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Abstract
This paper is concerned with studying a new class of multivariable operators know as joint n-normal q-tuple of operators.

Some structural properties of some members of this class are given.
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1. Introduction

Along this work H denotes a complex Hilbert space with inner product 〈 | 〉. B(H) is the algebra of all
bounded linear operators on H.

Normal operators played a crucial role in the theory of operators. They were the basis of many
extensions of families of operators. A bounded linear operator A on a complex Hilbert space, H is normal
if
[
A,A∗

]
:= A∗A−AA∗ = 0. The class of normal operators was extended to a large classes of operators

namely the classes of n-normal operators, (n,m)-normal operators and polynomially normal operators.
An operator A ∈ B[H] is

(i) n-normal if AnA∗ −A∗An = 0 for some positive integer n ([6, 17]);
(ii) (n,m)-normal if AnA∗m −A∗mAn = 0 for some positive integers n and m ([1, 2]);

(iii) polynomially normal if there exists a polynomial P =

n∑
k=0

akz
k ∈ C[z] such that

P(A)A∗ −A∗P(A) =

n∑
k=0

ak

(
AkA∗ −A∗Ak

)
= 0, ([13]).

For more details on these classes of operators, we invite the reader to consult the following references
[1, 2, 6, 9, 10, 13, 17].

In recent years, the study of bounded operators in several variables is researched by several authors.
The studies have included many classes of operators namely
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• joint m-symmetric tuple ([7]);

• joint normal tuple ([11, 12]);

• joint hyponormal tuple ([15]);

• joint m-isometries([14]);

• joint (n1, . . . ,nd)-quasi-m-isometries ([8]);

• joint (n1, . . . ,nq)-partial m-isometries ([3]);

• m-invertible q-tuple ([3]);

• (m,C)-isometric tuples ([4]).

This paper is devoted to some class of multivariable operators on the Hilbert space which is a general-
ization of joint normal tuple of operators. More precisely, we introduce a new class of operators which is
called the class of joint n-normal q-tuple of operators.

Definition 1.1. An tuple A = (A1, . . . ,Aq) ∈ B[H]q is said to be joint n-normal q-tuple for some positive
integer n if the following conditions are satisfied{

AiAj = AjAi for all (i, j) ∈ {1, . . . ,q}2,
Ani A

∗
i = A

∗
iA
n
i for i = 1, . . . ,q.

Remark 1.2. If we take q = 1 in the Definition 1.1 we obtain the definition of n-normal single operator
given in [6, 17].

It is proved in Example 2.2 that there is an operator which is joint n-normal tuple but not joint normal
tuple, and thus, the proposed new class of operators contains the class of joint normal operators as a
proper subset. Several properties of joint n-normal tuple are given in Section 2. In particular, we show
that if A = (A1, . . . ,Aq) ∈ B[H]q is an joint n-normal q-tuple and B = (B1, . . . ,Bq) ∈ B[H]q is an joint
n-normal q-tuple, then AB = (= (A1B1, . . . ,AqBq) is an joint n-normal q-tuple, under suitable conditions.
Moreover, we prove that if A = (A1, . . . ,Aq) ∈ B[H]q is a joint n-normal q-tuple and B = (B1, . . . ,Bd) ∈
B[H]d is a joint n-normal d-tuple, then A ∗ B ∈ B[H]dq is an joint n-normal dq-tuple under suitable
conditions. We apply these results to obtain some properties for tensor product of joint n-normal q-tuple.

2. Main results

This section is devoted to the study of some properties of the new class of multivariable operators.

Example 2.1. Let S ∈ B(H) be an n-normal q-tuple of operators and let λ = (λ1, . . . , λq) ∈ Cq. Then the
tuple A = (A1, . . . ,Aq) with Aj = λjS for j = 1, . . . ,q is a joint n-normal q-tuple of operators. In fact, it is
obvious that [Ai,Aj] = 0 for all i, j ∈ {1, . . . ,q}. Further, for all k ∈ {1, . . . ,q} we have

AnkA
∗
k =

(
λkS

)n(
λkS

)∗
= λnkS

nλkS
∗ = λnkλqS

∗Sn (since S is n-normal) =
(
λkS

)∗(
λkS

)n
= A∗kA

n
k .

So that Ak is n-normal for all k = 1, . . . ,q.

Remark 2.1. Every joint normal tuple is joint n-normal tuple for all positive integers n. However, the
converse is not true as shown in the following example.

Example 2.2. Let A =

(
i 2
0 −i

)
∈ B[C2] and define A = (A, . . . ,A) ∈ B[C2]q. Then a direct calculation

shows that A is joint 2-normal q-tuple but it is not joint normal q-tuple.
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Definition 2.2 ([16]). Let A = (A1, . . . ,Aq) ∈ L(H)q, we will call A entry-wise invertible if the bounded
inverse of each operator exists and in which the inverse of a tuple A = (A1, . . . ,Aq) is given by the tuple
A−1 := (A−1

1 , . . . ,A−1
q ).

Theorem 2.3. Let A = (A1, . . . ,Aq) ∈ B[H]q be joint n-normal q-tuple, then the following statement are true.

(1) A∗ is a joint n-normal tuple.
(2) If U is an unitary operator, then U∗AU := (U∗A1U,U∗A2U, . . . ,U∗AqU) is joint n-normal tuple.
(3) If A entry-wise invertible, then A−1 is joint n-normal.
(4) Am := (Am1

1 , . . . ,Amq
q ) is a joint n-normal q-tuple for all m = (m1, . . . ,mq) ∈Nq.

Proof.

(1) We have A∗ := (A∗1 , . . . ,A∗q). Under the assumption that A is joint n-normal tuple we get that AiAj =
AjAi of all (i, j) ∈ {1, . . . ,q}2 and Ani A

∗
i = A

∗
iA
n
i for i = 1, . . . ,q. From which it follows that{

A∗iA
∗
j = A

∗
jA
∗
i for all (i, j) ∈ {1, . . . ,q}2,

A∗ni Ai = AiA
∗n
i for i = 1, . . . ,q.

Therefore A∗ is joint n-normal tuple.

(2) Clearly, (
U∗AiU

)(
U∗AjU

)
= U∗AiAjU == U∗AjAjU =

(
U∗AjU

)(
U∗AiU

)
.

However(
U∗AiU

)n(
U∗AiU

)∗
= U∗Ani A

∗
iU = U∗A∗iA

n
i U =

(
U∗A∗iU

)(
U∗Ani U

)
=
(
U∗AiU

)∗(
U∗AiU

)n.

(3) We have the following implications{
AiAj = AjAi =⇒ A−1

j A
−1
i = A−1

i A
−1
j , ∀ (i, j) ∈ {1, . . . ,q}2,

AnkA
∗
k = A∗kA

n
k =⇒

(
A−1
k

)∗(
A−1
k

)n
=
(
A−1
k

)n(
A−1
k

)∗, ∀ k ∈ {1, . . . ,q}.

Therefore A−1 is joint n-normal q-tuple.

(4) If mk = 1 for all k ∈ {1, . . . ,q}, then [Ami

i ,Amj

j ] = 0. If mk > 1 for all k ∈ {1, . . . ,q}, by taking into
account [15, lemma 2.1] it follows that

[Ami

i ,Amj

j ] =
∑

α+α ′=mi−1
β+β ′=mj−1

Aαi A
β
j [Ai,Aj]A

α ′
j A

β ′

i ,

So, since A is a joint n-normal q-tuple, we get

[Ami

i ,Amj

j ] =
∑

α+α ′=mi−1β+β ′=mj−1

Aαi A
β
j [Ai,Aj]A

α ′
j A

β ′
q = 0, ∀ (i, j) ∈ {1, . . . ,q}2.

Moreover, since each Ak is n-normal, then by referring to [17, Corollary 2.6], we obtain that Amk

k is
n-normal for all k ∈ {1, . . . ,q}. Therefore (Am1

1 , . . . ,Amq
q ) is joint n-normal q-tuple.

Theorem 2.4. Let A = (A1, . . . ,Aq) ∈ B[H]q, then A − λ := (A1 − λ1, . . . ,Aq − λq) is joint n-normal q-tuple
for all λ = (λ1, . . . , λq) ∈ Cq if and only if A is joint normal q-tuple.

Proof. Assume that A − λ is joint n-normal tuple for all λ = (λ1, . . . , λq) ∈ Cq. Then we have(
Ai − λi

)(
Aj − λj

)
=
(
Aj − λj

)(
Ai − λi

)
=⇒ AiAj = AjAi, ; ∀ (i, j) ∈ {1, . . . ,q}2.
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However,

0 =
(
Aj − λj

)n(
Aj − λj)

∗ −
(
Aj − λj

)∗(
Aj − λj

)n
=

n∑
k=0

(−1)k
(
n

k

)
An−kj λkj

(
A∗j − λj

)
−
(
A∗j − λj

) n∑
k=0

(−1)k
(
n

k

)
An−kj λkj

=

n∑
k=0

(−1)k
(
n

k

)
An−kj A∗jλ

k
j −

( n∑
k=0

(−1)k
(
n

k

)
An−kj λkj

)
λj

−

n∑
k=0

(−1)k
(
n

k

)
A∗jA

n−k
j λkj +

( n∑
k=0

(−1)k
(
n

k

)
An−kj λkj

)
λj

=

n∑
k=0

(−1)k
(
n

k

)
λkj

(
An−kj A∗j −A

∗
jA
n−k
j

)

=

(
Anj A

∗
j −A

∗
jA
n
j

)
+ (−1)n−1nλn−1

j

(
AjA

∗
j −A

∗
jAj

)
+

n−2∑
k=1

(−1)k
(
n

k

)(
An−kj A∗j −A

∗
jA
n−k
j

)

= (−1)n−1λn−1
j n

(
AjA

∗
j −A

∗
jAj

)
+

n−2∑
k=1

(−1)k
(
n

k

)
λkj

(
An−kj A∗j −A

∗
jA
n−k
j

)
.

By setting λj = rjeiφj where rj > 0 and 0 6 φj 6 2π , it follows that

(
A∗jAj −AjA

∗
j

)
=

(−1)n

n
(
rje
iφj
)n−1

n−2∑
k=1

(−1)k(
(
n

k

)(
rje
iφj
)k(
An−kj A∗j −A

∗
jA
n−k
j ),

and so

‖A∗jAj −AjA∗j ‖ 6
1

rn−1
j

n−2∑
k=1

(
n

k

)
rkj ‖An−kj A∗j −A

∗
jA
n−k
j ‖.

Letting rj −→∞, we get A∗jAj −AjA
∗
j = 0 for j = 1, . . . ,q. Therefore, A is joint normal tuple.

Conversely, assume that A is joint normal tuple. Then we have{
AiAj = AjAi for all (i, j) ∈ {1, . . . ,q}2,
Ani A

∗
i = A

∗
iA
n
i for i = 1, . . . ,q.

This means that { (
Ai − λi

)(
Aj − λj

)
=
(
Aj − λj

)(
Ai − λi

)
for all (i, j) ∈ {1, . . . ,q}2,(

Ai − λi
)n(

Ai − λi
)∗

=
(
Ai − λi

)∗(
Ai − λi

)n for i = 1, . . . ,q.

Therefore, A − λ = (A1 − λ1, . . . ,Aq − λq) is joint n-normal tuple.

Proposition 2.5. Let A = (A1, . . . ,Aq) ∈ B[H]q such is joint n-normal tuple and joint (n+ 1)-normal q-tuple.
Then A is joint (n+ 2)-normal tuple.

Proof. Under the assumptions that joint n-normal tuple and joint (n + 1)-normal tuple, it follows that
AiAj = AjAi for all i, j and Anj

(
AjA

∗
j −A

∗
jAj

)
= 0. Therefore

An+2
j A∗j −A

∗
jA
n+2
j = 0, j = 1, . . . ,q.

Remark 2.6. As a immediate consequence of Proposition 2.5, if A is both joint n-normal q-tuple and joint
(n+ 1)-normal q-tuple, then it is joint k-normal for all k > n. In particular if A is both joint 2-normal
q-tuple and joint 3-normal q-tuple, then it is joint k-normal q-tuple for all k > 2.
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Proposition 2.7. Let A = (A1, . . . ,Aq) ∈ B[H]q such is joint n-normal tuple. If each Aj is a partial isometry for
j = 1, . . . ,q, then A is joint (n+ 1)-normal q-tuple.

Proof. Since for each k = 1, . . . ,q, Ak is n-normal and partial isometry, if follows by applying [5, Theorem
2.4] that Ak is (n+ 1)-normal. The desired result follows immediately.

Theorem 2.8. Let A = (A1, . . . ,Aq) ∈ B[H]q be joint n-normal q-tuple. Then Amn := (Amn1 , . . . ,Amnq ) is joint
normal q-tuple for all positive integer.

Proof. From the assumption that A is a joint n-normal q-tuple, it follows that{
Amni Amnj = Amnj Amni for all (i, j) ∈ {1, . . . ,q}2,
Amni A∗i =

(
Ani
)m
A∗i = A

∗
iA
mn
i , ∀ i = 1, . . . ,q.

Therefore Anm is joint normal q-tuple.

Let A = (A1, . . . ,Aq) ∈ B[H]q and B = (B1, . . . ,Bq) ∈ B[H]q. Denote by AB = (A1B1, . . . ,AqBq) and
A + B = (A1 +B1, . . . ,Aq +Bq).

Remark 2.9. It was observed by the author Kaplansky in [18] that if A and B are normal operators it may
be possible that AB is normal while BA is not. However, he showed that if A and AB are normal, then
BA is normal if and only if B commutes with AA∗.

Proposition 2.10. Let A = (A1, . . . ,Aq) ∈ B[H]q and B = (B1, . . . ,Bq) ∈ B[H]q be two joint n-normal q-tuples
of operators. The following statements are true.

(1) If [Ai,Bj] = 0, ∀i, j ∈ {1, . . . ,q} and [Ak,B∗k] = 0 for all k ∈ {1, . . . ,q}, then AB and BA are joint n-normal
q-tuple.

(2) If [Ai,Bj] = 0, ∀i, j ∈ {1, . . . ,q} and AkBk = AkB
∗
k = 0 for all k ∈ {1, . . . ,q}, then A + B is joint n-normal

q-tuple.

Proof.

(1) We have for all i, j ∈ {1, . . . ,q},

[AiBi,AjBj] = AiBiAjBj −AjBjAiBi = AiAjBiBj −AjAiBjBi
= AiAjBiBj −AiAjBjBi = AiAj(BiBj −BjBi) = AiAj[Bi,Bj] = 0.

Furthermore, let k ∈ {1, . . . ,q}, we have

(AkBk)
∗(AkBk)n = B∗kA

∗
kA
n
kB
n
k = B∗kA

n
kA
∗
kB
n
k = B∗kA

n
kB
n
kA
∗
k = AnkB

n
kB
∗
kA
∗
k =

(
AkBk

)n(
AkBk

)∗.
Therefore, AB is a joint n-normal q-tuple. Similarly, we show that BA is a joint n-normal q-tuple.

(2) For all (i, j) ∈ {1, . . . ,q}2, one can see that

[Ai +Bi,Aj +Bj] = [Ai,Aj] + [Bi,Bj] + [Ai,Bj] + [Bi,Aj] = 0.

Besides, for k ∈ {1, 2, . . . ,q}, we get

(
Ak +Bk

)∗(
Ak +Bk

)n
=
(
A∗k +B

∗
k

)( n∑
j=0

(
n

j

)
A
j
kB
n−j
k

)
=
(
A∗k +B

∗
k

)(
Ank +Bnk

)
=
(
A∗kA

n
k +A∗kB

n
k +B∗kA

n
k +B∗kB

n
k

= AnkA
∗
k +B

n
kB
∗
k
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=
(
Ank +Bnk

)(
Ak +Bk

)∗
=

( n∑
j=0

(
n

j

)
A
j
kB
n−j
k

)(
Ak +Bk

)∗
=
(
Ak +Bk

)n(
Ak +Bk

)∗.
Therefore, A + B is joint n-normal q-tuple.

Corollary 2.11. Let A = (A1, . . . ,Aq) ∈ B[H]q and B = (B1, . . . ,Bm) ∈ B[H]m be two joint n-normal q-tuples
of operators such that [Ai,Bj] = [Ai,B∗j ] = 0, ∀(i, j) ∈ {1, 2...,d}× {1, . . . ,m}. Then

A ∗B := (A1B1, . . . ,A1Bm,A2B1, . . . ,A2Bm, . . . ,AqB1, . . . ,AqBm)

is joint n-normal (qm)-tuple of operators.

Proof. By noting Ã = (A1, . . . ,A1,A2, . . . ,A2, . . . ,Aq, . . . ,Aq) and B̃ = (B1, . . . ,Bm,B1, . . . ,Bm,B1, . . . ,Bm),
we get A ∗B = ÃB̃ and so the proof follows by applying Proposition 2.10.

Proposition 2.12. Let A = (A1, . . . ,Aq) ∈ B[H]q be commuting tuple of operators. For n ∈ N, set X =
(An1 +A∗1 , . . . ,Anq +A∗q) and Y = (An1 −A∗1 , . . . ,Anq −A∗q). Then A is joint n-normal q-tuple if and only if
[X, Y] = 0.

Proof. Obviously, AiAj = AjAi ∀ (i, j) ∈ {1, . . . ,q}2. On the other hand[
X, Y] = 0⇐⇒ XY − YX = 0

⇐⇒
(
Ank +A∗k

)(
Ank −A∗k

)
−
(
Ank −A∗k

)(
Ank +A∗k

)
= 0

⇐⇒ A2n
k −AnkA

∗
k +A

∗
kA
n
k −A∗2k −

(
A2n
k +AnkA

∗
k −A

∗
kA
n
k −A∗2k

)
⇐⇒ AnkA

∗
k −A

∗
kA
n
k = 0, ∀ k ∈ {1, . . . ,q}.

Hence, the result is proved.

The following proposition shows that the class of joint n-normal q-tuple is closed in B[H]q .

Proposition 2.13. The class of joint n-normal q-tuple is a closed subset of B[H]q.

Proof.

Step 1. consider (Ak)k ⊂ B[H] be a sequence of n-normal single operators such that ‖Ak −A‖ → 0, as
k→ +∞ for A ∈ B[H]. Then we have{

‖A∗k −A∗‖ = ‖Ak −A‖ → 0, as k→ +∞,
‖Ank −An‖ → 0, as k→ +∞.

However, we have

‖AnkA∗k −AnA∗‖ = ‖AnkA∗k −AnkA∗ +AnkA∗ −AnA∗‖
6 ‖AnkA∗k −AnkA∗‖+ ‖AnkA∗ −AnA∗‖
6 ‖Ank

(
A∗k −A

∗)‖+ ‖(Ank −An
)
A∗‖

6 ‖Ank‖‖Ak −A‖+ ‖A∗‖‖Ank −An‖

6 ‖Ank −An‖
(
‖Ak −A‖+ ‖A‖

)
+ ‖An‖

(
‖Ak −A‖

)
.

(2.1)

Hence the limiting case of (2.1) shows that,

AnA∗ = lim
k→+∞AnkA∗k.

Similarly we can also obtain A∗An = lim
k→+∞A∗kAnk . Since Ak is n-normal, it follows that AnA∗ = A∗An.

Therefore, A is n-normal.
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Step 2. Let
(
Ak)k = (A1(k), . . . ,Aq(k)

)
k

be a sequence of joint n-normal q-tuple of operators in B[H]q

such that

‖Ak − A‖ =
( q∑
j=1

‖Aj(k) −Aj‖2
)1/2

−→ 0, as k −→∞,

where A = (A1, . . . ,Aq) ∈ B[H]q.
It is obvious that for each j ∈ {1, . . . ,q} we have

lim
k→+∞ ‖Aj(k) −Aj‖ = 0. (2.2)

Since Aj(k)nAj(k)∗ = Aj(k)∗Aj(k)n for each j = 1, . . . ,q, it follows by taking into account Step 1, that

Anj A
∗
j = A

∗
jA
n
j , ∀ j ∈ {1, . . . ,q}.

Moreover, for all i, j ∈ {1, . . . ,q} and k ∈N, we see that

‖Ai(k)Aj(k) −AiAj‖ = ‖Ai(k)
(
Aj(k) −Aj

)
+
(
Ai(k) −Ai)Aj‖

6 ‖Ai(k)‖‖Aj(k) −Aj‖+ ‖Ai(k) −Ai‖‖Aj‖
6
(
‖Ai(k) −Ai‖+ ‖Ai‖

)
‖Aj(k) −Aj‖+ ‖Ai(k) −Ai‖‖Aj‖.

Hence, in view of (2.2), we obtain

‖Ai(k)Aj(k) −AiAj‖ −→ 0, as n→ +∞, ∀(i, j) ∈ {1, . . . ,q}2.

On the other hand, since {Ak}k = {
(
A1(k), . . . ,Aq(k))}k is a sequence of joint n-normal q-tuple, then

[Ai(k),Aj(k)] = 0, ∀ (i, j) ∈ {1, . . . ,q}2 and k ∈N.

So, we immediately get
[Ai,Aj] = 0, ∀ (i, j) ∈ {1, 2, . . . ,q}2.

Therefore, A is joint n-normal q-tuple.

Let A = (A1, . . . ,Aq) ∈ B[H]q and B = (B1, . . . ,Bq) ∈ B[H]q. We denote by

A⊗B =
(
A1 ⊗B1, . . . ,Aq ⊗Bq).

In [6] it was observed that If A1,A2 ∈ B[H], then A1 ⊗A2 is n-normal if and only if A1 and A2 are
n-normal. The following theorem studied the tensor product of two joint n-normal q-tuple.

Theorem 2.14. Let A = (A1, . . . ,Aq) ∈ B[H]q and B = (B1, . . . ,Bq) ∈ B[H]q are two joint n-normal q-tuple,
then A⊗B is joint n-normal q-tuple.

Proof. Under the condition A =
(
A1, . . . ,Aq

)
and B =

(
B1, . . . ,Bq

)
are joint n-normal q-tuples, we can

obtained that for all (i, j) ∈ {1, . . . ,q}2[
(Ai ⊗Bi), (Aj ⊗Bj)

]
=
[
(Ai ⊗Bi)(Aj ⊗Bj) − (Aj ⊗Bj)(Ai ⊗Bi)

]
=
(
AiAj ⊗BiBj

)
−
(
AjAi ⊗BjBi

)
=
(
AjAi ⊗BjBi

)
−
(
AjAi ⊗BjBi

)
= 0.

Moreover, for all k ∈ {1, . . . ,q}, we have(
Ak ⊗Bk

)n(
Ak ⊗Bk

)∗
= AnkA

∗
k ⊗BnkB∗k = A∗kA

n
k ⊗B∗kBnk =

(
Ak ⊗Bk

)∗(
Ak ⊗Bk

)n.
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The following example shows that the converse of the above theorem need not to be hold in general.

Example 2.3. Let A1 =

(
−1 0
0 1

)
∈ B[C2] and A2 =

(
0 1
1 0

)
∈ B[C2]. By elementary calculation we

have A1 ⊗A1 =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1

 and A2 ⊗A2 =


0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

. Set A =
(
A1,A2

)
and A⊗A =

(
A1 ⊗A1,A2 ⊗A2)

)
. We observe that A is not joint normal 2-tuple since A1A2 6= A2A1 . However A⊗A

is joint normal 2-tuple.

The following theorem illustrates the conditions under which the converse of Theorem 2.14 is true.

Theorem 2.15. Let A = (A1, . . . ,Aq) ∈ B[H]q and B = (B1, . . . ,Bq) ∈ B[H]q such that{
AiAj > 0 and BiBj > 0, i, j = 1, . . . ,q,
‖AiAj‖ = ‖AjAi‖ and ‖BiBj‖ = ‖BjBi‖, i, j = 1, . . . ,q.

If A⊗B is joint n-normal q-tuple, then A and B are joint n-normal q-tuples.

Proof. From the condition that A⊗ B is joint n-normal q-tuple, and taking into account Theorem 2.8 it
follows that (

A⊗B
)n

=

((
A1 ⊗B1

)n, . . . ,
(
Aq ⊗Bq

)n)
=

(
An1 ⊗Bn1 , . . .Anq ⊗Bnq

)
is joint normal q-tuple. This means that

(
Ak ⊗ Bk

)n
= Ank ⊗ Bnk is normal for each k = 1, . . . ,q. By ([19])

it is well known that

Ank ⊗Bnk is normal if and only if Ank and Bnk are normal operators.

However Ank being normal, implies that Ak is n-normal. Similarly, Bnk being normal implies that Bk is
n-normal. Therefore [

Ank ,A∗k
]
=
[
Bnk ,B∗k

]
= 0, for each k = 1, . . . ,q.

On the other hand, the joint n-normality of A⊗B implies that

AiAj ⊗BiBj = AjAi ⊗BjBi, ∀ (i, j) ∈ {1, . . . ,q}2.

Since AiAj and BiBj are positive for all i, j = 1, . . . ,q we have by [19, Proposition 2.2] that there exists a
constant cij > 0 such that

AiAj = cijAjAi and BiBj = c
−1
ij BjBi for i, j = 1, . . . ,q.

However
‖AiAj‖ = cij‖AjAi‖ =⇒ cij = 1, ∀ i, j.

Hence,
AiAj = AjAi and BiBj = BjBi for i, j = 1, . . . ,q.

Consequently, A and B are joint n-normal q-tuples.

Theorem 2.16. Let A = (A1, . . . ,Aq) ∈ B[H]q such that ker(Ak) = {0} for k = 1, . . . ,q. If A is joint n-normal
and joint m-normal q-tuple for some positive integer n and m, then, A is joint (max{n,m}− min{n,m})-normal
q-tuple. In particular, if A is joint n-normal and joint (n+ 1)-normal, then A is joint normal q-tuple.
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Proof. Obviously, [Ai,Aj] = 0 for all (i, j) ∈ {1, . . . ,q}2. Moreover for each k = 1, . . . ,q we have{
AnkA

∗
k −A

∗
kA
n
k = 0,

Amk A
∗
k −A

∗
kA
m
k = 0.

Now by considering that n > m, we get

AnkA
∗
k −A

∗
kA
n
k = 0 =⇒ Amk

(
An−mk A∗k −A

∗
kA
n−m
k

)
= 0

=⇒ An−mk A∗k −A
∗
kA
n−m
k = 0,

and therefore A is joint (n−m)-normal q-tuple.

Acknowledgment

The author wishes to thank the referee for valuable comments and his/her time spent in reviewing
this paper.

References

[1] E. H. Abood, M. A. Al-loz, On some generalizations of (n,m)-normal powers operators on Hilbert space, J. Progress.
Res. Math., 7 (1978), 113–114. ii, 1

[2] E. H. Abood, M. A. Al-loz, On some generalization of normal operators on Hilbert space, Iraqi J. Sci., 56 (2015), 1786–
1794. ii, 1

[3] S. A. O. Ahmed Mahmoud, On the joint class of (m,q)-partial isometries and the joint m-invertible tuples of commuting
operators on a Hilbert space, Ital. J. Pure Appl. Math., 40 (2018), 438–463. 1
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