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Abstract

By using stochastic analysis, compact semigroups and Schauder fixed-point theorem, we discuss the null boundary con-
trollability of nonlinear integrodifferential system with Rosenblatt process. In addition, the null boundary controllability of
Sobolev-type neutral integro-differential system with Rosenblatt is studied. Finally, an example is given to illustrate the ob-
tained results. The null controllability results for stochastic differential systems with Rosenblatt process and control on the
boundary have not yet been considered in the literature, and this fact motivates this work.
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1. Introduction

In recent years fractional differential equations have attracted the attentions of many researchers and
are becoming increasingly popular due to their practical applications in various fields of science and
engineering (see [1, 9, 17, 26, 30, 37]). The deterministic system often fluctuates due to environmental
noise. So, it is important and necessary for us to deal with stochastic differential equations (SDEs). The
noises arise in mathematical finance, physics, telecommunication networks, hydrology and medicine etc.,
can be modeled by fractional Brownian motions (fBm). The fBm can be expressed as a Wiener integral
with respect to the standard Wiener process, i.e. the integral of a deterministic kernal with respect to
a standard Brownian motion, the Hermite process of order 1 is fBm and of order 2 is the Rosenblatt
process. Firstly, Tudor investigated the Rosenblatt process which is a self-similar process with stationary
increments and it appears as limit of long-range dependent stationary series in the Non-Central Limit
theorem, for more details see [2, 7, 29, 35]. Stochastic differential equations driven by fractional Brownian
motion have been considered greatly by research community in various aspects due to its salient features
for real world problems (see [8, 15, 16, 20, 31, 34]). On the other hand, controllability problems for
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different kinds of dynamical systems have been studied by several authors (see [3, 5, 10, 12, 18, 19,
21, 32, 36], and references therein). There are many applications for boundary control systems (see
[22, 24]). Many authors studied the controllability for linear and nonlinear system when the control on
the boundary, for example, Barbu studied the boundary control problems with convex cost criterion (see
[14]). Balachandran and Anandhi discussed the boundary controllability for ntegrodifferential systems
and delay integrodifferential systems in Banach spaces (see [11, 13]). Ahmed obtained the boundary
controllability of nonlinear fractional integrodifferential systems (see [4]). Lizzy and Balachandran studied
the boundary controllability of nonlinear stochastic fractional system in Hilbert space (see [25]). Ahmed
studied the boundary controllability of impulsive nonlinear fractional delay integrodifferential system (see
[6]). Wang established sufficient condition for approximate boundary controllability for Semilinear delay
differential equations (see [36]). Palanisamy and Chinnathambi investigated the approximate boundary
controllability of Sobolev-type stochastic differential systems in Hilbert spaces (see [27]). However, the
null controllability results for stochastic differential systems with Rosenblatt process and control on the
boundary have not yet been considered in the literature, and this fact motivates this work.
The contributions of this paper exist in the following aspects.

e Stochastic differential systems with Rosenblatt process and control on the boundary are introduced.

¢ Sufficient conditions for null boundary controllability of nonlinear integrodifferential system with
Rosenblatt process are established.

¢ Sufficient conditions for null boundary controllability of Sobolev type neutral stochastic integrodif-
ferential system with Rosenblatt process are established.

This paper is prepared as follows. In Section 2, we present some basic definitions and lemmas which are
useful to prove the main results. In Section 3, we give sufficient conditions to prove the null boundary
controllability of nonlinear integrodifferential system with Rosenblatt process. In Section 4, we study the
null boundary controllability of Sobolev-type neutral integrodifferential system with Rosenblatt process.
In Section 5, we consider an example to verify the theoretical results.

2. Preliminaries

Let (O, F,P) be a complete probability space equipped with a normal filtration F¢, t € [0, b] where F¢
is the o-algebra generated by random variables {w(s), Zy(s), s € [0, b]} and all P-null sets.

Fix a time interval [0, T] and let {Z}(t), t € [0, T]} represents one-dimensional Rosenblatt process with
parameter H € (1/2,1). The Rosenblatt process with parameter H > % can be written as [28]

Zn(t) = d(H) Lt K [

where KH(t,s) is given by

t OKH’ oxH’
J L(v,yl)L(V,yz) dB(yl)dB(HZ)/

y1Vya ov ov

t
1 3 1
Ku(t,s) = CHSZ_HJ (v—s)H2yH=24y, fors<t,
S

with ¢y = H(ZH-1) ) and f(-,-) denotes the Beta function, Ky (t,s) = 0when t <s, {B(t),t € [0,T]}

1
B(2—2H,H-1

is a Brownian motion, H' = % and d(H) = ﬁ, / % is a normalizing constant. The covariance of the

Rosenblatt process Zy(t), t € [0, T] satisfies E(Zy(t)Zyi(s)) = 3(s?H + 2 —[s — M),
Let X and Y be two real, separable Hilbert spaces and let L(Y,X) be the space of bounded linear

operators from Y to X. For the sake of convenience, we shall use the same notation to denote the norms
in X, Y and L(Y,X). Let Q € L(Y,Y) be an operator defined by Qe,, = Anen with finite trace trQ =
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> o 1An < oo where A, > 0 (n = 1,2,...) are non-negative real numbers and {en} (n = 1,2,...) is a
complete orthonormal basis in Y. We define the infinite dimensional Q-Rosenblatt process on Y as

Zn(t) = Zo(t) = Y vAnenzn(t)
n=1

where (zn)n>0 is a family of real, independent Rosenblatt process.

In order to define Wiener integrals with respect to the Q-Rosenblatt process, we introduce the space
Lg = Lg(Y,X) of all Q-Hilbert Schmidt operators { : Y — X. We recall that 1} € L(Y,X) is called a
Q-Hilbert-Schmidt operator, if

oo
HII’H%_Q = Z [VARben|* < oo
n=1

and that the space L) equipped with the inner product <8,1|)>Lg =3 »_(den, Yen) is a separable Hilbert

space. Let ¢(s); s € [0, T] be a function with values in Lg(Y,X), the Wiener integral of ¢ with respect to
Zq is defined by

t [e%e)
Jo s)dZq(s ZJ VK (den) (y1,y2)dB(y1)dB(y2), (2.1)
n=1
where . ;
KT—[(%)(ULUZ):J y S(T)a—]:(r,m,yz)dr.
Y1 VY2

For more details (see [33]).

Lemma 2.1 ([23]). If ¥ : [0, T] — Lg(Y,X) satisfies fOT Htl)(s)HzLO < 00, then the above sum in (2.1) is well defined
2
as X-valued random variable and we have

2

t
E J W(s)dZu(s)

t
<2 | ) gds:
0 0 2

The collection of all strongly-measurable, square-integrable, X-valued random variables, denoted by
L>(Q, X), is a Banach space equipped with norm
1
| () ”Lz ox)= (E | x(.,w) [*)2,

where the expectation, E is defined by E(x) = [, x(w)dP. Let C(J, L»(Q, X)) be the Banach space of all
continuous maps from J into L,(Q,X) satlsfymg the condltlon sup,; E || x(t) |?< oo. Define C = {x :
x(t) € C(J, L2(Q, X))}, with norm || - || defined by

1

2
I-lle = (SUPEHX(UHZ> :
te]

Obviously, C is a Banach space. Also, let us introduce the set B, ={v € C: HVH2C < 1}, where r > 0.

3. Nonlinear integrodifferential system

In this section, we study the null boundary controllability of nonlinear integrodifferential system with
Rosenblatt process in the following form

() = Biu(t), te]=1[0,b], (3.1)

{ DL — ox(t) + F1(t, x(1)) + [§ fals, x(s))dw(s) + g(t, x(t) 22 ¢ ] =[0,b],
x(0) = xo,
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where the state x(-) takes values in the separable Hilbert space X with inner product (.,.) and norm || . ||
and the control function u(-) is given in L,(], U), the Hilbert space of admissible control functions with
U a Hilbert space. Here, o, B; are bounded linear operators and 7 is a linear operator with domain in
X and range in separable Hilbert space Y. Let A : X — X be the linear operator defined by D(A) = {x €
D(0); ™x =0}, Ax = {ox, for x € D(A)}. Suppose {w(t)}t>0 is a Wiener process defined on (Q, F, {F¢}+>0, P)
with values in Hilbert space K and {Z1(t)}¢>0 is a Rosenblatt process with parameter H € (%, 1) defined on
(Q, F,{F¢}t>0, P) with values in Hilbert space Y. The nonlinear operators f : ] x X — X, fz : ] x X = L(K, X)
and g: ] x X = L3(Y, X) are given. To establish the result, we need the following hypotheses.

(H1) D(o) C D(t) and the restriction of T to D(0o) is continuous relative to graph norm of D(o).

(H2) There exists a linear continuous operator B : U — X such that oB € L(U, X); t(Bu) = Bju for all
u € U. Also Bu(t) is continuously differentiable and ||Bu|| < C||Bjul| for all u € U, where C is some
positive constant.

(H3) The operator A is the infinitesimal generator of a compact semigroup T(t) on X and there exists a
constant M > 0 such that || T(t)|| < M.

(H4) Forallt € (0,b] and u € U, T(t)Bu € D(A). Moreover, there exists a positive constant M; > 0 such
that [[AT(t)]] < M;.

(H5) The function f; : ] x X — X satisfies the following two conditions:

(i) the function f1 : ] x X — X is continuous;
(ii) for each positive number r € N, there is a positive function p,(-) : ] — R™ such that

sup E|[|fi(t, x(t)|]* < pr(t),

[Ix)2<r
the function s — p,(s) € L}([0,t], RT), and there exists a & > 0 such that

t

+(s)d
lim inf 710 pris)ds
T—00

=0<o0o, te].

(H6) The function f; : ] x X — L(K, X) satisfies the following two conditions:
(i) the function f; : ] x X — L(K, X) is continuous;
(ii) for each positive number r € N, there is a positive function h,(-) : ] — R" such that

t
sup J EHfz(s,x(s))HzQ ds < h(t),

lIx[2<r 70

the function s — h,(s) € L!([0,t],RT), and there exists a §; > 0 such that

t
h.(s)d
fim inf 209 s e
T—00 T
(H7) The function g: ] x X — LY(Y, X) satisfies the following two conditions:
(i) the function g:J x X — L3(Y, X) is continuous;

ii) for each positive number r € N, there is a positive function k,(-) : ] — R" such that
p p

sup Eflglt, x(t))][Fy < ke(t),

Ix]I><r
the function s — k.(s) € L}([0, t],R*), and there exists a §; > 0 such that

t
K
lim inf JoXr(s)ds
T—00

=0 <00, te].
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Let x(t) be the solution of the system (3.1). Then we can define a function z(t) = x(t) — Bu(t) and from
our assumption we see that z(t) € D(A). Hence (3.1) can be written in terms of A and B as
dZy(t)

= Az(t) + oBu(t) + f1(t, x(t)) + f; fa(s,x(s))dw(s) +g(t, x(t)) =3 t €],

x(t) = z(t) + Bu(t),

dx(t)
dt
{ x(0) = xo.
If u is continuously differentiable on [0, b], then z can be defined as a mild solution to the Cauchy problem

T R X(0) + J fals x(s))dw(s) + g(tx(1)) S, te T, g0

{ dfi(tt) = Az(t) 4+ oBu(t) — B4,
2(0) = x(0) — Bu(0).

Then the mild solution of (3.2) is given by
t

‘ T(t—s)f1(s,x(s))ds
(3.3)

z(t) = T(t)z(0) + Jo T(t—s)[oBu(s)—B dz(:)]ds —i—J
t
T(t—s)g(s,x(s))dZp(s).

t ps
+| | 1= nmxm)demas+ |

0Jo 0
Since, x(t) = z(t) + Bu(t), then the solution of (3.1) is given by

' T(t —s)[oBu(s) — Bd‘;(s)]ds
s (3.4)

0

T(t)[xo — Bu(0)] + Bu(t) + J
0

t t rs
+J T(t—s)fl(s,x(s))ds—kj J T(t—s)fz(n,x(n))dw(n)ds+J
0 0Jo 0

x(t) =
T(t—s)g(s,x(s))dZy(s).

By using integration by parts, we get
t

Jt du(S)]ds — Bu(t) — T(t)Bu(0) _|_J AT(t—s)Bu(s)ds.
0

. [T(t—s)B s

t t
x(t) = T(t)xo + Jo [T(t—s)o—AT(t—s)]Bu(s)ds + Jo
t
T(t—s)g(s,x(s))dZp(s).

t rs
+L L T(t — s)f2(n, x(m)) dw(n)ds +J0

By substitution in (3.3) we obtain
T(t—s)f1(s,x(s))ds

which it is a mild solution of (3.1). To study the exact null controllability of (3.1), we consider the linear

boundary control system

Al — u(t) + F(t), te]=[0,bl,
T(t) = Biu(t), te]=1[0,b],
1(0) = po,

associated with the system (3.1). Consider

b
Lfu= J [T(b—s)oB —AT(b—s)Blu(s)ds : Lr(J,U) — X,
0
where Lg u has a bounded inverse operator (Ly)~! with values in L»(], U)/ ker(L(‘)j ), and
b
— X.

Ng(p,F) = T(b)u—kjo T(b—s)F(s)ds : X x Lx(], X)

(3.5)
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Definition 3.1 ([21]). The system (3.5) is said to be exactly null controllable on J if ImL{ O ImN{ or there
exists a y > 0 such that [|(L§)*u/|* = y[[(N§)*u[? for all u € X.

Lemma 3.2 ([19]). Suppose that the linear system (3.5) is exactly null controllable on J. Then the linear operator
(Lo) "INE : X x Ly(J, X) — La(J, U) is bounded and the control

b
u(t) = —(Ly) ! [T(b)ug + JO T(b— s)F(s)ds} (t)

transferees the system (3.5) from g to 0, where Ly is the restriction of LY to [ker LE)’]L and F € L1(], X).
Definition 3.3. We say x € C is a mild solution to (3.1) if it satisfies that

t t

[T(t—s)o—AT(t—s)]Bu(s)ds —I-J T(t—s)f1(s,x(s))ds

x(t) = T(t)xo + J
0

0
t

t s
+ | ], =t xin)dwmds + | T—sigls, x(sNazufs), t e
Definition 3.4. The system (3.1) is said to be exact null controllable on the interval | if there exists a

stochastic control u € L,(], U) such that the solution x(t) of the system (3.1) satisfies x(b) = 0.

To prove the main result in this section, we need addition hypothesis:

(H8) The linear system (3.5) is exactly null controllable on J.

Theorem 3.5. If the hypotheses (H1)-(H8) are satisfied, then the boundary control system (3.1) is exactly null
controllable on | provided that

25M? [5 + Tr(Q)81 +2Hb?15,] [1 4 [M?||o||* + M3]||B|1?(|(Lo)~*||*] < 1. (3.6)

Proof. For an arbitrary x(-) define the operator @ on C as follows

t t

[T(t—s)o—AT(t—s)]Bu(s)ds —|—J T(t—s)f1(s,x(s))ds

(©x)(1) = T(t)xo +J
0

0
t

+j J T(t—s)fz(n,x(n))dw(n)ds+J T(t—s)g(s,x(s))dZu(s), t € J,
0JO 0
where

b

b rs
T(b—s)fl(s,x(s))ds+J J T(b—s)fa(n,x(n))dw(n)ds

u(t) = —(Lo) {T(b)xo + J N

0

b
+ Jo T(b—s)g(s,x(s))dZy(s)}.
It will be shown that the operator ® from C into itself has a fixed point. We claim that there exists a
positive number r such that ®(B,) C B,. If it is not true, then for each positive number r, there is a
function x,(-) € By, but ®(x,) € B, that is H(DXTH%: > r for some t = t(r) € ], where t(r) denotes that t is
dependent of r.

From our hypotheses, we obtain

T < | Oxr [z = sup E[|®(x,) (1)
te]

< 25ME|[xo||* +25M*bIM?|| o[ + M3 |[B1?]| (Lo) 1>

b b
h,(s)ds +2Hb?H 1 J k+(s)ds] 37)

0

b
X [||x0H2C +J pr(s)ds +TT(Q)J
0

0

t t t
+25M2J pr(s)ds+25Tr(Q)M2J he(s)ds +50Hb2H_1M2J K+ (s)ds.
0 0 0
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Dividing both sides of (3.7) by r and taking the lower limit r — +o00, we get
25M? [§ + T1(Q)81 +2Hb*18,] [1 4 [M?||o||* + M3]||B|1?||(Lo) *|I*] = 1.

This contradicts (3.6). Hence, for positive r, ®(B,) C B, for positive number r. In fact, the operator ®
maps B, into a compact subset of B,. To prove this, we first show that the set V,(t) = {(®x)(t) : x € B}
is a precompact in X, for every fixed t € J. This is trivial for t = 0, since V;(0) = {xo}. Lett,0 <t < b, be
fixed. For 0 < € < t, take

(@) (1) = T(t)xg —i—Lte[T(t— §)o— AT(t — s)]Bu(s)ds +E T(t— s)fy(s,x(s))ds
+J rTﬁ—ﬁHﬂmxmannMS+J T(t—s)g(s, x(s))dZ(s)
0 0 0
—T(t)X0+T(€)JO [T(t—e—s)G—AT(t—e—s)]Bu(s)ds+T(e)JO T(t—e—s)fi(s,x(s))ds
+T(e)L L T(t—s)fz(n,x(n))dw(n)ds—i—T(e)L T(t—e—s)g(s,x(s))dZn(s).

Since u(s) is bounded and T(e)(e > 0) is a compact operator then the set V¢ (t) = {(DP*x)(t) : x € B;}is
precompact in X for every €,0 < € < t. Moreover, for every x € B;, we have

[@x — @€x||% = sup E[|(Dx)(t) — (Dx) (1)
te]
t
<M | (Mo MBI (L) P
t—e

b b

he(s)ds + 2Hb?H 1 J kr(s)ds](s)ds

b
xmmW+mew+ﬂ@ﬂ O

0

t t

hr(s)ds+50Hb2H1M2J k+(s)ds.

t—e

t

+25M2J

t—e

pr(s)ds + 25TT(Q)M2 J

t—e

We see that for each x € B, ||Ox — d)etzC — 0 as € — 0. Therefore, there are precompact sets arbitrary
close to the set V;(t) and so V,(t) is precompact in X.

Next we prove that the family {®x : x € B,} is an equicontinuous family of functions. Let x € B, and
t1,tp € J such that 0 < t; < tp, then

[(Dx)(t2) — (@) (t1) || %
t

< 25|/ T(t2) — T(t)|P ol + 25 L T(ty—s)o— AT(ta—s) — T(t; — s)o + AT(t; — )]

b

b m
TW—Mﬂ@mBD®+J\[TW—QﬁMAMDmMmﬁ

x—um%ﬂmM+J
0 JO

0

b t2

—i—JO T(b—s)g(s,x(s))dZH(s)}(s)dsHZC +25||J [T(tp—s)o—AT(tp —s)]
t1

b

b m
T(b—s)fl(s,x(s))ds+J J T(b—s)fa(n,x(n))dw(n)ds

x4ur%HMm+J
0 JoO

0

b
+LTw—QM&MﬂMLAmhMﬂ%

t s
-+%HL[ﬂu—sy—nu—wnLfﬂmxmnmmmdﬂ%



M. A. AL-Nahhas, H. M. Ahmed, H. M. El-Owaidy, ]. Math. Computer Sci., 26 (2022), 113-127 120

~to

S
+25] T(tz—S)L 2, x(n))da(n) ds|2
Jtq
f‘tl

+25| | [T(ta—s) —T(t; —s)]g(s,x(s))dZn(s)[%

rto

+25|| T(tz—s)g(s,x(s))dZH(s)HzC.

t

From the above fact, we see that ||(®x)(ty) — (Px)(t1) ”26 tends to zero independently of x € B, as t, — t;.
Since the compactness of T(t) for t > 0 implies the continuity in the uniform operator topology. Thus,
®(B,) is both equicontinuous and bounded. By the Arzela-Ascoli theorem ®(B;) is precompact in X.
Hence @ is a completely continuous operator on X. From the Schauder fixed point theorem, @ has a fixed
point in B;. Any fixed point of ® is a mild solution of (3.1) on ]. Therefore the system (3.1) is exact null
controllable on J. O

4. Sobolev-type neutral integrodifferential system

In this section, we investigate the exact null controllability for Sobolev type neutral stochastic inte-
grodifferential system with Rosenblatt process in the following form

x

AGx(t) + 1 (t, x(£)] = ox(t) + [§ fa(s, x(s))daw(s) + glt, (1) 22+ € T = [0, ],
Tx(t)z ju(t), te]=1[0,b], (4.1)
) =

(0

where G : D(G) C X — X is a linear operator. Let y(t) = Gx(t) for x € X, then the equation (4.1) can be
written as

Syt +f1(t, Gy ()] = oG My(t) + [ fals, G My(s))dw(s)

+9(t, G y(t ))dZH( , te] =0, (42)
TG ly(t) = Byu(t), te]=10,b], '
U(O) = Yo,

where TG~!: X — X is a linear operator. Let AG™! : X — X be a linear operator defined by
DIAG H={0eD(cG 1) :71G'0=0}, AG '0=0G'0, for0 € D(AG™ ).
The operators A : D(A) C X = X and G : D(G) C X — X satisfy the following hypotheses:

(H9) A and G are closed linear operators.
(H10) D(G) ¢ D(A) and G is bijective.
(H11) G~ ': X — D(G) is continuous.

Here, (H9) and (H10) together with the closed graph theorem imply the boundedness of the linear oper-
ator AG™1: X — X.

(H12) For each t € ] and for A € (p(AG™1)), the resolvent of AG™!, the resolvent R(A, AG™!) is compact
operator.

Lemma 4.1 ([28]). Let T(t) be a uniformly continuous semigroup. If the resolvent set R(A, A) of A is compact for
every A € p(A), then T(t) is a compact semigroup.
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From the above fact, AG™! generates a compact semigroup {S(t),t > 0} in X, which means that there
exists M > 1 such that sup, . [[S(t)]| < M. We suppose that 0 € p(AG™!), the resolvent set of AZ~!, for
every t > 0. We define the fractional power (AG~1)~Y by

1

(AG™ )Y = o) Joo tY=IS(t)dt, v > 0.
0

For y € (0, 1], (AG™1)Y is a closed linear operator on its domain D((AG~1)Y). Furthermore, the subspace
D((AG™1)Y) is dense in X. We will introduce the following basic properties of (AG— 1),

Theorem 4.2 ([31]).

(1) Let 0 <y < 1, then Xy := D((AG™1)Y) is a Banach space with the norm || x ||y=| (AG™1)¥x ||, x € X,.

2) IfO<p<y< 1 then D((AG™1)Y) — D((AG1)P) and the embedding is compact whenever the resolvent
operator of (AG™") is compact.

(3) For every 0 <y < 1, there exists a positive constant C, such that
—1 Cv
| (AG™1)YS(t) |]< ,0<t<b.

Let y(t) be the solution of the system (4.2). Then we can define a function z(t) = y(t) — Bu(t) and
from our assumption we see that z(t) € D(AG~!). Hence (4.2) can be written in terms of A and B as

L y(t) +f1(t, G ly()] = AG'2(t) + oG Bult) + [, fa(s, G y(s))dw(s)
+g(t, Gy (1) i e,

y(t) = z(t) + Bu(t),

y(0) =yo.

If u is continuously differentiable on [0, b], then z can be defined as a mild solution to the Cauchy problem

Lz(t) +f1(t, G ly()] = AG'2(t) + oG 'Bu(t) — B + [{ f2(s, G Ty(s))dw(s)
+glt, G ly(1) ¥ e,
z(0) =y(0) — Bu(0).

Then the mild solution of (4.2) is given by

t
y(t) = S(t)[y(0) + 1(0, G 1y (0)) — Bu(0)] — f1(t, G ly(t)) + L AGIS(t—s)fi(s, G ly(s))

t
+Bu(t) +J S(t—s)[0G—1Bu(s) — p TS

d
0 dS]S

t

t rs
+J J S(t—S)fz(n,G1y(n))dw(n)ds+J S(t—s)g(s, G ty(s))dZn(s).
0Jo 0

By using integration by parts, we obtain

y(t) = S()Y(0) + f1(0, G 'y(0))] — f1(t, G My(t)) + JO AGTIS(t —s)f1(s, G My(s))

t
—i—J [S(t—s)oG 'B—AG'S(t—s)Blu(s)ds
0

t

+j J S(t—S)fz(n,G_ly(n))dw(n)ds+L S(t—s)g(s, G 1y(s))dZp(s).



M. A. AL-Nahhas, H. M. Ahmed, H. M. El-Owaidy, J. Math. Computer Sci., 26 (2022), 113-127 122

Hence the mild solution of system (4.1) is given by

x(t) = G7IS(1)[Gx(0) + f1(0,x(0))] — f1 (t, x(t)) + Lt G TAGTIS(t— s)fy(s, x(s))

t
+J G 'S(t—s)oG'B—AG!S(t —s)BJu(s)ds
0

t

—|—J JSS(t—s)Glfz(n,x(n))dw(n)ds—i—J Gfls(t—s)g(s,x(s))dZH(s).
0Jo 0

To study the exact null controllability of (4.1), we consider the Soblev-type linear boundary control system

LGu(t)] =ou(t) +F(t), te]=1[0,bl,
Tu(t) = Biu(t), te]=10,b], (4.3)
w(0) = wo,

associated with the system (4.1). Consider

b
Lhu= L G lUT(b—5)0G 'B—AG 'T(b—s)Blu(s)ds : Lo(J,U) = X

where Lbu has a bounded inverse operator (Lo)~! with values in L,(], U) /ker(Lb) and

NG (1, F) = G IT(b)Gu + J: G IT(b—s)F(s)ds : X x Ly(], X) — X.

Definition 4.3. The system (4.3) is said to be exactly null controllable on J if ImLy > ImN{ or there exists
ay > 0 such that [|(Lg)*k[* > y[|(N§)*r* for all k€ X.

Lemma 4.4. Suppose that the linear system (4.3) is exactly null controllable on ]. Then the linear operator
(Lo)INg : X x Lo(J, X) — La(J, W) is bounded and the control

b

u(t) = —(Lo) " [GlT(b)Guo + J

GlT(b—s)F(s)ds} (t)
0

transferees the system (4.3) from g to 0, where Ly is the restriction of LY to [ker L1+ and F € L,(], X).

Definition 4.5. We say x € C is a mild solution to (4.1) if it satisfies that

x(t) = G71S(t)[Gx(0) + f1(0,x(0))] — G141 (t, x(t)) + Jt G 'AGTIS(t—s)fy(s, x(s))
0

t
+J G S(t—s)oG'B—AG!S(t —s)Blu(s)ds
0

t

t rs
+J j S(ts)G—lfzm,xm))dwm)dwj G1S(t— s)g(s,x(s))dZu ).
0Jo 0

Definition 4.6. The system (4.1) is said to be exact null controllable on the interval | if there exists a
stochastic control u € L,(], U) such that the solution x(t) of the system (4.1) satisfies x(b) = 0.

To prove the main result in this section, we need addition hypotheses.

(H13) For all t € (0,b] and u € U, S(t)Bu € D(AG™!). Moreover, there exists a positive constant C > 0
such that [AG~1)S(t)|| < C.

(H14) The linear system (4.3) is exactly null controllable on J.
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(H15) f1: ] x X — X is a continuous function, and there exists a constant % <pB<land M;, My >0
such that for all t € ] and x,y € X the following inequalities are satisfied:

E | (AGTHPf(t,x) — (AGTHPf(t,y) |
E | (AGHPF (t,x) |

<ME | x—y |,
)P < Ma(14E || x |?)

Theorem 4.7. If the hypotheses (H1), (H2), (H6), (H7), and (H9)-(H15) are satisfied, then the boundary control
system (4.1) is exactly null controllable on ] provided that

2 C%fﬁbmil”Gil”z 2 12 2 1)121.2H—1
My MG + 2B -1 J+Tr(Q)M?||G™ |81 + 2HM?||G ™ ||“b="" 02
x 36 [1+ |G [PoIM?(|o*[G |+ C*IBJI*[l (Lo) 7] <1,

Mo = [(AG™H) P

(4.4)

Proof. For an arbitrary x(-) define the operator ¥ on C as follows

t

(Wx)(t) = G1S(1)[Gx(0) + f1(0,x(0))] — f1(t, x(t)) —I—JO G 'AGTIS(t—s)fy(s, x(s))ds

t

H S(t—s)G—lfz(n,x(n))dw(n)ds+j G1S(t —s)g(s, x(s))dZy(s), t €,
0J0 0

t

—|—J G US(t—s)oG'B—AG™!S(t —s)Blu(s)ds
0

+

b
u(t) = —(Lo) "G 'S(b)[Gx(0) + 1(0,x(0))] — f1(b, x(b)) +J G'AGT'S(b—s)fi(s, x(s))ds
0
b

b s
]| o =96 xim)dwmds + | 67IS(b~ s)gls x(s)dZu(s)
0 Jo 0

It will be shown that the operator V¥ from C into itself has a fixed point. We claim that there exists a
positive number r such that ¥(B,) C B,. If it is not true, then for each positive number r, there is a
function x,(-) € By, but ¥(x;) € B, that is HWXTHZC > r for some t = t(r) € J, where t(r) denotes that t is
dependent of r. From our hypotheses, we obtain

r < W%
— sup E[[¥(x,) ()]
te]
1 2 2 2 2 2 C%fﬁbZBilHGilnz
< 36/|G 1 [2IM2|GIPE o |2 + MaC2 5 628 (1 -+ E o [2)] + M3 136Ma(1+ 1)

21
+36]|G [P IM (| *IG 1 + CPIIBIP (I (Lo) PG IPIM [ GII*EIxol|* + M2C* g b2P (1 + E|[xo|*)]
Cl_gb?P G

b
M+ BTN+ 1) + THQIMZG WZJ (s)ds + 2HM?||G~ HFb”*1J ke (s)ds]
_ 0

t t
+3awﬂm—HFTmQy[hggds+7mﬂwﬂm—HFwH—{[kmgd&
0 0

Dividing both sides of above equation by r and taking the lower limit r — 400, we get

L
281

[wawg+ }4¥ﬁ{Q)NFHGHF&y+2HNFHGHFb”*164
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% 36 [1+ |G~ ?bIM?||o] >G> + C2I|[BJ*| (L)~ [1?] > 1.

This contradicts (4.4). Hence, for positive r, ¥(B,) C B, for positive number r. In fact, the operator ¥
maps B; into a compact subset of B,. To prove this, we first show that the set V;.(t) = {(Wx)(t) : x € By} is
a precompact in X, for every fixed t € J. This is trivial for t = 0, since V;-(0) = {xo}. Lett,0 <t < b, be

fixed. For 0 < € < t, take

t—e

(Wex)(t) = G1S(1)[Gx(0) + f1(0,x(0))] — f1 (t, x(t)) + L G 'AGIS(t—s)f1 (s, x(s))ds

t—e
+J G lS(t—s)oG'B—AG™!S(t —s)Blu(s)ds

0
t—e ps t—e
+J S(t—S)G1fz(n,X(n))dw(n)ds+J GIS(t—s)g(s, x(s))dZu(s), t €
0 0 0
= GIS(1)[Gx(0) + f1(0,x(0))] — f1(t, x(t)) + S(€) Jt_e G 'AGTIS(t—e —s)fi(s, x(s))ds
0

st [ TGUS(t— e —5)0G 1B - AGS(t— e — s)Blu(s)ds
JO

+s(e) | eJSS(t—e—S)G1fz(n,X(n))dw(n)ds
JO 0

+S(€) G 1S(t—e—s)g(s,x(s))dZu(s), t €.
JO

Since u(s) is bounded and S(e)(e > 0) is a compact operator, then the set V¢ (t) = {(W€x)(t) : x € By} is
precompact in X for every €,0 < e < t. Moreover, for every x € B,, we have

[Wx —WEx||& = sup E[|(¥x)(t) — (WEx) (1)
te]

< 36J
t—e

t t
G TAGT!S(t —s)fa(s, x(s))ds +36J IGHIPIM (o216 H* + C21B 12l (Lo) 17
t—e

b

< {[[GYFIM2||GIE|lxo|* + M2C% g 2P (1 + E|[xo )] +Tr(Q)jO h(s)ds
t
hr(s)ds+72Hb2H*1M2J k+(s)ds.

t—e

t

+2Hb2H-1 Jb

ke (s)ds}(s)ds + 36Tr(Q)M2J
0

t—e
We see that for each x € B, ||[Wx —‘Petzc — 0 as € — 0. Therefore, there are precompact sets arbitrary
close to the set V;(t) and so V,(t) is precompact in X.

Next we prove that the family {¥x : x € B;} is an equicontinuous family of functions. Let x € B, and
t1,t2 € J such that 0 < t; < tp, then

1(¥x) (t2) — (Wx) (1) || &
< 36]|GTY2 IS (t2) — S(t1) 2| Gx(0) + £1(0,x(0)) |2 + 36| f(t2, x(t2)) — F(t1, x(t1))[|%
+ 36| rl G lS(tp—s)oG ' —AG'S(ty —s) —S(t1 —s) oG 1+ AG!S(t; —3)]
0

b b m
T(b—s)fl(s,x(s))dwjo jo T(b — s)f2(n, x(n))dw(n) ds
b t

—i—J T(b—s)g(s,x(s))dZH(s)}(s)dstc+25HJ [T(tp —s)o—AT(ty —s)]

0 t1

X —(Lo) (T (b)xo + L

b

x —(Lo) " HGTIS(b)[GX(0) + 1 (0, x(0))] — f1(b, x(b)) + JO G 'AGS(b —s)fy (s, x(s))ds
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b M b
+J J S(b—S)G1fz(n,X(n))dw(n)dS+J S(b— 5)G " g(s, x(5))dZy(s)}(s)ds %
0 Jo 0

ty

+36|| . [S(ty —s) —S(t; —s)]G ! L fz(n,x(n))dw(n)dsH%—:

rto s

+36/ | S(ty—s)G* JO fa(n,x(n))dw(n)ds||%
Jt

rty

+36] | [S(ta—s)—S(t1— s)]G_lg(s,x(s))dZH(s)HZC + 36| Lz Sty — s)G—lg(s,x(s))dZH(s)H%.

0

From the above fact, we see that ||(Wx)(t2) — (Wx)(t1) Hzc tends to zero independently of x € B, as t, — t;.
Since the compactness of S(t) for t > 0 implies the continuity in the uniform operator topology. Thus,
Y(B,) is both equicontinuous and bounded. By the Arzela-Ascoli theorem ¥(B;) is precompact in X.
Hence VY is a completely continuous operator on X. From the Schauder fixed point theorem, ¥ has a fixed
point in B;. Any fixed point of ® is a mild solution of (4.1) on ]. Therefore the system (4.1) is exact null
controllable on J. O

5. Application

Consider the following boundary control stochastic integro-partial differential system with Rosenblatt
process of the form,

x(t?to) =u(t,0), onZ=(0,b)xT, te], (51)

{ Mx(ty) _ Ax(t,y) +cos(x(t,y)) + fg tan—!(x(s,y))dw(s) + e*x(tfy)ﬂ%ﬁ, inQ = (0,b) xTT,
x(t,y) =0, x(0,y) =xo(y), fory €I,

where T is a bounded and open subset of R™ with sufficiently smooth boundary I'. Let xg € Ly(IT), w(t)
is Wiener process, Z is a Rosenblatt process with parameter H (%, 1) and u € [5(X). The functions are
x(t)(y) = x(t,y), f1(t,x(t))(y) = cos(x(t,y)), f2(s,x(s))(y) = tan"1(x(s,y)), and g(t,x(t))(y) = e *tV),
Let X =Y = K = [(TT), U = L[(I') By = I, the identity operator and ox = Ax with domain D(o) = {x €
Lo (TT) : Ax € Lr(TT)}.

The operator 0 is the trace operator such that Ox = x|r is well defined and belongs to H='/2(T") for
each x € D(0).

Define the operator A : D(A) C X — X is given by Ax = Ax with domain D(A) = H}(Q) UH?(Q),
where H*(Q), HP(T") are usual Sobolev space on O, I'. Then A can be written as

Ax = Z n?(x, Xn)Xxn, z € D(A),

n=1

where x,(y) = V2sinny, n =1, 2, 3,..., is the orthogonal set of eigenvectors of A. Furthermore, for
x € X

o nz
T(t)x =) e (x,%n)Xn.

n=1
We define the linear operator B : L[»(I') — L2(Q) by Bu = v, where v,, is the unique solution to the

Dirichlet boundary value problem,
Avy, =0, inQ,

vy=1u, inT.
Choose b and other constants such that all the hypotheses of Theorem 3.5 are satisfied and
25M? 5+ Tr(Q)8; +2Hb*" 185 ] [1 4 IM? (o> + MII|[B*[I(Lo) '1*] < 1,

so system (5.1) is exactly null controllable on J.
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6. Conclusion

Stochastic differential systems with Rosenblatt process and control on the boundary are introduced.
By using fractional calculus and stochastic analysis, the sufficient conditions for null boundary controlla-
bility of nonlinear integrodifferential system with Rosenblatt process and Sobolev type neutral stochastic
integrodifferential system with Rosenblatt process are established. Moreover, we provided an example to
illustrate our results.

For future work, we can present the null controllability of noninstantaneous impulsive fractional
stochastic evolution inclusions.

Acknowledgements

We would like to thank the referees and the editor for their important comments and suggestions,
which have significantly improved the paper.

References

[1] T. Abdeljawad, S. Rashid, Z. Hammouch, 1. Iscan, Y.-M. Chu, Some new Simpson-type inequalities for generalized
p-convex function on fractal sets with applications, Adv. Difference Equ., 2020 (2020), 26 pages. 1
[2] P. Abry, V. Pipiras, Wavelet-based synthesis of the Rosenblatt process, Signal Process, 86 (2006), 2326-2339. 1
3] H. M. Ahmed, Controllability of fractional stochastic delay equations, Lobachevskii J. Math., 30 (2009), 195-202.
[4] H. M. Ahmed, Boundary controllability of nonlinear fractional integrodifferential systems,Adv. Difference Equ., 2010
(2010), 9 pages. 1
[5] H. M. Ahmed, Approximate controllability of impulsive neutral stochastic differential equations with fractional Brownian
motion in a Hilbert space, Adv. Difference Equ., 2014 (2014), 11 pages. 1
1
[6] H. M. Ahmed, Boundary controllability of impulsive nonlinear fractional delay integro-differential system, Cogent Eng.,
3 (2016), 15 pages. 1
[7] J. M. P. Albin, A note on the Rosenblatt distributions, Statist. Probab. Lett., 40 (1998), 83-91. 1
[8] G. Arthi, J. H. Park, H. Y. Jung, Existence and exponential stability for neutral stochastic integrodifferential equations
with impulses driven by a fractional Brownian motion, Commun. Nonlinear Sci. Numer. Simul., 32 (2016), 145-157. 1
[9] A. Babaei, H. Jafari, S. Banihashemi, Correction to: A numerical scheme to solve a class of two-dimensional nonlinear
time-fractional diffusion equations of distributed order, Engineering with Computers, 2021 (2021), 11 pages. 1
[10] K. Balachandran, E. R. Anandhi, Boundary controllability of delay integrodifferential systems in Banach spaces, ]. Korean
Soc. indust. Appl. Math., 4 (2000), 67-75. 1
[11] K. Balachandran, E. R. Anandhi, Boundary controllability of integrodifferential systems in Banach spaces, Proc. Indian
Acad. Sci. Math. Sci., 111 (2001), 127-135. 1
[12] K. Balachandran, P. Balasubramaniam, J. P. Dauer, Local null controllability of nonlinear functional differential systems
in Banach space, J. Optim. Theory Appl., 88 (1996), 61-75. 1
[13] K. Balachandran, J.-H. Kim, Sample controllability of nonlinear stochastic integrodifferential systems, Nonlinear Anal.
Hybrid Syst., 4 (2010), 543-549. 1
[14] V. Barbu, Boundary control problems with convex cost criterion, SIAM J. Control Optim., 18 (1980), 227-243. 1
[15] A.Boudaoui, T. Caraballo, A. Ouahab, Impulsive neutral functional differential equations driven by a fractional Brownian
motion with unbounded delay, Appl. Anal., 95 (2016), 2039-2062. 1
[16] B. Boufoussi, S. Hajji, Neutral stochastic functional differential equations driven by a fractional Brownian motion in a
Hilbert space, Statist. Probab. Lett., 82 (2012), 1549-1558. 1
[17] S.-B. Chen, S. Rashid, Z. Hammouch, M. A. Noor, R. Ashraf, Y.-M. Chu, Integral inequalities via Raina’s fractional
integrals operator with respect to a monotone function, Adv. Difference Equ., 2020 (2020), 20 pages. 1
[18] J. P. Dauer, P. Balasubramaniam, Null controllability of semilinear integrodifferential systems in Banach spaces, Appl.
Math. Lett., 10 (1997), 117-123. 1
[19] J. P. Dauer, N. I. Mahmudov, Exact null controllability of semilinear integrodifferential systems in Hilbert spaces, J. Math.
Anal. Appl., 299 (2004), 322-332. 1, 3.2
[20] M. A. Diop, K. Ezzinbi, M. M. Mbaye, Existence and global attractiveness of a pseudo almost periodic solution in p-th
mean sense for stochastic evolution equation driven by a fractional Brownian motion, Stochastics, 87 (2015), 1061-1093. 1
[21] X. L. Fu, Y. Zhang, Exact null controllability of non-autonomous functional evolution systems with nonlocal conditions,
Acta Math. Sci. Ser. B (Engl. Ed.), 33 (2013), 747-757. 1, 3.1
[22] J. Lagnese, Boundary value control of a class of hyperbolic equations in a general region, SIAM J. Control Optim., 15
(1977), 973-983. 1


https://advancesindifferenceequations.springeropen.com/articles/10.1186/s13662-020-02955-9
https://advancesindifferenceequations.springeropen.com/articles/10.1186/s13662-020-02955-9
https://www.sciencedirect.com/science/article/pii/S0165168405003750
https://doi.org/10.1134/S1995080209030019
https://link.springer.com/content/pdf/10.1155/2010/279493.pdf
https://link.springer.com/content/pdf/10.1155/2010/279493.pdf
https://advancesindifferenceequations.springeropen.com/articles/10.1186/1687-1847-2014-113
https://advancesindifferenceequations.springeropen.com/articles/10.1186/1687-1847-2014-113
https://www.tandfonline.com/doi/pdf/10.1080/23311916.2016.1215766
https://www.tandfonline.com/doi/pdf/10.1080/23311916.2016.1215766
https://www.sciencedirect.com/science/article/pii/S0167715298001096
https://www.sciencedirect.com/science/article/pii/S1007570415002919
https://www.sciencedirect.com/science/article/pii/S1007570415002919
https://doi.org/10.1007/s00366-021-01337-3
https://doi.org/10.1007/s00366-021-01337-3
https://www.koreascience.or.kr/article/JAKO200025051942499.page
https://www.koreascience.or.kr/article/JAKO200025051942499.page
https://link.springer.com/article/10.1007/BF02829544
https://link.springer.com/article/10.1007/BF02829544
https://doi.org/10.1007/BF02192022
https://doi.org/10.1007/BF02192022
https://doi.org/10.1016/j.nahs.2010.02.001
https://doi.org/10.1016/j.nahs.2010.02.001
https://epubs.siam.org/doi/pdf/10.1137/0318016
https://www.tandfonline.com/doi/abs/10.1080/00036811.2015.1086756
https://www.tandfonline.com/doi/abs/10.1080/00036811.2015.1086756
https://doi.org/10.1016/j.spl.2012.04.013
https://doi.org/10.1016/j.spl.2012.04.013
https://www.sciencedirect.com/science/article/pii/S1226319214000489
https://www.sciencedirect.com/science/article/pii/S1226319214000489
https://doi.org/10.1016/S0893-9659(97)00114-6
https://doi.org/10.1016/S0893-9659(97)00114-6
https://doi.org/10.1016/j.jmaa.2004.01.050
https://doi.org/10.1016/j.jmaa.2004.01.050
https://www.tandfonline.com/doi/abs/10.1080/17442508.2015.1026345
https://www.tandfonline.com/doi/abs/10.1080/17442508.2015.1026345
https://doi.org/10.1016/S0252-9602(13)60035-1
https://doi.org/10.1016/S0252-9602(13)60035-1
https://epubs.siam.org/doi/abs/10.1137/0315062
https://epubs.siam.org/doi/abs/10.1137/0315062

M. A. AL-Nahhas, H. M. Ahmed, H. M. El-Owaidy, ]. Math. Computer Sci., 26 (2022), 113-127 127

(23]
[24]
[25]
[26]
(27]
(28]

[29]
(30]

(31]
(32]
(33]
(34]

(35]
(36]

(37]

E. H. Lakhel, M. McKibben, Controllability for time-dependent neutral stochastic functional differential equations with
Rosenblatt process and impulses, Int. J. Control Automa. Syst., 17 (2019), 286-297. 2.1

J.-L. Lions, E. Magenes, Non-homogeneous boundary value problems and applications, Spriner-Verlag, New York, (1972).
1

R. Mabel Lizzy, K. Balachandran, Boundary controllability of nonlinear stochastic fractional system in Hilbert space, Int.
J. Appl. Math. Comput. Sci., 28 (2018), 123-133. 1

A. Manouchehrian, A. HaghBin, H. Jafari, Bivariate Generalized Taylor’s Formula and Its Applications to Solve FPDEs,
Int. J. Appl. Comput. Math., 7 (2021), 11 pages. 1

M. Palanisamy, R. Chinnathambi, Approximate boundary controllability of Sobolev-type stochastic differential systems, J.
Egyptian Math. Soc., 22 (2014), 201-208. 1

A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations, Springer-Verlag, New York,
(1983). 2, 4.1

V. Pipiras, Wavelet-type expansion of the Rosenblatt process, J. Fourier Anal. Appl., 10 (2004), 599-634. 1

S. Rashid, Z. Hammouch, R. Ashraf, Y.-M. Chu, New computation of unified bounds via a more general fractional
operator using generalized Mittag-Leffler function in the kernel, Comput. Model. Eng. Sci., 126 (2021), 359-378. 1

Y. Ren, J. Wang, L. Y. Hu, Multi-valued stochastic differential equations driven by G-Brownian motion and related stochas-
tic control problems, Internat. J. Control, 90 (2017), 1132-1154. 1, 4.2

R. Sakthivel, S. Suganya, S. M. Anthoni, Approximate controllability of fractional stochastic evolution equations, Com-
put. Math. Appl., 63 (2012), 660-668. 1

G. J. Shen, Y. Ren, Neutral stochastic partial differential equations with delay driven by Rosenblatt process in a Hilbert
space, J. Korean Statist Soc., 44 (2015), 123-133. 2

P. Tamilalagan, P. Balasubramaniam, Moment stability via resolvent operators of fractional stochastic differential inclu-
sions driven by fractional Brownian motion, Appl. Math. Comput., 305 (2017), 299-307. 1

C. A. Tudor, Analysis of the Rosenblatt process, ESAIM Probab. Stat., 12 (2008), 230-257. 1

L. W. Wang, Approximate boundary controllability for semilinear delay differential equations, . Appl. Math., 2011 (2011),
10 pages. 1

S.-S. Zhou, S. Rashid, S. Parveen, A. O. Akdemir, Z. Hammouch, New computations for extended weighted functionals
within the Hilfer generalized proportional fractional integral operators, AIMS Math., 6 (2021), 4507-4525. 1


https://link.springer.com/article/10.1007/s12555-016-0363-5
https://link.springer.com/article/10.1007/s12555-016-0363-5
https://books.google.com/books?hl=en&lr=&id=R2T7CAAAQBAJ&oi=fnd&pg=PA1&ots=DSWfoQbwoJ&sig=MJfGF5AExDZjcnWm4zxfDrixdCw
http://yadda.icm.edu.pl/yadda/element/bwmeta1.element.baztech-1874bd9b-06ff-498a-9801-30374ced829b/c/09_mabel_lizzy_balachandran_boundary_controllability_2018_1.pdf
http://yadda.icm.edu.pl/yadda/element/bwmeta1.element.baztech-1874bd9b-06ff-498a-9801-30374ced829b/c/09_mabel_lizzy_balachandran_boundary_controllability_2018_1.pdf
https://link.springer.com/article/10.1007/s40819-020-00929-9
https://link.springer.com/article/10.1007/s40819-020-00929-9
https://www.sciencedirect.com/science/article/pii/S1110256X13000953
https://www.sciencedirect.com/science/article/pii/S1110256X13000953
https://books.google.com/books?hl=en&lr=&id=DQvpBwAAQBAJ&oi=fnd&pg=PA1&dq=Semigroups+of+Linear+Operators+and+Applications+to+Partial+Differential+Equations&ots=jPTXbiMvQ3&sig=JzzjZnpMys86suAj7ulACRdQhCA
https://books.google.com/books?hl=en&lr=&id=DQvpBwAAQBAJ&oi=fnd&pg=PA1&dq=Semigroups+of+Linear+Operators+and+Applications+to+Partial+Differential+Equations&ots=jPTXbiMvQ3&sig=JzzjZnpMys86suAj7ulACRdQhCA
https://link.springer.com/article/10.1007/s00041-004-3004-y
https://www.ingentaconnect.com/content/tsp/cmes/2021/00000126/00000001/art00017
https://www.ingentaconnect.com/content/tsp/cmes/2021/00000126/00000001/art00017
https://www.tandfonline.com/doi/abs/10.1080/00207179.2016.1204560
https://www.tandfonline.com/doi/abs/10.1080/00207179.2016.1204560
https://doi.org/10.1016/j.camwa.2011.11.024
https://doi.org/10.1016/j.camwa.2011.11.024
https://www.sciencedirect.com/science/article/pii/S1226319214000489
https://www.sciencedirect.com/science/article/pii/S1226319214000489
https://www.sciencedirect.com/science/article/pii/S0096300317301170
https://www.sciencedirect.com/science/article/pii/S0096300317301170
https://www.cambridge.org/core/journals/esaim-probability-and-statistics/article/analysis-of-the-rosenblatt-process/63E28254BD3EFDC661D031BB7384805D
https://www.hindawi.com/journals/jam/2011/587890/
https://www.hindawi.com/journals/jam/2011/587890/
https://www.researchgate.net/profile/Saima-Rashid-2/publication/349552364_New_computations_for_extended_weighted_functionals_within_the_Hilfer_generalized_proportional_fractional_integral_operators/links/60360b2b299bf1cc26e7fce9/New-computations-for-extended-weighted-functionals-within-the-Hilfer-generalized-proportional-fractional-integral-operators.pdf
https://www.researchgate.net/profile/Saima-Rashid-2/publication/349552364_New_computations_for_extended_weighted_functionals_within_the_Hilfer_generalized_proportional_fractional_integral_operators/links/60360b2b299bf1cc26e7fce9/New-computations-for-extended-weighted-functionals-within-the-Hilfer-generalized-proportional-fractional-integral-operators.pdf

	Introduction
	Preliminaries
	Nonlinear integrodifferential system 
	Sobolev-type neutral integrodifferential system 
	Application
	Conclusion

