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Abstract
Recently, Acala in [N. G. Acala, Eur. J. Pure Appl. Math., 13 (2020), 587–607, N. G. Acala, J. Math. Comput. Sci., 23 (2021),

10–25] introduced and investigated the Apostol-type Bernoulli, Euler, Genocchi and Fubini polynomials. Acala gave some
identities and symmetric relations for those polynomials. In this paper, we define the unified degenerate Apostol-type Bernoulli,
Euler, Genocchi, and Fubini polynomials. We give identities and recurrence relations, symmetric relation, and summation
formulas.
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1. Introduction

In recent years, many mathematicians ([1, 4–16]) studied and gave some relations for the two-variable
Fubini polynomials. Duran et al. in [5] introduced q-Fubini polynomials and proved some theorems for
the q-Fubini polynomials. Kim et al. in ([8–10]) considered two-variable degenerate Fubini polynomials
and higher order degenerate Fubini polynomials. Sharma et al. in ([13, 14]) introduced and investigated
the parametric kind of Fubini polynomials and the parametric kind of Fubini polynomials of a complex
variables. Su et al. in [15] gave some identities for two-variable Fubini polynomials.

As usual, throughout this paper, we always make use of the following notation; N denotes the set
of natural numbers, N0 denotes the set of nonnegative integers, R denotes the set of real numbers, and
C denotes the set of complex numbers. We begin by introducing the following definitions and notations
(see also [6, 11, 12, 16–19]).

The generalized Apostol-Bernoulli polynomials B
(α)
n (x, λ) of order α ∈ N0, the generalized Apostol-

Euler polynomials E(α)
n (x, λ) of order α∈N0, and the generalized Apostol-Genocchi polynomials G(α)

n (x, λ)
of order α ∈N0 are defined by the following generating function ([11, 12, 16–19]):

∞∑
n=0

B
(α)
n (x, λ)

tn

n!
=

(
t

λet − 1

)α
ext, (|t| < 2π when λ = 1; |t| < |log λ| when λ 6= 1),
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∞∑
n=0

E
(α)
n (x, λ)

tn

n!
=

(
2

λet + 1

)α
ext, (|t| < π when λ = 1; |t| < |log (−λ)| when λ 6= 1),

and ∞∑
n=0

G
(α)
n (x, λ)

tn

n!
=

(
2t

λet + 1

)α
ext, (|t| < π when λ = 1; |t| < |log (−λ)| when λ 6= 1).

The Stirling numbers of the second kind were defined by Srivastava et al. in [18] as follows

∞∑
n=0

S(n, v,a,b,β)
tn

n!
=

(
βbet − ab

)v
v!

, (1.1)

where v ∈N, a, b, β ∈ R and a 6= b.
Two-variable Fubini polynomials of order α are defined in ([1, 4–10, 13–15]) as follows

ext

[1 − y (et − 1)]α
=

∞∑
n=0

F
(α)
n (x,y)

tn

n!
, (1.2)

when α = 1, F(1)
n (x,y) = Fn (x,y), the two-variable Fubini polynomials are given by

ext

1 − y (et − 1)
=

∞∑
n=0

Fn (x,y)
tn

n!
.

Moreover setting x = 0 in (1.2), we obtain

F
(α)
n (0,y) = F(α)n (y) and F(α)n (1) := F(α)n ,

where F(α)n (y) and F(α)n are called the higher order Fubini polynomials and higher order Fubini numbers,
respectively.

Carlitz in ([2, 3]) defined the so-called degenerate Bernoulli polynomials Bn (x | λ) by means of the
following generating functions

t

(1 + λt)1/λ − 1
(1 + λt)x/λ =

∞∑
n=0

Bn (x | λ)
tn

n!
, (1.3)

when x = 0, Bn (λ) := Bn (0 | λ), n ∈ N0 reduces to the generating function of the degenerate Bernoulli
numbers Bn (λ). From (1.3), we can easily derive the following summation formula

Bn (x | λ) =

n∑
l=0

(
n

l

)
Bn−l (x | λ) (x | λ)l , n ∈N,

where (x | λ)n = x (x− λ) (x− 2λ) · · · (x− (n− 1) λ), n ∈N and (x | λ)0 = 1. It is easily observed from the
generating functions (1.3) that

lim
λ→0

{ ∞∑
n=0

Bn (x | λ)
tn

n!

}
= lim
λ→0

{
t

(1 + λt)1/λ − 1
(1 + λt)x/λ

}
=

t

et − 1
ext =

∞∑
n=0

Bn (x)
tn

n!
,

where Bn (x) is the Bernoulli polynomials.
Ozarslan [12] defined the unified Apostol-Bernoulli, Apostol-Euler, and Apostol-Genocchi polynomi-

als by means of the generating function(
21−ktk

βbet − ab

)α
ext =

∞∑
n=0

P
(α)
n,β (x;a,b,β)

tn

n!
,
(∣∣∣∣t+ b ln

(
β

a

)∣∣∣∣ < 2π; k ∈N, a, b ∈ R+ and α, β ∈ C

)
.
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Acala in [1] defined a new class of unified generalized polynomials F
(α)
n,k (x,y;a,b,β, λ) of order α ∈

N0 by means of the generating function a−ttk

1 − y
(
λ
(
b
a

)t
− 1
)
α cxt = ∞∑

n=0

F
(α)
n,k (x,y;a,b, c,β, λ)

tn

n!
,

(∣∣∣∣t ln
(
b

a

)
+ ln

(
λy

λ− 1

)∣∣∣∣ < 2π; α ∈ C, a, b, c ∈ R+, x, y ∈ R and k ∈N0

)
.

(1.4)

Setting a = 1, b = c = e in (1.4), we obtain new generalized Fubini-type polynomials F
(α)
n,k (x,y; λ) given

by the following generating functions(
tk

1 − y (λet − 1)

)α
ext =

∞∑
n=0

F
(α)
n,k (x,y; λ)

tn

n!
.

Putting k = 0, we obtain two-variable Apostol-Fubini polynomials F
(α)
n (x,y; λ) of order α as follows(

1
1 − y (λet − 1)

)α
ext =

∞∑
n=0

F
(α)
n (x,y; λ)

tn

n!
.

For α = 1, we have two-variable Apostol-Fubini polynomials Fn (x,y; λ).

2. Some identities and explicit relations for the unified Apostol-type Bernoulli, Euler, Genocchi, and
Fubini polynomials

In this section, we define the unified Apostol-type Bernoulli, Euler, Genocchi and Fubini polyno-
mials. We give recurrence relations, some identities and explicit relations for these polynomials. We
also introduce the higher-order unified Apostol-type Bernoulli, Euler, Genocchi, and Fubini polynomials
F
(α)
n (x,y;a,b,β,k) of order α by means of the following generating function

∞∑
n=0

F
(α)
n (x,y;a,b,β,k)

tn

n!
=

(
tk

1 − y (βbet − ab)

)α
ext,(∣∣∣∣t+ ln

yβb

1 + yab

∣∣∣∣ < 2π; a, b ∈ R+, x, y ∈ R, k, α ∈N0

)
.

(2.1)

For α = 1, we simply denote F
(1)
n (x,y;a,b,β,k) by Fn (x,y;a,b,β,k).

Remark 2.1. Setting k = α = 1, y = −2, a = b = 1, and β = λ
2 in (2.1), we get

Fn

(
x,−2; 1, 1,

λ

2
, 1
)

= Bn (x, λ) .

Remark 2.2. Choosing k = 0, α = 1, y = −1
2 , a = b = 1, and β = λ in (2.1), we get

Fn

(
x,−

1
2

; 1, 1, λ, 0
)

= En (x, λ) .

Remark 2.3. Letting k = 1, α = 1, y = −1
2 , a = b = 1, and β = λ in (2.1), we get

Fn

(
x,−

1
2

; 1, 1, λ, 1
)

= G (x, λ) .
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Remark 2.4. Setting k = 0, α = 1, a = b = 1, and β = λ in (2.1), we get

Fn (x,y; 1, 1, λ, 0) = Fn (x,y; λ) .

Theorem 2.5. Let α1, α2 ∈N0, x, y, z ∈ R, k ∈N0 and a, b ∈ R+. Then the following relations hold true

F
(α)
n (x+ z,y;a,b,β,k) =

n∑
m=0

(
n

m

)
F
(α)
m (x,y;a,b,β,k) zn−m

and

F
(α1+α2)
n (x+ z,y;a,b,β,k) =

n∑
k=0

(
n

k

)
F
(α1)
n−k (x,y;a,b,β,k)F(α2)

k (z,y;a,b,β,k) .

The proof of this theorem is easily obtained from (2.1).

Theorem 2.6. Let α = 1, k ∈N0 and a, b ∈ R+, we have

d

dy
Fn (x,y;a,b,β,k) =

n∑
m=0

(
n

m

)
Fm (x,y;a,b,β,k)

{
βbFn−m (1,y;a,b,β, 0)

−abFn−m (0,y;a,b,β, 0)
} (2.2)

and
d

dt
{nFn−1 (x,y;a,b,β,k)} = kFn (x,y;a,b,β,k) + (n− 1)n Fn−2 (x,y;a,b,β,k)

+ yβbn

n−1∑
m=0

(
n− 1
m

)
Fm (x,y;a,b,β,k)Fn−1−m (1,y;a,b,β,k) ,

(2.3)

where n > 2.

We take the derivative to y in (2.1) and the derivative to t in (2.1), respectively, make some mathemat-
ical operations, we get results (2.2) and (2.3).

Theorem 2.7. The generalized Stirling numbers of the second kind and the unified Apostol-type Bernoulli, Euler,
Genocchi and Fubini polynomials satisfy the following relation:

Fn (x,y;a,b,β,k) =
n−k∑
l=0

(
n− k

l

)
S (l,m,a,b,β) xn−k−l

l∑
m=0

m! (−1)m ymk!
(
n

k

)
. (2.4)

Proof. From (1.1) and (2.1), for α = 1, we write as
∞∑
n=0

Fn (x,y;a,b,β,k)
tn

n!
=

tk

1 − y [βbet − ab]
ext

= tk
∞∑
m=0

m! (−1)m ym
(
βbet − ab

)m
m!

ext

= tk
∞∑
m=0

m! (−1)m ym
∞∑
l=0

S (l,m,a,b,β)
tl

l!

∞∑
n=0

xn
tn

n!

=

∞∑
m=0

m! (−1)m ym
∞∑
n=0

n∑
l=0

(
n

l

)
S (l,m,a,b,β) xn−l

tn+k

n!

=

∞∑
n=k

(
n−k∑
l=0

(
n− k

l

)
S (l,m,a,b,β) xn−k−l

l∑
m=0

m! (−1)m ymk!
(
n

k

))
tn

n!
,

where n > k. Comparing the coefficients of both sides, we have (2.4).
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Theorem 2.8. The following relation holds true

(
1 + yab

)
Fn (x,y;a,b,β,k) − yβb

n∑
l=0

(
n

l

)
Fn−l (x,y;a,b,β,k) = xn−kk!

(
n

k

)
. (2.5)

Proof. By using (2.1), we write as for α = 1,

∞∑
n=0

Fn (x,y;a,b,β,k)
tn

n!
[
1 − y

(
βbet − ab

)]
= tkext

(
1 + yab

) ∞∑
n=0

Fn (x,y;a,b,β,k)
tn

n!
− yβb

∞∑
n=0

Fn (x,y;a,b,β,k)
tn

n!

∞∑
n=0

tn

n!
=

∞∑
n=0

xn
tn+k

n!
.

By using Cauchy product and comparing the coefficients of both sides for n > k, we get (2.5).

Theorem 2.9. The product of the two unified Apostol-type Bernoulli, Euler, Genocchi, and Fubini polynomials
satisfies the following relation

n∑
m=0

(
n

m

)
Fm (x1,y1;a,b,β,k)Fn−m (x2,y2;a,b,β,k)

=
y2Fn (x1 + x2,y2;a,b,β, 2k) − y1Fn (x1 + x2,y1;a,b,β, 2k)

y2 − y1
.

(2.6)

Proof. By using (2.1), we write as

∞∑
m=0

Fm (x1,y1;a,b,β,k)
tm

m!

∞∑
l=0

Fl (x2,y2;a,b,β,k)
tl

l!
=

tk

1 − y1 (βbet − ab)
ex1t

tk

1 − y2 (βbet − ab)
ex2t.

The left hand side of this equation is equal to

∞∑
n=0

n∑
l=0

(
n

l

)
Fn−l (x1,y1;a,b,β,k)Fl (x2,y2;a,b,β,k)

tn

n!
, (2.7)

while the right hand side of this equation is equal to

∞∑
n=0

y2Fn (x1 + x2,y2;a,b,β, 2k) − y1Fn (x1 + x2,y1;a,b,β, 2k)
y2 − y1

tn

n!
. (2.8)

Comparing the coefficients of equation (2.7) and (2.8), we have (2.6).

Theorem 2.10. The following relation holds true

Fn (x,y;a,b,β,k) =
∞∑
i=0

yiβbl
(
−ab

)i−l
(x+ l)n−k k!

(
n

k

)
, (2.9)

where n > k.

Proof. From (2.1), we write as

∞∑
n=0

Fn (x,y;a,b,β,k)
tn

n!
=
[
1 − y

(
βbet − ab

)](−1)
tkext
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=

∞∑
i=0

yi
i∑
l=0

(
i

l

)
βb−l

(
−ab

)i−l
e(x+l)ttk

=

∞∑
n=k

( ∞∑
i=0

yi
i∑
l=0

(
i

l

)
βb−l

(
−ab

)i−l
(x+ l)n−k k!

(
n

k

))
tn

n!
.

From the last equation, we have (2.9).

Theorem 2.11. The unified Apostol-type Bernoulli, Euler, Genocchi, and Fubini polynomials satisfy the following
equation

yβbFn (x+ 1,y;a,b,β,k) =
(
1 + yab

)
Fn (x,y;a,b,β,k) − xn−kk!

(
n

k

)
. (2.10)

Proof. By using the following identity

1
(µet − 1) (µet)

=
1

µet − 1
+

−1
µet

,

where µ ∈ R+, we write as

−
(
1 + yab

)
tketx

1 − y (βbet − ab)
=

−yβbtke(x+1)t

1 − y (βbet − 1)
− tketx.

Using (2.1), we have

(
1 + yab

) ∞∑
n=0

Fn (x,y;a,b,β,k)
tn

n!
− yβb

∞∑
n=0

Fn (x+ 1,y;a,b,β,k)
tn

n!
=

∞∑
n=k

xn−kk!
(
n

k

)
tn

n!
.

Comparing the coefficients of both sides, we have (2.10).

Theorem 2.12. Let a, b > 0, a 6= b, k ∈ N0 and x, y ∈ R. Then the following finite summation formula holds
true for the unified Apostol-type Bernoulli, Euler, Genocchi, and Fubini polynomials F(α)

n (x,y;a,b,β,k):

Fn+m (x,y;a,b,β,k) =
n∑
p=0

m∑
q=0

(
n

p

)(
m

q

)
(z−w)p+q Fn+m−p−q (z,y;a,b,β,k) .

Proof. We first replace t by t+w. We then rewrite the generating function (2.1) as follows

(t+w)k

1 − y [βbet+w − ab]
= e−x(t+w)

∞∑
n=0

∞∑
m=0

Fn+m (x,y;a,b,β,k)
tn

n!
wm

m!
.

Upon replacing x by z in the above equation, it is not difficult to observe that

∞∑
n=0

∞∑
m=0

Fn+m (z,y;a,b,β,k)
tn

n!
wm

m!
= e(t+w)(z−w)

∞∑
n=0

∞∑
m=0

Fn+m (x,y;a,b,β,k)
tn

n!
wm

m!
,

which upon expanding the exponential equation yields

∞∑
n=0

∞∑
m=0

Fn+m (x,y;a,b,β,k)
tn

n!
wm

m!
=

∞∑
N=0

[(t+w) (z− x)]N

N!

∞∑
n=0

∞∑
m=0

Fn+m (z,y;a,b,β,k)
tn

n!
wm

m!
.

Now, by applying the following known series identity [19, P. 52, Eq. 1.6 (2)],

∞∑
N=0

f (N)
(x+ y)N

N!
=
∑
n,m=0

f (n+m)
xn

n!
ym

m!
, (2.11)
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in the right-hand side of (2.11), we get

∞∑
p=0

∞∑
q=0

(z−w)p+q
tp

p!
wq

q!

∞∑
n=0

∞∑
m=0

Fn+m (z,y;a,b,β,k)
tn

n!
wm

m!

=

∞∑
n=0

∞∑
m=0

Fn+m (x,y;a,b,β,k)
tn

n!
wm

m!
.

(2.12)

Finally, upon first replacing n by n − p and m by m − q and then applying a known result [19, p.
100, Lemma 1, Eq. 2.1 (1)] by using Cauchy product in the left-hand side of the above equation (2.12)
and comparing the coefficients of t

n

n! and wm

m! on both sides of the resulting equation, we complete our
demonstration of the assertion (2.9) of Theorem 2.12.

3. The degenerate unified Apostol-Type Bernoulli, Euler, Genocchi, and Fubini polynomials

In this section, we introduce the degenerate unified Apostol-type Bernoulli, Euler, Genocchi, and
Fubini polynomials. We give some relations, identities and symmetric relation for these polynomials.

The definition of the degenerate Bernoulli polynomials is given in (1.3). From here, we observe that

(1 + λt)
x
λ =

∞∑
n=0

(x
λ

)
n
λn
tn

n!
=

∞∑
n=0

(x)n,λ
tn

n!
, (3.1)

where (x)n,λ = x (x− λ) (x− 2λ) · · · (x− (n− 1) λ), n > 1 and (x)0,λ = 1, in [7].
The degenerate Stirling numbers of the second kind are defined in [7] by

1
k!

(
(1 + λt)

1
λ − 1

)k
=

∞∑
n=k

S2,λ (n,k)
tn

n!
. (3.2)

Motivated by the definition of Carlitz in [2, 3], we define the degenerate unified Apostol-type Bernoulli,
Euler, Genocchi, and Fubini polynomials F

(α)
n,λ (x,y;a,b,β,k) of order α as follows

∞∑
n=0

F
(α)
n,λ (x,y;a,b,β,k)

tn

n!
=

 tk

1 − y
[
βb (1 + λt)1/λ − ab

]
α (1 + λt)x/λ , (3.3)

where a, b, β, λ ∈ R and k, α ∈N0.
From (3.3), we obtain easily the following equations

F
(α)
n,λ (x,y;a,b,β,k) =

n∑
l=0

(
n

l

)
F
(α)
n−l,λ (0,y;a,b,β,k) (x)l,λ

=

n∑
m=0

(
n

m

)
F
(α)
m,λ (0,y;a,b,β,k) (x)n−m,λ ,

F
(α1+α2)
n,λ (x+ z,y;a,b,β,k) =

n∑
l=0

(
n

l

)
F
(α1)
n−l,λ (x,y;a,b,β,k)F(α2)

l,λ (z,y;a,b,β,k) .

Theorem 3.1. The following relation holds true

Fn,λ (x,y;a,b,β,k) =
∞∑
i=0

yi
i∑
r=0

(
i

r

)
βbr

(
−ab

)i−r
(r+ x)n−k,λ

(
n

k

)
k!. (3.4)
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Proof. By using (3.1), (3.2), and (3.3), for α = 1, we write as

∞∑
n=0

Fn,λ (x,y;a,b,β,k)
tn

n!
=

∞∑
i=0

yi
(
βb (1 + λt)1/λ − ab

)
tk

∞∑
n=0

(x)n,λ
tn

n!

=

∞∑
i=0

yi
i∑
r=0

(
i

r

)
βbr (1 + λt)r/λ

(
−ab

)i−r
(1 + λt)x/λ tk

=

∞∑
i=0

yi
i∑
r=0

(
i

r

)
βbr

(
−ab

)i−r ∞∑
n=0

(r+ x)n,λ
tn+k

n!

=

∞∑
n=k

∞∑
i=0

yi
i∑
r=0

(
i

r

)
βbr

(
−ab

)i−r
(r+ x)n−k,λ

(
n

k

)
k!.

Comparing the coefficients of both sides, we have (3.4).

Theorem 3.2. Let a, b, β ∈ R and k, α ∈N0, we have

F
(α−1)
n,λ (x,y;a,b,β,k) =

n∑
l=0

(
n

l

)
F
(α)
n−l,λ (x,y;a,b,β,k)

{(
1 + yab

)
(x)l,λ − yβ

b (x+ 1)l,λ
}

.

Proof. By using (3.3), we write as

∞∑
n=0

F
(α−1)
n,λ (x,y;a,b,β,k)

tn

n!
=

 tk

1 − y
[
βb (1 + λt)1/λ − ab

]
α (1 − y

[
βb (1 + λt)1/λ − ab

])
(1 + λt)x/λ

=
(
1 + yab

) ∞∑
m=0

F
(α)
m,λ (x,y;a,b,β,k)

tm

m!

∞∑
l=0

(x)l,λ
tl

l!

− yβb
∞∑
m=0

F
(α)
m,λ (x,y;a,b,β,k)

tm

m!

∞∑
l=0

(x+ 1)l,λ
tl

l!
.

By using Cauchy product and comparing the coefficients of t
n

n! on both sides, we have result.

Theorem 3.3. The unified Apostol-type Bernoulli, Euler, Genocchi, and Fubini polynomials satisfy the following
symmetry relation:

n∑
l=0

(
n

l

)
F
(α)
l,λ (px,y;a,b,β,k)F(α)

n−l,λ (mz,y;a,b,β,k)mlpn−l

=

n∑
l=0

(
n

l

)
F
(α)
l,λ (mz,y;a,b,β,k)F(α)

n−l,λ (px,y;a,b,β,k)plmn−l.

(3.5)

Proof. Let

A(t) =

(
mpt2

)kα
(1 + λt)

mpt(x+z)
λ{

1 − y
[
βb (1 + λt)mt/λ − ab

]}α {
1 − y

[
βb (1 + λt)pt/λ − ab

]}α
=

(mt)kα (1 + λ)
px
λ (mt){

1 − y
[
βb (1 + λ)mt/λ − ab

]}α (pt)kα (1 + λ)
mz
λ (pt){

1 − y
[
βb (1 + λt)pt/λ − ab

]}α (3.6)
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=

∞∑
l=0

F
(α)
l,λ (px,y;a,b,β,k)

mltl

l!

∞∑
s=0

F
(α)
s,λ (mz,y;a,b,β,k)

psts

s!

=

∞∑
n=0

n∑
l=0

(
n

l

)
F
(α)
l,λ (px,y;a,b,β,k)F(α)

n−l,λ (mz,y;a,b,β,k)mlpn−l
tn

n!
.

Similarly,

B(t) =

∞∑
n=0

n∑
l=0

(
n

l

)
F
(α)
l,λ (mz,y;a,b,β,k)F(α)

n−l,λ (px,y;a,b,β,k)plmn−l
tn

n!
. (3.7)

From (3.6) and (3.7), we have (3.5).

4. Conclusion

In this paper, we introduced and investigated the unified Apostol-type Bernoulli, Euler, Genocchi,
and Fubini polynomials and the degenerate unified Apostol-type Bernoulli, Euler, Genocchi, and Fubini
polynomials. We proved some relations and identities and summation formulae for these polynomials.
Also, we gave a symmetric relation for these polynomials.

In our future studies, the relations between special polynomials (Daehee polynomials, Changhee poly-
nomials, etc). and type 2 degenerate Bernoulli, Euler, and Genocchi polynomials can be examined.
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