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Abstract

In the present paper, we establish relations between equi-statistical convergence and lacunary equi-statistical convergence
of sequences of fuzzy number valued functions. We make an effort to prove Korovkin type approximation theorem via lacunary
equi-statistical convergence in fuzzy spaces. Further, we study rates of lacunary equi-statistical fuzzy convergence by using
fuzzy modulus of continuity.
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1. Introduction

The concept of fuzzy numbers and arithmetic operations on these numbers were first introduced and
investigated by Zadeh [32] in 1965. Subsequently, many authors have discussed various aspects of the
theory and applications of fuzzy sets such as fuzzy topological spaces, similarity relations and fuzzy
orderings, fuzzy measures of fuzzy events and fuzzy mathematical programming. Since 1951, when
the concept of statistical convergence was introduced independently by Fast [12] and Steinhaus [30], the
statistical convergence has been further studied by Connor [9], Fridy [13], Miller and Orhan [18], Balcerzak
et al. [5] and others. The statistical convergence for a sequence of fuzzy numbers has been studied by
several authors. The existing literature on statistical convergence appears to have been restricted to real
or complex sequences, but Nanda [24], Kumar et al. [17], Mursaleen and Basarir [23] extended the idea to
apply to sequences of fuzzy numbers. Savas [29] in 2001, introduced statistical convergence for a sequence
of fuzzy numbers. Later, Aytar et al. [4] extended the concept of statistical superior limit and inferior
limit to statistically bounded sequence of fuzzy numbers. To know more about statistical convergence of
fuzzy numbers one can refer to Basarir and Mursaleen [6], Colak et al. [8], and Raj et al. [28]. Aktuglu
and Gezer [1] studied classical notion of lacunary equi-statistical convergence of positive linear operators.
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Later on, Edely et al. [10] proved some Korovkin type approximation theorems using the concept of
A-statistical convergence. Mursaleen and Alotaibi [22] proved Korovkin type approximation theorem for
a function of two variables by using the notion of statistical A-summability. They have studied the rate of
statistical A-summablility of positive linear operators. Hazarika and Esi [15] studied ideal summability
and a Korovkin type approximation Theorem. A lot of developments have been made in this area, one
may refer to [7, 11, 14, 16, 19-21, 26, 31].

Motivated by the above cited results, we investigate the notion of equi-statistical convergence, lacunary
statistically uniform convergence, lacunary equi-statistical convergence of sequences of fuzzy numbers.
We also give a Korovkin type approximation theorem using the notion of lacunary equi-statistical con-
vergence in fuzzy spaces. Further, we have calculated rates of lacunary equi-statistical fuzzy convergence
with the help of fuzzy modulus of continuity.

A fuzzy number is a function u : R — [0, 1], which satisfies the following conditions:

(i) uis normal, i.e., there exists an xg such that u(xg) = 1;
(ii) wis convex, i.e., forx,y e Rand 0 < t <1,

u(tx+ (1 —1Jy) = minfu(x), uly)}

(iii) u is upper semi-continuous;
(iv) The closure of the set supp(u) is compact, where supp(u) = {x € R : u(x) > 0} and it is denoted by

[u]°.

The set of all fuzzy numbers are denoted by Rp. Let W = {x e R:u(x) >0} and the a-level set is
u* ={x € R:u(x) > «f, (0 < a < 1). The set [u]* is a closed and bounded interval of R. For any
u,v € R and A € RR, it is positive to define uniquely the sum u @& v and the product u ® v as follows:

Wdv]* = [uW*+ V% and A oW = Alu]*.
Now, denote the interval [u]* b [u(_“),u(“)], where u(_‘x) < uwl® and u(_“),u(“) € R for o € (0,1]. The
y + + +
partial ordering relation on R is defined as follows

)

u=<ve u(fx) < v(,“ and u(f‘) < VEF“) forall 0 < o < 1.

The Hausdorff distance [25] between two fuzzy numbers is a function d : R x R — R defined by

b

In this case, (Rf,d) is a complete metric space [27]. Let f,g : [a,b] — R be fuzzy number valued
functions. Then, the distance between f and g is given by

An increasing non-negative integer sequence 6 = (k;) with kg = 0 and k; —k,—; — oo as v — o0 is
known as lacunary sequence. The intervals determined by 0 will be denoted by I, = (k,_1, k;]. We write
hy =k —k,_1 and g, denote the ratio %

Let (Xi) be a sequence of fuzzy numbers. Then (Xy) is called statistically convergent to a fuzzy

number Xy, if for every € > 0,

LLE,_(X) _vg—cx)

7

d(u,v) = sup max {'u(_“) —
x€e(0,1]

d*(f,g) = sup sup max {'f(_“) — g(_“)

x€[a,b] x€(0,1]

fE’_oc) B gg_oc)

4

1
Iim —[{k <m:d(Xy, Xo) > €}l =0.
nn



M. Aiyub, K. Saini, K. Raj, J]. Math. Computer Sci., 25 (2022), 312-321 314

Let 0 = (k;) be a lacunary sequence. A sequence X = (Xx) of fuzzy numbers is said to be lacunary
statistical convergent to the fuzzy number X, if for every e > 0,

1
lim —|{k € I, : d(Xy, Xo) > €}{ = 0.
r h,
Now, assume that f, : [a,b] = R, r € IN be a sequence of fuzzy number valued functions and f : [a, b] —
Ry be a fuzzy number valued function.
Definition 1.1. Let 0 be a lacunary sequence. The sequence of fuzzy number valued functions (f;) is said

to be lacunary statistical pointwise convergent to f, if for every € > 0, and x € [a, b],

lim hin eI :d*(f(x),f(x)) = e}l =0.

T—00 r

In this case, we denote it by
f. — f (O-stat).

Definition 1.2. Let 0 be a lacunary sequence. The sequence of fuzzy number valued functions (f) is said
to be lacunary statistical uniformly convergent to f, if for every e > 0, we have
.1 «
lim h—l{k €l.: sup d*(fik(x),f(x)) = e}l =0.

T Ny x€(a,b]

In this case, we denote it by
fr = f (O-stat).

Definition 1.3. A sequence of fuzzy number valued functions (f;) is said to be equi-statistical convergent
to f, if for every e > 0,

lim sy c(x) =0
T—00

uniformly with regards to x € [a, b], where

Srelx) = Tk < 72 0 (), (x)) > )l

In this case, we denote it by
fr = f (equi-stat).

Definition 1.4. Let 0 be a lacunary sequence. The sequence of fuzzy number valued functions (f) is said
to be lacunary equi-statistical convergent to f, if for every e > 0,

lim Ny (x) =0

T—00

uniformly with regards to x € [a, b], where

Npe(x) = ook € Ty d (o), Tx)) > €l

In this case, we denote it by
fr — f (0-equistat).

Lemma 1.5. f, = f (0-stat) = . — f (0-equistat) = f, — f (0-stat).

The following examples show that, in general, the inverse implications do not hold true.
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Example 1.6. Let 0 be a lacunary sequence and for any x € [0,1]. Consider a fuzzy-number-valued
function f and the sequence of fuzzy-number-valued functions (f,) are defined as follows:

f m(X)(s), k=n% n=1,23,...,
fr(x)(s) _{ vie(x)(s), k#n% n=123,...,

where,
0, s€(—oco,k—1)U(k+1,+00),
He(x)(s) =¢ s—k+1, k—1<s<Kk,
—s+k+1, k<s<k+1.

and

— 1)U (285 +1,4+00),

0, s € (—o0, 71 T+Hk2x2

(1—kx)? 2kx 2kx
vi(X)(s) = s+ Toa0, thoe —1ssS 1+k2 2
(1+kx)? 2k
X Xz +1

T S Thee <SS

Then f, — f (0-stat), but f, — f (0-equistat) does not hold true.

1+k2

Example 1.7. Let 6 be a lacunary sequence and for any x € [0,1]. Consider a fuzzy-number-valued
function f(x) = 0 and the sequence of fuzzy-number-valued functions f(x) are defined as follows:

me(X)(s), % € [, g — sl
fr(x)(s) = ¢ vi(x)(s), X € g — o1, 31l
0, X # [0, g
where
0, s € (00, 2" (x — 55) =1 U (2" (x — 5c) + 1), +00),
me(X)(s) = ¢ s =2" (x—5x) +1, 2" (x—55) =1 <s <2 (x— 55),
—s+2M (x— )+ 1, 2 (x—oh) < s <2t (x— ) + 1L
and
0, s € (—oo,znﬂ(x—zin)—n UM (x — 5k) + 1), +00),
vi(x)(s) =< s+2mF(x —2%)+1 2 (x— A ) — 1< s < 2 (x— k),
—s =2 (x— L) 41, 2nFl(x— ) <s <2 (x— ) + 1

Then f, — f (0-equistat), but f, = f (0-equistat) does not hold true.

2. Some inclusion results

Theorem 2.1. Let 0 be a lacunary sequence. Then f, — f (0-equistat) implies f, — f (equi-stat) if limsup, q, <
0.

Proof. Suppose that limsup,. q, < oo and f;, — f (0-equistat), then there exists a positive number K > 0
such that ¢, < K. By the definition, for given € > 0, N ¢ (x) converges uniformly with regards to x € [a, b],
ie.,

lim N, ¢(x) =0.

T—00

In other words, there is a positive integer 1o € IN, such that

Ny e(x) <, (2.1)
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for all r > rg. Now let M = maxthy, ..., hy,} and let n be any integer satisfying k._; < n < k;, then we
have

sne(x) = —Hk <m:d™(fi(x), f(x)) > e
1 .
S ke Sl d¥(fi(x), £(x)) > el
r—1
1 [ . Mrg 1
= {Zthl,e(X) + ) thl,e(X)} <— > uNpe(x).
krfl =1 l=r krfl krfl =
_ =19+1 l=r9+1
By using inequality (2.1) we have
Mry  e(kr —ky) My Mrg
Snel(x) < + < +eqr < + eK
e ) k-rfl krfl krfl ar krfl
and the results follow immediately. 0

Theorem 2.2. Let 0 be a lacunary sequence. Then f, — f (equi-stat) implies f, — f (0-equistat) if 1 < liminf, q..

Proof. Suppose that liminf, g, > 1 and f, — f. Then there exists vy > 0 such that q, > 1+ for large ,
which implies that

Then for every e > 0 and for large v, we have

ke (x) = Ik < K 1" (), () > €
k€ T @ (), 70) > e

Y o
= mHk € I - d*(fi(x), f(x)) > el

> Y
(v +Dh,

>

Nr,e (X)/

which proves the theorem. O

Theorem 2.3. Let 0 be a lacunary sequence. Then f. — f (equi-stat) and f. — f (0-equistat) imply each other if
and only if 1 < liminf, q, < limsup, q, < oco.

Proof. Combining Theorems 2.1 and 2.2 we get the desired result. O

3. Korovkin-type theorem and rates of Lacunary equi-statistical fuzzy convergence

In this section, we use the concept of lacunary equi-statistical convergence to prove fuzzy Korovkin-
type approximation theorem. A fuzzy number valued function f : [a, b] — R is said to be fuzzy contin-
uous at xg € [a, b] whenever xx — xo, then d(f(xx),f(xg)) — 0 as k — oco. In other words, we can say that
on interval [a, b], f is fuzzy continuous if it is fuzzy continuous at every point x € [a, b] and we denote
the space of all fuzzy continuous functions on the interval [a, b] by Bf[a, b]. In this case, Bf[a, b] is only
a cone, not a vector space. Now let & : Brla, b] — Bfla, b] be an operator. Then, we say that & is fuzzy
linear if, for every (;, (> € R, f1,f2 € Brla, b], and x € [a, b],

EGOofidlofyx)=00E&f;x)® o E(f;x).
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Also & is called fuzzy positive linear operator if it is fuzzy linear and
E(f;x) < &(g;x)
for any f,g € Brqp) and all x € [a, b] with
f(x) < g(x).

In this paper, we use the test function e; which is given by e;(x) = x',i = 0,1,2. Then, we have the
following theorem.

Theorem 3.1. Let 0 be a lacunary sequence and let {&x} be a sequence of fuzzy positive linear operators from
Brla, bl into itself. Suppose that there exists a corresponding sequence {&} of positive linear operators from Cla, b]
(the space of all continuous real functions on [a, b]) into itself with the property

{Em ()5 = Em (F50), (3.1)
forall x € [a,b], f € Bela, bl and m € IN (see [2]). Further assume that
Emlei, x) — ei(x) (6-equistat), (3.2)
where ei(x) = x',1=0,1,2. Then for all f € Bx[a,b]
Em(f,x) — f (O-equistat). (3.3)

Proof. Suppose f € Bfla,bl, x € [a,b] and « € (0,1]. Since ff) € Cla, b, for every € > 0, there exists a
number p > 0 such that |f§§‘) (y)— ff) (x)| < € whenever |y — x| < p. Then for all y € [a, b], we have

(y—x)?

1% () — 12 ()1 < e +2RY) o

where RE_L“) = Hf(i“) |- Now, by using the positivity and linearity of the operators &, we get

B (£ %) — £599 0] < B (165 (y) — £ () %) + R & (03 %) — eo(x)]
(e (o R
g €+(€+Ri )|am(60/x) CO(X)|+ pz |£m((y X) /X)|

262R(“) -
<et(e+RY 4 ) Emleoix) — eo(x))

4oR™ RV
2 ‘am(elzx)*el(x)|+Tmm(eZ/X)*eZ(x)‘

2
<e+ U Y [Emlenx) —ei(x)],
i=0

202R™ 4oR(™ 2R .
where 0 = max{|al,|b[}. Also suppose UE_L“) = max-< € + Rix) + szi , szi , p% } Now by taking
supremum over x € [a, b], the above inequality becomes

= (oc] . () < u(‘x) z _ T _ T _ 4
[Em(fL %) —fL ()] < e+ UL {[|&m(eo) —eoll + [[Emle1) —er + [|Em(e2) — eal|} (3.4)

Now, by property (3.1), we have

d*(Em(f),f) = sup d((Em(f;x),f(x)) = sup sup max{’im(f(‘x);x)—f(“)(x)

En(F1)5%) — 1% (%)
x€[a,b] x€[a,b] ae(0,1]

}

7
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b

7

= sup max { Hzm(f(“)) — )
x€(0,1]

Now, combine the above inequality with (3.4), we get

d*(&Em(f), f) < e+ S{[|&m(eo) — eoll + [|Em(er) — e + [[Em(e2) — 2]},

where S = sup max{u(_“),USL“)}. Now for given t > 0, choose 0 < € < t and we define the following
sets as: melol
V={meN:d (Enf, 1) >s), Vo = (m & N: [Em(e0) — eoll > =1,
Vi={meN: [Em(e) —erl > 5 Vo= {me N [Emlen) — o]l > )
Then, we have
VCVoyuViUV,. (3.5)

Also, define the following fuzzy number valued functions

t—e

1 1 _
Vit =—H{meN:d"({m(f),f) >t} and Vi, =-—fmeN:d"(Emle) —ei) > — M,
h h, 38

where 1 =0, 1,2. Then, by the monotonocity and (3.5), we get

2
Vie <) Vi
i=o

By taking limit as 1 — oo and using (3.2), we obtain (3.3). This completes the proof. O]
We are now giving an example to justify the usefulness of our version of approximation theorem.
Example 3.2. Let us consider the sequences of fuzzy Bernstein-type polynomials ([2])
X (5 L (i
VE(f;x) = EBO <i>x1(1 - f<k>,

where f € Bga, b], x € [0,1] and k € IN. This is a fuzzy positive linear operator, so we write

lod k .

vt} =vitrg = Y ()xa-netz(g),

+ i=0

where f§ € C[0, 1]. Also, we observe that

2

Vicleo;x) =1, Viler;x) =x,  Vi(ez;x) = %"+ x—kx :
Now we define the sequences of fuzzy Bernstein-type polynomials as
Li(fix) = (1+fie(x)) © Vie(f;x), (3.6)

where f € Brla, b],x € [0,1] and fy(x) is given in Example 1.7. In this case, we write

+ i=0
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where f§ € C[0, 1]. Then, we observe that

22
Lleox) = (14 fi(x)),  Lilenix) = (14 felx))x, tk(ez;x)=(1+fk(x))<x2+"k" )

Since
fx - f =0 (0-equistat),

so that we have

Lx(ei;x) — ei(x) (O-equistat)

for each i =0,1,2. So, by Theorem 3.1, we immediately see that
LE(f;x) - f (@-equistat)

for all f € Bfla, bl. Thus, we observe that Theorem 3.1 holds true for our operators defined by (3.6).
However, the sequence (fx) is not statistically uniform convergent in the usual sense, so we conclude
that the earlier works of Anastassiou [2] and Anastassiou and Duman [3] does not holds good for our
operators defined by (3.6). Hence our Theorem 3.1 is stronger than the theorem proved by Anastassiou
[2] and Anastassiou and Duman [3].

Definition 3.3. A sequence (g,) of fuzzy number valued functions is said to be lacunary equi-statistical
convergent to a fuzzy number valued function function g with rate 0 < 3 < 1 if for each € > 0, we have

li Nr,e (X)
m

m—=5— =0

uniformly in [a,b] and therefore we write it by
gr—g= o(r P) (6-equistat).

Lemma 3.4. Let (b,) and (c,) be two sequences of fuzzy number valued functions in Brla, b], such that b, —b =
o(r~PB1)(0-equistat) and ¢, — c = o(r~P2) (0-equistat). Then, we have

(i) (br£cr)—(bEc) = o(r P) (0-equistat);

@ii) (by —b)((cy —c) = o(r~P) (0-equistat);
(iii) ¢(by —b) = o(r~P1) for any scalar ¢,
where f = min{p1, B2}

Proof.

(i) Suppose that b, —b = o(r—B1) (6-equistat) and ¢, —c = o(r—B2) (6-equistat). Now by using above
assumption we consider following sets for all e > 0 and x € [a, b],

Noye() = offm € I d* (b = e (), (b £ €) ) > €,

NLebx) = chfim € T - d (b (), b)) >

T

N2 ) = chfime T - d (em(x), c) >

T

1

N m

-

N o

By the definitions, we observe that

Neel) _ Nbe() | Nicld) _ Nbels) | N2clx)
r—B A r—B r—B = r—B1 r—B2

uniformly in [a,b]. By taking limit r — oo and this completes the proof of (i). The other cases can be
proved in the similar manner. O
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Now, the modulus of continuity of g € Brla, b] is given by

z(g @) = sup d(g(x), g(y)),
X/UE[G/MJX—UK@

for any 0 < @ < b — a and satisfies

2(g,k—l) < <1+ "‘;y'>z(g,-<p). (3.7)

Therefore, we have the following result:

Theorem 3.5. Let 0 be a lacunary sequence and let {&x} be a sequence of fuzzy positive linear operators from
Brla, bl into itself. Suppose that there exists a corresponding sequence {&} of positive linear operators from Cla, b]
into itself with the property

{Em(gX)%) = Em(gl;%),
forall x € [a,b], g € Brla, b] and m € IN. Further suppose that
(i) Emleo) —eg = o(r F1) (0-equistat);
(i) z(g, v/ ((y —x)%x)[)) = o(r=P2) (O-equistat),
then

Em(g;x)—g=o(rB) (0-equistat),

where 3 = min{B, B2}.

Proof. By using Theorem 3 of Anastassiou [2], for each m € N and f € Bg[a, b], we have

d*(&m(9),9) < K[[&m (o) —eoll + [[Em (o) — eollz(g, \/Ilim((y —=x)%x)|),

where K = d*(g, X{0;) and X, is the neutral element for ®. Thus, we have

& (Em(9), 9) < K[[Em(e0) — eoll + [[Em o) — eollz(g, y/1Em ((y —x)23) ) +22(g, /[ Em ((y — )% X)])-

By using conditions (i) and (ii), inequality (3.7), and Lemma 3.4 one can get the result. O

4. Conclusion

In this article, first we have established inclusion relations between equi-statistical convergence and
lacunary equi-statistical convergence of sequences of fuzzy number valued functions. Then, we provide
a Korovkin-type approximation theorem for fuzzy positive linear operators by means of lacunary equi-
statistical convergence. An illustrative example is provided with the help of fuzzy Bernstein operators
which shows the significance of our approximation theorem. Further, we have studied the rate of lacunary
equi-statistical fuzzy convergence by using fuzzy modulus of continuity. Researchers may also study
similar results for sequences of fuzzy numbers by using statistical deferred Euler summability.
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