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Abstract

The theory of sequence spaces is the fundamental of summability and applications to various sequences like Fibonacci
sequences were deeply studied. In [A. H. Ganie, In: Matrix Theory-Applications and Theorems, 2018 (2018), 75-86], the author
has analyzed the Fibonacci sequences and studied its various properties. By utilizing this concept, the notion of this paper
is to introduce new scenario of spaces using Fibonacci numbers. By using Kizmaz operator, we shall introduce the difference

sequence spaces ¢/} (UN ), ¢J (UN) and ¢ ((T) by involving Fibonacci sequence and the idea of ideal convergence. We will prove
q P 0“9 g 00\ Vg) by & q & p
certain basic inclusion relations and study these for some topological properties.
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1. Introduction

The theory of sequence spaces is the fundamental of summability. Summability is a wide field of
mathematics, mainly in analysis and functional analysis, and has many applications, for instance, in
numerical analysis to speed up the rate of convergence, in operator theory, the theory of orthogonal series,
and approximation theory. This subsection serves as a motivation of what follows. Let us represent C to
denote the set of complex numbers and IN to represent the set of whole numbers. Then, we symbolize by

y=CN= {p =(pi):p:N—=C,j— pj }, and it represents the set of all real or complex valued sequences

P = (pj )]?’; o- Any linear subspace of V¥ is called as a sequence space. Denote by {., c and cg to be the set
of all bounded sequences, convergent sequences, and the sequences converging to zero, respectively.
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We let the j-section of any sequence p = (p,) be denoted by pll = i piei, where e; has value as 1 in
i=0
i-th place and 0 elsewhere and we represent e tobe e = (1,1,1,---).

A coordinate space (or K-space) is a vector space of numerical sequences, where addition and scalar
multiplication are defined pointwise. That is, a sequence space X with a linear topology is called a K-space
provided each of the maps 7; : X — C defined by 7tj(x) = x; is continuous for all j € N. A BK-space is a K-
space, which is also a Banach space with continuous coordinate functionals fj(x) = xj, withj =1,2,---. A
K-space is called an FK-space provided X is a complete linear metric space. An FK-space whose topology
is normable is called a BK-space. A BK-space X O ¢, the set of all finite sequences that terminate in
zeros, is said to have AK if every sequence p = (pm) € X can be expressed in one and only one way as

o8]
pP= Z Pmeém.
m=0

As in [1, 13, 35-38], let B = (by;) be an infinite matrix of complex numbers bi; and U, V two subsets
of W. We say that the matrix B defines a matrix transformation from U into V if for every sequence
p = (pj) € U the sequence B(s) = (Bj(p)) € V, where Bj(p) = ) ; bjipi converges for each j. We denote
the class of matrix transformations from U into V by (U, V).

The matrix domain of an infinite matrix B in a sequence space A is defined by
Ag ={p=(pj) e¥Y:Bpe A}, (1.1)
which is a sequence space. If B = /A, where A is the backward difference matrix defined by

_ r—k _ < <
A=Ay = (=)™, r—1<k<r,
0, O0<k<r—lork>r,

forall v,k € N, then A is called the difference sequence space defined by the domain of a triangle matrix
B whenever A is a normed linear space or paranormed sequence space as can be seen in [15-18, 21, 22, 29],
and many others.

The notion of difference sequence spaces was introduced by Kizmaz [26] and can be seen in [10, 12]
as follows:

A(L) = {p=(pm) €Y: (Pm —Pm+1) €A},
for A € {{, ¢, co}. In recent years, some researchers have addressed the approach to constructing a new

sequence space by means of the matrix domain of a particular limitation method; see, for instance, [3, 4,
7, 31] and the references therein. In [23], the author has studied the following difference sequence space

<oof,

which is derived by the Fibonacci difference matrix 0= (6Tk) defined as follows:

loo(0) = {p = (pj) € Y:sup Ljpj — ijfl
jen| fj+1 fj

b ifk=r—1,
Ok = (1.2)

dr fo<k<r—1or k>r,

I’:rJrl ’

for all v,k € IN, and as in [2, 6, 14, 27, 44], {§+}32, represents the sequence of Fibonacci numbers defined
by the linear recurrence equalities fop = f; =1 and f; = fr—1 + fr—2, T > 2, with the following fundamental
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properties:

lim P 14 V5 =« (Golden Ratio),

r—=oo 2

fk =fra2—1 (reIN),
];) k= fri2 13

1
Z — converges,

k
Kk
fr_1fre1 —f2 = (=1)""!, r>1 (Cassini’s formula),
which yields f2_; + f+fr—1 — f2 = (—1)" ! by substituting for §, 11 in Cassini’s formula.
Also, let ¥ denotes any of the spaces 1o, ¢, co and 1, (1 < p < oo). Then, as in [11], the Fibonacci
sequence space Y (O) is defined by
Y(O)={p=(px) e¥:(=(C) €Y},
where the sequence ¢ = (i) is the U-transform of the sequence p = (px) and is given by

te =Oilp) = fifrert

k
Y fgupi, VkeN.
i=0
For a more detailed information about Fibonacci sequence spaces, we refer to [5, 20, 25, 40]. By using
the same infinite Fibonacci matrix Uy and the same technique, Basarir et al. [2] have introduced the

Fibonacci difference sequence spaces 00(6;) and c(0) as the sets of all sequences whose Ug4-transforms
are in the spaces cg and c, respectively, that is,

¢o(Ug) = {p = (pn) € ¥: lim Ty, (p) =0},

n—o0

and

c(Ug) := {p = (pn) €W: 3R> lim Ty, (p) = e},

where the sequence S;n(p) is the G;—transform of a sequence p = (pn) € ¥, defined as follows:

fo _ _

~ gkPo = JoPo, n=0,

Ugn(p) - { 1fn fni1 (14)
Froit gkPn — fn gkPn—1, =1

As in [30, 32, 43], by an ideal we mean a family of sets I C P(X) (where P(X) is the power set of X)
such that

(i Vel
(ii) AuUBeIforall A,B € I; and
(iii) for each A € Tand B € A, we have B € I;

[ is called admissible in X if it contains all singletons, that is, if I D {{x} : x € X}.
A filter on X is a nonempty family of sets 7 C P(X) satisfying

(i) 0 ¢35
(ii) A,B € J implies that ANB € J; and

(iii) forany A € Fand B D A, we have B € 7.
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For each ideal I, there is a filter F(I) corresponding to I (a filter associated with ideal I), that is, F(I) =
{K € X: K¢ e I}, where K¢ = X\ K. In 1999, Kostyrko et al. [28] defined the notion of I-convergence, which
depends on the structure of ideals of subsets of IN as a generalization of statistical convergence introduced
by Fast [9] and Steinhaus [39] in 1951. Later on, the notion of I-convergence was further investigated from
the sequence space point of view and linked with the summability theory by Salat et al. [33], Tripathy
and Hazarika [41, 42], Das et al. [8], and many other authors. Salat et al. [34] extended the notion
of summability fields of an infinite matrix of operators A with the help of the notion of I-convergence,
that is, the notion of I-summability and introduced new sequence spaces ci\ and mﬂ\, the I-convergence
field and bounded I-convergence field of an infinite matrix A, respectively. For further details on ideal
convergence, we refer to [1, 19, 24], etc.

Throughout the paper, c(]), ¢J and (’,lo denote the I-null, I-convergent, and I-bounded sequence spaces,
respectively. In this paper, by combining the definitions of Fibonacci difference matrix UNQ and ideal
convergence we introduce the sequence spaces cé(@vg ), cJ (6;) and E({o((fivg ). Further, we study some topo-
logical and algebraic properties of these spaces. Also, we study some inclusion relations concerning these
spaces.

Following [9, 28, 33, 39], we recall some definitions and lemmas, which will be used throughout the

paper.

Definition 1.1. A sequence p = (pn) € ¥ is said to be statistically convergent to a number { € R if, for
every € > 0, the natural density of the set {n € IN : [p, —{| > €} equals zero, and we write st-lim p,, = .
If £ =0, then p = (pn) € V¥ is said to be st-null.

Definition 1.2. A sequence p = (pn,) € V¥ is said to be I-Cauchy if, for every e > 0, there exists a number
N = N(e€) such that the set{(n € N : |p, —pn| = €} € L.

Definition 1.3. A sequence p = (pn) € ¥ is said to be I-convergent to a number { € R if, for every € > 0,
theset{n € N :|pn —{ > €} € I, and we write I-lim p,, = {. If £ = 0, then (p,,) € ¥ is said to be I-null.

Definition 1.4. A sequence p = (pn) € V¥ is said to be I-bounded if there exists K > 0 such that the set
MmeN:|pnl >Klel

Definition 1.5. Let p = (pn) and z = (zn,) be two sequences. We say that p,, = z for almost all n relative
to I (in short, a.an.r]) if the set (n € N : p,, #zn} € L.

Definition 1.6. A sequence space E is said to be solid or normal if (npn) € E for any sequence (pn,) € E
and any sequence of scalars (&) € ¥ with |an| <1 foralln € N.

Lemma 1.7. Every solid space is monotone.

Definition 1.8. Let K={n; e N:n; <n <---} C N, and let E be a sequence space. The K-step space of
E is the sequence space

A = {(pn) €Y : (pn) € E}.
A canonical preimage of a sequence (pn,) € AL is the sequence (1) € ¥ defined as

_Jpn, ifnek,
Hn = 0, otherwise.

A canonical preimage of the step space AL is the set of canonical preimages of all elements in AL, that is,
i is in the canonical preimage of AL iff y is the canonical preimage of some element p € AL.

Definition 1.9. A sequence space E is said to be monotone if it contains the canonical preimages of its
step space (i.e., if for all infinite K C IN and (pn) € E, the sequence (atnpn) with &, =1 for n € K and
an = 0 otherwise belongs to E).
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Definition 1.10. A map h defined on a domain D C X(i.e.,h: D C X — ) is said to satisfy the Lipschitz
condition if [h(p) — h(u)| < K|p — u|, where K is called the Lipschitz constant.

Remark 1.11. As in [33], the convergence field of I-convergence is the set
F(I) = {p = (px) € €y : there exists I —limp € R}.
Definition 1.12. The convergence field JF(I) is a closed linear subspace of {,, with respect to the supremum
norm, F(I) = s Nc).
Lemma 1.13. Asin [34], let K€ F(I)and M CIN. If M ¢ I, then MNK ¢ L

Definition 1.14. The function h: D C X — R defined by h(p) = I-limp for all p € JF(I) is a Lipschitz
function.

2. I-Convergence Fibonacci difference sequence spaces

This portion of the paper deals with introducing the sequence spaces as the sets of sequences whose
Ug-transforms are in the spaces cé, ¢J and (’,c],o, where g = (gi) is fixed non-zero sequence of real num-
bers. We give certain inclusion results and basic topological structures will be studied. Throughout the

manuscript, choose a sequence p = (pn) € ¥ and 6; . (p) having connected by relation (1.4) and I is an
admissible ideal of subset of IN. We define

cg)(@vg):{p:(pn) E‘P:{nEIN:\UNgn(x)\ >e}el}, (2.1)
01(6;) = {p =(pn)eVv¥: {n €eIN: ‘ZSNgn(p) —L‘ > ¢, forsome L € IR} € I}, (2.2)
U Ug) ={p=(pn) e¥:IK>0st {neN: [Ty, (p)| =K} eI} (2.3)

We write s s s
m}(Ug) = ¢} (Ug) Nl (Tyg), (2.4)

and s o -
m (Ug) == ] (Ug) Nl (Uyg). (2.5)

With notation (1.1), the spaces c! (6; ), cJ (Z’JVg ), QO(Z’JVQ ), mJ (UNQ) and m(])(UNg) can be redefined as follows:
0(0g) = ()5, W) =()5,  thiGy) = (k)5

m (Gg) = (M), my(H) = (m)) 5.

Definition 2.1. Let I be an admissible ideal of subsets of IN. A sequence p = (p5) € ¥ is called Fibonacci
[-Cauchy if for each € > 0, there exists a number N = N(e) € IN such that

M eN:[0g,(p) —Tgy(p)l > e} €L

Example 2.2. Define Is = {A C N : A is finite}. Then I is an admissible ideal in N and c!f (Og) = c(Uy).
Example 2.3. Define the nontrivial ideal I4 = {A € IN : d(A) = 0}, where d(A) is the natural density

of a set A. In this case, cId(Ug) = §(U4q), where S(Uy) is the space of Fibonacci difference statistically
convergent sequence defined as

S(Tg):={p=(pn) €¥Y:d({n € N:|Ugq, (p)—L| > €}) =0, for some L € R}. (2.6)
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Theorem 2.4. The sequence spaces ¢/ (Ug), c} (T g4), tl, (Ug), m}(By), and mJ (B4) are linear over R.

Proof. Let x = (xn) and y = (yn) be two arbitrary elements of the space c/ (6;), and let «,  are scalars.
Then, for given € > 0, there exist L;, L, € R such that

{nEN Gg () — Ly > ;}EL

and
{neN\Ug@)Iﬂ>§}eI
Now, let
€
Qllz{TlEN ‘Ogn(X) L1‘<2|(x|} E?(I),
and
€

be such that 2§, 25 € 1. Then
Az ={n € N: ‘a@n(x) + B@;n( ) — (aLy + BLo)| < €}
B N 2.7)
;{{nem:\ugn Ll <5 |} {neN;mgn L2\<26|}}

Thus, the sets on the right-hand side of (2.7) belong to F(I). By the definition of the filter associated
with an ideal the complement of the set on the left-hand side of (2.7) belongs to I. This implies that

(ax+ By) € c (U ). Hence ¢J (U ) is a linear space. The proof of the remaining results is similar. O

Theorem 2.5. The spaces X(@;) are normed spaces with the norm

)|, where X € {mJ,m}}. (2.8)

HXHx([;;) = sup‘Ugn(X
n

Proof. The proof of the result is easy by existing techniques and hence is omitted. O
Theorem 2.6. Let I C 2N be a nontrivial ideal. Then the inclusion C(U )yc (U ) is strict.

Proof. We know that ¢ C ¢J and, for any X and Y spaces, X C Y implies X(U ) CY(O ) (see [25]- Lemma
2.1). Hence it is easy to see that C(H) C C](U ). O

The following example shows the strictness of the inclusion.

Example 2.7. Define the sequence p = (pn) € ¥ such that

—~ n, if nis a square,
Gonlo) =4 V™ =
0, otherwise.

Then p € cl4(Uy), but p & c(Ty).

Example 2.8. Define theideal [ such that2 € I <= 2 eventually contains only even natural numbers.
Then I is a nontrivial ideal in IN. When

ng(p) = (11 1/ 1/0/ 1/ 1/ 1/ 0/ 0/ 1/ 0/ 1/0/ e )/
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by taking g =1, then we have
A ={neN: ZSNgn(p) #0} =1{1,2,3,5,6,7,10,12,14,16,18,- - -},

and (pn) € CO(U ). Hence A € T and Ug (p) € ¢J. Now let us look at the statistical convergence of the

sequence:
1 1
n

.1 .
i 1 Rel = lim 2‘_2’

where B is a finite number, and || is the cardinality of .. Hence UNgn(p) ¢ S.

Theorem 2.9. A sequence p = (pn) € Y Fibonacci I-converges if and only if for every € > 0, there exists
N = N(e) € N such that

[neN:|Uq,(p) —Tgn(p)| <€} € F(I (2.9)

Proof. Suppose that a sequence p = (pn) € ¥ is Fibonacci I-convergent to some number L € R. Then, for
given € > 0, the set

%ez{neN:‘Zfi\;n L} }63"()

Fix an integer N = N(e) € B.. Then we have

[Bgn(p) = Tgn(P)] < [Bgn(0) —L| +[L=Tgn(p)] < 5 +5 = ¢,

for all n € B.. Hence (2.9) holds.
Conversely, suppose that (2.9) holds for all € > 0. Then

€e={neN: Uwgn(p) € [Ug,,(p) —€,Ug, (p)+€|} € F(I), Ve>O0.

Let Je = [ijvgn(p) — e,@vgn(p) + €]. Fixing € > 0, we have ¢, € F(I) and Ce € F(I). Hence €. N Ce € F(I).
This implies that
J=JeNJg # 0,
that is,
{neN:Ug4,(p) €3} € F(1

and thus 1
diam(J) < 5 diam(Je),

where diam(J) denotes the length of an interval J. Proceeding in this way, by induction we get a sequence
of closed intervals
Je=lo2h2-- 22,

such that

diam(I,) < %dlam( In1), forn=23,---,

and
{(neN: U, (p) € In} € F(1).

Then there exists a number L € [, ¢ In, and it is a routine work to verify that £ = I-lim Z%n(p), showing
that p = (pn) € ¥ Fibonacci I-converges. O

Theorem 2.10. The inclusions c(])(U ) C C](U ) C t,(Ug) are strict.
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Proof. The inclusion cé(UNg) C cJ(U ) is obvious. Now, to show its strictness, consider the sequence
p = (pn) e‘i’suchthati) Alp) =1L IteasytoseethatU .lp) € chutU A (p ) ¢ cg,thatis, p €

c]( )\CO( g)- Now, let p = (pn) € C](U ). Then there exists L € R such that I- hrnIUgn( x) — £| =0, that
is,
{neN: \Ugn(p) —£|>e}el

We have -
‘Ugn | _‘Ugn 2—’_2’ }Ugn(p)_£}+|£|‘

From this, it easily follows that the sequence (p,,) must belong to €/, (U ). Further, we show the strictness
of the inclusion ¢’ (U ) c el (U ) by constructing the following example.

Example 2.11. For g =1, define the sequence p = (pn) € ¥ such that

v/n, if nis a square,
Ug,(p) =141, if n is odd nonsquare,
0, if n is even nonsquare.
Then Z%n(p) c ), but 6; (p) ¢ ¢J, which implies that p € e ( g) \CI( Ug).

Thus the inclusion C(])(U ) € J(Uy) C U, (Ty) is strict. O

Remark 2.12. A Fibonacci bounded sequence is obviously Fibonacci I-bounded as the empty set belongs
to the ideal I. However, the converse is not true. For example, consider the sequence

5 (0) = n, if nisasquare,
It 10, otherwise.

Clearly, ﬁgn(p) is not a bounded sequence. However, {n € IN : |U~gn(p)| > 1} € L. Hence p = (pn) is
Fibonacci I-bounded.

Theorem 2.13. The spaces m/ (UNQ) and m(])(UNg) are Banach spaces normed by (2.8).
Proof. Let ( pn ) be a Cauchy sequence in m/ (Og) C I (U ). Then (pn)) converges in (%OO(UNQ), and
lim;_, o lfl%I (p) = Ugn( ). Let I-lim Ug ( ) = £ for i € IN. Then we have to show that

(i) (£4) is convergent say to £;

(i) -lim Uy, (p) = £.

())

(i) Since (pr.’) is a Cauchy sequence, for each e > 0, there exists ng € IN such that

—~ (1) —~ (j) € ..
|Bgy, (p)—Ug, ()] < 3 hiZ=me (2.10)
Now let ¢; and €; be the following sets in I
—~ (1) €
¢ = {n eN: [Ty, (p)—&i| > 3}, (2.11)

and
() €
¢ = {neIN Gg, (p)—;:]-y>3}. (2.12)
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Consider 1,j > ng and n ¢ &; N &;. Then we have by (2.10), (2.11) and (2.12)

20— 851 < [Ggn (0) = £4] +[Ban () — | + A () = Ty, (p)] < .

Thus (£4) is a Cauchy sequence in R and thus converges, say to £, that is, lim £; = £.
1— 00
(ii) Let > 0 be given. Then we can find my such that

b
1€ — L] < 3 for each 1 > my. (2.13)
We have (p (1 )) — pn as 1 — oo. Thus

‘@:)(p)—lfivgn(p)‘ < = for each i > my. (2.14)

W on

Since (6;: )) is [-converges to £;, there exists © € I such that, for each n ¢ ©, we have
—~ () 0
Ug, () — L] < 3 (2.15)

Assume without loss of generality that j > myg. Then, for all n ¢ ©, we have by (2.13), (2.14), and (2.15)
that

— — ~(j — (§)
Gg,(0) = €| < [Tg,, (p) = HY (p)| + [Tgyr (p) — &5] + 15 — £l < &.

Hence (pn) is Fibonacci I-convergent to £. Thus mJ (6\;) is a Banach space. The other cases can be
similarly established. O

The following results are consequences of Theorem 2.13.
Theorem 2.14. The spaces m/ (UNQ) and m(])(UNg) are K-spaces.
Theorem 2.15. The set mJ (6;) is a closed subspace of {s UNQ).

As the inclusions m/ (6;) C ﬂoo(ﬁvg) and mO(U ) C L (UN) are strict, in view of Theorem 2.15, we
have the following result.

Theorem 2.16. The spaces m/ (UN) and m(])(ﬁz,) are nowhere dense subsets of €oo(15~g ).
Theorem 2.17. The spaces cg,(G ) and mO(Ug) are solid and monotone.

Proof. We will prove the result for co( )' for m(])(UNg), the result can be established similarly.
Letp=(pn) € C(I](U ). For € > 0, the set

(neN:|Uq, (p)] =€} el (2.16)
Let o« = (ot ) be a sequence of scalars with |x| < 1 for all n € IN. Then

Gg,, (ap)| = |y, (p)] < |ad|Tg,, (p)| < |[Tg,, (p)

, VneNN.
From this inequality and from (2.16) we have that
{neN: \Z%n(ap)] >e} C{neN: \S;n(p)\ >e} el
implies N
{nelN:‘Ugn xp ’ >e}€I.

Therefore (xpn) € cé(U ). Hence the space cé(U ) is solid, and hence by Lemma 1.7 the space cé(g) is
monotone. 0
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Theorem 2.18. The spaces c(])(UNg) and ¢/ (UNQ) are sequence algebras.
Proof. Let p = (pn), y=(yn) € CO(U ). Then

I- lim |Og, ()] =0 and I lim [Tg, ()] =0. (2.17)

n—oo n—oo

Therefore, from (2.17) we have I-lim IHan (p- w)| = 0. This implies that {n € IN : Hy (p- )I €} € L. Thus,

(p-u) € c(])(U ). Hence c(])(ljg) is sequence algebra. Similarly, we can prove that ¢/ (69) is a sequence
algebra. O

Theorem 2.19. The function h: m/ (U — R defined by H(x) = |I — limUNgn(p)l, where

m(Bg) = Lo (Dg) Nl (Bg),
is a Lipschitz function and hence uniformly continuous.

Proof. To prove the result, we first prove that the function is well defined. For this, let p,o € mJ (6;) be
such that . .
p=0 = [limUgy (p)=I-limUTy (o)

=  |FlimUg, (p)] = |I-limTg, (6)] = $H(p) = H(0).
Thus $ is well defined. Now let p = (pn), 0 = (on) em]( ),p # 0. Then
Ao = {n € N: |Ug, (p)—H(p)| = lp—o0l} €1,

and -
As = {Tl €IN: }6911(0-) _ﬁ(g)} P |p_0_‘*} el

where |p — o], = sup,, IZE;n(p) —UNgn(U)l. Thus
B, ={neN:|0q,(p)—Hp)| <lp—ol.} € F(D)

and N
By ={neN:|Ug, (0)—H(0)| <lp—ol} € F(I)

Hence B =B, N B, € F(I), so that B is a nonempty set. Therefore, choosing n € B, we have

‘ﬁ(p)_Ugn ‘—i_‘Ugn Ugn )‘—i_‘ﬁ;n(d)_ﬁ(g)‘
3|p_0-|*

[9(p) —$H(0)| <
<

Thus, § is a Lipschitz function and hence uniformly continuous.
O

Theorem 2.20. If p = (pn), 0 = (on) € m](U ) with Ug (p-o0) = Z/SVgn(p) . (fivgn(cr), then (p- o) € m](@)
and H(p- o) = H(p) - H(0), where $ : mJ(U ) = R is defined by Hp) = |I-limlf5vgn(p)|.

Proof. For € >0,
B, ={neN:|Uq,(p)—9Hp)| <e} € F), (2.18)

and

B, ={neN:|Ug,(0)—H(0)| < e} € F(I), (2.19)

In
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where € = [p — ol = sup IUNgn(p) —UNgn(G)I. Now, we have
n

[Gg,.(p-0) = H(p)H(0)] = |Tg,,(p)TVqg,.(0) — Ug,, (p)H(0) + Vg, (p)H(0) — H(p)$H(0)]

i s il (2.20)
< |Tg, (0)]|Tgy(0) — H(0)] + [5(0)||Tg,, (0) — H(p)]-

As mJ(Z’S\;) C (300(6\;), there exists M € R such that Il/SVQn(p)I < M. Therefore, from (2.18), (2.19) and (2.20)
we have N N N
|Bg,,(p0) —H(p)H(0)| = [Ug,,(p) - Vg, (0) —H(p)$H(0)|
< Me + |,§§(O‘)‘€ =e€; (say)

foralln € B, N B, € F(I). Hence (p- 0) € m](Ug) and H(p- o) =H(p) - H(0o). O]
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