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Abstract

In this paper, we propose a new generalization of metric spaces by the unification of two novel notions, namely §-metric
spaces and bipolar metric spaces, under the name §-bipolar metric spaces. Further, in this newly generalized notion we provide
a binary topology and prove some fixed point results. As applications of our result, we prove the existence and uniqueness of
solution of integral equation and the existence of a unique solution in homotopy theory. We also give some non-trivial examples
to vindicate our claims. Our fixed point results extend several results in the existing literature.
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1. Introduction and Preliminaries

In 1906, metric space theory was initiated by Fréchet [6]. Since then, many authors have generalized
the notion of metric spaces, by weakening some conditions and modifying the metric function (see, for
instance, [1, 3-5, 10, 18]). In metric space and its generalizations we consider the distance between points
of a single set, however the question of distance can arise between elements of two different sets. Such
problems of measuring distance can be encountered in various fields of mathematics and other sciences.
In 2016, to encounter such cases, the concept of bipolar metric space was introduced by Mutlu and Giirdal
[11] and after that some fixed point and coupled fixed point theorems were tested under contractive
conditions for covariant and contravariant mappings (see, for instance, [11-17]). Recently, Kishore et al.
[9] proved some common fixed point theorems in bipolar metric spaces along with some applications.

Definition 1.1 ([11]). Let X,Y # ¢ and d : X x Y — [0,+00) be a mapping. Then d is called a bipolar
metric on X x Y if the following properties are satisfied for all (x,y), (x',y’) eXXxY:

(B1) x =y, if d(x,y) =0;
(By) d(x,y) =0, ifx =y;
(B3) d(x,y) =d(y,x),if x,y € XNY;

*Corresponding author
Email address: ayushbartwal@gmail.com (Ayush Bartwal)

doi: 10.22436/jmcs.026.02.08
Received: 2021-08-03 Revised: 2021-09-06  Accepted: 2021-09-25


http://dx.doi.org/10.22436/jmcs.026.02.08
http://dx.doi.org/10.22436/jmcs.026.02.08
http://crossmark.crossref.org/dialog/?doi=10.22436/jmcs.026.02.08&domain=pdf

S. Rawat, R. C. Dimri, A. Bartwal, J. Math. Computer Sci., 26 (2022), 184-195 185

(By) d(x,y) < dlxy)+d(x,y") +d(x,y).
Then the triple (X,Y, d) is called a bipolar metric space.

Example 1.2. Let X be the class of all singleton subsets of IR and Y be the class of all nonempty compact
subsets of R. We define d : X x Y = R as d(x,A) = [x —inf(A)| + [x —sup(A)|. Then the triple (X,Y, d) is
a complete bipolar metric space.

Definition 1.3 ([11]). Let (X1,Y1,d;1) and (Xy, Y2, d2) be bipolar metric spaces. A function f : X; UY; —
X2 UY; is called a covariant mapping, if f(X;) € X, and f(Y7) C Y,. Similarly, a function f : X;UY; —
X2 UY; is called a contravariant mapping, if f(X;) C Y, and f(X;) C Y;. These mappings are denoted as
f:(X1,Y1,d1) =2 (X, Y2, d2) and f: (Xq, Yy, d1) 2 (Xz, Ya, d2), respectively.

Definition 1.4 ([11]). Let (X,Y, d) be a bipolar metric space. The points of the sets X,Y, and XN Y are
called left points, right points, and central points, respectively.

A sequence of left points is called a left sequence and a sequence of right points is called a right
sequence. A sequence is a simple term for a left or a right sequence.

A sequence (an ) is convergent to y, if T}grgo d(an,y) =0, where (a,) is a left sequence and y is a right
point. Similarly, a sequence (b,,) is convergent to x, if nlgrclx) d(x,bn) = 0, where (by,) is a right sequence
and x is a left point.

A sequence of the form (xn,Yn) on the set X x Y is called a bisequence on (X,Y,d). A bisequence is
called convergent, if both the left sequence (x,) and the right sequence (yn) converge. If (x,) and (yn)
converge to a common point, then (x,,yn ) is called biconvergent.

A bisequence (xy,yn) such that N 11111r£1> o d(Xxn,Ym) = 0 is called a Cauchy bisequence. If every Cauchy

bisequence converges in a bipolar metric space, then it is called a complete bipolar metric space.

In 2018, the concept of F-metric spaces was proposed by Jleli et al. [7]. To coin the notion of such
abstract spaces the authors used a particular class of auxiliary functions which is defined below.

Definition 1.5 ([7]). Let § be the set of functions f : (0, c0) — R satisfying the following:
(F1) fis non-decreasing,ie., 0 <s <t = f(s) < f(t);

(F2) for every sequence t,, C (0, c0), we have

lim t, =0« lim f(t,) = —o0.
n—oo n—oo

Using such functions, the authors generalized the notion of metric spaces and initiated the notion of
§-metric spaces as follows:

Definition 1.6 ([7]). Let X be a non-empty set, and let D : X x X — [0, 00) be a given mapping. Suppose
that there exists (f, «) € § x [0, 00), such that for all (x,y) € X x X:

(@ Dix,y) =0 x=vy;
(b) D(Xry) = D(U/X)}
(c) for every N € N, N > 2, and for every (ui){il C X with (u, un) = (x,y), we have

N—-1
D(x,y) > 0= f(D(x,y)) < f <Z D (s, Hi+1)> + .
i=1

Then D is said to be an §-metric on X, and the pair (X, D) is said to be an §-metric space.

The definitions of completeness, convergence, and Cauchy sequence in this setting can be found in [7].
In 2011, Jothi et al. [8] introduced the notion of binary topology to define a topology between two sets.
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In this article, we unify the notions of §-metric spaces and bipolar metric spaces and introduce a new
generalized notion named as, §-bipolar metric space. We also show that every bipolar metric space and
§-metric space is an §-bipolar metric space but the converse is not true in general. Next, we define a
topology Tz, on §-bipolar metric spaces using the concept of balls. Further, we give some fixed point
theorems which are extensions and generalizations of the Banach contraction principle [2] in the setting
of F-bipolar metric spaces, along with an application to integral equation.

2. §-bipolar metric space
Now we introduce the definition of §-bipolar metric space.

Definition 2.1. Let X and Y be two non-empty sets and d : X x Y — [0, 00) be a given mapping. Suppose
that there exists (f, «) € § x [0, 00), such that for all (x,y) € X x Y:

(D7) dx,y) =0 x=vy;

(Dy) d(x,y) =d(y,x) if x,y € XNY;

(D3) for every N € N, N > 2, and for every (ui)]i\lzl C Xand (vi)]iil C Y with (pg, vn) = (x,y), we have

N

N-1
d(x,y) > 0= f(dl,y)) < | > dpwirr,vi)+ ) dluy,vi) | + o
i1 i1

Then d is said to be an §-bipolar metric on the pair (X,Y) and (X,Y, d) is said to be an §-bipolar metric

space.

Remark 2.2. Taking Y = X, N = 2n, i = uzi—1, and vi = up; in the above definition we get a sequence
(ui)%zl € X with (w3, usn) = (x,y), such that condition (c) of Definition 1.6 holds. Thus every §-metric
space is an §-bipolar metric space but the converse is not true in general.

Remark 2.3. Let (X,Y, d) be an §-bipolar metric space. Throughout this paper, we shall use Definitions 1.3
and 1.4 in a similar way as used in bipolar metric spaces.
Example 2.4. Let X ={1,2} and Y ={2,7}. Define a metric d : X x Y — [0, c0) by

d(1,7) =10, d(1,2) =6,d(2,7) =2, d(2,2) =0.

(X,Y, d) is not a bipolar metric space (since 10 = d(1,7) > d(1,2) +d(2,2) + d(2,7) = 8, therefore, (D3) is
not satisfied). It can be easily seen that d satisfies (D) and (D2). Now, we consider only three cases for
(D3).
Case-I:

d(1,2) > 0 = In(d(1,2)) < In(d(1,7) + d(2,7) + d(2,2)) =In6 < In12,
(D3) is satisfied with «x =0 and f(t) =Int € F.
Case-II:

d(2,7) >0=1In(d(2,7)) <In(d(2,2)+d(1,2)+d(1,7)) =In2 < In 16,
(D3) is satisfied with &« = 0 and f(t) =In(t) € §.
Case-III:

d(1,7) >0=1In(d(1,7)) <In(d(1,2)+d(2,2) +d(2,7)) =In10 < In8 + «,
(D3) is satisfied with o« > 1 and f(t) =In(t) € §.
Therefore, d satisfies all the properties of an §-bipolar metric. Hence, (X,Y, d) is an §-bipolar metric

space.

Remark 2.5. The above example shows that an §-bipolar metric space need not to be a bipolar metric space.
Clearly, §-bipolar metric space is a generalization of bipolar metric space.
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3. Topology on F-bipolar metric spaces

Definition 3.1. Let X and Y be any two non-empty sets. A binary topology from X to Y is a binary
structure M C P(X) x P(Y) that satisfies:

(@) (¢, ¢)and (X,Y) € M;

(b) (A1) N Ay, B1NBy) € M whenever (Aq1,B1), (A, By) € M;

(c) if {(A«, B«) : @ € A} is a family of members of M, then (UxeaA«, UxeaBs) € M.

Definition 3.2. Let (X,Y,d) be an §-bipolar metric space. Let x € X be an arbitrary element. Then for
r>0, Br(x,7) ={y € Y:d(x,y) < r}is called a right ball in (X,Y, d).

Definition 3.3. Let (X,Y,d) be an §-bipolar metric space. Let y € Y be an arbitrary element. Then for
r>0, BL(y,r) ={x € X:d(x,y) < r}is called a left ball in (X,Y, d).

Definition 3.4. Let (X,Y, d) be an §-bipolar metric space. A subset P of Y is said to be right §,-open if
for every y € P, there is some r > 0, such that:

Yy e BR(X,T) C P.

Definition 3.5. Let (X, Y, d) be an §-bipolar metric space. A subset O of X is said to be left §-open if for
every x € O, there is some r > 0, such that:

X € BL(U,T) c 0.

Definition 3.6. Let (X,Y,d) be an §-bipolar metric space. Let A C X and B C Y. Then A x B is called
Sv-open if A is left §p-open and B is right §p-open.

We say that a subset C x D of X x Y is §p-closed if (X\C) x (Y\D) is §p-open. Let us denote by t5,
the family of all §,-open subsets of X x Y. Then it is easy to prove the following result.

Proposition 3.7. Let (X,Y, d) be a §-bipolar metric space. Then Tz, is a binary topology on X x Y.

Proposition 3.8. Let (X,Y, d) be a §-bipolar metric space. Then for any non-empty subset A x B of X x Y, the
following statements are equal.

(a) A x B is Fp-closed.
(b) For any sequence (xn,Yn) € A X B, we have

lim d(xn,y) :nh_rggod(x,yn) =0, (x,y eXxY = (x,y) € AxB. (3.1)

n—oo

Proof. Assume that A x B is §p-closed and equation (3.1) holds. Since, A x B is §p-closed = (X\ A) x
(Y\B) is §p-open, i.e., X\ A is left Fp-open and Y \ B is right §p-open. So, for every x € X\ A there exists
some 11 > 0 and some y € Y, such that By (y,r1) C X\ A.

Similarly for every y € Y \ B there exists some 1, > 0 and some x € X, such that Bg(x,12) C Y\ B.

= Br(y,m)NA =Bgr(x,12)NB = ¢.

On the other hand by equation (3.1), there exists some N1, N, € IN, such that d(xn,y) < r; foralln > Ny
and d(x,yn) < 12 for all n > Nj. Taking N = max{Nj, Ny}, we get x,, € By (y,m1) and yn € Br(x,12) for
all n > N, which implies that (xn,yn) € [Br(y,m1) NA] x [Br(x, 12) N B], which is a contradiction. Hence,
we deduce that (x,y) € A x B, i.e. (a) = (b).
Conversely, assume that (b) is satisfied. Let (x,y) € (X\ A) x (Y\ B). We have to prove that there are
some 11,12 > 0, such that
Bi(y,m1) € X\ A and Bgr(x,12) C Y\ B.

On the contrary, suppose that for every r1, 1 > 0, there exists x,, € By (y,m1) N A and yr, € Br(x,12) N B.
= for any n € IN*, there exists x, € B (y, %) NA and yn € Bgr(x, %) N B. Then, (xn,yn) € A x B and
1i_r>n d(xn,y) = li_r>n d(x,yn) = 0. By (b), this implies that (x,y) € (A x B) which is a contradiction to
n o0 n o0

(x,y) € (X\A) x (Y\ B). Hence, A x B is §p-closed, i.e., (b) = (a). O
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Definition 3.9. Let (X, Y, d) be an §-bipolar metric space. Let {x,} be a left sequence in X. We say that {xn}
is convergent to y € Y if for every right §y-open subset Oy of Y containing y, there exists some N € IN
such that x,, € Oy, for all n > N. In this case, we say that y is the limit of {x}.

Definition 3.10. Let (X,Y, d) be an §-bipolar metric space. Let {yn} be a right sequence in Y. We say that
{yn}is convergent to x € X if for every left §,-open subset Py of X containing x, there exists some N € IN
such that yn € Py, for all m > N. In this case, we say that x is the limit of {yn}.

The following result follows immediately from Definition 3.9 and the definition of T, .

Proposition 3.11. Let (X, Y, d) be an §-bipolar metric space. Let {xr} be a left (or right) sequence in X and y € Y.
Then the following conditions are equivalent.

(1) {xn}is §p-convergent to y;
(2) lim d(xn,y)=0.
n—oo

Similarly, we can do for a right sequence.

Remark 3.12. In §-bipolar metric space a convergent sequence may have multiple limits just as in bipolar
metric spaces.

Definition 3.13. In an §-bipolar metric space a bisequence (xn,yn ) is said to be Cauchy bisequence, if for
each e > 0, there exists a number ng € N, such that for all positive integers n, m > ng, d(xn,ym) < €.

Definition 3.14. An §-bipolar metric space (X,Y, d) is called complete, if every Cauchy bisequence in this
space is convergent.

4. Fixed point theorems

Theorem 4.1. Let (X,Y, d) be a complete §-bipolar metric space and let g : (X,Y,d) = (X,Y,d) be a covariant
contraction. Then the mapping g : XUY — XUY has a unique fixed point.

Proof. Given that g is a covariant contraction, then there exists k € (0,1) such that
d(g(x), g(y)) < kd(x,y), V(x,y) € XxY. (4.1)

Let xp € X and yp € Y. For each n € N, define g(xn,) = xn4+1 and g(yn) = Yyn1- Then (xn,yn) is a
bisequence in (X,Y,d). Let (f,&) € § x [0,00) be such that (D3) is satisfied. Let € > 0 be fixed. By (F2),
there exists 6 > 0 such that

O<t<d = f(t) < fle)—a 4.2)
Now,
d(xn,yn) = d(g(xn-1),9(Yn-1)) < kd(xn_1,Yn-1) <--- < k™d(x0,yo). (4.3)
Also,
d(xn41,Yn) = d(g(xn), g(yn—1)) < kd(xn,Yyn—1) <--- < knd(XI/UO)- (4.4)
From (4.3) and (4.4), we get
m—1 m km
> dlxien,y) + 3 dlx,yi) < 7 [dlxo,yo) + d(x1, yo)), where m > n.
i=n i=n
n
Since 1i_r>n [d(x0,yo) + d(x1,y0)] =0, there exists N € IN, such that
n o0 —

n

0
<“1-x

[d(x0,Y0) +d(x1,yo)l <&, n>N.
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For m > n > N, using (§1) and equation (4.2), we get

m—1 m n
f (Z sy + Y d(xi,yi)> < ({og ooy - dba vl ) <o) @S

i=n
From (D3) and equation (4.5), we get d(xn,ym) > 0. Therefore

m

m—1
fld(xn,ym)) < f (Z d(xir1,yi) + ) d(xi/yi)> + o < f(e).

i=n
Similarly, forn > m > N, d(xn,Ym) > 0, we have

n

n—1
fld(xn, ym)) < f (Z d(xis1,yi) + ) d(’%ﬂJi)) + o < f(e).

i=m

Then by (§1), d(xn,Ym) < €, for all m,n > N. Therefore, (xn,, yn) is a Cauchy bisequence. Since, (X, Y, d)
is complete, (xn,yn) converges and thus biconverges to a point p € XNY and g(yn) =ynt1 > n € XNY
guarantees that (g(yn)) has a unique limit. Also continuity of g = (g(yn)) — g(n). Thus, g(n) = n,
i.e., wis a fixed point of g. If v is any fixed point of g, then g(v) =v = v € XNY and by equation (4.1)
we have d(u, v) = d(g(n), g(v)) < kd(u, v), where 0 < k < 1. Therefore

d(w,v) =0.
Thus, u = v, i.e., g has a unique fixed point. O

Example 4.2. Let X = NU{0} and Y = 2 U{0}. Define d : X x Y — [0, o0} as

dlxy) = 2, if (x,y) =(2,1),
9= Ix —yl|, otherwise.

Then the triple (X, Y, d) is an §-bipolar metric space for f(t) = Int and @ > 2. The covariant mapping
g: XUY — XUY, defined as

(2) = 0, ze X\{0,1},
gzl = 1, ze€Y,

satisfies the inequality d(g(x),g(y)) < kd(x,y), for some k € (0,1). Hence, by Theorem 4.1, g must have
a unique fixed point, which is 12 € XNY.

Theorem 4.3. Let (X, Y, d) be a complete §-bipolar metric space and let g : (X,Y,d) = (X,Y, d) be a contravariant
contraction. Then the mapping g : XUY — X UY has a unique fixed point.

Proof. Given that g is a contravariant contraction = there exists k € (0,1) such that
d(g(y), g(x)) < kd(x,y), V(x,y) e XxY. (4.6)

Let xg € X and for each n € IN, define g(xn) = yn and g(yn) = xXn+1. Then (xn,yn) is a bisequence in
(X,Y,d).

Let (f, ) € § x [0, 00) be such that (D3) is satisfied. Let € > 0 be fixed. By (3§2), there exists 6 > 0 such
that

O0<t<d = f(t) <fle)—a 4.7)
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Now,
d(xn,yn) = d(g(yn-1), g(xn))
< kd(xn; yn—l)
=kd(g(yn-1),9(xn-1))
< kzd(xn—llyn—l) (48)
< k*™d(xo,y0), n€N.
Also,
d(Xn+1/Un) = d(g(yn)/ Q(Xn)) g kd(xn/yn) < e < k2n+1d(X0/y0)/ neN. (49)
From (4.8) and (4.9), we get
m—1 m
D dxipnyd) + ) dxiy) < T4 LK™ d(xo,yo) + (KPS 44 1P ) d (%o, yo)
i=n i=n
) e 2n
<k nnZ_Oknd(XO/UO) = md(x()/y())/ m>mn.
Since, lim %d(xo,yo) =0 = there exists N € N, such that
n—,oo
2n
> N.
0< 1_kd(x0/y0)<6/ T1/]\1
For m > n > N, using (§1) and equation (4.7), we get
m—1 m 2n
f (Z dlxis1yi) + ) d(xi,yi)> <f (1 kd(xO,yo)> < fle) —a. (410)
i=n i=n

From (D3) and equation (4.10), we get that d(xn,Yym) > 0 implies

m—1 m
fld(xn,ym)) < f (Z d(xis1,Y0) + ) d(Xi,Ui)> + o < f(e).

Similarly, forn > m > N, d(xn,Ym) > 0 implies

n—1 n
fld(xn,ym)) < f <Z d(xis1,yi) + ) d(?ﬁﬂJi)) + o < f(e).

Then by (§1), d(xn,ym) < €, for all m,n > N. Therefore, (xn,, yn) is a Cauchy bisequence. Since, (X, Y, d)
is complete, (xn,yn) converges and thus biconverges to a point 1 € XNY. So (xn) = W, (yn) — p and
the contravariant map g is continuous, we get

(xn) — wimplies that (yn) = (g(xn)) — g(u)
and combining the above with (yn) — u gives
g(p) = .

Now to show the uniqueness of the fixed point suppose v is another fixed point of g, ie., g(v) =
v, which implies that v € X NY. By equation (4.6) and (D3), we get

d(w,v) = d(g(n), g(v)) < kd(v,n) = kd(n,v), which implies that d(u,v) =0,
which gives that p = v. Therefore, g has a unique fixed point. O
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Example 4.4. Let X = {7,8,17,19} and Y = {2,4,9,17}. Define d : X x Y — [0, o] as the usual metric,
ie, d(x,y) = [x —yl. Then the triple (X,Y,d) is an §-bipolar metric space. The contravariant mapping
g: XUY — XUY, defined as

17, z e XU{9},
g(z) = .
19, otherwise,

satisfies the inequality d(g(y), g(x)) < kd(x,y), for some k € (0,1). Hence, by Theorem 4.3, g must have
a unique fixed point, which is 17 € XN Y.

Theorem 4.5. Let (X,Y,d) be a complete F-bipolar metric space and given two contravariant contractions F, G :
(X,Y,d) = (X,Y, d) satisfying

d(Fy, Gx) < kl[d(x, Gx) + d(Fy,y)], forall (x,y) € X x Y,
where k € (0, %). Then the mapping F, G : XUY — XUY has a unique common fixed point.
Proof. Let xo € X and yg € Y, then for each non-negative integer n, define

Fxon =Yon, GXont1 =Yon+1, Fyan =Xoni1, GYoni1 = Xong2.

Then (xn,yn) is a bisequence in (X,Y,d). Let (f,x) € § x [0,00) be such that (D3) is satisfied. Let € > 0
be fixed. By (32), there exists & > 0 such that

O<t<d = f(t) < fle)—a. (4.11)
Now,
d(xan+1,Yan+1) = d(Fyan, Gxan 1) < kld(x2n 11, Gxont1) + d(Fyan, Yan )]
< kld(x2n+1, Yan+1) + d(xan+1, Yan)l,
Hence, d(x2n+1,Y2n+1) < %d(xznﬂlym)-
Also,

d(xon+1,Y2n) = d(Fyzn, Fxon) < kld(xon, Fxon ) + d(Fyon, Yyon )] < kld(x2n, Yon) + d(X2n+1, Y2n )l

So, d(Xon+1,Y2n) < d(x2n, Yzn).

_k
1—k
Since k € (0, 3) and 15 = A (say), then A € (0,1). So, d(x2n+1, Yzn+1) <A™ 2d(x0,yo) and d(xzn11,Y2n) <
Antld(xg,yo). Now, we can get that for any n € N,

d(Xn+1,Ynt1) < A" 2d(x0,y0) and d(xn41,Yyn) < A d(x0, yo)
g d(xn/yn) < Aznd(XOrUO)/ (412)
and d(xns1,Yn) < A2 d(xg, yo). (4.13)
From (4.12) and (4.13), we get
m—1 m
D dxipnyi) + ) dxiyi) = (AT L N d(xg, yo) + (AT AT A2 d (g, yo)

=AML A+ A2+ A2 (%, yo)
)\Zn

<
1-A

d(xo,yo), m >n.
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Since, hm ﬁ d(xo,y0) = 0, there exists N € IN, such that
2n
> N.
0< 1_7\d(x0,y0) <46, n
For m > n > N, using (§1) and equation (4.11), we get
m—1 m )\Zn
f (_Z dlxi1yi)+ ) d(xi,yi)> <f (1 _Ad(xO,yo)) <fle) —a (414)
i=n i=n
From (D3) and equation (4.14), we get d(xn,Yym) >0
m—1 m
— f(d(xn, ym)) < f (Z dlxian Y+ d(xi,yi)> + o< fle).
i— i=n
Similarly, forn > m > N, d(xn,ym) >0
n—1 n
= fld(xn,ym)) < f <Z d(xis,yi) + ) d(Xi/Ui)> + o < f(e).
i=m i=m
Then by (1), d(xn,ym) < €, for all m,n > N. Therefore, (xn,yn) is a Cauchy bisequence. Since,

(X,Y,d) is complete, the bisequence converges and thus biconverges to some p € XNY such that
lim x, = hrn 1 Yn = W (Fxon) = (Yan) — 1 € XNY implies that (Fxo) has a unique limit p. (xn) —

n—oo

p implies that <x2n> — . Now, continuity of F implies that (Fxzn,) — Fu. Therefore Fu = p.

Similarly, (Gyan+t1) = (Xan+1) = B € XNY (since (xn) - n) = (Gyon+1) has a unique limit.
(yn) — p implies that (ypny1) — p. Now, continuity of G implies that (Gxon4+1) — Gp. Therefore

Gu = . So, Fu = Gp =, i.e.,, G and F have a common fixed point.

Now, we will prove the uniqueness of the common fixed point. Let v € XUY be another common

tixed point of F and G such that Fv = Gv =v € XNY, then

d(p, v) = d(Fu, Gv) < k[d(v, Gv) + d(Fu, )] = k[d(v,v) + d(u, n)] =

that implies d(p, v) =0, i.e., p = v. Therefore, F and G have a unique common fixed point.

O

Corollary 4.6. Let (X,Y,d) be a complete §-bipolar metric space and given a contravariant contraction F :

(X,Y,d) = (X,Y, d) satisfying
d(Fy, Fx) < kld(x, Fx) + d(Fy,y)], for all (x,y) € X x Y,
where k € (0,1). Then the mapping F: XUY — X UY has a unique fixed point.

Proof. By taking F = G in Theorem 4.5, we get that F has a unique fixed point.

5. Applications

5.1. Integral equations
We prove the existence and uniqueness of solution of integral equation.

Theorem 5.1. Let us consider the integral equation

o(x) = f(x) +L POy, bly))dy  where x € XUY,
]

where X UY is a Lebesgue measurable set. Suppose that:
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() P: (XRUY2) x 0,00) — [0, 00) and f € L%(X) UL (Y);
(ii) there is a continuous function y : X2 UY? — [0, 00) such that

P(x,y,¢(y)) — P(x,y, b))l < ky(x, YY) —b(y)l, for (x,y) € X*UY?;
(i) 1| [xoy Y y)dyll < 1 ie sup, cxiy Sxoy Y0 y)ldy < 1.
Then the integral equation has a unique solution in L*°(X) U L*°(Y).

Proof. Let A = L*(X) and B = L*(Y) be two normed linear spaces, where X, Y are Lebesgue measurable
set and m(XUY) < oo. Consider d : A x B — [0,00) to be defined by d(g,h) = ||g — h|«, for all
g, h € A xB. Then (A,B,d) is a complete F-bipolar metric space. Define the covariant mapping I :
L>®(X) UL®(Y) = L*®(X) UL*®(Y) by

I(Pp(x)) = JXUY P(x,y,d(y))dy + f(x) , where x € X UY.
Now, we have

A1), I () = (10 — 1))
J Pix,y, (y))dy —J Px,y, ¥ (y))dy
XUY

XuYy

<j POy y, &) — P(x,y, b(y))ldy

XuY

<kj Yo y)lbly) — b(y)ldy
XUY

<k1¢(x)—w(x)nj Yo y)dy

XUy

<Klo0) — w0l sup [ vixuay
xEXUY JXUuY

< K[[o(x) =]
= k.d(dp(x) = ¥(x)).

Therefore it follows from Theorem 4.1 that I has a unique fixed point in A U B. O

5.2. Homotopy

Now, we study the existence of a unique solution in homotopy theory.

Theorem 5.2. Let (€, D, d) be a complete F-bipolar metric space, (A, B) be an open subset of (C, D) and (A, B) be
a closed subset of (€, D) s.t. (A, B) C (A, B). Suppose H : (ANB) x [0,1] — CU D be an operator satisfying the
following conditions:

(i) x # H(x, ) for each x € 0AU OB and k € [0, 1] (here 9.A U B is the boundary of AU B in CUD);

(ii) d(H(x, k), H(y, k) < «d(x,y) forallx € A,y € B,k € [0,1] and « € (0,1);
(iii) there exists M > 0 s.t. d(H(x, p), H(y,0)) < Mlp — ol for all x € A,y € Bandp,0c[0,1].

Then 3(.,0) has a fixed point iff H(., 1) has a fixed point.

Proof. Let X ={p € [0,1] : x = H(x,p) fsx € A}, Y ={0 € [0,1] : y = H(y,0) f.sy € B}. Since H(.,0)
has a fixed point in AU B, we have 0 € XNY. Thus, X N'Y is a non-empty set. Now, we'll show XNY
is both closed and open in [0, 1] and so by connectedness X =Y = [0,1]. Let ({pn}o_;,{only_1) € (X, Y)
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with (pn,on) — (p,0) € [0,1] as n — oco. We must show p = 0 € XNY. Since (pn,0on) € (X,Y) forn =
1,2,3,..., there exists (xn,yn) € (A, B) such that x,, 11 = H(xn, pn) and yn 11 = H(yn, on). Now,

d(XnJrlryn) = d(j‘f(Xn, pn)/ :H(ynflr O-nfl)) < de(xn/ynfl) <0 < and(xlry0)~
Also,

d(xn/yn) = d(j{(xnflr Pn—1), f}C(ynfl/ anl)) < ‘Xd(xnfllynfl) <0< (xnd(XOIUO)-
By the same process as used in Theorem 4.1 we can easily prove that (xn,yn) is a Cauchy bisequence in

(A, B). By completeness there exists 1 € A and v € B such that

lim x, =vand hm 1 Yn = W (5.1)
n—oo

Consider

d(FH(w, p),v) < d(H(W, ), Yn+1) + d(xnt1, Yns1) + d(xni1,v)
< d(H(w, p), H(yn, on)) + d(FH(xn, pn), Hlyn, on)) + d(xni1,v)
< Oéd(ll,yn) + M|pn - Gn| + d(XnJrlr V)

—0asn — .
Thus, H(p, p) = v. Similarly, we get J(v, o) = n. Now, from equation (5.1) we get
d(p,v) = d( lim yn, lim Xn) = Jim d(xn,yn) =0.

—00

So, u =v. Thus p = 0 € XN'Y which further implies that X NY is closed in [0, 1]. Now, we have to prove
that XN'Y is open in [0, 1]. Let (po, 00) € (X, Y), then there exists a bisequence (xo, yp) such that

xo = H(xo, po) and yo = H(yo, 00).
As AU B is open, there exists v > 0 such that B4(xo, 1) € AU B and B4(r,yo) € AUB. Pick p 6 (09 —
€,00+¢€),and o € (pg—¢€, pg+ €) such that |p — og| < ﬁ < 5,l0—pol < ﬁ < 5,and |pg — 09| < M“ < 3.

Then we have y € Bxuy(xo, 1) = {y € Bld(xo,y) < 7+ d(x0,Yo) for some yo € B} and x € Bxuy(r,yo) =
{x € Ald(x,yo) < 1+ d(xo,yo) for some x¢ € A}. Additionally

d(H(x, p),yo) = d(H(x, p), H(yo, 00))
< d(H(x, p), H(y, 00)) + d(H(xo, p), H(y, 00)) + d(H(xo, p), H(yo, 00))
< 2Mlp — ool + d(H(x0, p), H(y, 00))
< 2M|p — 09| + ad(x0,y)

On letting n — oo, we get

d(H(x, p),yo) < d(xo,y) < v+ d(x0,Yo)-
By similar procedure, we get d(xo, H(y, o)) < d(x,yo) < r+ d(xo,yo). But

1
d(xo,Yo) = d(It(xo, Po), H(yo, 00)) < Mlpo — 00l < g — O asn — oo,

which implies xg = yo. Therefore, for each fixed o, where 0 = p € (0p —€,00+ €) and H(,p) :
Bxuy (%0, T) — Baxuy(xo, 7). Since all the hypothesis of Theorem 4.1 hold, (., p) has a fixed pointin ANB
but the fixed point must be in AN B as (i) holds. Therefore p = 0 € XNY for each o € (0p —€,00 + €).
Thus (0¢p — €, 00+ €) € XN'Y, which gives X NY is open in [0, 1]. Now we get the required result from the
connectedness of [0,1] because X NY = [0, 1].

We use a similar process for converse part. O
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