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Abstract
In the present article, we have defined the notion of I-pointwise convergence and I-uniform convergence of sequence of

functions defined on a probabilistic normed space with respect to the probabilistic norm ν. Further we have given the Cauchy
criteria for I-pointwise and I-uniform convergence in PNS. Also, we have proved certain results on continuity of functions with
respect to ν in PNS.
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1. Introduction

The notion of probabilistic normed space (PNS) is a generalisation of normed linear space in which
the norm of the vectors are probability distribution functions. It was first introduced by Šerstnev in his
paper [21]. Later in 1993, Alsina et al. [1] gave more generalised definition of probabilistic normed space
which naturally led to definition of principal class of PN spaces, Menger spaces. The theory of PNS
spaces has wide range of applications in real world problems. It has useful applications in multiple fields
such as continuity properties [2], topological spaces [7], study of boundedness [16], linear operators [8],
convergence of random variables [17]. The notion of statistical convergence in PN spaces was studied by
Karakus [10]. Further it was extended to more generalised spaces by Esi and Savas [3–6, 20].

We insist the readers to recall the basic definitions like ideal, PNS, function sequence via references
[9, 11–15, 18, 19].

2. Main results

In the following section, we study two types of I-convergence for sequence of functions, I-pointwise
convergence and I-uniform convergence in PNS. We discuss the ideal Cauchy convergence condition for
pointwise and uniform convergence.
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2.1. I-pointwise convergence in PNS
Definition 2.1. Let (fk) : (X,ν, ∗)→ (Y,µ, ∗) be a sequence of functions. (fk) is said to be convergent to f
with respect to norm ν if for every t > 0, ε ∈ (0, 1) there exists k0 > 0 such that µfk(x)−f(x)(t) > 1 − ε for
each k > k0 and for each x ∈ X. We write fk →ν f.

Definition 2.2. Let (fk) : (X,ν, ∗) → (Y,µ, ∗) be a sequence of functions on X. Then (fk) is said to be
I-pointwise convergent to a function f with respect to ν norm if for every x ∈ X, t > 0 and ε ∈ (0, 1) the
set

{k ∈N : µfk(x)−f(x)(t) 6 1 − ε} ∈ I.

In this case we write fk →I(ν) f.

Theorem 2.3. Let I be an admissible ideal and (X,ν, ∗), (Y,µ, ∗) be PN spaces. Consider a sequence of functions
(fk) : (X,ν, ∗) → (Y,µ, ∗) such that (fk)k∈N is pointwise convergent with respect to norm ν, then fk →I(ν) f.
However the converse neeed not be true.

Proof. Let t > 0 and ε ∈ (0, 1). (fk) is pointwise convergent to f with respect to norm ν then there exists
k0 > 0 such that µfk(x)−f(x)(t) > 1 − ε for k > k0 and for each x ∈ X.

A(t, ε) = {k ∈N : µfk(x)−f(x)(t) 6 1 − ε} ⊆ {1, 2, 3 · · · k0 − 1}.

Since {1, 2, 3 · · · ,k0 − 1} ∈ I, we have A(t, ε) ∈ I. Thus fk →I(ν) f.

The converse does not hold is proved by the following example.

Example 2.1. Let (X, ‖.‖) be a real normed linear space with a ∗ b = ab for all a,b ∈ [0, 1] with µ(x, t) =
t

t+‖x‖ . Define a sequence of functions fk : [0, 1]→ R as

fk(x) =



xk
2
+ 1 if k = m2 and x ∈ [0, 1

2),
0 if k 6= m2 and x ∈ [0, 1

2),
0 if k = m2 and x ∈ [ 1

2 , 1),
xk + 1

2 if k 6= m2 and x ∈ [ 1
2 , 1),

2 if x = 1.

Let An(t, ε) = {k 6 n : µfk(x)−f(x)(t) 6 1 − ε}. Then

µfk(x)−f(x)(t) 6 1 − ε⇒ t

t+ ‖fk(x) − f(x)‖
6 1 − ε

⇒‖fk(x) − f(x)‖ >
tε

1 − ε
> 0,

An(t, ε) ={k 6 n : ‖fk(x) − f(x)‖ > 0}

={k 6 n : fk(x) − f(x) = x
k2

+ 1}

={k 6 n : k = m2},

which implies An(t, ε) ∈ I. Hence for each x ∈ [0, 1
2), (fk)k∈N is I-convergent to 0 with respect to

probabilistic norm ν. Similarly we can show (fk)k∈N is I-convergent to 1
2 and 2. But (fk) is not convergent

with respect to probabilistic norm ν.

Theorem 2.4. Let (fk) and (gk) be two function sequences from (X,ν, ∗) to (Y,µ, ∗). If fk →I(ν) f and gk →I(ν)
g, then (αfk +βgk)→I(ν) (αf+βg), α,β ∈ R.
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Proof. Choose t > 0 and ε ∈ (0, 1). Since fk →I(ν) f and gk →I(ν) g for each x ∈ X, then the sets

A = {k ∈N : µfk(x)−f(x)

(
t
2

)
6 1 − ε} ∈ I,

and

B = {k ∈N : µgk(x)−g(x)(
t
2 ) 6 1 − ε} ∈ I.

Thus Ac ∩Bc ∈ F(I). Define the set

C = {k ∈N : µ(αfk(x)+βgk(x))−(αf(x)+βg(x))(t) 6 1 − ε}.

We will show Ac ∩Bc ∈ Cc. Let m ∈ Ac ∩Bc then we have

µ(αfk(x)+βgk(x))−(αf(x)+βg(x))(t) >µ(αfk(x)−αf(x)

(
t

2

)
∗ µ(βgk(x)−βg(x))

(
t

2

)
=µfk(x)−f(x)

(
t

2α

)
∗ µgk(x)−g(x)

(
t

2β

)
>(1 − ε) ∗ (1 − ε)

>1 − ε.

Hence m ∈ Cc implies Ac ∩Bc ⊂ Cc so that C ⊂ I and the result follows.

Definition 2.5. Let fk : (X,ν, ∗) → (Y,µ, ∗) be a sequence of functions, then (fk)k∈N is called I-pointwise
Cauchy sequence in PNS space if for every t > 0, ε ∈ (0, 1) there exists M =M(t, ε, x) ∈N such that

{k ∈N : µfk(x)−fM(x)(t) 6 1 − ε} ∈ I.

Theorem 2.6. Let (X,ν, ∗), (Y,µ, ∗) be PN spaces and (fk) : (X,ν, ∗) → (Y,µ, ∗) be a sequence of functions.
If (fk)k∈N is I-pointwise convergent sequence with respect to probabilistic norm ν, then (fk)k∈N is I-pointwise
Cauchy with respect to ν.

Proof. Given that (fk)k∈N is I-pointwise convergent to f with respect to probabilistic norm ν then by
definition for every t > 0 and ε ∈ (0, 1) we have

A = {k ∈N : µfk(x)−f(x)(
t
2 ) 6 1 − ε} ∈ I,

which implies Ac ∈ F(I). Let k,m ∈ Ac

µfk(x)−fm(x)(t) >µfk(x)−f(x)

(
t

2

)
∗ µfm(x)−f(x)

(
t

2

)
>(1 − ε) ∗ (1 − ε)

>1 − ε,

so that {k ∈N : µfk(x)−fm(x)(t) 6 1 − ε} ∈ I. Thus (fk)k∈N is I-pointwise Cauchy.

Theorem 2.7. Let (X,µ, ∗), (Y,ν, ∗) be PNS. Suppose that (fk) : (X,µ, ∗) → (Y,ν, ∗) are equi-continuous and
(fk) is I-pointwise convergent to f. Then f is continuous with respect to ν.

Proof. Let x0 ∈ X be fixed such that νx−x0(t) > 1 − ε. By equi-continuity of (fk)k∈N for every ε > 0 there

exists λ ∈ (0, 1) with λ < ε such that µfk(x)−fk(x0)

(
t
3

)
> 1 − λ for every k ∈N. Since fk →I(ν) f we have

{k ∈N : µfk(x0)−f(x0)

(
t
3

)
6 1 − λ}∪ {k ∈N : µfk(x)−f(x)

(
t
3

)
6 1 − λ} ∈ I.
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We have,

µf(x0)−f(x)(t) >µf(x0)−fk(x0)

(
t

3

)
∗ µfk(x0)−fk(x)

(
t

3

)
∗ µfk(x)−f(x)

(
t

3

)
>(1 − λ) ∗ (1 − λ) ∗ (1 − λ)

>(1 − λ) ∗ (1 − λ)

>(1 − λ)

>1 − ε,

and the continuity of f is proved.

2.2. I-uniform convergence in PNS

Definition 2.8. Let I ⊂ P(N) be an admissible ideal and (fk) : (X,ν, ∗) → (Y,µ, ∗) is said to be I-uniform
convergent to fwith respect to probabilistic norm ν if and only if for all t > 0 there existsM ⊂N,M ∈ F(I)
and k0 = k0(t, ε, x) ∈M, for all k > k0 and k ∈M and for all x ∈ X, ε ∈ (0, 1),

{k 6 n : µfk(x)−f(x)(t) 6 1 − ε} ∈ I.

We write fk ⇒I(ν) f.

Definition 2.9. Let (X,ν, ∗), (Y,µ, ∗) be probabilistic normed spaces and (fk) : (X,ν, ∗) → (Y,µ, ∗), f :

(X,ν, ∗)→ (Y,µ, ∗) be a bounded function. Then fk ⇒I(ν) f if and only if I− lim
(

inf
x∈X

µfk(x)−f(x)(t)
)
= 1.

Remark 2.10. If fk ⇒I(ν) f then fk →I(ν) f. But the converse is not true.

Example 2.2. Define a sequence of functions

fk(x) =

{
0, if k = n2,
k2x

1+k3x2 , otherwise,

on [0, 1]. fk( 1
k) →I(ν) 1 and fk(0) →I(ν) 0. The sequence is I-pointwise convergent to 0 with respect to

probabilistic norm ν, but it is not I-uniform convergent with respect to ν.

Theorem 2.11. Let I ⊂ P(N) be an admissible ideal. Assume that (fk) : (X,ν, ∗) → (Y,µ, ∗) is uniformly
convergent to f, then (fk) is I-uniformly convergent to f with respect to ν.

Proof. Suppose that the sequence of functions (fk) : (X,ν, ∗) → (Y,µ, ∗) is uniformly convergent to f :
(X,ν, ∗)→ (Y,µ, ∗) with respect to probabilstic norm ν. Then by definition for every t > 0, ε ∈ (0, 1) there
exists a positive integer k0 = k0(t, ε) such that for all x ∈ X and k > k0, µfk(x)−f(x)(t) > 1 − ε, so that

A(t, ε) = {k ∈N : µfk(x)−f(x)(t) 6 1 − ε} ⊆ {1, 2, 3, · · · ,k0} ∈ I.

Hence for every t > 0, there exists Ac ⊂ N, Ac ∈ F(I) and there exists k0(t, ε) ∈ Ac such that for all
k > k0 with k ∈ Ac and for all x ∈ X, µfk(x)−f(x)(t) > 1 − ε. This implies fk ⇒I(ν) f.

Definition 2.12. let (X,ν, ∗), (Y,µ, ∗) be PN spaces and let (fk) : (X,ν, ∗) → (Y,µ, ∗) be a sequence of
functions. Then (fk) is said to be I-uniform Cauchy sequence with respect to ν if for every t > 0, ε ∈ (0, 1),
there exists N = N(t, ε) ∈N such that

{k ∈N : µfk(x)−fN(x)(t) 6 1 − ε} ∈ I.

Theorem 2.13. If (fk) : (X,ν, ∗) → (Y,µ, ∗) be I-uniform convergent with respect to ν, where (X,ν, ∗) and
(Y,µ, ∗) are probabilistic normed spaces, then (fk) is I-uniform Cauchy with respect to probabilistic norm ν.
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Proof. Given that fk ⇒I(ν) f. By definition for every t > 0, ε ∈ (0, 1) there exists A ⊂ N,A ∈ F(I)

and k0(t, ε) ∈ A such that for all k > k0,k ∈ A and for all x ∈ X, µfk(x)−f(x)

(
t
2

)
> 1 − ε. Choose

N = N(t, ε),N > k0, so that µfN(x)−f(x)

(
t
2

)
> 1 − ε.

µfk(x)−fN(x)(t) >µfk(x)−f(x)

(
t

2

)
∗ µf(x)−fN(x)

(
t

2

)
>(1 − ε) ∗ (1 − ε)

>1 − ε.

Thus {k ∈N : µfk(x)−fN(x)(t) 6 1 − ε} ∈ I. Hence (fk) is I-uniform Cauchy sequence in PNS.

Theorem 2.14. Let (X,ν, ∗) and (Y,µ, ∗) be PN spaces. Suppose (fk) : (X,ν, ∗)→ (Y,µ, ∗),k ∈N be continuous
with respect to probabilistic norm ν. If f⇒I(ν) f, then f is continuous.

Proof. Fix x0 ∈ X such that νx0−x(t) > 1 − ε. By continuity of fk, for every t > 0 there exists λ ∈ (0, 1)

with λ < ε such that µfk(x0)−fk(x)

(
t
3

)
> 1 − λ. Since fk ⇒I(ν) f, we have

{k ∈N : µfk(x)−f(x)

(
t
3

)
6 1 − λ}∪ {k ∈N : µfk(x0)−f(x0)

(
t
3

)
6 1 − λ} ∈ I.

So, there exists m ∈ F(I) such that µfm(x)−f(x)(
t
3 ) > 1 − λ and µfm(x0)−f(x0)

(
t
3

)
> 1 − λ.

µf(x)−f(x0)(t) >µf(x)−fm(x)

(
t

3

)
∗ µfm(x)−fm(x0)

(
t

3

)
∗ µfm(x0)−f(x0)

(
t

3

)
>(1 − λ) ∗ (1 − λ) ∗ (1 − λ)

>(1 − λ) ∗ (1 − λ)

>1 − λ

>1 − ε.

Thus f is continuous with respect to probabilistic norm ν.
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