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Abstract

This paper is concerned with studying a new class of multivariable operators know as joint n-normal g-tuple of operators.
Some structural properties of some members of this class are given.
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1. Introduction

Along this work H denotes a complex Hilbert space with inner product (| ). B(H) is the algebra of all
bounded linear operators on H.

Normal operators played a crucial role in the theory of operators. They were the basis of many
extensions of families of operators. A bounded linear operator A on a complex Hilbert space, H is normal
if [A,A*] :== A*A — AA* = 0. The class of normal operators was extended to a large classes of operators
namely the classes of n-normal operators, (n, m)-normal operators and polynomially normal operators.
An operator A € B[H] is

(i) n-normal if A"A* — A*A™ = 0 for some positive integer n ([6, 17]);
(ii) (n, m)-normal if ATA*™ — A*MA™ = 0 for some positive integers n and m ([1, 2]);

n
(iii) polynomially normal if there exists a polynomial P = Z axz® € C[z] such that
k=0
n
P(A)A* —A*P(A) = Z ax <AkA* — A*Ak) =0, ([13)).
k=0

For more details on these classes of operators, we invite the reader to consult the following references
[1,2,6,9,6 10, 13,17].

In recent years, the study of bounded operators in several variables is researched by several authors.
The studies have included many classes of operators namely
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e joint m-symmetric tuple ([7]);

e joint normal tuple ([11, 12]);

e joint hyponormal tuple ([15]);

e joint m-isometries([14]);

e joint (ny,...,ng)-quasi-m-isometries ([8]);
e joint (ny,...,ng)-partial m-isometries ([3]);
e m-invertible g-tuple ([3]);

e (m, C)-isometric tuples ([4]).

This paper is devoted to some class of multivariable operators on the Hilbert space which is a general-
ization of joint normal tuple of operators. More precisely, we introduce a new class of operators which is
called the class of joint n-normal qg-tuple of operators.

Definition 1.1. An tuple A = (Aq,...,Aq) € B[H]9 is said to be joint n-normal g-tuple for some positive
integer n if the following conditions are satisfied

AiA)‘ :Ain for all (i,j) E{l,...,q}z,
ATAT = AJAT for i=1,...,q.

Remark 1.2. If we take q = 1 in the Definition 1.1 we obtain the definition of n-normal single operator
given in [6, 17].

It is proved in Example 2.2 that there is an operator which is joint n-normal tuple but not joint normal
tuple, and thus, the proposed new class of operators contains the class of joint normal operators as a
proper subset. Several properties of joint n-normal tuple are given in Section 2. In particular, we show
that if A = (Aq,...,Aq) € B[H]9 is an joint n-normal g-tuple and B = (By,...,B4) € B[H]9 is an joint
n-normal g-tuple, then AB = (= (A1By,...,AqBg) is an joint n-normal g-tuple, under suitable conditions.
Moreover, we prove that if A = (Aq,...,Aq) € B[H]9 is a joint n-normal g-tuple and B = (By,...,Bq) €
B[H]¢ is a joint n-normal d-tuple, then A * B € B[H]49 is an joint n-normal dq-tuple under suitable
conditions. We apply these results to obtain some properties for tensor product of joint n-normal g-tuple.

2. Main results

This section is devoted to the study of some properties of the new class of multivariable operators.

Example 2.1. Let S € B(H) be an n-normal g-tuple of operators and let A = (Ay,...,Aq) € C9. Then the
tuple A = (Ay,...,Aq) with A; = A\;S for j = 1,..., g is a joint n-normal g-tuple of operators. In fact, it is
obvious that [A;, Aj] =0 foralli,j €{1,..., q}. Further, for all k € {1,..., q} we have

ARAL = (MS) " (AkS) " = ARS™ALS* = A AqS*S™ (since S is n-normal) = (MS)* (McS)™ = AL AR,
So that Ay is n-normal forall k =1,...,q.

Remark 2.1. Every joint normal tuple is joint n-normal tuple for all positive integers n. However, the
converse is not true as shown in the following example.

i 2
0 —i
shows that A is joint 2-normal g-tuple but it is not joint normal g-tuple.

Example 2.2. Let A = € B[C?] and define A = (A,...,A) € B[C?]9. Then a direct calculation
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Definition 2.2 ([16]). Let A = (A4,...,Aq) € £L(H)9, we will call A entry-wise invertible if the bounded
inverse of each operator exists and in which the inverse of a tuple A = (A4,...,A4) is given by the tuple
A= (AL AT,

7 7 q

Theorem 2.3. Let A = (Aq,...,Aq) € BIH]9 be joint n-normal q-tuple, then the following statement are true.

(1) A* is a joint n-normal tuple.

(2) If U is an unitary operator, then U*AU (WAL U, U AU, ..., U*AqU) is joint n-normal tuple.
3) If A entry-wise invertible, then A~ is joint n-normal.

4) A™ .= (Al11 ,...,Aq ) is a joint n-normal q-tuple for all m = (my, ..., mq) € N9,

Proof.

(1) We have A* := (A],...,Ay). Under the assumption that A is joint n-normal tuple we get that A;A; =
AjAiofall (i,j) €{1,..., q)? and ATTAT = AfAlM fori=1,..., q. From which it follows that

{ AAS = ATA} forall (i) €{l,..., q),
ATMAL = AATT for i=1,...,q.
Therefore A* is joint n-normal tuple.
(2) Clearly,
(U*AU) (U*AU) = UFA AU == U*A;A;U = (UFA;U) (UFA ).
However
(W AU)™ (WA U) " = UFATATU = WATATU = (WFATU) (UFATU) = (UFAU) " (WA U) ™.

(3) We have the following implications

) e{l,...,qp,

AA; = AjAL = ATTATT = ATIATL Y
DM (AL ),v ke{l,...,qk

ATAL = ALAE = (A" (A" = (A
Therefore A~! is joint n-normal g-tuple.
4) If my =1forall k € {1,...,q}, then [A{”i,Amj] =0. If my > 1forall k €{1,...,q}, by taking into

j
account [15, lemma 2.1] it follows that

AT, AT

i B ’ I?’ /
=) AFATIALAATAL,

oat+o/=m;—1

|3+|3/:TTL)71

So, since A is a joint n-normal g-tuple, we get

AT AT

M = > AFAPIAL AJAS AR =0, ¥ (1,5) €{1,..., g}

ato/=mi—1B+p'=m;—1

Moreover, since each Ay is n-normal, then by referring to [17, Corollary 2.6], we obtain that Akmk is
n-normal for all k € {1,..., q}. Therefore (AT”, el A?q) is joint n-normal g-tuple. O

Theorem 2.4. Let A = (Aq,...,Aq) € B[H]Y, then A — A = (A1 —Ay,...,Aq —Aq) is joint n-normal q-tuple
forall A = (Nq,...,Aq) € CYifand only if A is joint normal q-tuple.

Proof. Assume that A — A is joint n-normal tuple for all A = (Aq,...,Aq) € CY9. Then we have

(A —=A) (A5 —=A) = (Aj = A) (AL = M) = AA; = AjAL; Y (L)) ell,..., g
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However,

0= (A5 =2) " (A) = A" = (A5 =) (A5 — )"

=3 0 (AN ) - (4 %) 3 () A
k=0 k=0
=) (¥ (1;) AJTEATAS = ( D (- (2) A;‘k)\}‘>)\j
k=0 k=0
- i (=1 <“> AFATTRNS + ( i (=1 (“) Ale)\‘S).
=0 k)0 ) o k/ ) ) )

k(T k —k a * * —k
o (O (a2
k=0

n—2
* * — —1 * * n — * * —k
ATAS — A A”) + (=)™ Al (AjAj —ATA)) + ) (1)k<k> <A)TL “AS - AJAT )

n—2

—1yn—1 * * k(T )4k —k p* % Aam—k
=(-1" )\]T‘ n<A)~A]~—AjA]->—|—Z(—1) (k))\j <A)“ A)-—AjA)T‘ >

k=1

By setting A; = rje'®i where r; > 0 and 0 < ¢; < 27, it follows that

I\)

n—
(A7A; — AjAT) = (rjet®) (APTKAL — ATATTK),
( eub k:1

and so
1 & n
—k —k
IAAs = AATL < i X () rEIAT AT = AfAR
Letting r; — oo, we get AfAj —AjAF =0for j=1,..., q. Therefore, A is joint normal tuple.
Conversely, assume that A is joint normal tuple. Then we have

AiA)' :A]'Ai for all (1 )6{1 . ,q}z,
ATAY = AIAT for i=1,...,q.

This means that

(As—A) (A5 —A5) = (A;—A)) (A — A1) forall (i) €{1,..., g
(Aq )“( =M = (Ai—)\i)*(Ai—?\i)n for i=1,...,q.
Therefore, A—A = (A1 —Aq,...,Aq — Aq) is joint n-normal tuple. O

Proposition 2.5. Let A = (Aq,...,Aq) € B[H]Y such is joint n-normal tuple and joint (n + 1)-normal g-tuple.
Then A is joint (n + 2)-normal tuple.

Proof. Under the assumptions that joint n-normal tuple and joint (n + 1)-normal tuple, it follows that
AiAj = AjA; for all i,j and A} (A]—A* ATA A;) = 0. Therefore

ATPAY —AJATM? =0, j=1,...,q.
O

Remark 2.6. As a immediate consequence of Proposition 2.5, if A is both joint n-normal g-tuple and joint
(n +1)-normal g-tuple, then it is joint k-normal for all k > n. In particular if A is both joint 2-normal
g-tuple and joint 3-normal g-tuple, then it is joint k-normal g-tuple for all k > 2.
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Proposition 2.7. Let A = (Aq,...,Aq) € BIH]9 such is joint n-normal tuple. If each Aj; is a partial isometry for
j=1,...,q, then A is joint (n+ 1)-normal q-tuple.

Proof. Since for each k =1,...,q, Ay is n-normal and partial isometry, if follows by applying [5, Theorem
2.4] that Ay is (n 4 1)-normal. The desired result follows immediately. O

Theorem 2.8. Let A = (Aq,...,Aq) € BIH]Y be joint n-normal q-tuple. Then A™™ := (A]""™, .. L AG™) is joint
normal q-tuple for all positive integer.

Proof. From the assumption that A is a joint n-normal g-tuple, it follows that

APTPAMY = ATMPATT forall (4,5) €(1,..., q)?,
AMAY = (AM) AT = ATATY, YV i=1,...,q.

Therefore A™™ is joint normal g-tuple. O
Let A = (Ay,...,Aq) € B[H]9 and B = (By,...,Bq) € B[H]9. Denote by AB = (A1By,...,AqBq) and
A+B=(A;+By,...,Aq +Byg).

Remark 2.9. It was observed by the author Kaplansky in [18] that if A and B are normal operators it may
be possible that AB is normal while BA is not. However, he showed that if A and AB are normal, then
BA is normal if and only if B commutes with AA*.

Proposition 2.10. Let A = (Aq,...,Aq) € B[H|9and B = (By,...,Bq) € B[H]9 be two joint n-normal q-tuples
of operators. The following statements are true.

(1) If[A,B;] =0, Vi,j € {1,...,q}and [Ay,Bil =0 forall k € {1,...,q}, then AB and BA are joint n-normal
q-tuple.

(2) If[A,B;] =0, Vi,j €{1,...,q} and A\ By = AxBY =0 forall k € {1,...,q}, then A+ B is joint n-normal
q-tuple.

Proof.

(1) We have for all ,j €{1,...,q},

= AiA]’BiBj — AiA]’B]‘Bi = AiAj (BiBj — BjBi) = AiA]' [Bi, Bj] =0.
Furthermore, let k € {1,..., q}, we have
(AkBk)*(AxBy)" = BLALARBY = BLALALBY = BLARBIAL = ARBEBLAL = (AxBk)  (AxBy)™
Therefore, AB is a joint n-normal g-tuple. Similarly, we show that BA is a joint n-normal q-tuple.
(2) For all (i,j) € {1,...,q}?, one can see that
[Ai + Bi, Aj + B;] = [Aq, Aj] + [Bi, Bj] + [A4, Bj] + [Bi, Aj] = 0.

Besides, for k € {1,2,..., q}, we get

n

(Ax+By) (Ak+Bk)"™ = (A} +B}) (Z C‘) AiBQ—i)

j=0
= (AL +By) (AL +BR)

= (AYAYR +ALBY + BEAL + BEBY
= ALAL + BB
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= (AL +BY) (A +By)"
(£ (s onen
= (Ax+Byx)" (A +By) "

Therefore, A + B is joint n-normal g-tuple. O

Corollary 2.11. Let A = (Aq,...,Aq) € B[H]9 and B = (By,...,Bm) € B[H|™ be two joint n-normal q-tuples

of operators such that [As, B;] = [Ay, B;‘] =0, V(i,j) €{1,2...,d} x{1,..., m}. Then
AxB:=(A1By,...,A1Bm,A2B1,...,A2Bn, ..., AgB1, ..., AqBm)

is joint n-normal (qm)-tuple of operators.

Proof. By noting A = (A1,...,A1,Az,...,Ag,...,Aq,...,Aq) and B = (By,...,Bm,By,...,Bm,By,...,Bum),

we get A x B = AB and so the proof follows by applying Proposition 2.10. O

Proposition 2.12. Let A = (Ay,...,Aq) € B[H]9 be commuting tuple of operators. For n € N, set X =
g?{;]—i— A(;‘,...,A{qL +Ay) and Y = (AT —Af,...,Aqg —Ay). Then A is joint n-normal q-tuple if and only if

Proof. Obviously, AjA; = AjA; ¥V (i,j) €{1,..., q}%. On the other hand
(X, Y =0 XY—-YX=0
= (AL +AD (AR =AY — (AL A (AR +AL) =0
= AT ATAL HATAL — AP — (AT HATAL - ALAR —AD)
= AlAL —ALAlN=0,Vke{l,..., q

Hence, the result is proved. O

The following proposition shows that the class of joint n-normal g-tuple is closed in B[H]9 .
Proposition 2.13. The class of joint n-normal q-tuple is a closed subset of B[H].
Proof.

Step 1. consider (Ay)x C B[H] be a sequence of n-normal single operators such that ||[Ax —A|| — 0, as
k — +oo for A € B[H]. Then we have

|Ay —A*|| =||Ax —A| = 0, as k = +o0,
|AR —A™|| = 0, as k — +o0.

However, we have

JARAL — AMAT[| = [AFAL — ARA® + AFA" — ATAT|

< JARAL — APA®| 4 [AFA® — AAY|
< AR (AL — A"+ (AR — A A% o
< AR Ak — Al + [IA*[| AR — A

< AR = A%l AlL+IAT) + 1A 1Ak - AT
Hence the limiting case of (2.1) shows that,
AMAY = lim AZAL.
k—1>rw{100 L
Similarly we can also obtain A*A™ = lim Aj}Ay. Since Ay is n-normal, it follows that AMA* = A*A™.

k—+o00
Therefore, A is n-normal.
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Step 2. Let (Ak)k = (Al(k), cen ,Aq (k))
such that

« be a sequence of joint n-normal g-tuple of operators in B[H]4

q 1/2
Ak — Al = (Z I1A; (k) —Aj||2> —50, as k —> oo,
j=1

where A = (Aq,...,Aq) € B[H]9.
It is obvious that for each j € {1,..., q} we have

lim [|A;j(k) — Aj|| = 0. (2.2)

k—+o00
Since Aj(k)™A;(k)* = Aj(k)*A;(k)™ for each j =1,..., q, it follows by taking into account Step 1, that
ASAT =ATAT, Viedl,. .., qh
Moreover, for all i,j € {1,...,q} and k € IN, we see that

A (K)A; (k) — AiA; | = [Ai(K) (A5 (k) — Aj) + (Ai(k) — ADA;|
< ALK [[A (k) = Ayl + [[Ai (k) — Aql[[|A;]
< (IAL() = Al + JALN) A5 (k) — Aj |+ [[Ac (k) — Agl][ Ay

Hence, in view of (2.2), we obtain
AL (K)A;(k) — AiAj|| — 0, asn — +oo, V(i,j) €{L,...,q}*
On the other hand, since {Ah = {(A1 (k), ..., Aq(k))}x is a sequence of joint n-normal g-tuple, then
[Ai(k),Aj(k)] =0, V(i,j) €{l,...,qf and k € N.

So, we immediately get
AuA=0, V(i) €{1,2,...,q"

Therefore, A is joint n-normal g-tuple. O
Let A= (Ay,...,Aq) € B[H]9 and B = (By,...,B4) € B[H]9. We denote by
A®B=(A1®By,...,Aq®Bg).

In [6] it was observed that If Aj, Ay € B[H], then A; ® A, is n-normal if and only if A; and A, are
n-normal. The following theorem studied the tensor product of two joint n-normal g-tuple.

Theorem 2.14. Let A = (Aq,...,Aq) € B[H]9 and B = (By,...,Bq) € B[H]9 are two joint n-normal q-tuple,
then A ® B is joint n-normal q-tuple.

Proof. Under the condition A = (Ay,...,Aq) and B = (By,...,Bq) are joint n-normal g-tuples, we can
obtained that for all (i,j) € {1,..., q}?

[(Ai ® By), (A]' ® Bj)] = [(Ai ® Bi)(A]‘ & Bj) — (Aj ® B]')(Ai & Bi)]
= (AiAj & BiBj) — (Ain ® BjBi) = (A]'Ai ® BjBi) — (Ain & BjBi) =0.

Moreover, for all k € {1, ..., q}, we have

(A ® B (Ax @ Bi)* = ALAL © BEB} — ALAR © BLBY — (A @ B) (A @ By)™
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The following example shows that the converse of the above theorem need not to be hold in general.

Example 2.3. Let A; = < _01 (1) ) € BIC? and A; = < (1) (1) ) € BIC?]. By elementary calculation we
1 0 0 O 0 0 01
0 -1 0 O 0010

have A1 ® A1 = 0 0 -1 0 and A, ® Ay = 01001 Set A = (A1,Az) and A®A =
0 0 0 1 1000

(A1 RAL, AR Az)). We observe that A is not joint normal 2-tuple since A1A; # AxA; . However A ® A
is joint normal 2-tuple.

The following theorem illustrates the conditions under which the converse of Theorem 2.14 is true.

Theorem 2.15. Let A = (Aq,...,Aq) € B[H]9 and B = (By,...,Bq) € B[H]9 such that

{ AlA] >0 and BIB] >0, i,).Zl,...,q,
IAAS | = A and [B:Bs]l = [BsBill, 15 =1,.... q.

If A ® B is joint n-normal q-tuple, then A and B are joint n-normal q-tuples.

Proof. From the condition that A ® B is joint n-normal g-tuple, and taking into account Theorem 2.8 it
follows that

<A®B> = <(A1®B1)n,...,(Aq®Bq)n> = (A{l@Bn,...Ag@Bg)

is joint normal g-tuple. This means that (Ay ® Bk)TL = A} ® B} is normal for each k =1,..., q. By ([19])
it is well known that

AY ® By is normal if and only if A} and By are normal operators.

However A}l being normal, implies that Ay is n-normal. Similarly, B)} being normal implies that By is
n-normal. Therefore
[ E,A{i] = [ E,Bﬂ =0, foreach k=1,...,q.

On the other hand, the joint n-normality of A ® B implies that
AiA; ® BiBj = AjA; ® BiBi, V (i,j) €{1,...,q}*

Since AjA; and B;Bj are positive for all i,j = 1,...,q we have by [19, Proposition 2.2] that there exists a
constant cij > 0 such that

AiA;j = cijAjA; and BiBj = c;j'BjBi fori,j=1,...,q.

However
[AA; ]| = cyillAAL = ci5 =1, Vi,
Hence,
AiAj = Ain and BiBj = BjBi for i,j = 1,. --,q.
Consequently, A and B are joint n-normal g-tuples. O

Theorem 2.16. Let A = (Aq,...,Aq) € B[H]Y such that ker(Ay) = {0} for k =1,...,q. If A is joint n-normal
and joint m-normal q-tuple for some positive integer n and m, then, A is joint (max{n, m} — min{n, m})-normal
q-tuple. In particular, if A is joint n-normal and joint (n + 1)-normal, then A is joint normal q-tuple.
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Proof. Obviously, [Ai, A;] =0 forall (i,j) €{1,..., q)%. Moreover for each k = 1,..., q we have

ATAL —ALAD =0,
AT'AY — ATAT = 0.

Now by considering that n > m, we get

ALAL —AZADL =0 = A" <A{g—mA;'; - A;‘;A{;—m> =0
— AITMAL —ALAT™ =,

and therefore A is joint (n — m)-normal g-tuple. O
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