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Abstract
In this paper, we define two subclasses 8* (&, m, 8, p,q,A, v, ) and K (o, m,5,p, q,A, v, B) of strongly starlike and strongly
convex functions of order 3 and type vy by using the linear g-differential Borel operator. We also derive some interesting

properties, such as inclusion relationships of these classes and the integral operator J,,,p.
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1. Introduction

Let A, denote the class of functions of the form:
flz) =2+ ) @z, (peN={12,..1)),

which are analytic and p-valent in the open unit disc A ={z € C : [z| < 1}.
A function f(z) € A, is said to be in the class 8* (p, B) of p-valently starlike function of order 3, 0 <

B <p,if f(z) #0 and
zf'(z)
9%( f2) ) >pB, (zeA).
The class 8* (p, ) was introduced and studied by Patel and Thakare [19] (see also [3, 11, 12]). Also, we
note that 8* (p,0) = 85, where 87 is the class of p-valently starlike functions (see [8]).
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A function f(z) € A, is said to be in the class € (p, B) of p-valently convex functions of order 3, 0 <
B < p,if f'(z) #0and

zf" (z)
2) > >pB, (zeA).

The class € (p, ) was introduced and studied by Owa [18] ( see also [11, 22]). Also, we note that € (p,0) =
Cp, where C;, is the class of p-valently convex functions (see [8]).

A function f(z) € A, is said to be in the class 878" (p,y, ) of strongly starlike functions of order y
and type $3, if it satisfies the following inequality (see [13]):

1+

zf'(z) Bt

Also, a function f(z) € A, is said to be in the class 8TC (p,y, B) of strongly convex function of order y
and type $3, if it satisfies the following inequality (see [2, 13]):

zf"(z) —y)’ Yy

— < < .
arg<1+ 2) < > 0<pB<p, 0KyY<p, z€A)

It is obvious that:

f(z) € STE (p,, B) & 22

€878 (p,v,B), (0<B<p, 0<y<p, z€A).

Remark 1.1. We note that:

(i) 8T8* (p,v,0) =8T8" (p,v) (see Nunokawa et al. [15]);
(i) 8T8 (1,v,B) = 8% (v,B) and 8TC(1,v,B) = Cs (v, B) (see Nunokawa et al. [16] and Prajapat and
Goyal [20]);
(iii) 8T8* (1,v,0) = 8% (v) and 8TC(1,v,0) = Cs (y) (see Nunokawa [14] and Obradovic and Joshi [17]);
(iv) 8T8* (p,1,B) =8* (p, B) (see Patel and Thakare [19]);
(v) 8TC(p,1,B) =C(p,B) (see Owa [18]).

A discrete rand)c\)m Va;iabl% xg\s said to have a Borel distribution if it takes the values 1,2,3,... with
the probabilities -, 2)‘3; ,2A s - - -, respectively, where A is called the parameter.
Very recently, Wanas and Khuttar [24] introduced the Borel distribution (BD) whose probability mass

function is

(pA)P e e
p!

Wanas and Khuttar introduced a series M(A; z) whose coefficients are probabilities of the Borel distribution
(BD)

Plx=p) = , p=123,....

)]kfpfl e~ Ak—p)
(k—p)!

2, 0<A<) ="+ 3 bip(A)zX, (0<A<),
k=p+1

= A (k—
My (N z) = 2P + Z Alk—p
k=p-+1

where

A (k— p)]kfpfl e—Ak—p)
(k—p)! '
We define a linear operator D(p, A; z)f : A, — A, as follows

d)k,p()\) =
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Srivastava [21] made use of various operators of g-calculus and fractional g-calculus and recalling the
definition and notations. The g-shifted factorial is defined for A, q € C and n € Ny = IN U{0} as follows

N (1, k=0,
A g = (1_)\)(1_)\q)...(1_)\qk*1), k € IN.

By using the g-gamma function I'q(z), we get

(1—q)* Tq(A+k)

A _
(a%q), = O , (ke No),
where (see [7])
— (g;9)
Ty(z) = (1—q)'* © - (lql<1).
q(z) =(1—q) (05 q). (lql<1)
Also, we note that
Nd)o=]](1—2Ad"), (dq<1),
k=0
and, the q-gamma function 'y (z) is known as
Fq(z+1) = [zl4 Tq(2),
where [k]; denotes the basic q-number defined as follows
1-q* keC,

1—q "’

[klq == (1.1

k-1

1+ ¢, kelN.
j=1

Using the definition formula (1.1) we have the next two products.

(i) For any non negative integer k, the g-shifted factorial is given by

1, ifk=0,
| — k
Mat =3 [Tmlg ifkeN.
n=1

(ii) For any positive number r, the q-generalized Pochhammer symbol is defined by

1, if k=0,
[T] X = r+k—1 .
a. [I mlg, ifkelN.

It is known in terms of the classical (Euler’s) gamma function I" (z), that

lq(z) =T(z) as q—1".

. (a%a) |
thl‘{(lq)k = M-

For 0 < q < 1, the g-derivative operator [10] (see also [1, 5, 9]) for D(p, A; z)f is defined by

Also, we observe that

D(p, N z)f(z) —D(p, A 2)f(qz)

Dq (D(p, N 2)f(2)) : = 2(1—q)
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k=p—1 ,—A(k—p)

lg# 7 D [k]qp\(k_p)gk—p)! a2
k=p+1

where

1—q .
Mo=7—g=1+Y d, Da=0

For « > —1 and 0 < q < 1, we defined the linear operator D;’\"’gf :Ap — Ap by

z

ai1(2) = —=Dq (D(p, A 2)f(2)), z € A,
P [plq

o [Kg! A (k—p)] P e MkP)
P q k
D T S | B e

k=p+1
=zP+ Y draxz® (0<A<1, a>-1,0<q<1, z€A).
k=p+1
where
Klg! A (k=)< Pt e Alk—p)
b =

[plg [+ g x—p (k—p)!

For 3 > 0, with the aid of the operator @ we will define the linear g-differential Borel operator

Ap — Ap as follows:

Gx0 | sf(z) 1= DIAf(z),
o sf(2) 1= (1=8) 835 5 s7(z) + 87 (954 057(2))

P.q.A8 P.q.A0

gl A (k—p)J< P e M) BIE e
— P q -
z" + Z [p]q[oc+1]q,k_p k—p)! 1+ - 1) akz5,

/

o2 . o1 z o, 1
Spansf(e) i = (1-8) G35 sf(2) + 5 (95tnsf(2))

P,4,A,8

o0 — )P oA (k—p) 2
U e Y (O S

k=p—1 ,—A(k—p) m
—p)l k k
906111 f c=ZP 1 |:1+5<—1>] ax 27,
prarsfl k%ﬂ a+1]qkp(k p)! p ¢

(meNyg=INU{0}, $>0,0<A<1, a>-1,0<qg<1).

From the definition relation (1.2), we can easily verify that the next relations hold for all f € A,:

(1.2)
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(i)
2 (95 7(2)) = & G KH(2) — (o= p) G 4 (2); 13)
(i)
52 (S of(2)) = p SAIN () —p (1-8) G, oF(z). (1.4)
Remark 1.2. By specializing the parameters p and m, we obtain the following operators based on Borel
distribution.

1. Putting p =1, we obtain that §7,") 5 =: Jg’\'5, where the operator J3"\"s defined as follows

o [Klg! A (k—1)]% 2 e A1)
loc+1] g1 (k—1)!

1+06(k—1)]™ay z".

2. Putting p = 1 and m = 0, we obtain that §
El-Deeb and Murugusundaramoorthy [6].

%'3’)\,5 =: B9, where the operator By'? studied by

3. Putting ¢ — 1~ and p = 1, we obtain that lin? 9{"’3\ s = Ry, where the operator Ry’;" defined
q—1- A ’ ’

as follows
kA (k=1 2e A1)

RYTf(z) =24+ )
’ = (oc+ 1)k

146 (k—1)]™agzk.

4. Putting g — 17, p = 1 and m = 0, we obtain that qli%rrlli Sff’(?)\, s = RY, where the operator R§ studied

by El-Deeb and Murugusundaramoorthy [6].

By using the linear operator G’ s, we now define new subclasses of A}, as follows:

P.q

2 (95 5f(2))’ s

$* (o, m, 8,1,q,MA,7v,B)=< f(z) € Ay : G™ f(z) € STS* (p,v, B),
(8,9, 4,0, B) = 1(2) € Ay (2 € 75" (B, — g s

P,q,A0

(mMelN,6>00<A<1, a>-1,0<qg<1,0<B<p, 0<y<p)},
and

2 (Sprans(2))
&™) 7 (16)

:K: ((X/ m/ 6I‘p/ q/)\;Y/ B) = f(Z) E ‘Ap : 9;‘:2?7\,6f(z) 6 STG (er/ B) 7

(mMelN,5>0,0<A<1, a>-1,0<qg<1,0<p<p 0<y<p)}.

It is obvious from the definitions (1.5) and (1.6) that:

f(z) € X (e, m,8,p,q,A,v,B) &

_f/
£ p(z) € 8" (e, m,8,p,9,\Y,B). (1.7)

2. Main results

To establish our main results, we shall require the following lemma.
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Lemma 2.1 ([14]). Let a function h(z) = 1+ c1z+ cpz? + - - - be analytic in A and h(z) # 0, z € A. If there exists
a point zy € A such that

argh(z) < e (12l < lzol) and largh(zo)l = Jo&, (0<ax<1), 1)
we have /
Zoh (Z(OZ)O) — ik, (2.2)
where
k> % <a+ i) when argh(zg) = 72—Toc, k < —% <a+ (11> when argh(zg) = —goc, (2.3)
and

(h(z0))= = +ia, (a>0).
Theorem 2.2. Let f(z) € Ay, then we have
8" (¢, m+1,8,p,9,A,v,B) C8 (,m,d,p,q9,A,v,B) C8 (x+1,m,5,p,qA\7v,B).
Proof. We first prove that
8 (¢, m+1,8,p,q9,Nv,B) C8 (x,m5,p,qM\NY,B).

Let f € 8* (x, m+1,5,p,q,A,7v, ) and suppose that

1 (=(Spn =)
h(z) = -y, A), 24
(z) pov | ToEm i) Y (z € A) (2.4)

where h is analytic in A with h(0) = 1. Combining (1.4) and (2.4), we find that

Spransf(2) 1-6
Porars ” — (p—y)hiz) + PE=0)

L . 25
595 F() +v (2.5)

Differentiating (2.5) logarithmically with respect to z, we have

z 90(,m+lf(z) ! B ,
< z:ﬁf ) —v=(pP—-v)h(z)+ p—7) Zh((lz_)z,) :
Ip anst(z) (p—v)h(z) + B +vy

Suppose that there exists a point zg € A such that the conditions (2.1)-(2.3) of Lemma 2.1 are satisfied.
Thus, if arg (h(zg)) = 5B for zg € A, then

h'(z)
o, m+1 ! 20 0
ZO( p,q,?\,éf(ZO)) _ h(zp)
- - 1
o,mt1 Y = (p Y) h(ZO) + p(1—5)
pransf(zo) (p—v)hizo) + F5—=+v
ikp

= (p—y)aPe 3 |1+

inp _ *
(p—vy)aPe 3 + U= 4y
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This implies that

20 (G35 e(z0))
arg g% m+1f( ) -

P,q,A8
B ikf
= —— 4 1+ .
2 arg( (p—v)aPe 3" 4+ 2UZS) +v)
:—@than koc[(il_M +B)+(p—[5)a°‘cos (%)] .
2 (ngéj +V) +2( p(-8) +y> (p—7v) aP cos <Tﬁ) +(p—7v)?a2B —kB (p—7) abBsin (%ﬁ)
This gives that
1 /
(9;;‘;“;5 (zO)) B
arg 9cx m+1 -y < _7’
since
1 1
k< —= (a—i—) < —1 and zp € A,
2 a

this contradicts the condition f(z) € 8" (0, m+1,5,p,q,A, v, B) . On the other hand if we set arg (h(zg)) =
7B for zg € A, then it can similarly be shown that

/
- 20 (Spansflz0)) oo
1 - = A 7
Sovansf(2o) 2
since
1 1
k>2=(a+—)>1 and zy € A,
2 a

which again contradicts the hypothesis that f(z) € §* (x, m+1,8,p,q,A, v, B) . Thus, the function defined
by (2.4) has to satisfy the following inequality

arg (h(z)) < 7B, (z€ A),

which implies that

arg <§:1?1A éf(( ))) -Y

P.q,A0

7T
EB, (ZGA)

<
For the second inclusion relationship asserted by Theorem 2.2, using arguments similar to those detailed
above with (1.3), we obtain

8% (o, m,8,p,q,A,v,B) C8 (x+1,m,8,p,q,A,v,B).
We thus complete the proof of Theorem 2.2. O
Theorem 2.3. Let f(z) € Ay, then we have

K, m+1,8,p,9A7vB) CKix,m5p,qAY,B) CK(x+1,m,95p,q,AY,B).
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Proof.
zf'(z) _ .,
f(z) € X (6, m+1,8,p,q,A\y,B) & €8 (o, m+1,5,p,9AY,B)
f/
:>Z ()ES*(ocmép,q,Ay,B) (2.6)
& f(z) € X (e, m, 8,p, 49,7, B)
and
zf'(z) _ ..
f(Z) ej{(%m/&p/q/)\ﬂ//ﬁ)@ p ES (ermlélprq/)\/YIB)
f/
:>Z ()ES*(oc—l—lm(Sp,q,?\y,[S) (2.7)
& f(z) € K(x+1,m,8,p,q,M\v,B).
Combining (2.6) and (2.7), we deduce that the assertion of Theorem 2.3 holds.
O
For a function f(z) € A, the integral operator J,, , is defined by (see Choi et al. [4]):
z o
Jup(f)z) = TP jtulf(t)dt = <zp oy ure k) #f(z), (u>—p, peN),
z n+k
0 k=p+1
which satisfies the following relationship:
! xX,m
2 (93 s0up(N(2)) = (h+P) G5 F(2) = WG 3 (1)(2). (2.8)
Theorem 2.4. Let f(z) € Ap. If f(z) € 8* (&, m, 5, p,q, Ay, B) with
(9p o sup(f)())
p q, 7\ sdup(f)(z)
we have
Hu,p(f)(z) € 8* (0('1 ml 6/]:)/ q/A/Y/ B) .
Proof. We begin by setting
/
z (970 sdwp () (2)
(9‘” T ) =y+(P-Vh(), (z€4), (2.9)
pransdmp(f)(z)
where h is analytic in A with h(0) = 1. Combining (2.8) and (2.9), we find that
(H+P) Gy g sf(z)
PARE = = (v + 1) + (p— ) h(2). (210)

9 P, 7\53pp( )(z)
Differentiating (2.10) logarithmically with respect to z, we have

2 (537 51(2))’
G of(2)

P.9.A0

—y=(p—v)hiz) +
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Suppose now that there exists a point zy € A such that the conditions (2.1)-(2.3) of Lemma 2.1 are satisfied.
Thus, if arg (h(zp)) = 5P for zg € A, then

zoh'(z0)

/
Z0 (9;(:2})\,51:(Z0)>
Spransf(zo)

—y=({p—v) h(zo) |1+

inp
Be— 2

=(P—=v)a

This implies that

z0 (93 5f(20) )
9g:$A,5f(ZO)
B ikp
=—— targ |1+ T )
2 ( (p—v)aPe % +(y+y)
B » kpB [(v+u) +(p—v) aP cos (%)]
——— +tan 5 - 5 I .
2 v+ +2(v+u)(p—v)aP cos (TB) +(p—v)"a?P —kp (p—7v) absin (T)

arg -y

This gives that

i
zp (9§f$A,5f(Zo)> B
ar Y| <—5-
Bl Sranatiz) 2

since

1 1
k< —= <a+> < —1 and zp € A,
2 a

this contradicts the condition f(z) € 8 (x,m,d,p,q,A,v,B). On the other hand if we set arg (h(zg)) =
%B for zy € A, then it can similarly be shown that

/
zg (9;‘,’3,1;\,5f(20)> B
ar v | =,
S gmm sf(zo) 2
since

1 1
k>=(a+—)>1 and zy € A,

2 a

which again contradicts the hypothesis that f(z) € 8" («,m,d,p, q,A, v, ). Thus, the function defined by
(2.9) has to satisfy the following inequality:

arg (h(z)) < gﬁ, (zeA).
This shows that ,
z (9;‘,21)\ SHHrP (f) (Z)) T
(X;T]', : - < P B A .
aI'g 9p:q’)\,63p,p (f) (Z) Y > B (Z« S )

This completes the proof of Theorem 2.4. O
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Theorem 2.5. Let f(z) € Ap. If f(z) € X (x, m,0,p,q,A, v, B) with

Gem g (1))
1+Z< PaAOTHP Z)/ £B, (z€A),

( 3,"&,53»10 () (Z))

we get
Hu,p(f)(z) S fK: ((X,m, 5/P/ q/ }\/’Yr B) .

Proof. In view of (1.7) and Theorem 2.4, we find that

!
f(z) € K (0, m, 8,p, 4 Ay, B) < 22

€8 (a,m,5,p,9A\7v,B)

z(Jy,p (f)(2))
P

/
- €8 (a,m,5,p,9,A,v,B)

= Hu,p (f)(Z) 6 ‘{K: (0('1 m/ 5;]9/ q/A/Y/ B) 7
we deduce that the assertion of Theorem 2.5 holds. O

Remark 2.6. By specializing the parameters q, p, and m, we obtain various results for the subclasses stated
in Remark 1.1 based on the different operators listed in Remark 1.2 in the introduction, we left this as an
exercise to interested readers.
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