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Abstract
In this article, we have constructed the sequence space (Ξ(p, r, t))υ by the domain of Cesàro matrix defined by weighted

means in Nakano sequence space `(tl), where t=(tl) and r=(rl) are sequences of positive reals, and υ(f)=
∞∑
l=0

(
pl

∣∣∣∣∣
l∑
z=0

rzfz

∣∣∣∣∣
)tl

,

with f = (fz) ∈ Ξ(p, r, t). Some geometric and topological actions of (Ξ(p, r, t))υ, the multiplication maps stand-in on (Ξ(p, r, t))υ,
and the eigenvalues distribution of operator ideal formed by (Ξ(p, r, t))υ and s-numbers are discussed. We offer the existence
of a fixed point of Kannan contraction operator improvised on these spaces. It is curious that various numerical experiments
are introduced to present our results. Moreover, a few gilded applications to the existence of solutions of non-linear difference
equations are examined.
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1. Introduction

The theory of variable exponent function spaces contemplatively depend on the boundedness of the
Hardy-Littlewood maximal operator. Which investigates its approach in differential equations, optimiza-
tion, and approximation. The next conventions throughout the article will be used, if species are pre-
owned we will give them.

Conventions 1.1.

N = {0, 1, 2, . . .}.
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C : The space of all complex numbers.
[a] : The integral part of real number a.
R : The set of real numbers.

CN : The space of all sequences of complex numbers.
R+N

: The space of all sequences of positive reals.
`∞ : The space of bounded sequences of complex numbers.
`r : The space of r-absolutely summable sequences of complex numbers.
c0 : The space of null sequences of complex numbers.
el = (0, 0, . . . , 1, 0, 0, . . .), as 1 lies at the lth coordinate, for all l ∈ N.
F : The space of each sequences with finite non-zero coordinates.
I : The space of all sets with finite number of elements.

=↗ : The space of all monotonic increasing sequences of positive reals.
=↘ : The space of all monotonic decreasing sequences of positive reals.

B : The ideal of all bounded linear mappings between any arbitrary Banach spaces.
F : The ideal of finite rank mappings between any arbitrary Banach spaces.
A : The ideal of approximable mappings between any arbitrary Banach spaces.
K : The ideal of compact mappings between any arbitrary Banach spaces.

B(P,Q) : The space of all bounded linear mappings from a Banach space P into a Banach space Q.
B(P) : The space of all bounded linear mappings from a Banach space P into itself.

F(P,Q) : The space of finite rank mappings from a Banach space P into a Banach space Q.
F(P) : The space of finite rank mappings from a Banach space P into itself.

A(P,Q) : The space of approximable mappings from a Banach space P into a Banach space Q.
A(P) : The space of approximable mappings from a Banach space P into itself.

K(P,Q) : The space of compact mappings from a Banach space P into a Banach space Q.
K(P) : The space of compact mappings from a Banach space P into itself.

Definition 1.2 ([35]). A map s : B(P,Q)→ [0,∞)N is named an s-number, if the sequence (sx(H))
∞
x=0, for

all H ∈ B(P,Q), verifies the next conditions:

(a) ‖H‖ = s0(H) > s1(H) > s2(H) > · · · > 0, with H ∈ B(P,Q);
(b) sx+y−1(H1 +H2) 6 sx(H1) + sy(H2), with H1,H2 ∈ B(P,Q) and x, y ∈ N;
(c) sx(ZYH) 6 ‖Z‖sx(Y) ‖H‖, for every H ∈ B(P0;P), Y ∈ B(P,Q) and Z ∈ B(Q,Q0), where P0 and Q0 are

any two Banach spaces;
(d) suppose G ∈ B(P,Q) and γ ∈ C, hence sx(γG) = |γ|sx(G);
(e) assume rank(H) 6 x, then sx(H) = 0, for all H ∈ B(P,Q),
(f) sy>x(Ix) = 0 or sy<x(Ix) = 1, where Ix marks the identity map on the x-dimensional Hilbert space
`x2 .

We investigate a few examples of s-numbers as follows.

(1) The x-th Kolmogorov number, dx(H), where dx(H) = infdim J6x sup ‖λ‖61 infβ∈J ‖Hλ−β‖.
(2) The x-th approximation number, αx(H), where αx(H) = inf { ‖H−Z‖ : Z ∈ B(P,Q) and rank(Z) 6 x}.

Notations 1.3 ([13]).

BsE :=
{

BsE(P,Q); Pand Q are Banach Spaces
}

, where BsE(P,Q) :=
{
H ∈ B(P,Q) : ((sx(H))∞x=0 ∈ E

}
.

BαE :=
{

BαE(P,Q); Pand Q are Banach Spaces
}

, where BαE(P,Q) :=
{
H ∈ B(P,Q) : ((αx(H))∞x=0 ∈ E

}
.

BdE :=
{

BdE(P,Q) Pand Q are Banach Spaces
}

, where BdE(P,Q) :=
{
H ∈ B(P,Q) : ((dx(H))∞x=0 ∈ E

}
.
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Pietsch [31] defined and discussed the concept of s-numbers of linear bounded operators between Banach
spaces. In [32, 34], he introduced and investigated a few geometric and topological behavior of the quasi
ideals Bα`b . Makarov and Faried [23], proved for any infinite dimensional Banach spaces P, Q, the strictly
inclusion relation of Bα`b(P,Q) with different powers. Yaying et al. [45], defined the sequence space, χtr,
whose its r-Cesàro matrix in `t, with r ∈ (0, 1] and 1 6 t 6 ∞. They offered the quasi Banach ideal of
type χtr, with r ∈ (0, 1] and 1 < t < ∞. They examined its Schauder basis, α−, β− and γ− duals, and
bent upon conclusive matrix classes connected with this sequence space. The compact maps discussed
by many authors for distinct sequence spaces for completeness, see [9–12, 20, 26, 29]. Komal et al. [22],
investigated the multiplication operators acting on Cesàro sequence spaces under the Luxemburg norm.
The multiplication operators acting on Cesàro second order function spaces examined by İlkhan et al.
[17]. The non-absolute type sequence spaces are a generalization of the equivalent absolute type. For that
there exists a great interest to examine these sequence spaces. Newly, many authors in the literature have
discussed a few non-absolute type sequence spaces and presented new interesting articles, for example,
see Mursaleen and Noman [27, 28], and Mursaleen and Başar [25]. Many authors have introduced and
studied different sequence spaces to fill in gaps in the literature, such as Tripathy [39, 40], Altin et al. [3],
Tripathy et al. [41, 42], Khan et al. [21], Hazarika and Esi [15], Raj et al. [36] and Yaying et al. [43, 44].
In view of Banach fixed point theorem [8], Kannan [19] offered an example of a class of operators with
the same fixed point actions as contractions though that fails to be continuous. Ghoncheh [14] was the
only one who examined Kannan maps in modular vector spaces. He showed that the existence of a fixed
point of Kannan operator in complete modular spaces that have Fatou property. Bakery and Mohamed
[5] introduced the theory of the pre-quasi norm on Nakano sequence space so that its variable exponent
in (0, 1]. They examined the sufficient conditions on it under the known pre-quasi norm to construct pre-
quasi Banach and closed space, and offered the Fatou property of distinct pre-quasi norms on it. More,
they showed the existence of a fixed point of Kannan pre-quasi norm contraction operators on it and
on the pre-quasi Banach operator ideal generated by the sequence of s-numbers which belongs to this
sequence space.

Lemma 1.4 ([2]). If ta > 0 and λa,βa ∈ C, for all a ∈ N, and  h = max{1, supa ta}, hence

|λa +βa|
ta 6 2 h−1 (|λa|ta + |βa|

ta
)

. (1.1)

The goal of this paper is organized as follows. In Section 3.1, we give the definition and some inclusion
relations of the sequence space (Ξ(p, r, t))υ equipped with the function υ. In Section 3.2, we explain the
sufficient conditions on Ξ(p, r, t) with known function υ to construct pre-modular private sequence space
(pss). This explains that (Ξ(p, r, t))υ is a pre-quasi normed pss. In Section 3.3, we act a multiplication
operator on (Ξ(p, r, t))υ, and investigate the necessity and enough setup on this sequence space so that
the multiplication operator is bounded, approximable, invertible, Fredholm and closed range. In Section 4,
first, we discuss the enough conditions (not necessary) on (Ξ(p, r, t))υ, so that F = Bs(Ξ(p,r,t))υ

. This gives
a negative answer of Rhoades [37] open problem about the linearity of s-type (Ξ(p, r, t))υ spaces. Second,
we introduce the setup on (Ξ(p, r, t))υ such that the elements of pre-quasi ideal BsΞ(p,r,t) are complete and
closed. Third, we offer the enough conditions on (Ξ(p, r, t))υ so that Bα(Ξ(p,r,t))υ

is strictly contained for
distinct weights and powers. We establish the setup for which the pre-quasi ideal Bα(Ξ(p,r,t))υ

is minimum.
Fourth, we introduce the conditions for which the Banach pre-quasi ideal Bs(Ξ(p,r,t))υ

is simple. Fifth, we
give the enough conditions on (Ξ(p, r, t))υ so that the class B which sequence of eigenvalues in (Ξ(p, r, t))υ
equals Bs(Ξ(p,r,t))υ

. In Section 5, the existence of a fixed point of Kannan pre-quasi norm contraction
operator on this sequence space and on its pre-quasi operator ideal constructed by (Ξ(p, r, t))υ and s-
numbers are confirmed. Finally, in Section 6, we light our results by a few examples and applications
to the existence of solutions of non-linear difference equations. Finally, we introduce our conclusion in
Section 7.
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2. Definitions and preliminaries

Lemma 2.1 ([34]). If M ∈ B(P,Q) and M /∈ A(P,Q), then there are operators Q ∈ B(P) and L ∈ B(Q) so that
LMQex = ex, for all x ∈ N.

Definition 2.2 ([34]). A Banach space E is named simple if the algebra B(E) includes one and only one
non-trivial closed ideal.

Theorem 2.3 ([34]). Suppose E is a Banach space with dim(E) =∞, then

F(E) & A(E) & K(E) & B(E).

Definition 2.4 ([24]). An operator U ∈ B(E) is named Fredholm if dim(Range(U))c < ∞, dim(ker(U)) <∞ and Range(U) is closed, where (Range(U))c marks the complement of Range(U).

Definition 2.5 ([18]). A class W ⊆ B is named an operator ideal if every vector W(P,Q) = W ∩B(P,Q)
confirms the next setup.

(i) IΩ ∈W, if Ω marks Banach space of one dimension.
(ii) W(P,Q) is a linear space on C.

(iii) If Q ∈ B(P0,P), L ∈ W(P,Q) and M ∈ B(Q,Q0), then MLQ ∈ W(P0,Q0), where P0 and Q0 are
normed spaces.

Definition 2.6 ([13]). A function Ψ : W→ [0,∞) is named a pre-quasi norm on the operator ideal W, if it
confirms the next setup:

(1) for all H ∈W(P,Q), Ψ(H) > 0 and Ψ(H) = 0⇐⇒ H = 0;
(2) we have E0 > 1 so that Ψ(κH) 6 E0|κ|Ψ(H), with H ∈W(P,Q) and κ ∈ C;
(3) we have G0 > 1 so that Ψ(H1 +H2) 6 G0[Ψ(H1) +Ψ(H2)], for every H1,H2 ∈W(P,Q);
(4) we have D0 > 1 so that if Q ∈ B(P0,P), L ∈ W(P,Q) and M ∈ B(Q,Q0) hence Ψ(MLQ) 6

D0 ‖M‖Ψ(L) ‖Q‖.

Theorem 2.7 ([13]). Each quasi norm on the ideal W is a pre-quasi norm on the ideal W.

Definition 2.8 ([6]). The linear space of sequences E is named a private sequence space (pss), if it satisfies
the following conditions:

(1) ex ∈ E, with x ∈ N;
(2) E is solid, i.e., for h = (hx) ∈ CN, |j| = (|jx|) ∈ E and |hx| 6 |jx|, with x ∈ N, then |h| ∈ E;

(3)
(∣∣∣j[ x2 ]∣∣∣)∞x=0

∈ E, if (|jx|)
∞
x=0 ∈ E.

Theorem 2.9 ([6]). Assume the linear sequence space E is a pss, then BsE is an operator ideal.

Definition 2.10 ([6]). A subspace of the pss is named a pre-modular pss, if there is a function υ : E→ [0,∞)
that satisfies the following conditions:

(i) for every j ∈ E, j = θ⇐⇒ υ(|j|) = 0, and υ(j) > 0, with θ is the zero vector of E;
(ii) if j ∈ E and ρ ∈ C, then there are E0 > 1 with υ(ρj) 6 |ρ|E0υ(j);

(iii) υ(h+ j) 6 G0(υ(h) + υ(j)) includes for some G0 > 1, with f,g ∈ E;
(iv) assume x ∈ N, |hx| 6 |jx|, we have υ((|hx|)) 6 υ((|jx|));
(v) the inequality, υ((|jx|)) 6 υ((|j[ x2 ]|)) 6 D0υ((|jx|)) verifies, for D0 > 1;

(vi) F = Eυ;
(vii) we have η > 0 such that υ(ρ, 0, 0, 0, . . .) > η|ρ|υ(1, 0, 0, 0, . . .), with ρ ∈ C.
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Definition 2.11 ([6]). The pss Eυ is named a pre-quasi normed pss, if υ confirms the setup (i)-(iii) of
Definition 2.10. If E is complete equipped with υ, then Eυ is named a pre-quasi Banach pss.

Theorem 2.12 ([6]). Each pre-modular pss Eυ is a pre-quasi normed pss.

Theorem 2.13 ([6]). The function Ψ is a pre-quasi norm on Bs(E)υ
, where Ψ(Y) = υ(sb(Y))

∞
b=0, for every Y ∈

Bs(E)υ
(P,Q), if (E)υ is a pre-modular pss.

Definition 2.14 ([5]). A pre-quasi norm υ on E confirms the Fatou property, if for every sequence {ta} ⊆ Eυ
with lima→∞ υ(ta − t) = 0 and each z ∈ Eυ, then υ(z− t) 6 supj infa>j υ(z− ta).

Definition 2.15 ([5]). A pre-quasi norm Ψ on the ideal BsE, where Ψ(W) = υ
(
(sa(W))∞a=0

)
, confirms

the Fatou property if for every sequence {Wa}a∈N ⊆ BsE(Z,M) with lima→∞ Ψ(Wa −W) = 0 and each
V ∈ BsE(Z,M), then Ψ(V −W) 6 supa infi>a Ψ(V −Wi).

Definition 2.16 ([5]). An operator W : Eυ → Eυ is named a Kannan υ-contraction, if there is λ ∈ [0, 1
2),

such that υ(Wz−Wt) 6 λ(υ(Wz− z) + υ(Wt− t)), for every z, t ∈ Eυ.

A vector z ∈ Eυ is named a fixed point of W, if W(z) = z.

Definition 2.17 ([5]). An operator W : BsE(Z,M)→ BsE(Z,M) is called a Kannan Ψ-contraction, if there is
λ ∈ [0, 1

2), so that Ψ(WV −WT) 6 λ(Ψ(WV − V) +Ψ(WT − T)), for each V , T ∈ BsE(Z,M).

Definition 2.18 ([5]). Assume Eυ is a pre-quasi normed (sss), W : Eυ → Eυ and b ∈ Eυ. The operator W
is named υ-sequentially continuous at b, if and only if, if lima→∞ υ(ta − b) = 0, then lima→∞ υ(Wta −
Wb) = 0.

Definition 2.19 ([5]). For the pre-quasi norm Ψ on the ideal BsE, where Ψ(W) = υ
(
(sa(W))∞a=0

)
, G :

BsE(Z,M) → BsE(Z,M) and B ∈ BsE(Z,M). The operator G is named Ψ-sequentially continuous at B, if
and only if, if limp→∞ Ψ(Wp −B) = 0, then limp→∞ Ψ(GWp −GB) = 0.

Definition 2.20 ([6]). Suppose ω = (ωk) ∈ CN and Eυ is a pre-quasi normed pss. The operator Hω : Eυ →
Eυ is named a multiplication operator on Eυ, if Hωf =

(
ωbfb

)
∈ Eυ, with f ∈ Eυ. The multiplication

operator is named created by ω, if Hω ∈ B(Eυ).

Theorem 2.21 ([4]). Suppose s-type Eυ :=
{
h = (sx(H)) ∈ RN : H ∈ B(P,Q) and υ(h) < ∞}. If BsEυ is an

operator ideal, then the following conditions are verified.

1. F ⊂ s-type Eυ.
2. Suppose (sx(H1))

∞
x=0 ∈ s-type Eυ and (sx(H2))

∞
x=0 ∈ s-type Eυ, then (sx(H1 +H2))

∞
x=0 ∈ s-type Eυ.

3. Assume λ ∈ C and (sx(H))
∞
x=0 ∈ s-type Eυ, then |λ| (sx(H))

∞
x=0 ∈ s-type Eυ.

4. The sequence space Eυ is solid, i.e., if (sx(J))
∞
x=0 ∈ s-type Eυ and sx(H) 6 sx(J), for all x ∈ N and

H, J ∈ B(P,Q), then (sx(H))
∞
x=0 ∈ s-type Eυ.

3. Main results

3.1. The sequence space (Ξ(p, r, t))υ

In this section, we introduce the definition the sequence space (Ξ(p, r, t))υ equipped with the function
υ, and some inclusion relations of it.
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Definition 3.1. If (pl), (rl), (tl) ∈ R+N, the sequence space (Ξ(p, r, t))υ with the function υ is defined by:

(Ξ(p, r, t))υ =
{
f = (fk) ∈ CN : υ(ρf) <∞, for some ρ > 0

}
,

where υ(f) =
∞∑
l=0

(
pl

∣∣∣∣∣
l∑
z=0

rzfz

∣∣∣∣∣
)tl

.

Theorem 3.2. If (tl) ∈ R+N ∩ `∞, then

(Ξ(p, r, t))υ =
{
f = (fk) ∈ CN : υ(ρf) <∞, for any ρ > 0

}
.

Proof. Assume (tl) ∈ R+N ∩ `∞, we have

(Ξ(∆, r))υ =
{
f = (fk) ∈ CN : υ(ρf) <∞, for some ρ > 0

}
=
{
f = (fk) ∈ CN :

∞∑
l=0

(
pl

∣∣∣∣∣
l∑
z=0

ρrzfz

∣∣∣∣∣
)tl

<∞, for some ρ > 0
}

=
{
f = (fk) ∈ CN : inf

l
ρtl

∞∑
l=0

(
pl

∣∣∣∣∣
l∑
z=0

rzfz

∣∣∣∣∣
)tl

<∞, for some ρ > 0
}

=
{
f = (fk) ∈ CN :

∞∑
l=0

(
pl

∣∣∣∣∣
l∑
z=0

rzfz

∣∣∣∣∣
)tl

<∞}
=
{
f = (fk) ∈ CN : υ(ρf) <∞, for any ρ > 0

}
.

Remark 3.3.

(1) If tz = t, rz = rz1r
l−z
2 , pz = 1∑z

a=0 r
a
1 r
l−a
2

, for all z ∈ N, r1, r2 ∈ (0,∞) and t > 1, the sequence space

Ξ(p, r, t) = cestr1,r2
studied by Bakery and Mohamed [6].

(2) Suppose tz = t, rz = rz, pz = 1∑z
a=0 r

a , for every z ∈ N, 0 < r 6 1 and t > 1, the sequence space
Ξ(p, r, t) = χtr studied by Yaying et al. [45].

(3) Assume tz = t, rz = 1, pz = 1
z+1 , for every z ∈ N and t > 1, then Ξ(p, r, t) = cest, defined and

examined by Ng and Lee [30].

Theorem 3.4. If (tl) ∈ [1,∞)N ∩ `∞, then (Ξ(p, r, t))υ is a non-absolute type.

Proof. By choosing f =
(

1,−1, 0, 0, 0, . . .
)

, then |f| =
(

1, 1, 0, 0, 0, . . .
)

. We have

υ(f) = (p0r0)
t0 + (p1 |r0 − r1|)

t1 + (p2 |r0 − r1|)
t2 + · · ·

6= (p0r0)
t0 + (p1 |r0 + r1|)

t1 + (p2 |r0 + r1|)
t2 + · · · = υ(|f|).

Then, the sequence space (Ξ(p, r, t))υ is non-absolute type.

Recall that, we name the sequence space (Ξ(p, r, t))υ as generalized Cesàro sequence space defined
by weighted means of non-absolute type since it is constructed by the domain of Cesàro matrix defined
by weighted means in `((tl)), where the Cesàro matrix defined by weighted means, Λ(r) = (λlz(r)), is
defined as:

λlz(r) =

{
plrz, 0 6 z 6 l,
0, z > l.
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Definition 3.5 ([7]). Assume (pl), (rl), (tl) ∈ R+N and tl > 1, for every l ∈ N. The generalized Cesàro
sequence space defined by weighted means (ces(p, r, t))ϕ is defined as:

(ces(p, r, t))ϕ =
{
f = (fk) ∈ CN : ϕ(ρf) <∞, for some ρ > 0

}
,

where ϕ(f) =
∞∑
l=0

(
pl

l∑
z=0

rz |fz|

)tl
.

Theorem 3.6. Suppose (tl) ∈ R+N ∩ `∞ with (pl) ∈ `((tl)) and (pl
∑l
z=0 rz) /∈ `(tl), hence (ces(p, r, t))ϕ $

(Ξ(p, r, t))υ.

Proof. Let f ∈ (ces(p, r, t))ϕ, since

∞∑
l=0

(
pl

∣∣∣∣∣
l∑
z=0

rzfz

∣∣∣∣∣
)tl

6
∞∑
l=0

(
pl

l∑
z=0

rz |fz|

)tl
<∞.

Hence, f ∈ (Ξ(p, r, t))υ . If we choose g = (
(−1)z
rz

)z∈N, one gets g ∈ (Ξ(p, r, t))υ and g /∈ (ces(p, r, t))ϕ.

3.2. Pre-modular private sequence space

We explain in this section the enough setup on Ξ(p, r, t) with definite function υ to construct pre-
modular pss. Which investigates that Ξ(p, r, t) is a pre-quasi normed pss.

Theorem 3.7. Ξ(p, r, t) is a pss, if the next setup are confirmed.

(f1) (tl) ∈ =↗ ∩ `∞ with t0 > 0.

(f2) (pz)
∞
z=0 ∈ R+N ∩ `((tl)).

(f3) (rz)
∞
z=0 ∈ =↘ or, (rz)∞z=0 ∈ =↗ ∩ `∞ and there exists C > 1 such that r2z+1 6 Crz.

Proof.

(1-i) Assume f,g ∈ Ξ(p, r, t). One obtains

∞∑
l=0

(
pl

∣∣∣∣∣
l∑
z=0

rzfz + rzgz

∣∣∣∣∣
)tl

6 2 h−1

 ∞∑
l=0

(
pl

∣∣∣∣∣
l∑
z=0

rzfz

∣∣∣∣∣
)tl

+

∞∑
l=0

(
pl

∣∣∣∣∣
l∑
z=0

rzgz

∣∣∣∣∣
)tl <∞,

hence, f+ g ∈ Ξ(p, r, t).

(1-ii) Suppose ρ ∈ C, f ∈ Ξ(p, r, t) and as (tl) ∈ =↗ ∩ `∞, we get

∞∑
l=0

(
pl

∣∣∣∣∣
l∑
z=0

rzρfz

∣∣∣∣∣
)tl

6 sup
l

|ρ|tl
∞∑
l=0

(
pl

∣∣∣∣∣
l∑
z=0

rzfz

∣∣∣∣∣
)tl

<∞.

So, ρf ∈ Ξ(p, r, t). In view of setup (1-i) and (1-ii), we have Ξ(p, r, t) is a linear space. As (tl) ∈ =↗ ∩ `∞
and t0 > 0, one obtains

∞∑
l=0

(
pl

∣∣∣∣∣
l∑
z=0

rz(eb)z

∣∣∣∣∣
)tl

=

∞∑
l=b

(plrb)
tl 6 sup

l

rtlb

∞∑
l=b

ptll <∞.

Therefore, eb ∈ Ξ(p, r, t), for every b ∈ N.
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(2) Let |fb| 6 |gb|, with b ∈ N and |g| ∈ Ξ(p, r, t). One has

∞∑
l=0

(
pl

∣∣∣∣∣
l∑
z=0

rz|fz|

∣∣∣∣∣
)tl

6
∞∑
l=0

(
pl

∣∣∣∣∣
l∑
z=0

rz|gz|

∣∣∣∣∣
)tl

<∞,

hence |f| ∈ Ξ(p, r, t).
(3) Assume (|fz|) ∈ Ξ(p, r, t), with (tl), (rz) ∈ =↗ ∩ `∞ and there is C > 1 with r2z+1 6 Crz, we get

∞∑
l=0

(
pl

l∑
z=0

rz|f[ z2 ]
|

)tl
=

∞∑
l=0

(
p2l

2l∑
z=0

rz|f[ z2 ]
|

)t2l

+

∞∑
l=0

(
p2l+1

2l+1∑
z=0

rz|f[ z2 ]
|

)t2l+1

6
∞∑
l=0

(
pl

(
r2l|fl|+

l∑
z=0

(r2z + r2z+1)|fz|

))tl
+

∞∑
l=0

(
pl

(
l∑
z=0

(r2z + r2z+1)|fz|

))tl

6 2 h−1

 ∞∑
l=0

(
pl

l∑
z=0

r2z|fz|

)tl
+

∞∑
l=0

(
2Cpl

l∑
z=0

rz|fz|

)tl+

∞∑
l=0

(
2Cpl

l∑
z=0

rz|fz|

)tl

6 (22 h−1 + 2 h−1 + 2 h)C
 h
∞∑
l=0

(
pl

l∑
z=0

rz|fz|

)tl
<∞,

hence (|f[ z2 ]|) ∈ Ξ(p, r, t).

In view of Theorem 2.9, we have the next Theorem.

Theorem 3.8. Suppose the setup (f1), (f2), and (f3) is settled, then BsΞ(p,r,t) is an operator ideal.

Theorem 3.9. (Ξ(p, r, t))υ is a pre-modular pss, if the setup (f1), (f2), and (f3) is settled.

Proof.

(i) Definitely, υ(f) > 0 and υ(|f|) = 0⇔ f = θ.

(ii) There are E0 = max
{

1, supl |ρ|
tl−1
}
> 1 with υ(ρf) 6 E0|ρ|υ(f), for each f ∈ Ξ(p, r, t) and ρ ∈ C.

(iii) The inequality υ(f+ g) 6 2 h−1(υ(f) + υ(g)) satisfies, with f,g ∈ Ξ(p, r, t).

(iv) Clearly, from the proof part (2) of Theorem 3.7.

(v) Obviously, the proof part (3) of Theorem 3.7, that D0 > (22 h−1 + 2 h−1 + 2 h)C h > 1.

(vi) Clearly, F = Ξ(p, r, t).

(vii) One has 0 < $ 6 supl |ρ|
tl−1 with υ(ρ, 0, 0, 0, . . .) > $|ρ|υ(1, 0, 0, 0, . . .), for all ρ 6= 0 and $ > 0, if

ρ = 0.

Theorem 3.10. If the setup (f1), (f2), and (f3) is established, then (Ξ(p, r, t))υ is a pre-quasi Banach pss.

Proof. According to Theorem 3.9, the space (Ξ(p, r, t))υ is a pre-modular pss. According to Theorem 2.12,
the space (Ξ(p, r, t))υ is a pre-quasi normed pss. To explain that (Ξ(p, r, t))υ is a pre-quasi Banach pss,
assume fa = (faz )

∞
z=0 is a Cauchy sequence in (Ξ(p, r, t))υ, then for all ε ∈ (0, 1), there is a0 ∈ N so that

for all a,b > a0, one gets

υ(fa − fb) =

∞∑
l=0

(
pl

∣∣∣∣∣
l∑
z=0

rz(f
a
z − f

b
z )

∣∣∣∣∣
)tl

< ε
 h.

Hence, for a,b > a0 and z ∈ N, we obtain |faz − f
b
z | < ε. So, (fbz ) is a Cauchy sequence in C, for fixed z ∈ N,

this explains limb→∞ fbz = f0
z, for fixed z ∈ N. Hence υ(fa − f0) < ε h, for all a > a0. Finally to investigate

that f0 ∈ (Ξ(p, r, t))υ, one has υ(f0) 6 2 h−1(υ(fa − f0) + υ(fa)) < ∞, then f0 ∈ (Ξ(p, r, t))υ. This explains
that (Ξ(p, r, t))υ is a pre-quasi Banach pss.
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In view of Theorem 2.21, we construct the next properties of the s-type (Ξ(p, r, t))υ.

Theorem 3.11. Let s-type (Ξ(p, r, t))υ :=
{
f = (sn(X)) ∈ CN : X ∈ B(P,Q) and υ(f) < ∞}. The next

conditions are established

1. One has s-type (Ξ(p, r, t))υ ⊃ F.
2. Suppose (sr(X1))

∞
r=0 ∈ s-type (Ξ(p, r, t))υ and (sr(X2))

∞
r=0 ∈ s-type (Ξ(p, r, t))υ, then (sr(X1 +X2))

∞
r=0 ∈

s-type (Ξ(p, r, t))υ.
3. Assume λ ∈ C and (sr(X))

∞
r=0 ∈ s-type (Ξ(p, r, t))υ, hence |λ| (sr(X))

∞
r=0 ∈ s-type (Ξ(p, r, t))υ.

4. The s-type (Ξ(p, r, t))υ is solid.

3.3. Multiplication operators on (Ξ(p, r, t))υ
We discuss here the necessity and enough setup on (Ξ(p, r, t))υ in order to the multiplication operator

defined on it is bounded, invertible, approximable, Fredholm and closed range.

Theorem 3.12. Suppose ω ∈ CN, the setup (f1), (f2), and (f3) is entrenched, hence

ω ∈ `∞ ⇐⇒ Hω ∈ B((Ξ(p, r, t))υ).

Proof. Let ω ∈ `∞. Hence, there is ν > 0 so that |ωb| 6 ν, for every b ∈ N. Assume f ∈ (Ξ(p, r, t))υ, one
has

υ(Hωf) = υ(ωf) =

∞∑
l=0

(
pl

∣∣∣∣∣
l∑
z=0

rzωzfz

∣∣∣∣∣
)tl

6
∞∑
l=0

(
pl

∣∣∣∣∣
l∑
z=0

rzνfz

∣∣∣∣∣
)tl

6 sup
l

νtl
∞∑
l=0

(
pl

∣∣∣∣∣
l∑
z=0

rzfz

∣∣∣∣∣
)tl

= sup
l

νtlυ(f).

Therefore, Hω ∈ B((Ξ(p, r, t))υ). On the other hand, assume Hω ∈ B((Ξ(p, r, t))υ) and ω /∈ `∞. Hence
for all b ∈ N, there are xb ∈ N so that ωxb > b. We get

υ(Hωexb) = υ(ωexb) =

∞∑
l=0

(
pl

∣∣∣∣∣
l∑
z=0

rzωz(exb)z

∣∣∣∣∣
)tl

=

∞∑
l=xb

(plrxb |ωxb |)
tl >

∞∑
l=xb

(plbrxb)
tl > bt0υ(exb).

Hence, Hω /∈ B((Ξ(p, r, t))υ). So ω ∈ `∞.

Theorem 3.13. Suppose ω ∈ CN and (Ξ(p, r, t))υ is a pre-quasi normed pss. Hence ωb = g, for every b ∈ N and
g ∈ C with |g| = 1, if and only if, Hω is an isometry.

Proof. Let ωb = g, for every b ∈ N and g ∈ C with |g| = 1. One obtains

υ(Hωf) = υ(ωf) =

∞∑
l=0

(
pl

∣∣∣∣∣
l∑
k=0

rkωkfk

∣∣∣∣∣
)tl

=

∞∑
l=0

(
pl

∣∣∣∣∣
l∑
k=0

|g|rkfk

∣∣∣∣∣
)tl

= υ(f),

for every f ∈ (Ξ(p, r, t))υ. Therefore, Hω is an isometry.
Suppose the necessity setup is entrenched and |ωb| < 1, for some b = b0. We get

υ(Hωeb0) = υ(ωeb0) =

∞∑
l=0

(
pl

∣∣∣∣∣
l∑
k=0

rkωk(eb0)k

∣∣∣∣∣
)tl

=

∞∑
l=b0

(plrb0 |ωb0 |)
tl <

∞∑
l=b0

(plrb0)
tl = υ(eb0).

Next if |ωb0 | > 1, obviously υ(Hωeb0) > υ(eb0). This explains a contradiction for the two cases. Therefore,
|ωb| = 1, for all b ∈ N.
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Theorem 3.14. Suppose ω ∈ CN, the setup (f1), (f2), and (f3) is entrenched. Hence

Hω ∈ A((Ξ(p, r, t))υ)⇐⇒ (ωb)
∞
b=0 ∈ c0.

Proof. Let Hω ∈ A((Ξ(p, r, t))υ), then Hω ∈ K((Ξ(p, r, t))υ). Assume limb→∞ωb 6= 0. Therefore, we have
ρ > 0 such that the set Kρ = {b ∈ N : |ωb| > ρ} " I. Assume {αb}b∈N ⊂ Kρ. Hence, {eαb : αb ∈ Kρ} ∈ `∞
is an infinite set in (Ξ(p, r, t))υ. Since

υ(Hωeαa −Hωeαb) = υ(ωeαa −ωeαb) =

∞∑
l=0

(
pl

∣∣∣∣∣
l∑
k=0

rkωk((eαa)k − (eαb)k)

∣∣∣∣∣
)tl

>
∞∑
l=0

(
pl

∣∣∣∣∣
l∑
k=0

rkρ((eαa)k − (eαb)k)

∣∣∣∣∣
)tl

> inf
l
ρtlυ(eαa − eαb),

for every αa,αb ∈ Kρ. Then, {eαb : αb ∈ Kρ} ∈ `∞, which cannot have a convergent subsequence under
Hω. Hence Hω /∈ K((Ξ(p, r, t))υ). This explains Hω /∈ A((Ξ(p, r, t))υ), which indicates a contradiction.
Hence, limb→∞ωb = 0. On the other hand, assume limb→∞ωb = 0. Therefore, for all ρ > 0, one has

Kρ = {b ∈ N : |ωb| > ρ} ⊂ I. Hence, for every ρ > 0, we have dim
((

(Ξ(p, r, t))υ
)
Kρ

)
= dim

(
CKρ

)
<∞.

Therefore, Hω ∈ F

((
(Ξ(p, r, t))υ

)
Kρ

)
. Assume ωa ∈ CN, for all a ∈ N, where

(ωa)b =

{
ωb, b ∈ K 1

a+1
,

0, otherwise.

Obviously, Hωa ∈ F

((
(Ξ(p, r, t))υ

)
B 1
a+1

)
, since dim

((
(Ξ(p, r, t))υ

)
B 1
a+1

)
<∞, for all a ∈ N. Accord-

ing to (tl) ∈ =↗ ∩ `∞ with t0 > 0, we have

υ((Hω −Hωa)f) = υ
((

(ωb − (ωa)b)fb

)∞
b=0

)
=

∞∑
l=0

(
pl

∣∣∣∣∣
l∑
b=0

rb(ωb − (ωa)b)fb

∣∣∣∣∣
)tl

=

∞∑
l=0,l∈K 1

a+1

(
pl

∣∣∣∣∣
l∑
b=0

rb(ωb − (ωa)b)fb

∣∣∣∣∣
)tl

+

∞∑
l=0,l/∈K 1

a+1

(
pl

∣∣∣∣∣
l∑
b=0

rb(ωb − (ωa)b)fb

∣∣∣∣∣
)tl

=

∞∑
l=0,l/∈K 1

a+1

(
pl

∣∣∣∣∣
l∑
b=0

rbωbfb

∣∣∣∣∣
)tl

6
1

(a+ 1)t0

∞∑
l=0,l/∈K 1

a+1

(
pl

∣∣∣∣∣
l∑
b=0

rbfb

∣∣∣∣∣
)tl

<
1

(a+ 1)t0

∞∑
l=0

(
pl

∣∣∣∣∣
l∑
b=0

rbfb

∣∣∣∣∣
)tl

=
1

(a+ 1)t0
υ(f).

Hence, ‖Hω −Hωa‖ 6 1
(a+1)t0 . Which investigates that Hω is a limit of finite rank maps. Therefore,

Hω ∈ A((Ξ(p, r, t))υ).
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Theorem 3.15. Assume ω ∈ CN, the setup (f1), (f2), and (f3) is entrenched. Hence

Hω ∈ K((Ξ(p, r, t))υ)⇐⇒ (ωb)
∞
b=0 ∈ c0.

Proof. Evidently, since A((Ξ(p, r, t))υ) & K((Ξ(p, r, t))υ).

Corollary 3.16. Suppose the setup (f1), (f2), and (f3) is proved, hence K((Ξ(p, r, t))υ) & B((Ξ(p, r, t))υ).

Proof. Asω = (1, 1, . . .) creates the multiplication map I on (Ξ(p, r, t))υ. Which explains I /∈ K((Ξ(p, r, t))υ)
and I ∈ B((Ξ(p, r, t))υ).

Theorem 3.17. If (Ξ(p, r, t))υ is a pre-quasi Banach pss and Hω ∈ B((Ξ(p, r, t))υ), hence there are α > 0 and
η > 0 such that α < |ωb| < η, with b ∈ (ker(ω))c, if and only if, Range(Hω) is closed.

Proof. Assume the enough conditions are proved. Hence, there is ρ > 0 so that |ωb| > ρ, for all b ∈
(ker(ω))c. To explain that Range(Hω) is closed. Assume g is a limit point of Range(Hω). We obtain
Hωfb ∈ (Ξ(p, r, t))υ, for every b ∈ N so that limb→∞Hωfb = g. Evidently, the sequence Hωfb is a
Cauchy sequence. As (tl) ∈ =↗ ∩ `∞ with t0 > 0, one gets

υ(Hωfa −Hωfb) =

∞∑
l=0

(
pl

∣∣∣∣∣
l∑
k=0

rk(ωk(fa)k −ωk(fb)k)

∣∣∣∣∣
)tl

=

∞∑
l=0,l∈(ker(ω))c

(
pl

∣∣∣∣∣
l∑
k=0

rk(ωk(fa)k −ωk(fb)k)

∣∣∣∣∣
)tl

+

∞∑
l=0,l/∈(ker(ω))c

(
pl

∣∣∣∣∣
l∑
k=0

rk(ωk(fa)k −ωk(fb)k)

∣∣∣∣∣
)tl

>
∞∑

l=0,l∈(ker(ω))c

(
pl

∣∣∣∣∣
l∑
k=0

rk(ωk(fa)k −ωk(fb)k)

∣∣∣∣∣
)tl

=

∞∑
l=0

(
pl

∣∣∣∣∣
l∑
k=0

rk(ωk(ua)k −ωk(ub)k)

∣∣∣∣∣
)tl

>

∞∑
l=0

(
pl

∣∣∣∣∣
l∑
k=0

rkρ((ua)k − (ub)k)

∣∣∣∣∣
)tl

> inf
l
ρtlυ

(
ua − ub

)
,

where

(ua)k =

{
(fa)k, k ∈ (ker(ω))c ,
0, k /∈ (ker(ω))c .

Hence, {ua} is a Cauchy sequence in (Ξ(p, r, t))υ. As (Ξ(p, r, t))υ is complete, therefore, there is f ∈
(Ξ(p, r, t))υ so that limb→∞ ub = f. Since Hω ∈ B((Ξ(p, r, t))υ), one has limb→∞Hωub = Hωf. Since
limb→∞Hωub = limb→∞Hωfb = g. Therefore, Hωf = g. Hence g ∈ Range(Hω). So Range(Hω) is
closed. Next, assume the necessity setup is confirmed. Hence, there is ρ > 0 so that υ(Hωf) > ρυ(f), with
f ∈

(
(Ξ(p, r, t))υ

)
(ker(ω))c

. If K =
{
b ∈ (ker(ω))c : |ωb| < ρ

}
6= ∅, hence for a0 ∈ K, one has

υ(Hωea0) = υ
((
ωb(ea0)b)

)∞
b=0

)
=

∞∑
l=0

(
pl

∣∣∣∣∣
l∑
b=0

rbωb(ea0)b

∣∣∣∣∣
)tl

<

∞∑
l=0

(
pl

∣∣∣∣∣
l∑
b=0

rb(ea0)bρ

∣∣∣∣∣
)tl

6 sup
l

ρtlυ(ea0),
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which introduces a contradiction. So K = φ, we have |ωb| > ρ, with b ∈ (ker(ω))c. This proves the
theorem.

Theorem 3.18. Suppose ω ∈ CN and (Ξ(p, r, t))υ is a pre-quasi Banach pss. Hence, there are α > 0 and η > 0 so
that α < |ωb| < η, for every b ∈ N, if and only if, Hω ∈ B((Ξ(p, r, t))υ) is invertible.

Proof. Assume the enough setup are proved. Suppose κ ∈ CN with κb = 1
ωb

. In view of Theorem 3.12, the
operators Hω and Hκ are bounded linear. We get Hω.Hκ = Hκ.Hω = I. Hence Hκ = H−1

ω . After, assume
Hω is invertible. Hence Range(Hω) =

(
(Ξ(p, r, t))υ

)
N

. So, Range(Hω) is closed. Therefore, by using

Theorem 3.17, there is α > 0 so that |ωb| > α, for every b ∈ (ker(ω))c. We have ker(ω) = ∅, if ωb0 = 0,
with b0 ∈ N, which gives eb0 ∈ ker(Hω), this explains a contradiction, as ker(Hω) is trivial. Therefore,
|ωb| > α, for every b ∈ N. Since Hω ∈ `∞. By using Theorem 3.12, there is η > 0 so that |ωb| 6 η, for
every b ∈ N. Therefore, we have α 6 |ωb| 6 η, with b ∈ N.

Theorem 3.19. Suppose (Ξ(p, r, t))υ is a pre-quasi Banach pss andHω ∈ B((Ξ(p, r, t))υ). HenceHω is Fredholm
operator, if and only if, (i) ker(ω) $ N∩ I and (ii) |ωb| > ρ, with b ∈ (ker(ω))c.

Proof. Let the enough conditions be satisfied. Assume ker(ω) $ N is an infinite, hence eb ∈ ker(Hω),
for every b ∈ ker(ω). Since eb’s are linearly independent, one obtains that dim(ker(Hω)) = ∞, which
explains a contradiction. Hence, ker(ω) $ N must be finite. The setup (ii) follows from Theorem 3.17.
Next, suppose the conditions (i) and (ii) are confirmed. In view of Theorem 3.17, the condition (ii) explains
that Range(Hω) is closed. The setup (i) gives that dim(ker(Hω)) < ∞ and dim((Range(Hω))c) < ∞.
Hence Hω is Fredholm.

4. Features of pre-quasi ideal

In this section, we introduce the enough setup (not necessary) on (Ξ(p, r, t))υ such that F = Bs(Ξ(p,r,t))υ
.

This investigates a negative answer of Rhoades [37] open problem about the linearity of s-type (Ξ(p, r, t))υ
spaces. Secondly, for which conditions on (Ξ(p, r, t))υ, are Bs(Ξ(p,r,t))υ

closed and complete? Thirdly, we
explain the enough setup on (Ξ(p, r, t))υ such that Bα(Ξ(p,r,t))υ

is strictly contained for different weights
and powers. We offer the setup so that Bα(Ξ(p,r,t))υ

is minimum. Fourthly, we introduce the conditions
so that the Banach pre-quasi ideal Bs(Ξ(p,r,t))υ

is simple. Fifthly, we investigate the enough conditions
on (Ξ(p, r, t))υ such that the space of all bounded linear operators which sequence of eigenvalues in
(Ξ(p, r, t))υ equals Bs(Ξ(p,r,t))υ

.

4.1. Finite rank pre-quasi ideal

Theorem 4.1. Bs(Ξ(p,r,t))υ
(P,Q) = F(P,Q), suppose the setup (f1), (f2), and (f3) is established. But the converse

is not necessarily true.

Proof. To investigate that F(P,Q) ⊆ Bs(Ξ(p,r,t))υ
(P,Q). As el ∈ (Ξ(p, r, t))υ, for every l ∈ N and (Ξ(p, r, t))υ

is a linear space. Let Z ∈ F(P,Q), one gets (sl(Z))
∞
l=0 ∈ F. To explain that Bs(Ξ(p,r,t))υ

(P,Q) ⊆ F(P,Q),
assume Z ∈ Bs(Ξ(p,r,t))υ

(P,Q), we obtain (sl(Z))
∞
l=0 ∈ (Ξ(p, r, t))υ. Since υ(sl(Z))∞l=0 < ∞, let ρ ∈ (0, 1),

hence there is l0 ∈ N − {0} with υ((sl(Z))∞l=l0
) < ρ

2 h+3ηd
, for some d > 1, where η = max

{
1,
∞∑
l=l0

ptll

}
.

Since sl(Z) ∈ =↘, we get

2l0∑
l=l0+1

pl l∑
j=0

rjs2l0(Z)

tl 6 2l0∑
l=l0+1

pl l∑
j=0

rjsj(Z)

tl 6 ∞∑
l=l0

pl l∑
j=0

rjsj(Z)

tl < ρ

2 h+3ηd
. (4.1)
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Hence there is Y ∈ F2l0(P,Q) so that rank(Y) 6 2l0 and

3l0∑
l=2l0+1

pl l∑
j=0

rj‖Z− Y‖

tl 6 2l0∑
l=l0+1

pl l∑
j=0

rj‖Z− Y‖

tl < ρ

2 h+3ηd
, (4.2)

since (tl) ∈ =↗ ∩ `∞, we have

∞
sup
l=l0

( l0∑
j=0

rj‖Z− Y‖
)tl

<
ρ

22 h+2η
. (4.3)

Therefore, one has
l0∑
l=0

pl l∑
j=0

rj‖Z− Y‖

tl < ρ

2 h+3ηd
. (4.4)

In view of inequalities (1.1)-(4.4), one gets

d(Z, Y)
= υ (sl(Z− Y))∞l=0

=

3l0−1∑
l=0

pl l∑
j=0

rjsj(Z− Y)

tl + ∞∑
l=3l0

pl l∑
j=0

rjsj(Z− Y)

tl

6
3l0∑
l=0

pl l∑
j=0

rj‖Z− Y‖

tl + ∞∑
l=l0

pl+2l0

l+2l0∑
j=0

rjsj(Z− Y)

tl+2l0

6
3l0∑
l=0

pl l∑
j=0

rj‖Z− Y‖

tl + ∞∑
l=l0

pl l+2l0∑
j=0

rjsj(Z− Y)

tl

6 3
l0∑
l=0

pl i∑
j=0

rj‖Z− Y‖

tl + ∞∑
l=l0

pl
2l0−1∑
j=0

rjsj(Z− Y) +

l+2l0∑
j=2l0

rjsj(Z− Y)

tl

6 3
l0∑
l=0

pl l∑
j=0

rj‖Z− Y‖

tl + 2 h−1

 ∞∑
l=l0

pl 2l0−1∑
j=0

rjsj(Z− Y)

tl + ∞∑
l=l0

pl l+2l0∑
j=2l0

rjsj(Z− Y)

tl
6 3

l0∑
l=0

pl l∑
j=0

rj‖Z− Y‖

tl + 2 h−1

 ∞∑
l=l0

pl 2l0−1∑
j=0

rj‖Z− Y‖

tl + ∞∑
l=l0

pl l∑
j=0

rj+2l0sj+2l0(Z− Y)

tl
6 3

l0∑
l=0

pl l∑
j=0

rj‖Z− Y‖

tl + 2 h−1 ∞
sup
l=l0

2l0−1∑
j=0

rj‖Z− Y‖

tl ∞∑
l=l0

p
tl
l + 2 h−1

∞∑
l=l0

pl l∑
j=0

rjsj(Z)

tl < ρ.

On the other hand, one has a negative example as I4 ∈ Bs(Ξ(p,r,t))υ
(P,Q), where r = (0, 0, 0, 0, 1, 1, . . .) and

t = (1, 2, 1, 2, . . .), but (tl) /∈ =↗. This shows the proof.

4.2. Banach and closed pre-quasi ideal
Theorem 4.2. If the setup (f1), (f2), and (f3) is established, hence

(
Bs(Ξ(p,r,t))υ

,Ψ
)

is a pre-quasi Banach ideal,

where ψ(X) = υ
(
(sl(X))

∞
l=0

)
.

Proof. As (Ξ(p, r, t))υ is a pre-modular pss, hence from theorem 2.13, Ψ is a pre-quasi norm on Bs(Ξ(p,r,t))υ
.

Suppose (Xb)b∈N is a Cauchy sequence in Bs(Ξ(p,r,t))υ
(P,Q). As B(P,Q) ⊇ Bs(Ξ(p,r,t))υ

(P,Q), one obtains

Ψ(Xa −Xb) =

∞∑
l=0

(
pl

l∑
z=0

rzsz(Xa −Xb)

)tl
> (p0r0 ‖Xa −Xb‖)t0 ,
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hence (Xb)b∈N is a Cauchy sequence in B(P,Q). Since B(P,Q) is a Banach space, then there is X ∈ B(P,Q)
with lim

b→∞ ‖Xb − X‖ = 0. Since (sl(Xb))
∞
l=0 ∈ (Ξ(p, r, t))υ, for every b ∈ N. According to Definition 2.10

setup (ii), (iii), and (v), one gets

Ψ(X) =

∞∑
l=0

(
pl

l∑
z=0

rzsz(X)

)tl
6 2 h−1

∞∑
l=0

(
pl

l∑
z=0

rzs[ z2 ](X−Xb)

)tl
+ 2 h−1

∞∑
l=0

(
pl

l∑
z=0

rzs[ z2 ](Xb)

)tl

6 2 h−1
∞∑
l=0

(
pl

l∑
z=0

rz ‖X−Xb‖

)tl
+ 2 h−1D0

∞∑
l=0

(
pl

l∑
z=0

rzsz(Xb)

)tl
<∞.

Therefore, (sl(X))∞l=0 ∈ (Ξ(p, r, t))υ, then X ∈ Bs(Ξ(p,r,t))υ
(P,Q).

Theorem 4.3. Assume P, Q are normed spaces, the setup (f1), (f2), and (f3) is satisfied, hence
(

Bs(Ξ(p,r,t))υ
,Ψ
)

is

a pre-quasi closed ideal, where Ψ(X) = υ
(
(sl(X))

∞
l=0

)
.

Proof. As (Ξ(p, r, t))υ is a pre-modular pss, by using theorem 2.13, Ψ is a pre-quasi norm on Bs(Ξ(p,r,t))υ
.

Assume Xb ∈ Bs(Ξ(p,r,t))υ
(P,Q), for every b ∈ N and lim

b→∞Ψ(Xb −X) = 0. As B(P,Q) ⊇ Bs(Ξ(p,r,t))υ
(P,Q),

we have

Ψ(X−Xb) =

∞∑
l=0

(
pl

l∑
z=0

rzsz(X−Xb)

)tl
> (p0r0 ‖X−Xb‖)t0 ,

hence (Xb)b∈N is a convergent sequence in B(P,Q). Since (sl(Xb))
∞
l=0 ∈ (Ξ(p, r, t))υ, for every b ∈ N. In

view of Definition 2.10 and setup (ii), (iii), and (v), one has

Ψ(X) =

∞∑
l=0

(
pl

l∑
z=0

rzsz(X)

)tl
6 2 h−1

∞∑
l=0

(
pl

l∑
z=0

rzs[ z2 ](X−Xb)

)tl
+ 2 h−1

∞∑
l=0

(
pl

l∑
z=0

rzs[ z2 ](Xb)

)tl

6 2 h−1
∞∑
l=0

(
pl

l∑
z=0

rz ‖X−Xb‖

)tl
+ 2 h−1D0

∞∑
l=0

(
pl

l∑
z=0

rzsz(Xb)

)tl
<∞.

We get (sl(X))∞l=0 ∈ (Ξ(p, r, t))υ, so X ∈ Bs(Ξ(p,r,t))υ
(P,Q).

4.3. Minimum pre-quasi ideal
Theorem 4.4. Suppose P and Q are Banach spaces with dim(P) = dim(Q) =∞, and the setup (f1), (f2), and (f3)
is confirmed with 0 < t(1)

l < t
(2)
l , 0 < p(2)

l 6 p(1)
l and 0 < r(2)

l 6 r(1)
l , for all l ∈ N, hence

Bs(
Ξ((p

(1)
l ),(r(1)

l ),(t(1)
l ))

)
υ

(P,Q) $ Bs(
Ξ((p

(2)
l ),(r(2)

l ),(t(2)
l ))

)
υ

(P,Q) $ B(P,Q).

Proof. Let Z ∈ Bs(
Ξ((p

(1)
l ),(r(1)

l ),(t(1)
l ))

)
υ

(P,Q), then (sl(Z)) ∈
(
Ξ((p

(1)
l ), (r(1)

l ), (t(1)
l ))

)
υ

. One obtains

∞∑
l=0

(
p
(2)
l

l∑
z=0

r
(2)
z sz(Z)

)t(2)
l

<

∞∑
l=0

(
p
(1)
l

l∑
z=0

r
(1)
z sz(Z)

)t(1)
l

<∞,

then Z ∈ Bs(
Ξ((p

(2)
l ),(r(2)

l ),(t(2)
l ))

)
υ

(P,Q). Next, if we choose (sl(Z))
∞
l=0 with

∑l
z=0 r

(1)
z sz(Z) = 1

p
(1)
l

t
(1)
l
√
l+1

,

one gets Z ∈ B(P,Q) such that

∞∑
l=0

(
p
(1)
l

l∑
z=0

r
(1)
z sz(Z)

)t(1)
l

=

∞∑
l=0

1
l+ 1

=∞,
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and ∞∑
l=0

(
p
(2)
l

l∑
z=0

r
(2)
z sz(Z)

)t(2)
l

6
∞∑
l=0

(
p
(1)
l

l∑
z=0

r
(1)
z sz(Z)

)t(2)
l

=

∞∑
l=0

( 1
l+ 1

) t(2)
l

t
(1)
l <∞.

Therefore, Z /∈ Bs(
Ξ((p

(1)
l ),(r(1)

l ),(t(1)
l ))

)
υ

(P,Q) and Z ∈ Bs(
Ξ((p

(2)
l ),(r(2)

l ),(t(2)
l ))

)
υ

(P,Q).

Clearly, Bs(
Ξ((p

(2)
l ),(r(2)

l ),(t(2)
l ))

)
υ

(P,Q) ⊂ B(P,Q). Next, if we put (sl(Z))
∞
l=0 such that

∑l
z=0 r

(2)
z sz(Z) =

1

p
(2)
l

t
(2)
l
√
l+1

, we have Z ∈ B(P,Q) such that Z /∈ Bs(
Ξ((p

(2)
l ),(r(2)

l ),(t(2)
l ))

)
υ

(P,Q). This explains the proof.

Theorem 4.5. Let P and Q be Banach spaces with dim(P) = dim(Q) = ∞, and the setup (f1), (f2), and (f3) is
established with

(
pl
∑l
z=0 rz

)
l∈N

/∈ `((tl)), hence Bα(Ξ(p,r,t))υ
is minimum.

Proof. Suppose the enough setup are confirmed. Then (BαΞ(p,r,t),Ψ), where Ψ(Z)=
∞∑
l=0

(
pl

l∑
z=0

rzαz(Z)

)tl
,

is a pre-quasi Banach ideal. Suppose BαΞ(p,r,t)(P,Q) = B(P,Q), hence there is η > 0 with Ψ(Z) 6 η‖Z‖,
for every Z ∈ B(P,Q). According to Dvoretzky’s theorem [33], for every b ∈ N, one obtains quotient
spaces P/Yb and subspaces Mb of Q which can be mapped onto `b2 by isomorphisms Vb and Xb with
‖Vb‖‖V−1

b ‖ 6 2 and ‖Xb‖‖X−1
b ‖ 6 2. Let Ib be the identity operator on `b2 , Tb be the quotient operator

from P onto P/Yb and Jb is the natural embedding operator from Mb into Q. Suppose mz is the Bernstein
numbers [31] then

1 = mz(Ib) = mz(XbX
−1
b IbVbV

−1
b ) 6 ‖Xb‖mz(X−1

b IbVb)‖V
−1
b ‖ = ‖Xb‖mz(JbX

−1
b IbVb)‖V

−1
b ‖

6 ‖Xb‖dz(JbX−1
b IbVb)‖V

−1
b ‖ = ‖Xb‖dz(JbX

−1
b IbVbTb)‖V

−1
b ‖

6 ‖Xb‖αz(JbX−1
b IbVbTb)‖V

−1
b ‖,

for 0 6 l 6 b. We have

pl

l∑
z=0

rz 6 pl

l∑
z=0

‖Xb‖rzαz(JbX−1
b IbVbTb)‖V

−1
b ‖

⇒

(
pl

l∑
z=0

rz

)tl
6 (‖Xb‖‖V−1

b ‖)
tl

(
pl

l∑
z=0

rzαz(JbX
−1
b IbVbTb)

)tl
.

Hence, for some ρ > 1, one gets

b∑
l=0

(
pl

l∑
z=0

rz

)tl
6 ρ‖Xb‖‖V−1

b ‖
b∑
l=0

(
pl

l∑
z=0

rzαz(JbX
−1
b IbVbTb)

)tl

⇒
b∑
l=0

(
pl

l∑
z=0

rz

)tl
6 ρ‖Xb‖‖V−1

b ‖Ψ(JbX
−1
b IbVbTb)

⇒
b∑
l=0

(
pl

l∑
z=0

rz

)tl
6 ρη‖Xb‖‖V−1

b ‖‖JbX
−1
b IbVbTb‖

⇒
b∑
l=0

(
pl

l∑
z=0

rz

)tl
6 ρη‖Xb‖‖V−1

b ‖‖JbX
−1
b ‖‖Ib‖‖VbTb‖ = ρη‖Xb‖‖V

−1
b ‖‖X

−1
b ‖‖Ib‖‖Vb‖ 6 4ρη.

Therefore, we have a contradiction, if b → ∞. Then P and Q both cannot be infinite dimensional if
BαΞ(p,r,t)(P,Q) = B(P,Q). This shows the proof.
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Theorem 4.6. Suppose P and Q are Banach spaces with dim(P) = dim(Q) =∞, and the setup (f1), (f2), and (f3)
is confirmed with

(
pl
∑l
z=0 rz

)
l∈N

/∈ `((tl)), hence BdΞ(p,r,t) is minimum.

4.4. Simple Banach pre-quasi ideal
Theorem 4.7. Suppose P and Q are Banach spaces with dim(P) = dim(Q) =∞, and the setup (f1), (f2), and (f3)
is confirmed with 0 < t(1)

l < t
(2)
l , 0 < p(2)

l 6 p(1)
l and 0 < r(2)

l 6 r(1)
l , for all l ∈ N, hence

B
(

Bs(
Ξ((p

(2)
l ),(r(2)

l ),(t(2)
l ))

)
υ

(P,Q), Bs(
Ξ((p

(1)
l ),(r(1)

l ),(t(1)
l ))

)
υ

(P,Q)
)

= A
(

Bs(
Ξ((p

(2)
l ),(r(2)

l ),(t(2)
l ))

)
υ

(P,Q), Bs(
Ξ((p

(1)
l ),(r(1)

l ),(t(1)
l ))

)
υ

(P,Q)
)

.

Proof. Let X ∈ B
(

Bs(
Ξ((p

(2)
l ),(r(2)

l ),(t(2)
l ))

)
υ

(P,Q), Bs(
Ξ((p

(1)
l ),(r(1)

l ),(t(1)
l ))

)
υ

(P,Q)
)

and

X /∈ A
(

Bs(
Ξ((p

(2)
l ),(r(2)

l ),(t(2)
l ))

)
υ

(P,Q), Bs(
Ξ((p

(1)
l ),(r(1)

l ),(t(1)
l ))

)
υ

(P,Q)
)

.

Considering Lemma 2.1, there are

Y∈B
(

Bs(
Ξ((p

(2)
l ),(r(2)

l ),(t(2)
l ))

)
υ

(P,Q)
)

and Z∈B
(

Bs(
Ξ((p

(1)
l ),(r(1)

l ),(t(1)
l ))

)
υ

(P,Q)
)

with ZXYIb = Ib. Therefore, for every b ∈ N, we get

‖Ib‖Bs(
Ξ((p

(1)
l

),(r(1)
l

),(t(1)
l

))

)
υ

(P,Q) =

∞∑
l=0

(
p
(1)
l

l∑
z=0

r
(1)
z sz(Ib)

)t(1)
l

6 ‖ZXY‖‖Ib‖Bs(
Ξ((p

(2)
l

),(r(2)
l

),(t(2)
l

))

)
υ

(P,Q) 6
∞∑
l=0

(
p
(2)
l

i∑
z=0

r
(2)
z sz(Ij)

)t(2)
l

.

This contradicts Theorem 4.4. Then X ∈ A
(

Bs(
Ξ((p

(2)
l ),(r(2)

l ),(t(2)
l ))

)
υ

(P,Q), Bs(
Ξ((p

(1)
l ),(r(1)

l ),(t(1)
l ))

)
υ

(P,Q)
)

,

which finishes the proof.

Corollary 4.8. Assume P and Q are Banach spaces with dim(P) = dim(Q) =∞, and the setup (f1), (f2), and (f3)
is established with 0 < t(1)

l < t
(2)
l , 0 < p(2)

l 6 p(1)
l and 0 < r(2)

l 6 r(1)
l , for all l ∈ N, hence

B
(

Bs(
Ξ((p

(2)
l ),(r(2)

l ),(t(2)
l ))

)
υ

(P,Q), Bs(
Ξ((p

(1)
l ),(r(1)

l ),(t(1)
l ))

)
υ

(P,Q)
)

= K
(

Bs(
Ξ((p

(2)
l ),(r(2)

l ),(t(2)
l ))

)
υ

(P,Q), Bs(
Ξ((p

(1)
l ),(r(1)

l ),(t(1)
l ))

)
υ

(P,Q)
)

.

Proof. Evidently, as A ⊂ K.

Theorem 4.9. Let P and Q be Banach spaces with dim(P) = dim(Q) = ∞, and the setup (f1), (f2), and (f3) is
satisfied, hence Bs(Ξ(p,r,t))υ

is simple.

Proof. Assume the closed ideal K(Bs(Ξ(p,r,t))υ
(P,Q)) includes an operator X /∈ A(Bs(Ξ(p,r,t))υ

(P,Q)). In
view of Lemma 2.1, we have Y,Z ∈ B(Bs(Ξ(p,r,t))υ

(P,Q)) with ZXYIb = Ib. This gives that IBs
(Ξ(p,r,t))υ

(P,Q) ∈
K(Bs(Ξ(p,r,t))υ

(P,Q)). Then B(Bs(Ξ(p,r,t))υ
(P,Q)) = K(Bs(Ξ(p,r,t))υ

(P,Q)). Hence, Bs(Ξ(p,r,t))υ
is simple

Banach space.
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4.5. Eigenvalues of s-type operators

Notations 4.10.

(BsE)
ρ :=

{
(BsE)

ρ (P,Q); Pand Q are Banach Spaces
}

, where

(BsE)
ρ (P,Q) :=

{
X ∈ B(P,Q) : ((ρl(X))∞n=0 ∈ E and ‖X− ρl(X)I‖ is not invertible, for all l ∈ N

}
.

Theorem 4.11. Let P and Q be Banach spaces with dim(P) = dim(Q) = ∞, and the setup (f1), (f2), and (f3) is

established with infl
(
pl
∑l
z=0 rz

)tl
> 0, hence

(
Bs(Ξ(p,r,t))υ

)ρ
(P,Q) = Bs(Ξ(p,r,t))υ(P,Q).

Proof. Suppose X ∈
(

Bs(Ξ(p,r,t))υ

)ρ
(P,Q), hence (ρl(X))

∞
l=0 ∈ (Ξ(p, r, t))υ and ‖X− ρl(X)I‖ = 0, for all

l ∈ N. We have X = ρl(X)I, for all l ∈ N, hence sl(X) = sl(ρl(X)I) = |ρl(X)|, for every l ∈ N. Therefore,
(sl(X))

∞
l=0 ∈ (Ξ(p, r, t))υ, then X ∈ Bs(Ξ(p,r,t))υ

(P,Q).
Secondly, suppose X ∈ Bs(Ξ(p,r,t))υ

(P,Q). Then (sl(X))
∞
l=0 ∈ (Ξ(p, r, t))υ. Hence, we have

∞∑
l=0

(
pl

l∑
z=0

rzsz(X)

)tl
> inf

l

(
pl

l∑
z=0

rz

)tl ∞∑
l=0

[sl(X)]
tl .

Therefore, liml→∞ sl(X) = 0. Assume ‖X − sl(X)I‖−1 exists, for every l ∈ N. Hence ‖X − sl(X)I‖−1

exists and bounded, for every l ∈ N. Then, liml→∞ ‖X − sl(X)I‖−1 = ‖X‖−1 exists and bounded. As(
Bs(Ξ(p,r,t))υ

,Ψ
)

is a pre-quasi operator ideal, we get

I = XX−1 ∈ Bs(Ξ(p,r,t))υ(P,Q)⇒ (sl(I))
∞
l=0 ∈ Ξ(p, r, t)⇒ lim

l→∞ sl(I) = 0.

So we have a contradiction, since liml→∞ sl(I) = 1. Hence ‖X− sl(X)I‖ = 0, for every l ∈ N. This gives

X ∈
(

Bs(Ξ(p,r,t))υ

)ρ
(P,Q). This shows the proof.

5. Kannan contraction operator

Theorem 5.1. The function υ(f) =

 ∞∑
l=0

(
pl

∣∣∣∣∣
l∑
z=0

rzfz

∣∣∣∣∣
)tl 1

 h

establishes the Fatou property, for all f ∈ Ξ(p, r, t),

assuming the setup (f1), (f2), and (f3) is confirmed.

Proof. Suppose {gb} ⊆ (Ξ(p, r, t))υ with limb→∞ υ(gb − g) = 0. As the space (Ξ(p, r, t))υ is a pre-quasi
closed space, then g ∈ (Ξ(p, r, t))υ. Hence, for all f ∈ (Ξ(p, r, t))υ, we have

υ(f− g) =

 ∞∑
l=0

(
pl

∣∣∣∣∣
l∑
z=0

(fz − gz)rz

∣∣∣∣∣
)tl 1

 h

6

 ∞∑
l=0

(
pl

∣∣∣∣∣
l∑
z=0

(fz − g
b
z )rz

∣∣∣∣∣
)tl 1

 h

+

 ∞∑
l=0

(
pl

∣∣∣∣∣
l∑
z=0

(gbz − gz)rz

∣∣∣∣∣
)tl 1

 h

6 sup
j

inf
b>j

υ(f− gb).
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Theorem 5.2. The function υ(f) =

∞∑
l=0

(
pl

∣∣∣∣∣
l∑
z=0

rzfz

∣∣∣∣∣
)tl

does not establish the Fatou property, for all f ∈

Ξ(p, r, t), supposing the setup (f1), (f2), and (f3) with tl > 1, for all l ∈ N is satisfied.

Proof. Suppose {gb} ⊆ (Ξ(p, r, t))υ with limb→∞ υ(gb − g) = 0. As the space (Ξ(p, r, t))υ is a pre-quasi
closed space, then g ∈ (Ξ(p, r, t))υ. Hence, for all f ∈ (Ξ(p, r, t))υ, we obtains

υ(f− g) =

∞∑
l=0

(
pl

∣∣∣∣∣
l∑
z=0

(fz − gz)rz

∣∣∣∣∣
)tl

6 2 h−1

 ∞∑
l=0

(
pl

∣∣∣∣∣
l∑
z=0

(fz − g
b
z )rz

∣∣∣∣∣
)tl

+

∞∑
l=0

(
pl

∣∣∣∣∣
l∑
z=0

(gbz − gz)rz

∣∣∣∣∣
)tl

6 2 h−1 sup
j

inf
b>j

υ(f− gb).

Therefore, υ does not establish the Fatou property.

Now, we investigate the enough setup on (Ξ(p, r, t))υ under definite pre-quasi norm so that there is
an unique fixed point of Kannan contraction operator.

Theorem 5.3. Suppose the setup (f1), (f2), and (f3) is established, and W : (Ξ(p, r, t))υ → (Ξ(p, r, t))υ is Kannan

υ-contraction operator, where υ(f) =

 ∞∑
l=0

(
pl

∣∣∣∣∣
l∑
z=0

rzfz

∣∣∣∣∣
)tl 1

 h

, for every f ∈ Ξ(p, r, t), then W has a unique

fixed point.

Proof. Suppose f ∈ Ξ(p, r, t), then Wpf ∈ Ξ(p, r, t). Since W is a Kannan υ-contraction operator, we have

υ(Wp+1f−Wpf) 6 λ
(
υ(Wp+1f−Wpf) + υ(Wpf−Wp−1f)

)
⇒

υ(Wp+1f−Wpf) 6
λ

1 − λ
υ(Wpf−Wp−1f) 6

(
λ

1 − λ

)2

υ(Wp−1f−Wp−2f) 6 · · · 6
(

λ

1 − λ

)p
υ(Wf− f).

Therefore, for every p,q ∈ N with q > p, we have

υ(Wpf−Wqf) 6 λ
(
υ(Wpf−Wp−1f) + υ(Wqf−Wq−1f)

)
6 λ

((
λ

1 − λ

)p−1

+

(
λ

1 − λ

)q−1
)
υ(Wf− f).

Hence, {Wpf} is a Cauchy sequence in (Ξ(p, r, t))υ. Since the space (Ξ(p, r, t))υ is pre-quasi Banach space.
Then, there exists g ∈ (Ξ(p, r, t))υ so that limp→∞Wpf = g. To explain that Wg = g, as υ has the Fatou
property, we have

υ(Wg− g) 6 sup
i

inf
p>i

υ(Wp+1f−Wpf) 6 sup
i

inf
p>i

(
λ

1 − λ

)p
υ(Wf− f) = 0,

hence Wg = g. So, g is a fixed point of W. To investigate that the fixed point is unique. Assume we have
two distinct fixed points b,g ∈ (Ξ(p, r, t))υ of W. Then, one obtains

υ(b− g) 6 υ(Wb−Wg) 6 λ (υ(Wb− b) + υ(Wg− g)) = 0.

Hence, b = g.

Corollary 5.4. Assume the setup (f1), (f2), and (f3) is confirmed, and W : (Ξ(p, r, t))υ → (Ξ(p, r, t))υ is Kannan

υ-contraction operator, where υ(f) =

 ∞∑
l=0

(
pl

∣∣∣∣∣
l∑
z=0

rzfz

∣∣∣∣∣
)tl 1

 h

, for all f ∈ Ξ(p, r, t), hence W has an unique

fixed point b with υ(Wpf− b) 6 λ
(
λ

1−λ

)p−1
υ(Wf− f).
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Proof. According to Theorem 5.3, there is an unique fixed point b of W. Therefore, one obtains

υ(Wpf− b) = υ(Wpf−Wb) 6 λ
(
υ(Wpf−Wp−1f) + υ(Wb− b)

)
= λ

(
λ

1 − λ

)p−1

υ(Wf− f).

Theorem 5.5. Suppose the setup (f1), (f2), and (f3) is established with tl > 1, for every l ∈ N, and W :

(Ξ(p, r, t))υ → (Ξ(p, r, t))υ, where υ(f) =

∞∑
l=0

(
pl

∣∣∣∣∣
l∑
z=0

rzfz

∣∣∣∣∣
)tl

, for all f ∈ Ξ(p, r, t). The vector g ∈

(Ξ(p, r, t))υ is the only fixed point of W, if the next setup are verified:

(a) W is Kannan υ-contraction operator;
(b) W is υ-sequentially continuous at g ∈ (Ξ(p, r, t))υ;
(c) there is v ∈ (Ξ(p, r, t))υ so that the sequence of iterates {Wpv} has a subsequence {Wpiv} converges to g.

Proof. Suppose the enough setup are established. Let g be not a fixed point of W, then Wg 6= g. In view
of the setup (b) and (c), one obtains

lim
pi→∞υ(Wpif− g) = 0 and lim

pi→∞υ(Wpi+1f−Wg) = 0.

Since the operator W is Kannan υ-contraction, we have

0 < υ(Wg− g) = υ
(
(Wg−Wpi+1f) + (Wpif− g) + (Wpi+1f−Wpif)

)
6 22 h−2υ

(
Wpi+1v−Wg

)
+ 22 h−2υ (Wpiv− g) + 2 h−1λ

(
λ

1 − λ

)pi−1

υ(Wf− f).

Let pi →∞, we get a contradiction. Hence, g is a fixed point of W. To show that the fixed point g is one,
assume we have two distinct fixed points g,b ∈ (Ξ(p, r, t))υ of W. Hence, one gets

υ(g− b) 6 υ(Wg−Wb) 6 λ (υ(Wg− g) + υ(Wb− b)) = 0.

Therefore, g = b.

Example 5.6. If T :
(
Ξ
(
( 1
t+5)

∞
t=0, (t+2

t+1)
∞
t=0, ( 2t+3

t+2 )
∞
t=0
))
υ
→
(
Ξ
(
( 1
t+5)

∞
t=0, (t+2

t+1)
∞
t=0, ( 2t+3

t+2 )
∞
t=0
))
υ

, where

υ(p) =

√√√√√√ ∞∑
t=0


∣∣∣∑tx=0

x+2
x+1px

∣∣∣
t+ 5


2t+3
t+2

, with p ∈ Ξ
(
(t+2
t+1)

∞
t=0, ( 2t+3

t+2 )
∞
t=0
)

and

T(p) =

{
p
4 , υ(p) ∈ [0, 1),
p
5 , υ(p) ∈ [1,∞),

since for all p,q ∈
(
Ξ
(
( 1
t+5)

∞
t=0, (t+2

t+1)
∞
t=0, ( 2t+3

t+2 )
∞
t=0
))
υ

with υ(p),υ(q) ∈ [0, 1), we have

υ(Tp− Tq) = υ(
p

4
−
q

4
) 6

1
4
√

27

(
υ(

3p
4
) + υ(

3q
4
)
)
=

1
4
√

27

(
υ(Tp− p) + υ(Tq− q)

)
.

For all p,q ∈
(
Ξ
(
( 1
t+5)

∞
t=0, (t+2

t+1)
∞
t=0, ( 2t+3

t+2 )
∞
t=0
))
υ

with υ(p),υ(q) ∈ [1,∞), one has

υ(Tp− Tq) = υ(
p

5
−
q

5
) 6

1
4
√

64

(
υ(

4p
5
) + υ(

4q
5
)
)
=

1
4
√

64

(
υ(Tp− p) + υ(Tq− q)

)
.
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For every p,q ∈
(
Ξ
(
( 1
t+5)

∞
t=0, (t+2

t+1)
∞
t=0, ( 2t+3

t+2 )
∞
t=0
))
υ

with υ(p) ∈ [0, 1) and υ(q) ∈ [1,∞), we obtain

υ(Tp− Tq) = υ(
p

4
−
q

5
) 6

1
4
√

27
υ(

3p
4
) +

1
4
√

64
υ(

4q
5
) 6

1
4
√

27

(
υ(

3p
4
) + υ(

4q
5
)
)

=
1

4
√

27

(
υ(Tp− p) + υ(Tq− q)

)
.

Therefore, the operator T is Kannan υ-contraction. Since υ confirms the Fatou property. In view of
Theorem 5.3, the operator T has a unique fixed point θ ∈

(
Ξ
(
( 1
t+5)

∞
t=0, (t+2

t+1)
∞
t=0, ( 2t+3

t+2 )
∞
t=0
))
υ

.
Suppose {p(a)} ⊆

(
Ξ
(
( 1
t+5)

∞
t=0, (t+2

t+1)
∞
t=0, ( 2t+3

t+2 )
∞
t=0
))
υ

with lima→∞ υ(p(a) − p(0)) = 0, where p(0) ∈(
Ξ
(
( 1
t+5)

∞
t=0, (t+2

t+1)
∞
t=0, ( 2t+3

t+2 )
∞
t=0
))
υ

with υ(p(0)) = 1. Since the pre-quasi norm υ is continuous, we have

lim
a→∞υ(Tp(a) − Tp(0)) = lim

a→∞υ
(p(a)

4
−
p(0)

5

)
= υ

(p(0)

20

)
> 0.

Hence, T is not υ-sequentially continuous at p(0). Therefore, the operator T is not continuous at p(0).

Let υ(p) =
∞∑
t=0


∣∣∣∑tx=0

x+2
x+1px

∣∣∣
t+ 5


2t+3
t+2

, for every p ∈ Ξ
(
(t+2
t+1)

∞
t=0, ( 2t+3

t+2 )
∞
t=0
)
.

Since for all p,q ∈
(
Ξ
(
( 1
t+5)

∞
t=0, (t+2

t+1)
∞
t=0, ( 2t+3

t+2 )
∞
t=0
))
υ

with υ(p),υ(q) ∈ [0, 1), we have

υ(Tp− Tq) = υ(
p

4
−
q

4
) 6

2√
27

(
υ(

3p
4
) + υ(

3q
4
)
)
=

2√
27

(
υ(Tp− p) + υ(Tq− q)

)
.

Let p,q ∈
(
Ξ
(
( 1
t+5)

∞
t=0, (t+2

t+1)
∞
t=0, ( 2t+3

t+2 )
∞
t=0
))
υ

with υ(p),υ(q) ∈ [1,∞), we have

υ(Tp− Tq) = υ(
p

5
−
q

5
) 6

1
4

(
υ(

4p
5
) + υ(

4q
5
)
)
=

1
4

(
υ(Tp− p) + υ(Tq− q)

)
.

For every p,q ∈
(
Ξ
(
( 1
t+5)

∞
t=0, (t+2

t+1)
∞
t=0, ( 2t+3

t+2 )
∞
t=0
))
υ

with υ(p) ∈ [0, 1) and υ(q) ∈ [1,∞), we obtain

υ(Tp− Tq) = υ(
p

4
−
q

5
) 6

2√
27
υ(

3p
4
) +

1
4
υ(

4q
5
) 6

2√
27

(
υ(

3p
4
) + υ(

4q
5
)
)
=

2√
27

(
υ(Tp− p) + υ(Tq− q)

)
.

Therefore, the operator T is Kannan υ-contraction and Tr(p) =

{
p
4r , υ(p) ∈ [0, 1),
p
5r , υ(p) ∈ [1,∞).

Evidently, T is υ-

sequentially continuous at θ ∈
(
Ξ
(
( 1
t+5)

∞
t=0, (t+2

t+1)
∞
t=0, ( 2t+3

t+2 )
∞
t=0
))
υ

and {Trp} has a subsequence {Trjp}

converging to θ. According to Theorem 5.5, the element θ ∈
(
Ξ
(
( 1
t+5)

∞
t=0, (t+2

t+1)
∞
t=0, ( 2t+3

t+2 )
∞
t=0
))
υ

is the
only fixed point of T .

Example 5.7. Let T :
(
Ξ
(
( 1
t+5)

∞
t=0, (t+2

t+1)
∞
t=0, ( 2t+3

t+2 )
∞
t=0
))
υ
→
(
Ξ
(
( 1
t+5)

∞
t=0, (t+2

t+1)
∞
t=0, ( 2t+3

t+2 )
∞
t=0
))
υ

, with

υ(p) =

∞∑
t=0


∣∣∣∑tx=0

x+2
x+1px

∣∣∣
t+ 5


2t+3
t+2

, for all p ∈ Ξ
(
(t+2
t+1)

∞
t=0, ( 2t+3

t+2 )
∞
t=0
)

and

T(p) =


1
4(e1 + p), p0 ∈ (−∞, 1

3),
1
3e1, p0 = 1

3 ,
1
4e1, p0 ∈ ( 1

3 ,∞).

Since for all p,q ∈
(
Ξ
(
( 1
t+5)

∞
t=0, (t+2

t+1)
∞
t=0, ( 2t+3

t+2 )
∞
t=0
))
υ

with p0,q0 ∈ (−∞, 1
3), we get

υ(Tp− Tq) = υ(
1
4
(p0 − q0,p1 − q1,p2 − q2, . . .)) 6

2√
27

(
υ(

3p
4
) + υ(

3q
4
)
)
6

2√
27

(
υ(Tp− p) + υ(Tq− q)

)
.
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For all p,q ∈
(
Ξ
(
( 1
t+5)

∞
t=0, (t+2

t+1)
∞
t=0, ( 2t+3

t+2 )
∞
t=0
))
υ

with p0,q0 ∈ ( 1
3 ,∞), hence for all ε > 0, we have

υ(Tp− Tq) = 0 6 ε
(
υ(Tp− p) + υ(Tq− q)

)
.

For all p,q ∈
(
Ξ
(
( 1
t+5)

∞
t=0, (t+2

t+1)
∞
t=0, ( 2t+3

t+2 )
∞
t=0
))
υ

with p0 ∈ (−∞, 1
3) and q0 ∈ ( 1

3 ,∞), one has

υ(Tp− Tq) = υ(
p

4
) 6

1√
27
υ(

3p
4
) =

1√
27
υ(Tp− p) 6

1√
27

(
υ(Tp− p) + υ(Tq− q)

)
.

Therefore, the operator T is Kannan υ-contraction. Obviously, T is υ-sequentially continuous at 1
3e1 ∈(

Ξ
(
( 1
t+5)

∞
t=0, (t+2

t+1)
∞
t=0, ( 2t+3

t+2 )
∞
t=0
))
υ

and there is p ∈
(
Ξ
(
( 1
t+5)

∞
t=0, (t+2

t+1)
∞
t=0, ( 2t+3

t+2 )
∞
t=0
))
υ

with

p0 ∈ (−∞, 1
3) such that the sequence of iterates {Trp} =

{∑r
a=1

1
4a e1 +

1
4rp
}

includes a subsequence

{Trjp} =
{∑rj

a=1
1

4a e1 +
1

4rj p
}

converging to 1
3e1. In view of Theorem 5.5, the operator T has one fixed

point
1
3
e1 ∈

(
Ξ

(
(

1
t+ 5

)∞t=0, (
t+ 2
t+ 1

)∞t=0, (
2t+ 3
t+ 2

)∞t=0

))
υ

.

Note that T is not continuous at 1
3e1 ∈

(
Ξ
(
( 1
t+5)

∞
t=0, (t+2

t+1)
∞
t=0, ( 2t+3

t+2 )
∞
t=0
))
υ

. Let

υ(p) =

√√√√√√ ∞∑
t=0


∣∣∣∑tx=0

x+2
x+1px

∣∣∣
t+ 5


2t+3
t+2

,

for all p ∈ Ξ
(
(t+2
t+1)

∞
t=0, ( 2t+3

t+2 )
∞
t=0
)
. Since for all p,q ∈

(
Ξ
(
( 1
t+5)

∞
t=0, (t+2

t+1)
∞
t=0, ( 2t+3

t+2 )
∞
t=0
))
υ

with p0,q0 ∈
(−∞, 1

3), we have

υ(Tp− Tq) = υ(
1
4
(p0 − q0,p1 − q1,p2 − q2, . . .)) 6

1
4
√

27

(
υ(

3p
4
) + υ(

3q
4
)
)

6
1

4
√

27

(
υ(Tp− p) + υ(Tq− q)

)
.

For all p,q ∈
(
Ξ
(
( 1
t+5)

∞
t=0, (t+2

t+1)
∞
t=0, ( 2t+3

t+2 )
∞
t=0
))
υ

with p0,q0 ∈ ( 1
3 ,∞), hence for all ε > 0, one has

υ(Tp− Tq) = 0 6 ε
(
υ(Tp− p) + υ(Tq− q)

)
.

For all p,q ∈
(
Ξ
(
( 1
t+5)

∞
t=0, (t+2

t+1)
∞
t=0, ( 2t+3

t+2 )
∞
t=0
))
υ

with p0 ∈ (−∞, 1
3) and q0 ∈ ( 1

3 ,∞), we have

υ(Tp− Tq) = υ(
p

4
) 6

1
4
√

27
υ(

3p
4
) =

1
4
√

27
υ(Tp− p) 6

1
4
√

27

(
υ(Tp− p) + υ(Tq− q)

)
.

Therefore, the operator T is Kannan υ-contraction. Since υ confirms the Fatou property, according to
Theorem 5.3, the operator T has an unique fixed point 1

3e1 ∈
(
Ξ
(
( 1
t+5)

∞
t=0, (t+2

t+1)
∞
t=0, ( 2t+3

t+2 )
∞
t=0
))
υ

.

We offer the existence of a fixed point of Kannan contraction operator in the pre-quasi Banach operator
ideal generated by (Ξ(p, r, t))υ and s-numbers.

Theorem 5.8. The pre-quasi norm Ψ(W) =

 ∞∑
l=0

(
pl

∣∣∣∣∣
l∑
z=0

rzsz(W)

∣∣∣∣∣
)tl 1

 h

does not establish the Fatou property,

for every W ∈ Bs(Ξ(p,r,t))υ
(P,Q), when the setup (f1), (f2), and (f3) is satisfied.
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Proof. Let the conditions be confirmed and {Wp}p∈N ⊆ Bs(Ξ(p,r,t))υ
(P,Q) with limp→∞ Ψ(Wp −W) = 0.

As the space Bs(Ξ(p,r,t))υ
is a pre-quasi closed ideal, hence, W ∈ Bs(Ξ(p,r,t))υ

(P,Q). Then, for all V ∈
Bs(Ξ(p,r,t))υ

(P,Q), one has

Ψ(V −W) =

 ∞∑
l=0

(
pl

∣∣∣∣∣
l∑
z=0

rzsz(V −W)

∣∣∣∣∣
)tl 1

 h

6

 ∞∑
l=0

(
pl

∣∣∣∣∣
l∑
z=0

rzs[ z2 ](V −Wi)

∣∣∣∣∣
)tl 1

 h

+

 ∞∑
l=0

(
pl

∣∣∣∣∣
l∑
z=0

rzs[ z2 ](W −Wi)

∣∣∣∣∣
)tl 1

 h

6 2
1
 h sup
p

inf
i>p

 ∞∑
l=0

(
pl

∣∣∣∣∣
l∑
z=0

rzsz(V −Wi)

∣∣∣∣∣
)tl 1

 h

.

Hence, Ψ does not verify the Fatou property.

Theorem 5.9. Assume the setup (f1), (f2), and (f3) is established and G : Bs(Ξ(p,r,t))υ
(P,Q)→ Bs(Ξ(p,r,t))υ

(P,Q),

where Ψ(W) =

 ∞∑
l=0

(
pl

∣∣∣∣∣
l∑
z=0

rzsz(W)

∣∣∣∣∣
)tl 1

 h

, for every W ∈ Bs(Ξ(p,r,t))υ
(P,Q). Then A ∈ Bs(Ξ(p,r,t))υ

(P,Q)

is the unique fixed point of G, if the next setup fulfilled.
(a) G is Kannan Ψ-contraction mapping.
(b) G is Ψ-sequentially continuous at a point A ∈ Bs(Ξ(p,r,t))υ

(P,Q).
(c) There is B ∈ Bs(Ξ(p,r,t))υ

(P,Q) such that the sequence of iterates {GpB} has a subsequence {GpiB} converging
to A.

Proof. Let the enough setup be satisfied. Assume A is not a fixed point of G, then GA 6= A. In view of the
conditions (b) and (c), one has

lim
pi→∞Ψ(GpiB−A) = 0 and lim

pi→∞Ψ(Gpi+1B−GA) = 0.

As G is Kannan Ψ-contraction operator, we get

0 < Ψ(GA−A) = Ψ
(
(GA−Gpi+1B) + (GpiB−A) + (Gpi+1B−GpiB)

)
6 2

1
 hΨ
(
Gpi+1B−GA

)
+ 2

2
 hΨ (GpiB−A) + 2

2
 hλ

(
λ

1 − λ

)pi−1

Ψ(GB−B).

For pi → ∞, one obtains a contradiction. Hence, A is a fixed point of G. To prove that the fixed point A
is unique, assume we have two distinct fixed points A,D ∈ Bs(Ξ(p,r,t))υ

(P,Q) of G. Therefore, one gets

Ψ(A−D) 6 Ψ(GA−GD) 6 λ
(
Ψ(GA−A) +Ψ(GD−D)

)
= 0.

So, A = D.

Example 5.10. Suppose M : S(
Ξ(( 1

t+4 )
∞
t=0,( t+1

t+2 )
∞
t=0,( 2t+3

t+2 )∞t=0)
)
υ

(P,Q) → S(
Ξ(( 1

t+4 )
∞
t=0,( t+1

t+2 )
∞
t=0,( 2t+3

t+2 )∞t=0)
)
υ

(P,Q),

where Ψ(H) =

√√√√√√ ∞∑
t=0


∣∣∣∑tx=0

x+1
x+2sx

∣∣∣
t+ 4


2t+3
t+2

, for each H ∈ S(
Ξ(( 1

t+4 )
∞
t=0,( t+1

t+2 )
∞
t=0,( 2t+3

t+2 )∞t=0)
)
υ

(P,Q) and

M(H) =

{
H
6 , Ψ(H) ∈ [0, 1),
H
7 , Ψ(H) ∈ [1,∞).
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Since for all H1,H2 ∈ S(
Ξ(( 1

t+4 )
∞
t=0,( t+1

t+2 )
∞
t=0,( 2t+3

t+2 )∞t=0)
)
υ

with Ψ(H1),Ψ(H2) ∈ [0, 1), we have

Ψ(MH1 −MH2) = Ψ(
H1

6
−
H2

6
) 6

√
2

4
√

125

(
Ψ(

5H1

6
) +Ψ(

5H2

6
)
)
=

√
2

4
√

125

(
Ψ(MH1 −H1) +Ψ(MH2 −H2)

)
.

For all H1,H2 ∈ S(
Ξ(( 1

t+4 )
∞
t=0,( t+1

t+2 )
∞
t=0,( 2t+3

t+2 )∞t=0)
)
υ

with Ψ(H1),Ψ(H2) ∈ [1,∞), one has

Ψ(MH1 −MH2) = Ψ(
H1

7
−
H2

7
) 6

√
2

4
√

216

(
Ψ(

6H1

7
) +Ψ(

6H2

7
)
)
=

√
2

4
√

216

(
Ψ(MH1 −H1) +Ψ(MH2 −H2)

)
.

For all H1,H2 ∈ S(
Ξ(( 1

t+4 )
∞
t=0,( t+1

t+2 )
∞
t=0,( 2t+3

t+2 )∞t=0)
)
υ

with Ψ(H1) ∈ [0, 1) and Ψ(H2) ∈ [1,∞), one gets

Ψ(MH1 −MH2)=Ψ(
H1

6
−
H2

7
) 6

√
2

4
√

125
Ψ(

5H1

6
) +

√
2

4
√

216
Ψ(

6H2

7
) 6

√
2

4
√

125

(
Ψ(MH1 −H1) +Ψ(MH2 −H2)

)
.

Therefore, the operator M is Kannan Ψ-contraction and Mr(H) =

{
H
6r , Ψ(H) ∈ [0, 1),
H
7r , Ψ(H) ∈ [1,∞).

Evidently,

M is Ψ-sequentially continuous at the zero operator Θ ∈ S(
Ξ(( 1

t+4 )
∞
t=0,( t+1

t+2 )
∞
t=0,( 2t+3

t+2 )∞t=0)
)
υ

and {MrH} has a

subsequence {MrjH} converging to Θ. According to Theorem 5.9, the zero operator

Θ ∈ S(
Ξ(( 1

t+4 )
∞
t=0,( t+1

t+2 )
∞
t=0,( 2t+3

t+2 )∞t=0)
)
υ

is the only fixed point of M.
Assume {H(a)} ⊆ S(

Ξ(( 1
t+4 )

∞
t=0,( t+1

t+2 )
∞
t=0,( 2t+3

t+2 )∞t=0)
)
υ

is such that lima→∞ Ψ(H(a)−H(0)) = 0, where H(0) ∈

S(
Ξ(( 1

t+4 )
∞
t=0,( t+1

t+2 )
∞
t=0,( 2t+3

t+2 )∞t=0)
)
υ

with Ψ(H(0)) = 1. Since the pre-quasi norm Ψ is continuous, we have

lim
a→∞Ψ(MH(a) −MH(0)) = lim

a→∞Ψ
(H(0)

6
−
H(0)

7

)
= Ψ

(H(0)

42

)
> 0.

Hence, M is not Ψ-sequentially continuous at H(0). Therefore, the operator M is not continuous at H(0).

6. Existence of solutions of non-linear difference equations

In this section, we explore a solution in (Ξ(p, r, t))υ to summable equations say (6.1), defined in [1,

16, 38], where the setup (f1), (f2), and (f3) is established and υ(f) =

 ∞∑
l=0

(
pl

∣∣∣∣∣
l∑
z=0

rzfz

∣∣∣∣∣
)tl 1

 h

, for all

f ∈ Ξ(p, r, t).
Examine the summable equations:

fz = yz +

∞∑
m=0

A(z,m)g(m, fm), (6.1)

and assume W : (Ξ(p, r, t))υ → (Ξ(p, r, t))υ is constructed by

W(fz)z∈N =
(
yz +

∞∑
m=0

A(z,m)g(m, fm)
)
z∈N

. (6.2)
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Theorem 6.1. The summable equation (6.1) holds a unique solution in (Ξ(p, r, t))υ , when A : N2 → R, g :

N× C→ C, y : N→ C, assume there is λ ∈ C so that supl |λ|
tl
 h ∈ [0, 1

2) and for all l ∈ N, we have

∣∣∣∣∣
l∑
z=0

(∑
m∈N

A(z,m)[g(m, fm) − g(m,ηm)]

)
rz

∣∣∣∣∣
6 |λ|

[∣∣∣∣∣
l∑
z=0

(
yz − fz +

∞∑
m=0

A(z,m)g(m, fm)

)
rz

∣∣∣∣∣+
∣∣∣∣∣
l∑
z=0

(
yz − ηz +

∞∑
m=0

A(z,m)g(m,ηm)

)
rz

∣∣∣∣∣
]

.

Proof. Let the conditions be established. Assume the mapping W : (Ξ(p, r, t))υ → (Ξ(p, r, t))υ is defined
by equation (6.2). Hence

υ(Wf−Wη) =

 ∞∑
l=0

(
pl

∣∣∣∣∣
l∑
z=0

(Wfz −Wηz)rz

∣∣∣∣∣
)tl 1

 h

=

 ∞∑
l=0

(
pl

∣∣∣∣∣
l∑
z=0

(∑
m∈N

A(z,m)[g(m, fm) − g(m,ηm)]

)
rz

∣∣∣∣∣
)tl 1

 h

6 sup
l

|λ|
tl
 h

 ∞∑
l=0

(
pl

∣∣∣∣∣
l∑
z=0

(
yz − fz +

∞∑
m=0

A(z,m)g(m, fm)

)
rz

∣∣∣∣∣
)tl 1

 h

+ sup
l

|λ|
tl
 h

 ∞∑
l=0

(
pl

∣∣∣∣∣
l∑
z=0

(
yz − ηz +

∞∑
m=0

A(z,m)g(m,ηm)

)
rz

∣∣∣∣∣
)tl 1

 h

= sup
l

|λ|
tl
 h (υ(Wf− f) + υ(Wη− η)) .

In view of Theorem 5.3, we obtain a unique solution of equation (6.1) in (Ξ(p, r, t))υ .

Example 6.2. Suppose the sequence space
(
Ξ
(
( 1
t+1)

∞
t=0, (t+2

t+1)
∞
t=0, ( 2t+3

t+2 )
∞
t=0
))
υ

, where υ(f)

=

√√√√√√ ∞∑
t=0


∣∣∣∑tx=0

x+2
x+1fx

∣∣∣
t+ 1


2t+3
t+2

, for all f ∈
(
Ξ
(
( 1
t+1)

∞
t=0, (t+2

t+1)
∞
t=0, ( 2t+3

t+2 )
∞
t=0
))
υ

. Assume the non-linear

difference equations:

fz = e
−(3z+6) +

∞∑
m=0

(−1)z+m
f
p
z−2

f
q
z−1 +m

2 + 1
, (6.3)

with p,q, f−2, f−1 > 0 and suppose

W :

(
Ξ

(
(

1
t+ 1

)∞t=0, (
t+ 2
t+ 1

)∞t=0, (
2t+ 3
t+ 2

)∞t=0

))
υ

→
(
Ξ

(
(

1
t+ 1

)∞t=0, (
t+ 2
t+ 1

)∞t=0, (
2t+ 3
t+ 2

)∞t=0

))
υ

,

is defined by

W(fz)
∞
z=0 =

(
e−(3z+6) +

∞∑
m=0

(−1)z+m
f
p
z−2

f
q
z−1 +m

2 + 1

)∞
z=0

.
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Evidently, there is λ ∈ C such that supl |λ|
2l+3
2l+4 ∈ [0, 1

2) and for all l ∈ N, one has∣∣∣∣∣
l∑
z=0

( ∞∑
m=0

(−1)z
f
p
z−2

f
q
z−1 +m

2 + 1

(
(−1)m − (−1)m

)) z+ 2
z+ 1

∣∣∣∣∣
6 |λ|

∣∣∣∣∣
l∑
z=0

(
e−(3z+6) − fz +

∞∑
m=0

(−1)z+m
f
p
z−2

f
q
z−1 +m

2 + 1

)
z+ 2
z+ 1

∣∣∣∣∣
+ |λ|

∣∣∣∣∣
l∑
z=0

(
e−(3z+6) − ηz +

∞∑
m=0

(−1)z+m
f
p
z−2

f
q
z−1 +m

2 + 1

)
z+ 2
z+ 1

∣∣∣∣∣ .
According to Theorem 6.1, the non-linear difference equations (6.3) contain a unique solution in(
Ξ
(
( 1
t+1)

∞
t=0, (t+2

t+1)
∞
t=0, ( 2t+3

t+2 )
∞
t=0
) )
υ

.

7. Conclusion

In this article, we offer some topological and geometric properties of (Ξ(p, r, t))υ, of the multiplication

maps acting on (Ξ(p, r, t))υ, of the class Bs(Ξ(p,r,t))υ
, and of the class

(
Bs(Ξ(p,r,t))υ

)ρ
. We investigate

the existence of a fixed point of Kannan contraction map acting on these spaces. Some several numerical
experiments are introduced to light our results. Furthermore, some successful applications to the existence
of solutions of non-linear difference equations are discussed. This article has a number of advantages for
researchers such as studying the fixed points of any contraction maps on this pre-quasi normed sequence
space which is a generalization of the quasi normed sequence spaces, a new general space of solutions
for many difference equations, the spectrum of any bounded linear operators between any two Banach
spaces with s-numbers in this sequence space and note that the closed operator ideals are certain to play
an important function in the principle of Banach lattices.
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