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Lama Sh. Aljoufi2, A. M. Ahmed?0-* Samir Al Mohammady?©

4Department of Mathematics, College of Science, Jouf University, PO. Box 2014, Sakaka, Jouf, Saudi Arabia.
bpepartment of Mathematics, Faculty of Science, Al Azhar University, Nasr City 11884, Cairo, Egypt.
CDepartment of Mathematics, Faculty of Science, Helwan University, Helwan 11795, Egypt.

Abstract

In this paper, we investigate the behavior of solutions of the difference equation
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where the initial conditions x_»,x_1,x( are arbitrary non-negative real numbers and the parameter « € [1, 00). More precisely,
we study the boundedness, stability, and oscillation of the solutions of this equation.
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1. Introduction

The theory of difference equations is a very rich research field. It was appeared already at the be-
ginning of the last century in intensive works by the authors. A few years ago, the classes of difference
equations attracted much attention. They have been the object of some intensive studies by many authors.
The theory of these types of equations was one of the most important concepts in mathematics and ap-
pears naturally in numerous scientific problems that have been widely applied in discretization methods
for differential equations, population biology, medicine, economic, physics, probability theory, genetics,
and psychology. Very recently, the study of nonlinear difference equations has been a lot of interest in
studying the global attractivity, boundedness character, periodicity and the solution form. For example,
Abu-Saris et al [1] investigated the asymptotic stability of the difference equation
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where k is a nonnegative integer, a > 0 and x_y,...,xp > 0. Ahmed [3] investigated the behavior of
solutions of the difference equation
a-+Xn—1Xn—%k
-, =0,1,2,...,

b Xn—1+Xn—k n
where k € {1,2}, a > 0and x_; >0,j =0,1,..., k. Ma [19] investigated the global asymptotic stability for
the higher-order difference equation

c(zn+zn )+ (c—1)znzn x

Zni1 = n=0,1,2,...
n—+ ZnZn_k+C 7 7 Ly &y 7

with positive initial values z_y,z_x41,...,2zp and ¢ € [1,00). For other related results, see [2, 4-18].
In this paper, we investigate the behavior of solutions of the difference equation
o (Xn—1+xn2)+(x—1)Xn 1% 2

Xn+1 = n=012,...
n—+ Xn_]xn72+0( 7 7 Ly &~y 7

where the initial conditions x_»,x_1,%( are arbitrary non-negative real numbers and the parameter « ¢
(1, 00).
We need the following definitions.

Definition 1.1. Let I be an interval of real numbers and let
fIo 1
be a continuously differentiable function. Consider the difference equation
Xni1 = (X, Xn-1,-+-,Xn_x), n=0,1,..., (1.1)

with x_,X_x41,...,%0 € I. Let X be the equilibrium point of (1.1). The linearized equation of (1.1) about
the equilibrium point x is
Yntl =C1Yn +C2Yn—1+ -+ Ckr1Yn—k (1.2)

where ¢ = aaT‘cn(%,i,...,i), = af:,l (X,%,...,%X), ..., Cka1 = %(X,X,...,i). The characteristic equa-

tion of (1.2) is

k+1
AL ea =, (1.3)
i=1
Definition 1.2. Let X be the equilibrium point of (1.1).
(i) The equilibrium point X of (1.1) is called locally stable if for every e > 0, there exists & > 0 such that
forall x_y,X xi1,...,%X_1,%X0 € [ with

X =X+ X1 = X[+ A Ixo =X <5,
we have
xn —X| <€ forall n>—k.
(ii) The equilibrium point X of (1.1) is called locally asymptotically stable if X is locally stable and there
exists y > 0, such that for all x_,x_41,...,X_1, Xg € [ with
X =X+ X = X[+ o — X <y,
we have

Iim x, =X.
n—oo

(iif) The equilibrium point X of (1.1) is called global attractor if for all x_i,Xx_y41,...,X_1, Xo € I, we have

Iim x, =X
n—oo
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(iv) The equilibrium point X of (1.1) is called globally asymptotically stable if X is locally stable, and X is
also a global attractor of (1.1).
(v) The equilibrium point X of (1.1) is called unstable if X is not locally stable.

Definition 1.3. A positive semicycle of {xn}5__ of (1.1) consists of a ‘string” of terms {x{, X141, ..., Xm},
all greater than or equal to X, with 1 > —k and m < oo and such that either l = —kor1l > —kand x;_1 <X
and either m = oo or m < oo and X, 11 < X.

A negative semicycle of {xn}5__, of (1.1) consists of a ‘string’ of terms {x1, X141, ..., Xm}, all less than
X, with 1 > —k and m < oo and such that either | = —k or 1l > —k and x;_; > X and either m = oo or
m < oo and X1 = X.

Definition 1.4. A solution {xnJ5__ of (1.1) is called nonoscillatory if there exists N > —k such that either
Xn=2X Yn>2N or x, <X Vn>=N,
and it is called oscillatory if it is not nonoscillatory.
We need the following theorem.

Theorem 1.5 ([18]).

(i) If all roots of (1.3) have absolute value less than one, then the equilibrium point X of (1.1) is locally asymptot-
ically stable.

(ii) If at least one of the roots of (1.3) has absolute value greater than one, then the equilibrium point x of (1.1) is
unstable.

2. Main results

In this section, we investigate the behavior of solutions of equation.

o (Xn—1+Xn—2) + (¢ —=1)Xn_1Xn_—2
= ’ :0,1,2,..., 2.1
hiae Xn—1Xn—2 + & " -

where the initial conditions x_5,x_1,%( are arbitrary non-negative real numbers and the parameter « €
[1, 00). More precisely, we study the boundedness, stability, and oscillation of the solutions of (2.1).

Theorem 2.1. (2.1) has two equilibrium points X1 = 0 and X, = o

Proof. From (2.1), we can write
20k 4 (¢ — 1) X2
X2+«

X =

then we have
X1 =0and x; = .

O
Theorem 2.2. The equilibrium point X; = 0 of (2.1) is unstable equilibrium point.
Proof. The linearized equation of (2.1) about the equilibrium point X; = 0 is
Yn+1 = Yn-1+Yn—2, (2.2)

and so the characteristic equation of (2.2) about the equilibrium point X; = 0 is
AP —A-1=0.

Suppose that
fA)=A—-A—1.

It is clear that f(A) has a root in the interval (1, c0) and so X; = 0 is an unstable equilibrium point. This
completes the proof. O
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Theorem 2.3. The equilibrium point X, = « of (2.1) is locally asymptotically stable.
Proof. The linearized equation of (2.1) about the equilibrium point X, = « is
Ynt1 =0, (23)
and so the characteristic equation of (2.3) about the equilibrium point X, = o is
A =0,
which implies that [A;| = [A2| = [A3| = 0 < 1, from which the proof is completed. O
Lemma 2.4. The following identities are true
X ( ) ( )
X—Xn-2) Xn—1—&
X —x = , for n>0; 24
n+1 Xn_1%n_2 + & f ( )
(ii)
Xn—2 (Xn—1+1) (t —xn_1)
X —Xn_1= , for n>0; 2.5
n-+1 n—1 X 1Xn_2 + f ( )
(iii)
Xn—1 (Xn—2+1) (et —xn_)
Xn+1—Xn-2 Xm0 for n (2.6)
(iv)
(ot —xn—3) (1+xn—3) (xn—2xXn—g (¢ —1) + & (Xn—2+Xn—4))
X —Xn_3 = , for n>2; 2.7
el ns (Xn—1Xn—2 + &) (Xn_3Xn—4 + o) f @7)
v)
(ot —xn—a) (T4+xn—g) (xn—2xn—3 (¢ —1) + & (xn—2+Xn—3))
X —Xn—4 = , for n > 3; 2.8
T (o 12 + ) (Xn_sXn 4 + f 29
Proof.
(i)
_oxn1txn2) + (e —=1)xn_1%n_2 _ (a—xpn2) (Xxn-1— )
Xnil— X = —x= , for n > 0.
Xn—1Xn-—2 + & Xn—1Xn—2 + &
(ii)
~o(xpn—1Fxn2) +(t—1)Xn_1Xn—2  Xn2(xn-1+1) (¢ —%xn_1)
Xn+1 —Xn—-1= —Xn-1= , for n>0.
Xn—1Xn—2 + & Xn—1Xn—2 + &
(iii)
o« (Xn—1+xn-2)+ (x—=1)Xn_1%n 2 _ Xn-1 (xn—2+1) (¢ —xn2)
Xn+1—Xn—2 = —Xn-—2 = ’ for n > 0.
Xn—1Xn—2 + & Xn—1Xn—2 + &
(iv)
a(xp1txpn2) +(@—=1)xp 1Xn—2
Xn+1 —Xn—-3 = —Xn-3
Xn—1Xn—2 + &
o (Oé(Xn73+xxnn7:13);n(j;2ansxnfz; + Xn72) +(x—1) (06(Xn73+xxn7:13];n(70212Xn73xn74) Xn_ o
= —Xn-3

Xn—1Xn—2 + &

_ (a—xn-3) (1+xn-3) (xn-2Xn 4 (x—1) + & (xn 2 +xn_4))
— , for n > 2.
(Xn71Xn72 + ) (anSXn74 + (X)
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(v)

x —x _ (X(anl +Xn—2)+((x_1)xnflxn—2 —x
n+1 n—4 X 1Xn_2 + & n—4

o (xn-—3+Xn g)+(x=1)Xn 3Xn 4 _ o (xn-3+Xxn g)+(x=1)Xn 3Xn 4
@ ( Xn-3Xn_4+a +txn2 )+ (ax—1) Xn-3Xn-4+ta Xn—2

= —Xn—4
Xn—1Xn—2 + &
(= xn ) (T+xn4) (xn-2xXn-3(x—1) + & (xn 2 +xn_3))
— , for n > 3.
(Xn—1Xn—2 + o) (Xn—3Xn—4 + o)
Then, the proof is completed. O

Theorem 2.5. If {xn};__, be a solution to the rational nonlinear difference (2.1), then for n > 0 we have

(1) Xn41 <Xn-1, ff Xn-1>
(i) Xny1>xn-1, iffxnfl <oy
(iil)) Xny1 < Xn-2, lﬁrxn—Z > &
(iv) Xn41 > xXn2, ffxn2 <

Proof. Let xn—1 > & (xn_1 < o). Then from (2.5) we have X1 < Xn—1 (Xn41 > Xn—1). Also if xn41 <
Xn—1 (Xn+1 > Xn—1), then from (2.5) we have x,,_; > a«(xn_1 < ). Then the proofs of (i) and (ii) are
completed.

Now, let xn_2 > & (xn_2 < ). Then from (2.6) we have X111 < Xn—2 (Xni1 > Xn—2). Also if X141 <
Xn—2 (Xn4+1 > Xn—2), then from (2.6) we have xn_2 > & (xn—2 < «). Then the proofs of (iii) and (iv) are
completed. O

Theorem 2.6. Let {xn};y__, be a solution of (2.1). Then the following statements are true.

(i) If xn, =% = «, for some ng € {—1,0,1,2,.. .}, then xn, =X =, foralln >ny+2. Alsoif x_, =% = «,
then xn =Xp = «, for allm > 3.
(i) If Xng Xng+1, Xng+2 < X2 = &, for some ng € {—=2,—-1,0,1,2,.. .}, then xn, <Xy = «, for all n > ny.
(iii) If (i) and (ii) are not satisfied, then {xn};__, oscillates about X, = o, with positive semicycles of length at
most three, and negative semicycles of length at most two.

Proof.

(i) Letxn, =%2 = «, for some ng € {—1,0,1,2,...}. Then from (2.4) we have xn, =X, = «, foralln > ng+2.
If x_» =X = «, then from (2.4) we have x; =X, = &, which implies that x,, =X, = «, for all n > 3.

(ii) Let Xny, Xny+1,Xng+2 < X2 = &, for some ng € {—2,—-1,0,1,2,...}. Then from (2.4) we have x,, <X = «,
for all n > ny.

(iii) Suppose without loss of generality that there exists ng € {—2,—1,0,1,2,...}, such that xn,, Xn 1, Xng+2 >
X2 = . Then from (2.4) we have Xn;43, Xng+4 < &, Xng+5 > &, Xnyt6 < & and Xn 17, Xng48, Xng+9 > X2 = K.
The proofs of the other possibilities are similar, and will be omitted. O

Theorem 2.7. The equilibrium point X, = o of (2.1) is globally asymptotically stable.

Proof. We know by Theorem 2.3 that the equilibrium point X, = « of (2.1) is locally asymptotically stable,
and so it suffices to show that lim,_,ooxn = Xp = . If there exists ng € {—2,—1,0,1,2,...}, such that
Xn, = X2 = «, then from Theorem 2.6 we have lim,,_,oXn = Xp = . Also, if x_»,x_1,%0 < X2 = «, then by
Theorem 2.6 we have x, < Xp = «, for all n > —2 and from (2.5), we have x,, 1 > xn_1, for n > 0. So the
subsequences {Xon}%_, and {xpn_1}_, are increasing and bounded, which implies that the even terms
{xon}3°_, converge to a limit (say M; > 0) and the odd terms {xpn—1}5_, converge to a limit (say M> > 0).
Then

My — a (M + M)+ (c—1) MM, and M, — o (Mp+ M)+ (c—1) MM,
1= MMy + 2 MMy +
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= M;=M; and M;[(M;+1)(M;—x)] =0,

which implies that either My = My = —1, or M = My =0, or M; = My = a. Since M; = M > 0, then
M1 = M2 = X.

Now, suppose that x_»,x_1,X%g > X = «, then from (2.4), (2.5), and (2.6) we have & < - -+ < x14 < X7 <
xp, and so the sequence {x7n}%_, is decreasing and bounded, which implies that the sequence {x7n}%_,
converges to a limit (say Ly > 0).

For the sequence {x7n1}%_,, we have from (2.4) that 0 < x; < X = «, and from (2.4), (2.6), and (2.7)
we have 0 < x1 < xg < X35 < --- < &, and so the sequence {x7n41}5x_ is increasing and bounded, which
implies that the sequence {X7n+1}n:0 converges to a limit (say L; > 0).

Similarly from (2.4)-(2.8), we have the following results.

The sequence {x7n 12}, is increasing and bounded, and so converges to a limit (say L, > 0).

The sequence {x7n3}%_, is decreasing and bounded, and so converges to a limit (say L3 > 0).

The sequence {x7n 14}, is increasing and bounded, and so converges to a limit (say L4 > 0).

The sequence {x7n45}%_, is decreasing and bounded, and so converges to a limit (say Ls > 0).

The sequence {x7n 6}, is decreasing and bounded, and so converges to a limit (say Ls > 0).

So we have from (2.1) that

Lo— o (Ly+Ls)+ (x—1) 415 L = o (Ls+Le) + (x—1) 5L I, = o (Lo+Le) + (c—1)LpLe
L4l5 4+ ! L50Lg + ! LoLg + !
Iy o (Lg+ L)+ (e—1) Ll L= a(ly+ L)+ (e—1) 1411y s — o(Ly+L3)+ (e—1) L3
Lol + & ! L1l + ! Lols+ !
Lo — a(Ls+Ly) + (x—1) L3L4‘
L3L4+ X
If « = 1, then the solution of this system is either L; = —-1,i = 0,1,...,6, or L; = 0,i =0,1,...,6, or

Li=ai=0,1,...,6.
If x € (1,00), then the solution of this system is either L; = —-1,1=0,1,...,6,0orL; =0,i=0,1,...,6,

orLi =«i=01..60rL =0i=045and ; = ——3%_,i =1,23,6 0or Ly =0,i =2,3,5 and
L; = %ia,i =0,1,4,6,orL; =0,i=1,56 and L; = —jﬁa,i =0,2,3,4,0orL; =0,i=0,1,3 and
L = —jia,i =2,4,560orLi =0,i=0,2,6and L; = ——3%_,i =1,3,4,5 or L; = 0,i = 3,4, 6 and
Li=—=%/1=01250 L =0i=124 L = —=3%5,1=035and Li = %% — qap + 1% —

(1130&)3 + (12“)2 + (1 “)3,1 =6.Since L; > 0,i=0,1,...,6, so the only possible solution of this system in

both two casesis L; = «,1 =0,1,...,6, and so we have lim, _,ooXn =X = .

The proofs for the other cases x_,x_1 > Xp = &, Xg < X2 = &, OF X_3,X_1 < X2 = &, X9 > X2 = (,
Or X_2 >Xp = &, X_1,X0 < X2 = &, Or X_» < Xp = &, X_1,X0 > X2 = &, 0r X_p > Xp = &, X_1 < X2 = &,
X0 >Xp =0 0rx_o <Xp=0X_1>Xp =0, Xg < Xp = & are embedded in the proof of the last case, and
will be omitted. Therefore the proof is completed. O

Remark 2.8. When o = 1, we obtain the results due to Ahmed [3].
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