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Abstract

In this paper, we prove a strong convergence theorem of a Modified SP-iteration for finding a common fixed point of the
combination of a finite family of nonexpansive mappings in a convex metric space. Moreover, we give some numerical example
for supporting our main theorem and compare convergence rate between the modified SP-iteration and the Ishikawa iteration.
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1. Introduction

Let C be a nonempty closed convex subset of a metric space (X,d). Let T: C — C be a mapping. The
set of all fixed points of a mapping T is denoted by Fix(T), that is, Fix(T) = {x € C: Tx = x}. A mapping
T:C — C is called nonexpansive if

d(Tx, Ty) < d(x,y)

for all x,y € C.
Let (X, d) be a metric space. A mapping W : X x X x [0,1] — X is said to be a convex structure on X if
for each x,y € Xand A € [0, 1],

d(z, W(x,y,N)) < Ad(z,x) + (1 —A)d(z,y)

for all z € X. A metric space (X, d) together with a convex structure W is called a convex metric space
which is denoted by (X,d, W). A nonempty subset C of X is said to be convex if W(x,y,A) € C for all
x,y € C and A € [0,1]. The concept of convex metric spaces was introduced by Takahashi [18]. Takahashi
[18] also studied some fixed point theorems for nonexpansive mappings in convex metric spaces. Note
that a normed space and each of its convex subsets are convex metric spaces, but the converse does not
hold. Many authors have increasingly investigated a convex metric space; see for instance [3, 4, 11, 15]
and references therein.
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In 1996, Shimizu and Takahashi [16] introduced the concept of uniform convexity in convex metric
spaces. A convex metric space (X,d, W) is said to be uniformly convex if for any e > 0, there exists
d = 8(¢) € (0,1] such that for all r > 0 and x,y,z € X with d(z,x) <, d(z,y) < rand d(x,y) > re imply

that .
d <Z,W (x,y, 2)) < (1-=9)r.

Noticeably, uniformly convex Banach spaces and CAT(0) spaces are examples of a uniformly convex met-
ric space [8]. Fixed point theorem has been an essential tool in both theoretical and applied mathematics,
as well as in computational, economical, modeling and engineering problems. Its importance is a mo-
tivation for many mathematicians to do further research and expand its application. A popular way of
approximating fixed points of nonlinear mappings is an iterative method. Throughout the last decade
years, many researchers investigated various iterative methods for several classes of contractive and non-
expansive mappings, such as Mann iteration [9], Halpern iteration [5], Ishikawa iteration [6], three-step
iterative scheme (or Noor iteration) [10], and SP-iteration [13]. In 2011, Pheungrattana and Suantai [13]
introduced the SP-iteration is defined by the sequence {x,,} as:

x1 =% € C,

Zn = (1 —vn)xn +¥YnTxn,

Yn = (1 =PBn)zn +BnTzn,

Xnt+1 = (1—on)yn + anTyn, Vn e N,

where {an}, {Bn}, and {yn} are sequences in the interval [0,1]. They also showed that the rate of con-
vergence of the Mann, Ishikawa, Noor and SP-iteration are equivalent for nonexpansive mapping and
SP-iteration converges better than the other schemes for the class of continuous and nondecreasing func-
tions.

In 2011, Phuengrattana and Suantai [14] introduced a modified Halpern iteration for finding a com-
mon fixed point of a countable infinite family of nonexpansive mappings in a convex metric space as
follows:

Un = W(u/ STLX'TL/ OCTL)/
Xn+1 = W(yn/ Snyn/ Bn)/ vn €N,

where S, is the W-mapping generated by a countable infinite family of nonexpansive mapping and real
numbers in convex metric space. They also proved a strong convergence of the proposed iterative scheme
in a convex metric space under suitable conditions.

In 2018, Kangtunyakarn [7] introduced the following Ishikawa iteration for finding a common fixed
point of a finite family of nonexpansive mappings in a convex metric space as follows.

{Un = W(Xn/ SXTL/ BTL)/

(1.1)
Xnt+1 = W(xn, SYn, vn), "ne N,

where S is the S-mapping generated by a finite family of nonexpansive mapping and real numbers in
convex metric space. Under suitable conditions, he also established that the sequence {x,,} generated by
(1.1) converge to z € ﬂ]iil Fix(T;), where {T;}}\ | is a finite family of nonexpansive mappings of C into
itself.

In 2019, Siriyan and Kangtunyakarn [17] proposed a new mapping generated by the combination
of a finite family of nonexpansive mappings and real numbers in a convex metric space. By using the
proposed mapping, they also introduced the Ishikawa iteration for finding a common fixed point of the
combination of a finite family of nonexpansive mappings in a convex metric space as follows:

{yn = W(xn, Sxn, Bn), (1.2)

XTI+1 = W(Xn/ Syn/ ‘Xﬂ.)/ vn S ]N/
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where {T;}IY; is a finite family of nonexpansive mappings of C into itself with ﬂlN F(Ti)#0, ai, ap,...,an €
[0,1] with Z]iil a; = 1 and S is the mapping generated by Ty, T, ..., Ty and ay, ap, ..., an. Under some
mild assumptions, Siriyan and Kangtunyakarn [17] proved that the sequence {x,} generated by (1.2)
converges to z € (1, Fix(T;).

In this paper, motivated by the previous works, we extend the result of Siriyan and Kangtunyakarn
[17] from Ishikawa iteration to modified SP-iteration. By using the mapping generated by the combination
of a finite family of nonexpansive mappings and real numbers in convex metric space, we prove a strong
convergence theorem of the modified SP-iteration for finding a set of solution of a common fixed point of
a finite family of nonexpansive mappings in a convex metric space. Moreover, we give some numerical
examples for supporting our main theorem and compare convergence rate between the modified SP-
iteration and the Ishikawa iteration. This paper is organized as follows. In Section 2, we recall some
definitions and preliminary results used in the paper. Section 3 deals with analyzing the convergence of
the proposed iteration. Finally, Section 4, presents several numerical examples to illustrate the behavior
of the proposed iteration.

2. Preliminary

The purpose of our main results is to extend the results in the literature by using the idea of a convex
metric space. So we recollect some needed definitions in this section.

Lemma 2.1 ([1, 18]). Let (X, d, W) be a convex metric space. For each x,y € X and A\, A1, Ay € [0, 1], we have the
following:
(i) W(x,x,A) =x,W(x,y,0) =yand W (x,y,1) =x;
(i) d(x,W(x,y,A)) =(1—=A)d(x,y) and d (y, W (x,y,A)) =Ad (x,y);
(111) d (X/y) =d (XIW (X/U,M) +d (W (X;U,M IU);
(iv) A1 —22ld (x,y) < d (W (x,y,M), W (x,y,A2)).
Lemma 2.2 ([13]). We say that convex metric space (X, d, W) has the property:
(C) if W(x,y,N) =W (y,x,1—A) forall x,y € Xand A € [0,1];
(I) Zfd (W (XIUI}\l) IW(XIUIAZ)) < |}\1 _)\2| d (X/U)fm’ all XY € Xand }\1/)\2 S [O/ 1]/
(H) if d (W (x,y,A),W(x,z,A) < (1—A)d(y,z) forall x,y,z € Xand A € [0,1];
(S) if d(W(x,y,A),W(z,w,A)) <Ad(x,z)+ (1 —A)d(y,w) forallx,y,z, w e Xand A € [0,1].

Lemma 2.3 ([13]). Property (C) in Lemma 2.2 holds in uniformly convex metric space.

Remark 2.4 ([13]). From Lemma 2.3, a uniformly convex metric space (X, d, W) with the property (H) has
the property (S) and the convex structure W is also continuous.

Lemma 2.5 ([16]). Let (X, d, W) be a uniformly convex metric space with continuous convex structure. Then, for
arbitrary positive number ¢, there exists 1 =1 (e) > 0 such that

d(z,W(x,y,A)) < (1—-2min{A,1—Aln)T,
forallr>0andx,y,z€ X, d(z,x) <r,d(z,y) <7, d(x,y) >reand A € [0,1].

Lemma 2.6 ([17]). Let (X, d, W) be a uniformly convex metric space with continuous convex structure. If x,y,z €
X are such that d (z, W (x,y,A)) = d(z,x) = d(z,y), where A € (0,1), then x = y.

Definition 2.7 ([17]). Let C be a nonempty closed and convex subset of a uniformly convex metric (X, d)
with continuous convex structure W. Let {T;}})Y ; be a finite family of nonlinear mapping of C into itself
and let a;, ay,...,an € [0,1] with ZiN:1 a; = 1, where N > 2. We define the mapping S : C — C as follows:

Wox = W (Tix, Tox, a1),
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Usx = W <T1X,W (sz, Tox, — 22 > ,(11) )
ar + as

U4X =W <T1X,W (TzX,W <T3X, T4X, s > ’ % ) ’ (11> s
azt+as/ axt+az+ay

Usx =W (Tlx,W (TZX,W <T3X,W (T4x, Tsx, 504 ) , 5(13 ) , 5a2 ) , a1> ,
2i40i) 2isai) 2ioai

aN-—2 az
UN_1X:W T1X,W TQX,...,W TN,2X,TN_1,_7 s 7 | ,Q1 |,
( ( ( ZiNzl\Lz ai) Z]i\lzzl ai) )

Sy = Unx =W (Tlx,W (sz,...,w <TN_1X,TNX, Tj“*) N“2> ,a1> ,
2i=N1 @ i Qi

for all x € C.

Lemma 2.8 ([17]). Let C be a nonempty, closed and convex subset of a uniformly convex metric space (X, d) with
continuous convex structure W and property (H). Let {Ti}., be a finite family of nonexpansive mapping of C

into itself with (1, Fix (T;) # 0 and let S : C — C be a mapping defined as Definition 2.7. Then Fix (S) =
ﬂ{il Fix (Ti). Moreover, S is nonexpansive mapping.

Lemma 2.9 ([2, 12]). Let {an}, {bn}, and {6} be sequences of nonnegative real numbers satisfying the inequality
Ant1 < (1—=0%n)an+bp,n>1

If Yy 3 1 0n <ooand ) ;o _bn < oo, then limn o, an exists.

3. Main results

In this section, we study the convergence theorem of the Modified SP-iteration for finding a common
fixed point of the combination of a finite family of nonexpansive mapping in framework of convex metric
spaces.

Theorem 3.1. Let C be a nonempty compact closed convex subset of a complete uniformly convex metric space
(X, d) with continuous convex structure W and with property (H). Let T : C — C be a nonexpansive mapping. Let
x1 € C and {xn} be the sequences generated by

Xnt1 =W (Unr Tynr (Xn) ’
yn - W (ZTL/ TZTL/ BTL) 7 (3‘1)
Zn =W (Xn/ Txn/'Yn) ’

for all n > 1, where {an}, {Bn}, and {yn} are the sequences in [0, 1] satisfying > 1 vYn (1 —yn) = oco. Then, the
sequence {xn } converges to z € Fix (T).

Proof. Firstly, we will prove that inf,cn d (xn, Txn) = 0 by assuming that inf,en d (xn, Txn) =1/ > 0 and
reach contradiction.
Let p € Fix (T), then we have p = Tp. From (3.1) and T being nonexpansive, we have

d(p,xn+1) = d (P, W (Yn, Tyn, an))
nd (p,yn) + (1 —on) d(p, Tyn)

<
< ond (p/yn) + (1 - an) d (p/yn)

(08
(08
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= d(p,yn)

= d(er(anTZn/ Bn))
<Bnd(p,zn) +(1—Bn)d(p, Tzn)
<PBnd(p,zn) +(1—Bn)d(p,zn)
= d(p,zn)

=d(p, W (xn, Txn, vn))
<Ynd(p,xn) + (1 —=vn) d(p, Txn)
<Ynd(p,xn) + (1 —=vn) d(p,xn)
=d(p,xn).

From Lemma 2.9, we obtain that limy, _, d (p, xn) exists. Then, we have limy o, d (p,xn) = 1”7 > 0. From
nonexpansiveness of T, we have d (p, Txn) < d(p,xn). Since d (p,xn+1) < d(p,xn), then {d (p,xn)} is
nonincreasing and since infnen d (xn, Txn) =1’ > 0, we have

! ’
d LT >r'=——d(p, >
(Xn, Txn) =71 a(p,xn) (p, xn)

T
d (P/ Xl)

d (p/ Xn) > 0/

for all n € IN. From Lemma 2.5, there exists 1 =1 (ﬁ;ﬂ) > 0 such that

(1—2min{yn,1—vnin)d(p,xn)

d(p,xnt1) <dp, W (xn, Txn,yn)) <
<d (P/Xn) —2dyn (1—vn)nd (P,Xn) .

It follows that
2yn (1 =vyn)nd (p,xn) < d(p,xn) —d (P, Xn+1),
which implies that

2Yn (1 —Yn)TlT” < 2Yn (1 _Yn) nd (p/Xn) <d (P,Xn) —d (P/Xn+1) . (32)
From (3.2), we have
k
zﬂTN ZYTL (1_YT‘L) < d(pixl)_d(plxk+1)/ vk 2 1. (33)
n=1

By takting k — oo in (3.3), and with the condition } 7 ; yn(1—vn) = 0o, we have co < d (p,x1) — 1" < 00,
which is a contradiction. Hence, infen d (xn, Txn) = 0. Then, there exists a subsequence {xn,} of {xn}
such that limn 0 d (Xn,, Txn,) = 0. Since C is compact and p € C, then there exists a subsequence {Xnij }
of {xn,} such that lim;_, Xn; = P- From nonexpansiveness of T, we have

d(p,Tp) <d (p, Txn1j> +d (TXni]. ,Tp) (P,Xni].) +d (Xnij , Txni,) +d (Txmj ,Tp)

)

<d
<d (p, xmj) +d (xmj , Txm.) +d (xmj ,p)
—d

)

(p,xni)_) +d (Xn"i ’TX“"') +d (p,xni]_)

)
<2d <P/ij) +d (ij ,Txmj) .

By taking j — oo, we have d (p, Tp) = 0, and it follows that p = Tp, which means p € Fix(T). Since
limp 00 d (p, Xn ) exists, we get that {x, } converges to p € Fix (T). This completes the proof. O

Theorem 3.2. Let C be a nonempty compact closed convex subset of a complete uniformly convex metric space (X, d)
with continuous convex structure W and property (H). Let {Ti}{il be a finite family of nonexpansive mappings of C
into itself with (1, Fix (T;) # 0. Let aj, ay, ..., an € [0,1) with Y1\ ; a; = 1. Let S : C — C be a nonexpansive
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mapping defined as in Definition 2.7. Let x; € C and {xn} be the sequences generated by

Xnt1 =W (yn/ Syn/ (Xn) ’
yn = W (ZTL/ SZTL/ Bn) 7 (34)
zn =W (xn, Sxn, Yn),

for all n > 1, where {yn} is the sequence in [0,1] satisfying > 3 1vn(1—vyn) = oo. Then, the sequence {xn}
converges to z € ﬂiNzl Fix (Ty).

Proof. Using Theorem 3.1 and Lemma 2.8, we obtain the desired conclusion. O

From Theorem 3.2, we deduce immediately the following result. When y,, = 1 in Theorem 3.2, we
obtain Theorem 3.2 of Siriyan and Kangtunyakarn [17].

Corollary 3.3. Let C be a nonempty compact closed convex subset of a complete uniformly convex metric space
(X, d) with continuous convex structure W and property (H). Let {Ti), be a finite family of nonexpansive

mappings of C into itself with (., Fix (Ty) # 0. Let a1, ay,...,an € [0,1) with ¥ N ;a; = 1. Let S : C — C be
a nonexpansive mapping defined as in Deﬁnition 2.7. Let x; € C and {xn} be the sequences generated by

Xn+1 = W (Yn, Syn, an),
Yn = W (xn, Sxn, Bn) ’

for all n > 1, where {0t} and {Bn} are the sequences in [0,1] satisfying 3 3 1 Pn(l — Pn) = oo. Then, the
sequence {xn} converges to z € (1, Fix (T;).

Proof. Put yn =1 in Theorem 3.2. By Theorem 3.2, we can conclude the desired result. O

Corollary 3.4. Let C be a nonempty compact closed convex subset of a complete uniformly convex metric space
(X, d) with continuous convex structure W and property (H). Let {Ti}l, be a finite family of nonexpansive
mappings of C into itself with ﬂ]iil Fix (Ty) # 0. Let a1, ay,...,an € [0,1] with le a; =1 LetS:C— Cbe
a nonexpansive mapping defined as in Definition 2.7. Let x1 € C and {xn} be the sequences generated by

Xnt1 =W (Xn, Sxn, &n)

for all n > 1, where {an} and {Bn} are the sequences in [0,1] satisfying > i on(l — an) = oo. Then, the
sequence {xn } converges to z € ﬂ{il Fix (T;).

Proof. Put 3+, = yn =1 in Theorem 3.2. By Theorem 3.2, we can conclude the desired result. O

4. Numerical examples

In this section, we give numerical examples to support our main theorem. We first present the nu-
merical example for supporting Theorem 3.1. The following example is motivated by [17], we compare
the rate of convergence of the Modified SP-iteration (3.4) and the Ishikawa iteration (1.2) by Siriyan and
Kangtunyakarn [17] in the framework of convex metric spaces.

Example 4.1. Let R be the set real numbers. Let d (x,y) =[x —yl, Vx,y € Rand W (x,y,A) =Ax+ (1 —A)y,
Vx,y € Rand A € [0,1]. For every i = 1 2, 3 .., N, let Ty : [-50,50] — [-50,50] be mapping defined by

Tix = ¥4, vx € [-50,50] and let a; = 2+ We can rewrite mapping S in Theorem 3.2 as follows:

N4N

Sx=a;Tix+ apox 4+ azTsx + - - - + anTnx.

Let x; € [-50,50] and {xn} be a sequence generated by (3.4), where «,, = in—l o — and yn, = L

“10n 5n’
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By the definition of T;, we have {1} = ﬂ]i\lzl Fix (T;). For every n € IN, we can rewrite (3.4) as follows:

in—1 6n+1
X1 = o ) Un |\ o) Sy

(1
Un—<5n
2
Z-rL:(7T1

o 5n—-1
" 5n

) Szn,
) Sxn.

It is obvious that the sequences {otn}, {fn}, and {yn} and ZiNzl a; satisfy all the conditions of Theorem
3.2. From Theorem 3.2, we can conclude that the sequence {x, } converges strongly to 1.

The following Table 1, Table 2, and Figure 1, show the comparison of the rate of convergence of the
sequence {xn } by using the Modified SP-iteration (3.4) and the Ishikawa iteration (1.2), where x; = 10 and

n =N = 30.

Table 1: The convergence of {xn}, {yn}, and € with x; = 10 and n = N = 30 using the Ishikawa iteration (1.2).

10 +

n Xn Yn € = [xXn —Xn—1l

1 10.000000000 6.055731060 -

2 5300287562 3.180101229  4.699712438

3 3.145876360 2.048702391  2.154411202

4 2087152656 1.521371916  1.058723704

5 1555030053 1.263138347  0.532122603
25 1.000001095 1.000000500  0.000001008
26 1.000000570 1.000000260 0.000000525
27 1.000000297 1.000000135  0.000000273
28 1.000000155 1.000000071 0.000000143
29 1.000000081 1.000000037  0.000000074
30 1.000000042 1.000000019 0.000000039

Convergence Comparison

—— Ishikawa Iteration
Modified SP-Iteration 71

Error Value Comparison

[%n = Xn-1|

=
w

0

5

10

15

20 25

Ishikawa Iteration
Modified SP-Iteration

30 0

25 30

Figure 1: Comparison of the rate of convergence between using the Modified SP-iteration (3.4) and the Ishikawa iteration [17]

for the given mapping in Example 4.1.
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Table 2: The convergence of {xn}, {yn}, {zn}, and € with x; =10 and n = N = 30 using the Modified SP-iteration (3.4).

n Xn Yn Zn € = |Xn - X'r171|
1 10.000000000 4.077441081 6.478331303 -

2 2.897332930 1.510225770 2.006429198 7.102667070
3  1.328544662 1.080980540 1.165704043 1.568788268
4 1.052884375 1.012460747 1.025982862 0.275660287
5 1.008194281 1.001878322 1.003961890 0.044689994
13 1.000000002 1.000000000 1.000000001 0.000000010
14  1.000000000  1.000000000 1.000000000 0.000000002
15 1.000000000 1.000000000 1.000000000 0.000000000
25 1.000000000  1.000000000 1.000000000 0.000000000
26 1.000000000 1.000000000 1.000000000 0.000000000
27 1.000000000  1.000000000 1.000000000 0.000000000
28  1.000000000  1.000000000 1.000000000 0.000000000
29  1.000000000  1.000000000 1.000000000 0.000000000
30 1.000000000 1.000000000 1.000000000 0.000000000

Remark 4.2. In Example 4.1, by comparing the convergence behavior of the Modified SP-iteration (3.4) and
the Ishikawa iteration (1.2) in the framework of convex metric spaces, we observe that:

1. Tables 1, 2, and Figure 1 show that {x} converge to 1, where 1 € ﬂiNzl Fix (T;). The convergence of
{xn} of Example 4.1 can be guaranteed by Theorem 3.2;

2. in Tables 1, 2, and Figure 1, we see that the Modified SP-iteration (3.4) is faster than the Ishikawa
iteration (1.2);

3. in Figures 1, we plot the error value of iterations, we see that the errors of the Modified SP-iteration
(3.4) decrease faster than the Ishikawa iteration (1.2).

Next, we give the numerical example for supporting our main theorem.

Example 4.3. Let R be the set real numbers. Let d (x,y) =[x —yl, Vx,y € Rand W (x,y,A) =Ax+ (1 —-A)y,
Vx,y € Rand A € [0,1]. For every i = 1,2,3,...,N, let T; : [-2000,2000] — [—2000,2000] be mapping
defined by Tix = 5, Vx € [-2000,2000] and let a; = 32—1 + xow- We can rewrite mapping S in Theorem 3.2

N3N -
as follows:
Sx=a;Tix+ apTox + azTsx + - - - + anTnx.
Let x; € [—2000,2000] and {xn} be a sequence generated by (3.4), where «, = 33—;2, Brn = 3%1, and

Yn = 5%. By the definition of T;, we have {0} = ﬂ]i\lzl Fix (T;). For every n € IN, we can rewrite (3.4) as
follows:
3n—2 6n +2
Xn4+1 = ( In )Un+< 9 )Syn/

2 3n—2

Yn = (?)TL) Zn + < 3n ) Szn,
4 5n—4

Zn = <5'1> Xn + < 51 > SXn.

It is obvious that the sequences {xn}, {fn}, and {yn} and ZiNzl a; satisfy all the conditions of Theorem
3.2. From Theorem 3.2, we can conclude that the sequence {x, } converges strongly to 0.

The following Table 3 and Figure 2, show the convergence of the sequences {x,} of the Modified
SP-iteration (3.4), where x; =20, n = 15, and N = 40.
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Table 3: The convergence of {xn}, {un}, {zn}, and € with x; =20, n =15, and N = 40 using the Modified SP-iteration (3.4).
n Xn YUn Zn € = Xn —Xn—1
1 20.000000000 14.129590137 17.621860432 -
2 6.662448497  2.587103140  4.285813639 13.337551503
3 1.390785184  0.421688189  0.784413617 5.271663313
4
5

0.235978306  0.062433764  0.123740437 1.154806879
0.035625560  0.008644704  0.017833824 0.200352746

13 0.000000002  0.000000000  0.000000001 0.000000016
14 0.000000000  0.000000000  0.000000000 0.000000002
15 0.000000000  0.000000000  0.000000000 0.000000000

Convergence lllustration Error Value
14

121

101

1l

€= |Xq— Xn-
o

Figure 2: The convergence of {xn}, {yn}, and {zn} and error value with initial value x; = 20, n = 15, and N = 40 using the
Modified SP-iteration (3.4).

Remark 4.4. In Table 3 and Figure 2, by testing the convergence behavior of the Modified SP-iteration (3.4),

we observe that {x,} converges to 0, where 0 € I\, Fix (T;). The convergence of {x,} of Example 4.3 can
be guaranteed by Theorem 3.2.
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