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Abstract

The notion of bi-quasi-interior ideals of semigroups was introduced by Rao in 2018 which is a generalization of left ideals,
right ideals, bi-ideals, quasi-ideals, interior ideals, bi-interior ideals and bi-quasi ideals of semigroups. In this paper, we introduce
the concept of almost bi-quasi-interior ideals as a generalization of bi-quasi-interior ideals of semigroups and investigate their
properties. Moreover, we define the notion of fuzzy almost bi-quasi-interior ideals of semigroups and consider some connection
between almost bi-quasi-interior ideals and fuzzy almost bi-quasi-interior ideals of semigroups.
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1. Introduction and Preliminaries

In 1980, Grosek and Satko [3] introduced the concepts of left, right, and two-sided almost ideals of
semigroups. A nonempty subset A of a semigroup S is called a left almost ideal of S if xANA # 0
for all x € S. A right almost ideal of a semigroup S is defined similarly. A nonempty subset A of a
semigroup S is called an almost ideal of S if xANA # () and AyNA # () for all x,y € S. They studied the
characterization of these ideals when a semigroup contains no proper left, right, two-sided ideals. Later
in 1981, Bogdanovi¢ [1] introduced the notion of almost bi-ideals in semigroups as a generalization of
bi-ideals. Now in 2018, Wattanatripop et. al [24] suggested the concept of quasi-almost-ideals by using
the concept of almost ideals and quasi-ideals of semigroups. Recently, Kaopusek et. al [5] introduced the
notions almost interior ideals and weakly almost interior ideals of semigroups by using the concepts of
almost ideals and interior ideals of semigroups and investigated their properties. Moreover, the concept of
various types of almost ideals has been studied in other algebraic structures (see, e.g., [7, 9, 11, 15, 17-23]).

The concept of fuzzy subsets was introduced by Zadeh [25] as a function from a nonempty set X to the
unit interval [0, 1]. In mathematics, the fuzzy subset is a mathematical extension of classical sets. Rosenfeld
[16] developed the fuzzy subsets to describe the concept of fuzzy subgroups of groups, which provided
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as the inspiration for a variety of algebraic structures. Then, Kuroki [8] was the first to consider the use
of fuzzy subsets in semigroups. Furthermore, many researchers have discussed on the generalizations of
the concepts of fuzzy subsets with applications in algebraic structures (see, e.g., [2, 4, 10]). For any two
fuzzy subsets f and g of a nonempty set X, f C g if and only if f(x) < g(x) for all x € X.

The intersection and the union of two fuzzy subsets f and g of a nonempty set X, denoted by f N g and
fU g, respectively, are defined by letting x € X,

(fNg)(x) = min{f(x), g(x)}, and (fUg)(x) =max{f(x),g(x)}.

For a fuzzy subset f of a nonempty set X, the support of f is defined by
supp(f) :={x € X [ f(x) # 0}.

Let A be a nonempty subset of X. The characteristic mapping Ca of A is a fuzzy subset of X defined

by for every x € X,
1 if xeA,
Cal(x) =
Alx) {0 otherwise.

Lemma 1.1 ([9]). Let A and B be nonempty subsets of a nonempty set X and let f and g be fuzzy subsets of X.
Then the following statements hold:

(i
(ii

) Can =Ca NCg;

)
i)

)

A CBifand only if CA C Cg;
supp(Ca) = A;
(iv) if f C g, then supp(f) C supp(g).

(iii

Pu and Liu [13] gave a definition for fuzzy points. For any element x of X and « € (0, 1], a fuzzy point
X« Of X defined by for each y € X,
x if y=x,
Xoc(y) = { Y

0 otherwise.

Let f and g be fuzzy subsets of a semigroup S. A product f o g is defined by for every x € S,

xX=yz

sup [min{f(y), g(z)}l, if 3y,z € S such that x =yz,
(fog)(x) =

0, otherwise.

Lemma 1.2 ([9]). If A and B are subsets of a semigroup S, then Ca o Cg = Cag.

The concept of bi-quasi-interior ideals of semigroups was introduced by Rao [14] in 2018 as a gener-
alization of left ideals, right ideals, quasi-ideals, bi-ideals, interior ideals, bi-interior ideals and bi-quasi
ideals in semigroups.

Definition 1.3 ([14]). A nonempty subset B of a semigroup S is called a bi-quasi-interior ideal of S if B is
a subsemigroup of S and BSBSB C B.

In this paper, as a further generalization of different types of ideals in semigroups, we introduce
the notion of almost bi-quasi-interior ideals as a generalization of bi-quasi-interior ideals of semigroups
and investigate some their properties. Moreover, we define the notion of fuzzy almost bi-quasi-interior
ideals of semigroups and give some connection between almost bi-quasi-interior ideals and fuzzy almost
bi-quasi-interior ideals of semigroups.
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2. Almost bi-quasi-interior ideals of semigroups

In this section, we introduce the concept of almost bi-quasi-interior ideals of semigroups as a general-
ization of bi-quasi-interior ideals of semigroups and give some properties of them.

Definition 2.1. A nonempty subset B of a semigroup S is called an almost bi-quasi-interior ideal of S if
(BxByB)NB # 0 for all x,y € S.

We note that every bi-quasi-interior ideal of a semigroup is an almost bi-quasi-interior ideal. In
general, an almost bi-quasi-interior ideals of a semigroup need not to be a bi-quasi-interior ideal as
shown by the following examples.

Example 2.2. Let S ={a, b, ¢, d, e}. Define a binary operation - on S by the following table:
d

=Py o aVie i oA e 5
[N =T U = Wi = N N ]
[N =TI - Wi = Vi « TY I

0o a0 oo
e 0 0 0 0lf
[o VN o TR o TR o PR o

Then, (S,-) is a semigroup [6]. Let B = {a,b}. By routine calculations, we obtain that B is an almost
bi-quasi-interior ideal of S, but B is not a bi-quasi-interior ideal of S because BSBSB ={a, b, d} ¢ B.

Example 2.3. Consider S ={a, b, c} with the following multiplication table:

-‘abc
ala b c
b b ¢
c|b b c

Then, (S, -) is a semigroup [12]. By routine computations, we have that {a, c} is an almost bi-quasi-interior
ideal of S, but {a, c} is not a bi-quasi-interior ideal of S because {a, c}${a, c}S{a,c} =S Z {a,c}.

Next, we investigate some properties of almost bi-quasi-interior ideals of semigroups.

Theorem 2.4. Let B be an almost bi-quasi-interior ideal of a semigroup S. If A is a subset of S containing B, then
A is also an almost bi-quasi-interior ideal of S.

Proof. Assume that A is a subset of S such that B C A. Let x,y € S. Then,
§ # (BxByB) N B C (AxAyA) N A.
It turns out that (AxAyA) N A # (). Thus, A is an almost bi-quasi-interior ideal of S. O

Corollary 2.5. If A and B are almost bi-quasi-interior ideals of a semigroup S, then A U B is also an almost
bi-quasi-interior ideal of S.

Proof. The proof follows by Theorem 2.4. O

In the following example, we present that the intersection of any two almost bi-quasi-interior ideals
of a semigroup S need not to be an almost bi-quasi-interior ideal of S.

Example 2.6. Consider S = {a, b, c} together with the multiplication - on S defined in Example 2.3, and
then {a, c} is an almost bi-quasi-interior ideal of S. In addition, we can show that {a, b} is an almost bi-
quasi-interior ideal of S. However, {a, b} N{a, c} = {a} is not an almost bi-quasi-interior ideal of S because

({ajc{atb{a}) N{a} = 0.
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Theorem 2.7. Let S be a semigroup and |S| > 2. Then S has no proper almost bi-quasi-interior ideals if and only if
for every a € S there exist xq,Yq € S such that (S\{a})xq(S\{a})ya(S\{a}) ={a}

Proof. Assume that S has no proper almost bi-quasi-interior ideals and let a € S. Then, S\ {a} is not an
almost bi-quasi-interior ideal of S. It follows that there exist xq,yq € S such that

[(S\{a}xa(S\{aDya(S\{aPI N (S\{a}) = 0.

Thus,
[(S\{apa(S\{aNya(S\{a})] € S\ (S\{a}) ={a}.

This implies that (S\ {a})xq(S\{aDya(S\{a}) ={a}

Conversely, suppose that S contains a proper almost bi-quasi-interior ideal. Let I be a proper almost
bi-quasi-interior ideal of S. Thus, there exists a € S such that a ¢ I. By assumption, there exist xq,yqa € S
such that (S\ {a})xa(S\{a})ya(S\{a}) ={a}. Since I C S\ {a} and by Theorem 2.4, we have that S\ {a} is
an almost bi-quasi-interior ideal of S. It follows that

0 ={a}n (S\{a}) = [(S\{aPxa(S\{aya(S\{a)IN(S\{a}) # 0.

This is a contradiction. Therefore, S has no proper almost bi-quasi-interior ideals. O

3. Fuzzy almost bi-quasi-interior ideals of semigroups

In this section, we introduce the concept of fuzzy almost bi-quasi-interior ideals of semigroups and
discuss the connections between almost bi-quasi-interior ideals and their fuzzification in semigroups.

Definition 3.1. Let f be a fuzzy subset of a semigroup S such that f # 0. Then f is called a fuzzy almost
bi-quasi-interior ideal of S if for every fuzzy points x, and yg of S, (foxqofoygof)Nf #0.

Theorem 3.2. Let f be a fuzzy almost bi-quasi-interior ideal of a semigroup S. If g is a fuzzy subset of S such that
f C g, then g is a fuzzy almost bi-quasi-interior ideal of S.

Proof. Assume that g is a fuzzy subset of S such that f C g. Then, for every fuzzy points x, and yp of S,
we have that (foxyofoyg of)Nf#0. It follows that (foxgofoygof)Nf C (goxqogoygog)ng. We
obtain that (goxy0goyp og)Ng #0. Hence, g is a fuzzy almost bi-quasi-interior ideal of S. O

The following results can be achieved by Theorem 3.2.

Corollary 3.3. Let f and g be fuzzy almost bi-quasi-interior ideals of a semigroup S. Then fU g is also a fuzzy
almost bi-quasi-interior ideal of S.

Example 3.4. Consider S = {a,b, c} together with the binary operation - on S defined in Example 2.3.
Define fuzzy subsets f and g of S by for every x € §,

09 if x=b, 03 if x=c¢,
f(x) = . and g(x) = .
0 otherwise, 0 otherwise.
We can see that for every fuzzy points x, and yg of S,

[(foxqgofoypgof)Nfl(b) #0, and [(goxxogoypog)ngl(c)#0.

This means that f and g are fuzzy almost bi-quasi-interior ideals of S. Moreover, f N g is not a fuzzy
almost bi-quasi-interior ideal of S because fN g = 0.

By Example 3.4, we have that the intersection of any two fuzzy almost bi-quasi-interior ideals of a
semigroup S need not to be a fuzzy almost bi-quasi-interior ideal of S.
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Theorem 3.5. Let B be a nonempty subset of a semigroup S. Then B is an almost bi-quasi-interior ideal of S if and
only if Cg is a fuzzy almost bi-quasi-interior ideal of S.

Proof. Assume that B is an almost bi-quasi-interior ideal of S. Let x,y € S and «,3 € (0,1]. Then,
(BxByB) N B # (. Thus, there exists a € S such that a € BxByB and a € B. So, a = byxbyybs for some
b1, by, bz € B. It turns out that

(CpoxaoCpoypoCpl)(a)= sup [min{Cg(b1),x«(x), Cr(b2),yp(y), Cr(bs)}l #0,
a=b;xbyybs
and Cg(a) = 1. This implies that (Cg oxq 0 Cgoypg o Cg) N Cp # 0. Therefore, Cg is a fuzzy almost
bi-quasi-interior ideal of S.

Conversely, assume that Cg is a fuzzy almost bi-quasi-interior ideal of S. Let x,y € S and «, 3 € (0, 1].
Then, (Cg oxq 0 CpoypoCp)NCp # 0. Thus, there exists a € S such that (Cg oxy0CgoypoCg)(a) #0
and Cg(a) # 0. This means that a € BxByB and a € B, and so (BxByB) N B # (. Consequently, B is an
almost bi-quasi-interior ideal of S. O

Theorem 3.6. Let f be a fuzzy subset of a semigroup S. Then f is a fuzzy almost bi-quasi-interior ideal of S if and
only if supp(f) is an almost bi-quasi-interior ideal of S.

Proof. Assume that f is a fuzzy almost bi-quasi-interior ideal of S. Let x,y € S and «,3 € (0,1]. Then,
(foxqofoypgof)Nf#0. Thus, there exists a € S such that (foxyofoygof)(a) #0and f(a) # 0. Also,
there exist b, c, d € S such that a = bxcyd and

sup d[min{f( ), xa(x), fe),yp(y), fd)}] = (foxa o foypgof)(a) #0.
a=bxcy

So, f(b) #0,f(c) # 0 and f(d) # 0. Hence, a, b, c,d € supp(f). It follows that

(Csupp(f) OXx 0 Csupp °yYp o Csupp )(Cl) #0,

and CSupp (a) # 0. This means that (Cgupp(£) ©Xa © Coupp(f) ©Yp © Coupp(f)) N Coupp() 7 0. We obtain that
Csupp(f) 1 a fuzzy almost bi-quasi-interior ideal of S. By Theorem 3.5, we get that supp( ) is an almost
bi-quasi-interior ideal of S.

Conversely, assume that supp(f) is an almost bi-quasi-interior ideal of S. By Theorem 3.5, Cgypp 1) is
a fuzzy almost bi-quasi-interior ideal of S. Thus, for every fuzzy points x, and yg of S, we have that

(Cosupp(r) © X © Csupp(f) ©Yp © Csupp()) N Csupp() 7# 0. So, there exists a € S such that

(Csupp(f) OXx O Csupp °Yyp o Csupp )(O.) #0,

and C f)(a) # 0. That is, there exist b, ¢, d € S such that a = bxcyd and

supp(£) (€), Y (Y), Csupp(r) (d)}] # 0.

supp

sup [min{C
a=bxcyd

supp (f )(b)/ X“(X) C

This implies that Cyypp(r)(b) # 0, Cypp()(€) # 0 and Cyypp()(d) # 0. We obtain that f(a) # 0, f(b) # 0,

f(c) # 0, and f(d) # 0. Hence, (foxocofoyfsof)( a) = sup d[min{f( ) xa(x), f(e), yp(y), f(d)}] # 0. It
a=bxcy

follows that (foxyofoygof)Nf # 0 for all fuzzy points x, and yg of S. Consequently, f is a fuzzy
almost bi-quasi-interior ideal of S. O

Next, we define minimal fuzzy almost bi-quasi-interior ideals in semigroups and investigate some the
connection between minimal almost bi-quasi-interior ideals and minimal fuzzy almost bi-quasi-interior
ideals of semigroups.

Definition 3.7. Let S be a semigroup. A fuzzy almost bi-quasi-interior ideal f of S is called minimal if for
any fuzzy almost bi-quasi-interior ideal g of S such that g C f, we get supp(f) = supp(g).
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Theorem 3.8. Let B be a nonempty subset of a semigroup S. Then B is a minimal almost bi-quasi-interior ideal of
S if and only if Cg is a minimal fuzzy almost bi-quasi-interior ideal of S.

Proof. Assume that B is a minimal almost bi-quasi-interior ideal of S. By Theorem 3.5, Cg is a fuzzy
almost bi-quasi-interior ideal of S. Let g be any fuzzy almost bi-quasi-interior ideal of S such that g C Cg.
By Lemma 1.1, supp(g) € supp(Cg) = B. Also, supp(g) is an almost bi-quasi-interior ideal of S by
Theorem 3.6. By given assumption, we have that supp(g) = B = supp(Cg). Therefore, Cp is a minimal
fuzzy almost bi-quasi-interior ideal of S.

Conversely, assume that Cg is a minimal fuzzy almost bi-quasi-interior ideal of S. Then, B is an
almost bi-quasi-interior ideal of S by Theorem 3.5. Let A be any almost bi-quasi-interior ideal of S such
that A C B. By Lemma 1.1 and Theorem 3.5, we obtain that CA is a fuzzy almost bi-quasi-interior ideal of
S such that Co C Cg. Since Cg is minimal, it follows that A = supp(Ca) = supp(Cg) = B. Consequently,
B is a minimal almost bi-quasi-interior ideal of S. O

The following corollary can be achieved by Theorem 3.5 and Theorem 3.6.

Corollary 3.9. Let S be a semigroup. Then S has no proper almost bi-quasi-interior ideals if and only if for every
fuzzy almost bi-quasi-interior ideal f of S, supp(f) = S.

Let S be a semigroup. An almost bi-quasi-interior ideal P of S is called prime if for any almost
bi-quasi-interior ideals A and B of S such that AB C P implies that A C P or B C P. An almost bi-quasi-
interior ideal P of S is called semiprime if for any almost bi-quasi-interior ideal A of S such that AA C P
implies that A C P. An almost bi-quasi-interior ideal P of S is called strongly prime if for any almost
bi-quasi-interior ideals A and B of S such that ABNBA C P implies that A C Por B C P.

Definition 3.10. A fuzzy almost bi-quasi-interior ideal h of a semigroup S is called a fuzzy prime almost
bi-quasi-interior ideal of S if for any two fuzzy almost bi-quasi-interior ideals f and g of S, fog C h
implies that f C h or g C h.

Definition 3.11. A fuzzy almost bi-quasi-interior ideal h of a semigroup S is called a fuzzy semiprime
almost bi-quasi-interior ideal of S if for any fuzzy almost bi-quasi-interior ideal f of S, fof C h implies
that f C h.

Definition 3.12. A fuzzy almost bi-quasi-interior ideal h of a semigroup S is called a fuzzy strongly prime
almost bi-quasi-interior ideal of S if for any two fuzzy almost bi-quasi-interior ideals f and g of S, (fog) N
(gof) C himplies that f Chor g C h.

Obviously, every fuzzy strongly prime almost bi-quasi-interior ideal of a semigroup is a fuzzy prime
almost bi-quasi-interior ideal, and every fuzzy prime almost bi-quasi-interior ideal of a semigroup is a
fuzzy semiprime almost bi-quasi-interior ideal.

Finally, we will be studying the relationships between prime (resp., semiprime, strongly prime) almost
bi-quasi-interior ideals and their fuzzification of semigroups.

Theorem 3.13. Let P be a nonempty subset of a semigroup S. Then P is a prime almost bi-quasi-interior ideal of S
if and only if Cp is a fuzzy prime almost bi-quasi-interior ideal of S.

Proof. Assume that P is a prime almost bi-quasi-interior ideal of S. By Theorem 3.5, Cp is a fuzzy almost
bi-quasi-interior ideal of S. Let f and g be fuzzy almost bi-quasi-interior ideals of S such that fo g C Cp.
Suppose that f ¢ Cp and g ¢ Cp. Then, there exist x,y € S such that f(x) # 0 and g(y) # 0, while
Cp(x) = 0 and Cp(y) = 0. This implies that x € supp(f) and y € supp(g), but x,y ¢ P. It turns out
that supp(f) € P and supp(g) € P. Now, supp(f) and supp(g) are almost bi-quasi-interior ideals of S
by Theorem 3.6. Since P is prime, supp(f)supp(g) € P. Then, there exists t = ab for some a € supp(f)
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and b € supp(g) such that t ¢ P. Hence, Cp(t) = 0 implies that (fo g)(t) = 0 since fog C Cp. Since
a € supp(f) and b € supp(g), we get that f(a) # 0 and g(b) # 0. It follows that

(fog)(t) = sup Imin{f(a),g(b)}] #0,

t=ab
which is a contradiction. This implies that f C Cp or g C Cp. Therefore, Cp is a fuzzy prime almost
bi-quasi-interior ideal of S.

Conversely, assume that Cp is a fuzzy prime almost bi-quasi-interior ideal of S. By Theorem 3.5, P is
an almost bi-quasi-interior ideal of S. Let A and B be any two almost bi-quasi-interior ideals of S such
that AB C P. Then, Ca and Cg are fuzzy almost bi-quasi-interior ideals of S by Theorem 3.5. By Lemma
1.1 and Lemma 1.2, we have that C5 o Cg = Cap C Cp. By the hypothesis, CA € Cp or Cg C Cp. This
implies that A C P or B C P. Consequently, P is a prime almost bi-quasi-interior ideal of S. O

The following theorem can be proved similar to Theorem 3.13.

Theorem 3.14. Let P be a nonempty subset of a semigroup S. Then P is a semiprime almost bi-quasi-interior ideal
of S if and only if Cp is a fuzzy semiprime almost bi-quasi-interior ideal of S.

Theorem 3.15. Let P be a nonempty subset of a semigroup S. Then P is a strongly prime almost bi-quasi-interior
ideal of S if and only if Cp is a fuzzy strongly prime almost bi-quasi-interior ideal of S.

Proof. Assume that P is a strongly prime almost bi-quasi-interior ideal of S. By Theorem 3.5, Cp is a fuzzy
almost bi-quasi-interior ideal of S. Let f and g be any two fuzzy almost bi-quasi-interior ideals of S such
that (fog)N(gof) C Cp. Suppose that f  Cp and g € Cp. Then, there exist x,y € S such that f(x) # 0
and g(y) # 0, but Cp(x) =0and Cp(y) = 0. Also, x € supp(f) and y € supp(g) such thatx ¢ Pand y ¢ P.
We obtain that supp(f) ¢ Cp and supp(g) € Cp. By Theorem 3.6 and given assumption, we have that
[supp(f)supp(g)] N [supp(g)supp(f)] € P. Thus, there exists t € [supp(f)supp(g)] N [supp(g)supp(f)] such
that t ¢ P. That is, Cp(t) = 0, which implies that [(f o g) N (g o f)](t) = 0 because (fog)N(gof) C Cp.
Since t € supp(f)supp(g) and t € supp(g)supp(f), then t = a;b; and t = ba, for some ay, a; € supp(f)
and for some by, by € supp(g). This implies that
(fog)(t) = sup [min{f(a),g(b1)}]] #0, and (gof)(t)= sup [min{g(bs), f(az)}] # 0.
t=a1b; t=bra,

This shows that min{(f o g)(t), (gof)(t)} # 0, that is, [(fo g) N (gof)l(t) # 0. This is a contradiction with
the fact that [(fog) N (gof)](t) = 0. Hence, f C Cp or g C Cp. Therefore, Cp is a fuzzy strongly prime
almost bi-quasi-interior ideal of S.

Conversely, assume that Cp is a fuzzy strongly prime almost bi-quasi-interior ideal of S. Then, P is an
almost bi-quasi-interior ideal of S by Theorem 3.5. Let A and B be any two almost bi-quasi-interior ideals
of S such that ABNBA C P. Again by Theorem 3.5, Cy and Cg are also fuzzy almost bi-quasi-interior
ideals of S. By Lemma 1.2, Cag = Ca o Cg and Cga = Cg 0 Ca. Thus,

(CAoCg)N(CgoCa)=CapNCra =CaBnea C Cp.

Since Cp is strongly prime, we get that Co C Cp or Cg C Cp implies that A C P or B C P. Consequently,
P is a strongly prime almost bi-quasi-interior ideal of S. O

4. Conclusions

In 2018, Rao [14] introduced the notion of bi-quasi-interior ideals as a generalization of quasi-ideals,
bi-ideals, interior ideals, bi-interior ideals and bi-quasi ideals of semigroups. In this paper, as a further
generalization of bi-quasi-interior ideals of semigroups, we introduced the concept of almost bi-quasi-
interior ideals which is a generalization of bi-quasi-interior ideals of semigroups. By Corollary 2.5, we
conclude that the set of all almost bi-quasi-interior ideals of a semigroup S forms a semigroup under
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the binary operation of union, but it is unable to form a semigroup under the binary of intersection as
shown in Example 2.6. In Section 3, we have defined the notion of fuzzy almost bi-quasi-interior ideals
of semigroups. For any semigroup S, we shown that the union of any two fuzzy almost bi-quasi-interior
ideals of S is also a fuzzy almost bi-quasi-interior ideal of S in Corollary 3.3, while the intersection
of two fuzzy almost bi-quasi-interior ideals of S need not to be a fuzzy almost bi-quasi-interior ideal
of S in Example 3.4. Next, we characterized almost bi-quasi-interior ideals and fuzzy almost bi-quasi-
interior ideals of semigroups in Theorem 3.5 and Theorem 3.6, respectively. Finally, we proved some
relationship between almost bi-quasi-interior ideals and their fuzzification of semigroups were shown in
Theorem 3.8, Theorem 3.13, Theorem 3.14 and Theorem 3.15. In our future study, we will consider the
concepts of almost bi-quasi ideals and almost bi-interior ideals of semigroups and discuss the connections
between these concepts and their fuzzifications in semigroups or various types of almost ideals and their
fuzzifications in other algebraic structures.
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