?, we get

[h(x) —h(a)]” + [h(b) —h(x)]” >y [h(x) — h(a) + h(b) — h(x)]?
b P 3.14
=v[h(b)—h(a)’ =vy (J w(t)At) ) (314)
Combining (3.11), (3.12), (3.13), and (3.14), we have that

b
J sP(x, ) f2 (1) At
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x P b P
f(a) <J w(t)At) + f(b) (J w(t)At)

—Pp UX [h(t) — ((1—Kk)h(a) + kh(x)]P ' w(t)f(o(t))At

a

b

a

P
w(t)At) + kP

> (1 - K)PF(x) (j

b
T J pIh(t) — (Kh(x) + (1 — K)h(b))]P L w(t)f(o()) At

< p b P P
et e () ) o)

a

> {m —K)PF(x) + kP

—Pp UX [h(t) — ((1—Kk)h(a) + kh(x)]P ' w(t)f(o(t))At

a

4

b
T J pIh(t) — (Kh(x) + (1 Kh(b))P~  w(t) (o)) At

X

which provides the desired inequality (3.10). The proof is complete. O

In Lemmas 3.1 and 3.2, if we put p = 1, we have the following weighted Montgomery identity on time
scales proved in [30].

Corollary 3.3. Let a,be Twitha<b,0< k<1, w:[a,blr — [0, 00) be rd-continuous and positive function
and f, h: [a, bl — R are A-differentiable functions such that h®(t) = w(t) on [a, blt. Define

o _ [ MU= (1=Kh(a) +kh(x), a<t<x,
s t) = { h(t) — (kh(x) + (1 —k)h(b)), x<t<b.

Then

Jb s(x, t)f2(t)At = {(1 —K)f(x)+k [

a

X b
t)At t)At
Ja WAL, ) Jowlbat,
Jaw(t)At Jow(t)At
In Corollary 3.3, if T = R, then we have the following result proved in [27].

Corollary 34. Let 0 < a < b, 0 < k < 1, and f, h : [a,b]g — R are differentiable functions such that
h'(t) = w(t) on [a, blr. Define

b b
) }J w(t)At—J w(t)f(o(t))At.

a a

o _ [ RO = ((1—Kh(a) +kh(x)), a<t<x,
st )_{ h(t) — (kh(x) + (1 —k)h(b)), x <t<b.

Then
b *w(t)dt " w(t)dt b b
J s(x, t)f (t)dt =< (1 —k)f(x) +k Jﬁsw#f(a) + Wf(b) J wi(t)dt —J w(t)f(t)dt.
a Jow(t)dt Jow(t)dt a a
In Corollary 3.3, if T =Z, then we have the following result proved in [30].
Corollary 3.5. Let 0 < a<b,0< k< 1,and f, h:[a, blz — R, such that Ah(n) =w(n) on [a,blz. Define

_ f h(n)=((1=k)h(a) +kh(m)), as<n<m-1,
s(m,mn) = { h(n) — (kh(m) + (1—k)h(b)), m<n<b—1.

Then
b—1 m—1 b—1 b—-1
n—a wn nem w(n)
TL:as(m,n)Af(n) < {(1 —k)f(m)+k Zg_z::(z)f(a) + éb_la ::(:) f(b)] } T;lw(n)
b—1
=) wh)f(n+1).
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In Corollary 3.3, if T =g, then we have the following result proved in [30].

Corollary 3.6. Let 0 < a<b,0<k<1,q>1l,a=qmandb=q withm <nand f, h: [a,b]qN —- R,
such that Aqh(q') = w(q") on [a, bl . Define

sG, ) :{ h(a!) = ((1—Th(q™) +kh(}), g™ <q'<j—1,
h(q') — (kh(j) + (1 —kJh(q™)), j<q"'<q
Then
N ia g I WY, e EEwE TS
1ZmS(]/q JAqf(q") < {(1k)f(l)+k mﬂq )+mﬂq )]}1 mW(q )

n—1
— > wiqhf(qh).

In Corollary 3.3, if h(t) = t, then we have the following result proved in [46, Lemma 1].
Corollary 3.7. Let a,b € Twith a <b,0< k<1, and f: [a, blr — R be A-differentiable functions. Define

s(x, t) = t—((1—kKla+kx), a<t<x,
T t—(kx+(1—K)b), x<t<b.

Then
b

X—a b—x 1 b
T af(a) + T af(b)} + T L f(o(t))At.

In Corollary 3.7, if T = R, then we have the following result proved in [30].
Corollary 3.8. Let 0 < a<b,0<k<1,and f:[a blr — R be differentiable functions. Define

(1—Kk)f(x) = ﬁ J s(x, t)f2 (1) At —k [

a

(1) = t—((1—k)a+kx), ag<t<x,
SOH = t— (kx£(1—K)b), x<t<b.

Then

X—a b—x
b—a b—af(a)+b—a
In Corollary 3.7, if T =Z, then we have the following result proved in [30].

Corollary 3.9. Let 0 < a<b,0<k <1,and f:[a,blz — R. Define

(1-K)f(x) =

f(b)]+ ! be(t)dt.

b
J s(x,t)f’(t)dt—k[ b—_a

a

s(m,n) = n—((I1-kla+km), asn<m-1,
U n—(km+(1-k)b), m<n<b-1

Then
(1 K)f(m) = — ble(m n)Af(n)k[m_af(a)+b_mf(b)]+ ! bZlf(n+1)
b—a ‘= """ b—a b—a b—a — ’

In Corollary 3.7, if k = 0, then we have the Montgomery identity on time scales proved in [11, Lemma
3.1].

Corollary 3.10. Let a, b € T with a < b, and f: [a, blr — R be A-differentiable functions. Define

s(x,t) = t—a, a<t<yx,
" t—=b, x<tgb.

Then .
f(x) = t—a J s(x, t)f2 () At + ﬁ J fo(t)At.
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4. Main results

In this section, by using weighted Montgomery inequality and it reversed on time scales proved in the
previous section, we prove some weighted Ostrowski and Trapezoid inequalities on time scales.

4.1. Weighted Ostrowski’s type inequalities
Theorem 4.1. Let a,b € Twitha <b,0 <k <1, M = sup IfA(t)] < oo, W : [a,bly — [0, 00) be rd-

a<t<b
continuous and positive function and f,h : [a, blr — R are A-differentiable functions such that h2(t) = w(t) on

[a, blp. Then for all x € [a, blt, we have

X P b P P
() o () o] )

—p UX (h(t) — (1 —k)h(a) + kh(x))]" " w(t)f(o(t))At (4.1)

{y(l —k)Pf(x) + kP

b
< MJ ISP (x, 1) At,

a

where
_J 1, fo<p<l,
Y= 2P, ifp<0,0rp>1.

Proof. From Lemma 3.2, we see that

Ewat)” [Pwnat\” b P
= = b A
(ij(t)At) fla) + <fzw(t)At fb) Ja witJAt
b U (t) — (1 — Jh(a) + kh(x))IP w(t)(o(t) At

a

{y(l —K)PE(x) + kP

b
+ J () — (kh(x) + (1 — K)h(b))P " w(t)f(o(t)) At

X

b
< J sP(x, 1) (t)At.

a

Taking the absolute value, we have

Ewat)” [Pwnat\” b P
da T dx 00 f(b A
(ij(t)At) fla <f2w(t)At o) L At
—p U M(t) — (1 — h(a) + kh(x))P w(t)(o(t) At

a

{y(l —K)Pf(x) + kP

b b b
+J [h(t) — (kh(x) + (1 — k(D))" w(t)f(o(t))At <J |sp(x,t)|\fA(t)}At<MJ IsP (x, )| At,

X

which provides the desired inequality (4.1). The proof is complete. O

In Theorem 4.1, if we put p = 1, we have the following weighted Ostrowski type inequality on time
scales proved in [30, Theorem 6].

Corollary 4.2. Let a,b € Twitha <b,0 <k <1, M = sup [fA(t) < oo, w : [, bl — [0,00) be
a<t<b
rd-continuous and positive function and f,h : [a, bly — R are A-differentiable functions such that h®(t) = w(t)
on [a, blt. Define
s(x,1) = h(t) — ((1—k)h(a) +kh(x)), a<t<x,
"7 h(t) = (kh(x)+ (1—k)h(b)), x<t<b.
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Then

b
< MJ [(s(x,t))] At.

a

—wa(t)f(a(t))At

a

In Corollary 4.2, if T =R, then we have the following result proved in [30].
Corollary 4.3. Let 0 < a <b,0 <k <1, M = sup [f'(t)] < coand f, h: [a,blg — R are differentiable

a<t<b

functions such that W' (t) = w(t) on [a, blr. Define

h(t)— (1—k)h(a) +kh(x)), a<t<x,
h(t) — (kh(x) + (1 —k)h(b)), x <t<b.

Then

In Corollary 4.2, if T =Z, then we have the following result proved in [30].
Corollary 4.4. Let 0 < a < b, 0 < k<1, M = sup |[Af(t)] < coand f, h: [a,blz — R, such that
a<t<b-—1
Ah(n) =w(n) on [a, blz. Define

h(n) — ((1—k)h(a) +kh(m)), a<n<m-—1,
stm,n) :{ h(n) — (kh(m)+ (1 —k)h(b)), m<n<b—1.

Then
B Tncawln) o T n o win) =
|{(1 R b ey m”zi:tw(n) f(b)”nzaw(n)
b—1 b—-1
- wn)f(n+1) MZ

In Corollary 4.2, if T =q™, then we have the following result proved in [30].
Corollary 4.5. Let 0 < a <b, 0 <k <1, M= sup [Aqf(t)] <oo,q>1 a=qmandb = q" with

gm<t<qn

m < nand f,h:[a,bln = R, such that Aqh(qt) =w(ql) on [a, bl . Define

sG, qY) :{ h(g') = (1-k)h(q™) +kh(j), q™<q'<j—1,
’ h(q') — (kh(j) + (1 =Kkh(q"), j<q'<q™

Then

w(q')

1 n—1 i n—1
Z (g f(qu—lel W(qi)f(q“)”

i=m
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In Corollary 4.2, if h(t) = t, then we have the following result proved in [30].

Corollary 4.6. Let a, b € Twith a < b,0 < k <1, M = sup [f4(t)] < coand f : [a,blr — R be

a<t<b
A-differentiable functions. Define

s(x,1) = t—((1—k)a+kx), a<t<x,
"7 t—(kx+(1—k)b), x<t<b.

Then

XxX—a b—x 1 b
(1—)f(x) + K [b (o) + af(b)] T L f(o(t))At

< bea [h2((1 —k)a+kt,a) 4+ ha(t, (1 —k)a+kt)
+ho(t, kt+ (1 —k)b) + ha(b, kt + (1 —k)b)].

In Corollary 4.6, if T =IR, then we have the following result proved in [30].

Corollary 4.7. Let 0 < a<b,0< k<1, M = sup |f'(t)] < ocoandf:[a,blr — R be differentiable functions.
a<t<b

Then

- M(2Kk? —2k+1) [(a—t)>+ (b—1t)?
= 2 b—a

Xx—a b—x 1 (°
(1-K)f(x) +k [b_ fla) + af(b)] et R

In Corollary 4.6, if T =Z, then we have the following result proved in [30].

sup |Af(n)| < ooandf:[a,blz = R. Then

a<n<b-—1

Corollary 4.8. Let0<a<b,0<k <1, M=

m—a b—m 1 =
(1—k)f(m)+k [b_af(a)+ b_af(b)] —b_a;f(n—kl)

LG VT a;bH(b;a)z},

M
b—a

< [(2k2—2k+1)(t—

In Corollary 4.6, if k = 0, then we have the Ostrowski inequality on time scales proved in [11, Theorem

3.5].
Corollary 4.9. Let a, b € T with a < b, M = sup IfA(t)] < oo and f : [a,bly — R be A-differentiable
a<t<b
functions. Then
1 (° M
b—al, b—a

4.2. Weighted Trapezoid’s type inequalities

Theorem 4.10. Let a,b € Twitha <b,0 <k <1, M = sup If2(t)] < oo, N = sup If2(o(t))] < oo,
a<t<b a<t<b

w: [a,blt — [0, 00) be rd-continuous and positive function and f,h : [a, blr — R are A-differentiable functions
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such that h®(t) = w(t) on [a, bly. Then for all x € [a, bly, we have
[v(1—K)P (f3(b) — f*(a))

N 1
P |:f(a)+f(o—(a))pr<J w(t)At)p w(x)f(o(x)Ax

<f2w(t)At)p a \Ja
£(b) + f(o(b) [° ([° o
pj P J w(t)At w(x)f(o(x)Ax| + kP (f(b)f(o(a)) — f(a)f(o(b))
(jzw(t)At) a  \Jx
_ x 4.2)
IO () — (1 - () + kn P it (Fo(t) + f(e )t
(faw(t)At) a

b
+ J [h(t) — (kh(x) + (1 — )R(b))]P L w(t) (f(a(t)) + F(02(1))) At

< m K (E ISP(x,t)IAt) Ax,

where
1 fo<p<l,
Y= 21=P, ifp<0,orp>1.

Proof. From Lemma 3.2 we see that
Ewat)’ Pwwat)’
1—Kk)Pf(x) < —KkP || =2—"] f == ——— | f(b
YA —1PH(x) < szw(tm) (a) + (wa(t)At (b)
+—P UX [h(t) — (1 —Kk)h(a) + kh(x))]P " w(t)f(o(t))At

(4.3)

and

x P b p
Y1 —K)PH(o(x)) < —kP Kf aW(t)At) f(o(a)) + G’gwﬁiv f(c(b))]
w a W t)At

+—L U [R(1) — (1 Kh(a) + Kh()P~ w(t)F(o2(1))At

(4.4)
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Combining (4.3) and (4.4), we get

v(1— x) + f(o(x)))
[awbA [Pwat)”
b b
KIZ A ) )+f(6(a)))+<j2w(t)At> (f(b) + f(a(b)))
ot [ i = (1= 0ma) 4 kP i et + (2l
( I w(t)At) a 4.5)
b
+J [h(t) — (kh(x) + (1 =K h(b)IP T w(t) (f(o(t)) + f(0? (1)) At
1 b
+ pj sP(x, 1) (FA (1) + £ (o(t))) At
(fzw(t)At> a
Multiplying (4.5) by f2(x), and the relation (2.1) and integrating function at [a, b], we have
Y(1—=K)P(f*(b) — f*(a))
< v |lHla)+flola) )Jb 4(x) (JX ( )At>pr
(ij(t)At " a
b b p
1)+ (o(o)) | fA(X)<J ()At> Ax
(wa(t)At a x
p(f(b) —f(a)) (4.6)

(fownat)” U [h(t) — (1 —k)h(a) + kh()IP wit) (F(o(t) + (02 (1)) At
aW a

b
+ J [(h(t) — (kKh(x) + (1= k)h(b))IP " w(t)(f(o(t)) + f(0>(t))) At

1 b b
+ pj 2 (x) (J (s(x, )P (FA(t) —|—fA(G(t)))At> Ax.
)At) a

(J‘E wit a

From (4.6) and using the relations

b x P b P b x p—1
J 2 (x) (J w(t)At) Ax = f(b) (J w(t)At) —J p(J w(t)At) w(x)f(o(x)Ax,

and

b b P b P b b p-1
J 2(x) (J w(t)At) Ax = —f(a) (J w(t)At> +J P (J w(t)At) w(x)f(o(x)Ax,

we obtain

Y(1—Kk)P(f*(b) — f*(a))

X -1
o {M [ ([ wiat)” weastotons
JW(t)At a
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f(b) + f(o(b))

(ij(t)At)p

—P% UX [h(t) — (1 —k)h(a) + kh(x)IP "  w(t)(f(o(t) + f(o?(t))) At
(ja w(t)At) a

b b p—1
J P (J W(t)At) W(X)f(G(X)Ax] + kP (f(b)f(o(a)) — f(a)f(o(b))

b
+ J [(h(t) — (kh(x) + (1= k)h(b))IP " w(t)(f(o(t) + f(0>(t))) At

1 b b
s WJ A (x) (J sP(x, 1) (F2(t) +fA(G(t)))At> Ax.
w(t)At a a

Taking the absolute value we have

[y(1—K)P(f(b) — f*(a))

N ~1
+KP _Wzrp([ w(t)At>p w(x)f(o(x)Ax
(ij(t)At) a \Ja
£(b) + f(o(b)
(wa(t)At)p
f(b) —f(a)

p o=l U M(t) — (1 — KIh(@) + Kh(x)IP w(t) (F(o(t)) + F(o2(t)) At
(ij(t)At) a

b b p-1
J P (J w(t)At> w(x)f(cr(x)Ax] + kP (f(b)f(o(a)) — f(a)f(o(b))

b
+ J [(h(t) — (kh(x) + (1= k)h(b))IP " w(t)(f(o(t)) + (0> (t))) At

1 b b
< MJ 2(x) <J sp(x,t)(fA(t)—H‘A(G(t)))At) Ax
awt t

1

s (jz w(t)At)p

< m Jz (J: ISP (x, t)lAt) Ax,

which provides the desired inequality (4.2). The proof is complete. O

b b
J [£2(x)| (J |sp(x,t)|(]fA(t)‘+|fA(G(t))])At> Ax

In Theorem 4.10, if we put p = 1, we have the following weighted Trapezoid type inequality on time
scales proved in [30, Theorem 7].
Corollary 4.11. Let a,b € Twitha <b,0 < k<1, M = sup [f2(t)] < oo, N= sup [f2(o(t)) < oo,

a<t<b a<t<b . .
w : [a, bl — [0, 00) be rd-continuous and positive functions and f,h : [a, blr — R are A-differentiable functions

such that h®(t) = w(t) on [a, bly. Define
[ h({t) = ((1=k)h(a) +kh(x)), a<t<x,
sbot) = { h(t) — (kh(x) + (1—k)h(b)), x<t<b.

Then
1 f(b) —f(a) n kf(G(b)) —f(o(a))

1—k)(f2(b) — 2
( )(f(b) — f*(a)) + [P wit)at [ wivat

(k—

b
J w(x)f(o(x)Ax
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o b
T (F(o(@)f(b) — F(o(b)) () — 2L —Fla) ”“)j W(t)F(02(1))At
JGWTUAt a

M(M +N) b [
) (o) o

In Corollary 4.11, if T =IR, then we have the following result proved in [30].
Corollary 4.12. Let 0 < a <b,0 < k<1, M = sup [f'(t)] < coand f, h: [a,blr — R are differentiable

a<t<b

functions such that W' (t) = w(t) on [a, blr. Define

) = h(t) = ((1 —k)h(a)+kh(x)), a<t<x,
S )_{ h(t) — (kh(x) + (1 - k)h(b)), x<t<b.
F(k—1)

NF b b
S 75— , dt | dx.
2 2 [P w(t)At Ja s fzw(t)AtL (LHS(X vl t) h

In Corollary 4.11, if T =Z, then we have the following result proved in [30].
Corollary 4.13. Let 0 < a<b,0<k <1, M= sup [Af(n)/<oo,N= sup [Af(n+1)]<ooandf,

a<n<b-—1 a<n<b-—1

h:[a,blz = R, such that Ah(n) = w(n) on [a, blz. Define
( )= h(n) — ((1—k)h(a)+kh(m)), a<n<m-—1,
ST = h(n) — (kh(m) + (1 —k)h(b)), m<n<b—1.

Then

b
(1_@@ f(b)—f(a)J' w(x)f(x)dx

Then
22 L fb)—fl@) | fb+D—fla+1)| &
(1—%)(f2(b) — f2(a)) + | (k 1)22;{1w(n)+k 55T o) nZ_aw(n)f(n—l—l)
f(b) — f(a)

+k(fla+1)f(b) —f(b+1)f(a)) —

b—1
E:n:amwn n=a

b—1 b—1
< M(M“\”) S (Z |(s(m,n))|>.

Tt i=a iz
In Corollary 4.11, if h(t) = t, then we have the following result proved in [30].
Corollary 4.14. Let a,b € Twitha<b,0<k <1, M= sup If2(t)] < oo, N = sup [f2(o(t))| < oo and

a<t<b a<t<b

f:[a, bl — R be A-differentiable functions. Define

s(x,t) = t—((1—k)a+kx), a<t<x,
T t—(kx+(1—k)b), x<t<b.

Then

b
(b)—f(a)+kf(6(b))—f(6(an}J f(o(t))At

(1—k)(f2(b)—f2(a))+[(k—l)f b_a b—a

B b
+i(f(o(a)(o) — oot — =1 [P seear

b
o M(M+N)J [ha((1—Kk)a+kt, a) +ha(t, (1 —k)a + kt)

S b-a a
hy(t, kt+ (1 —k)b) + hp(b, kt 4+ (1 —k)b)] At.

In Corollary 4.14, if T = R, then we have the following result proved in [30].
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Corollary 4.15. Let 0 < a < b, 0 < k <1, M = sup |f'(t)] < coand f : [a,blg — R are differentiable
a<t<b
function. Then

2

f(b) — f(a) < M?(b—a)z(Zkz—Zk—l—l)-

La—0@m) - £ k—1 " fnat
31— R0 = Pla) + (k=1 T =1 | i

In Corollary 4.15, if k = 0, then we have the following result that has been proved in [35, Theorem
1(ap)].

Corollary 4.16. Let 0 < a <b, M = sup |[f'(t)| < coand f: [a, blr — R be differentiable functions. Then

a<t<b

2

1 M
< 7(19 - 0)2-

B b
(fz(b)—fz(a))—“b)“‘”j

f(t)dt
2 b—a (t)

a

In Corollary 4.14, if T = Z, then we have the following result proved in [30].
Corollary 4.17. Let 0 < a < b, 0< k<1, M= sup |[Af(n)[<oo, N= sup [Af(n+1)|< ocoand

a<n<b-—1 a<n<b-—1

f:la,blz — R. Then

(1 K)((b) - Pla) + {(k—l) f(b) —f(a) Tk (b—l—l)—f (a+1) } i fn+1)

b—a b— i
b—1
+k(f(a+1)f(b)—f(b+1)f(a))—w f(n+2)
<w[(b—a)2(2k2—2k+l)+kz 4K+ 2}
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