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Abstract

Recently, Acala in [N. G. Acala, Eur. J. Pure Appl. Math., 13 (2020), 587-607, N. G. Acala, J. Math. Comput. Sci., 23 (2021),
10-25] introduced and investigated the Apostol-type Bernoulli, Euler, Genocchi and Fubini polynomials. Acala gave some
identities and symmetric relations for those polynomials. In this paper, we define the unified degenerate Apostol-type Bernoulli,
Euler, Genocchi, and Fubini polynomials. We give identities and recurrence relations, symmetric relation, and summation
formulas.
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polynomials, degenerate Stirling numbers of the second kind, degenerate unified Apostol-type Bernoulli, Euler, Genocchi, and
Fubini polynomials.
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1. Introduction

In recent years, many mathematicians ([1, 4-16]) studied and gave some relations for the two-variable
Fubini polynomials. Duran et al. in [5] introduced g-Fubini polynomials and proved some theorems for
the g-Fubini polynomials. Kim et al. in ([8-10]) considered two-variable degenerate Fubini polynomials
and higher order degenerate Fubini polynomials. Sharma et al. in ([13, 14]) introduced and investigated
the parametric kind of Fubini polynomials and the parametric kind of Fubini polynomials of a complex
variables. Su et al. in [15] gave some identities for two-variable Fubini polynomials.

As usual, throughout this paper, we always make use of the following notation; IN denotes the set
of natural numbers, Ny denotes the set of nonnegative integers, R denotes the set of real numbers, and
C denotes the set of complex numbers. We begin by introducing the following definitions and notations
(see also [6, 11, 12, 16-19])).

The generalized Apostol-Bernoulli polynomials B (x, A) of order « € Ny, the generalized Apostol-

Euler polynomials &{™(x,A) of order « € Ny, and the generalized Apostol-Genocchi polynomials 51 (x, )
of order o € INg are defined by the following generating function ([11, 12, 16-19]):

(o) ot N\ .
Z B (x,A) 0= <}\et—1> e*", (It <2mwhen A =1; [t| < [logA] when A #1),

n=0
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— o () t" 2 \%
E En (X, A) — = < n > e™, ([t <mtwhenA=1; [t| <|log(—A)| when A # 1),
—= n! Aet +1
and
OOE 9(“) (x,A) i = <2t)(xeXt (tl < T when A =1; [t| < [log (—A)| when A # 1)
n 7 i t 7 - 4 .
= n! Aet+1

The Stirling numbers of the second kind were defined by Srivastava et al. in [18] as follows

00 n b,t__ bV
Y Stnv,abp) = FE ) (L1)
oy n V.

whereve N, a,b, 3 € Rand a #b.
Two-variable Fubini polynomials of order « are defined in ([1, 4-10, 13-15]) as follows

=3 ey 12)

x — n X/U TI!’ .
n=0

when o =1, Fg ) (x,y) = Fn (x,y), the two-variable Fubini polynomials are given by

=) _Fulx

n=0

X
-yl
Moreover setting x = 0 in (1.2), we obtain
F (0,y) = P (y) and R (1) == FRY,

where Fy(fx) (y) and F](ioc) are called the higher order Fubini polynomials and higher order Fubini numbers,
respectively.

Carlitz in ([2, 3]) defined the so-called degenerate Bernoulli polynomials By (x | A) by means of the
following generating functions

x/?\

when x =0, By, (A) := B, (0 A), n € Ny reduces to the generating function of the degenerate Bernoulli
numbers By, (A). From (1.3), we can easily derive the following summation formula

B (x|A) =) (“)Bnl (xIA) (x|A),neN,

l
1=0

where (x [A),, =x(x—=A) (x —=2A)--- (x = (n—1)A), n € N and (x| A), = 1. It is easily observed from the
generating functions (1.3) that

t < t e tn
hm{ZB (x| A) } {M)l/}\_l(l—i—?\t) /}\}:et—le :ZBn(X)

n=0

where B, (x) is the Bernoulli polynomials.
Ozarslan [12] defined the unified Apostol-Bernoulli, Apostol-Euler, and Apostol-Genocchi polynomi-
als by means of the generating function

1—k4k &
21—kt ot
Bbet _ (lb

Mg

tT‘L
Pn‘j‘é (x;a,b,B)ﬁ, (‘t+bln <E)‘ <2mkeN,a,beR" and «, €C> .
g !

=
Il
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Acala in [1] defined a new class of unified generalized polynomials fﬂ(ﬁz

INo by means of the generating function

(x,y;a,b,B,A) of order o« €

n

X
—tik s
( a 't ) Xt — Z j}’n‘ﬁg (x,y;a,b,c,B,A) :T"
1-y (A (%) -1) hyar) ' (1.4)

b A
<‘tln(a)+ln<)\_yl>'<27r;(x€(ﬂ, a,b,ce]I(*,x,yERandkENO).

Setting a = 1, b = ¢ = e in (1.4), we obtain new generalized Fubini-type polynomials 9’1(1“]3

by the following generating functions

(x,y;A) given

n

L iff"‘ x L
T-yAet—1) yiA) T

n=0

Putting k = 0, we obtain two-variable Apostol-Fubini polynomials Fi) (x,y;A) of order « as follows

—1 Z CT" (x, i
1—yAet—1) - uiA) Ty
For « =1, we have two-variable Apostol-Fubini polynomials Fy, (x,y;A).

2. Some identities and explicit relations for the unified Apostol-type Bernoulli, Euler, Genocchi, and
Fubini polynomials

In this section, we define the unified Apostol-type Bernoulli, Euler, Genocchi and Fubini polyno-
mials. We give recurrence relations, some identities and explicit relations for these polynomials. We
also introduce the higher-order unified Apostol-type Bernoulli, Euler, Genocchi, and Fubini polynomials

Sﬂ(fx) (x,y;a,b, B, k) of order « by means of the following generating function

[e¢]

Z?(OC)(X 'abﬁk)i: te “ext
— n /y/ 7 Yy 7 n' 1*U(Bbet*ab) 7

ypP
<‘t+ln T+yab

2.1)

<27t;a,b€]R+,x,y6]R,k,oc€]N0>.

For o« = 1, we simply denote ?g) (x,y;a,b,B,k) by I (x, y;a b, B, k).
Remark 2.1. Settingk =a=1,y=-2,a=b=1,and 3 = 2 in (2.1), we get

A
Fn <x, -2:1,1, 5 1) =Bn (x,A).
Remark 2.2. Choosingk =0, x =1,y=—5,a=b=1,and 3 =Ain (2.1), we get
1
ngL (X/_z; 1/ 1/ }\/0) — F—TL (X/)\) .
Remark 2.3. Lettingk =1, x =1,y = —%, a=b=1,and B =Ain (2.1), we get

In <x,—;;1,1,?\,1) =G (x,A).
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Remark 2.4. Settingk =0, x =1, a=b =1, and f = A in (2.1), we get
In(xy;1,1,A,0) =0 (x,y;A).
Theorem 2.5. Let &1, xp € Np, x, y, z € R, k € Ng and a, b € R™. Then the following relations hold true

n
T (x+z,y 00,8,k = Y <:1) 7 (xy;a,b, B, k) 2+ ™

m=0

and
mn

97_51061_'_“2) (X+Z,U} Cl,b, B/k‘) = Z <n

k) F) (x,y;0,b,8,k) F ) (z,y;0,b, B, ).
k=0

The proof of this theorem is easily obtained from (2.1).
Theorem 2.6. Let x =1,k € Ny and a, b € R™, we have

n

i&r’n (X/U} (l, br Br k) = Z (::1) i}dﬂl (X/y; a/ b/ B/ k‘) {Bb?nfm (LU/ a/ b/ B/O)

dy —= (2.2)
—a®Fn_m (0,y;a,b,B,0)}
and
d
at NFn-1(x,y;,a,b,B,k)}=kFn (x,y;a,b,B,k)+(n—1)nFn_2(x,y;a,b,B,Kk)
(2.3)

n—1
n—1
+ypn ) ( m >3"m (x,y;a,,B,k) Fn1-m (Ly;a,b,B,k),
m=0

wheren > 2.

We take the derivative to y in (2.1) and the derivative to t in (2.1), respectively, make some mathemat-
ical operations, we get results (2.2) and (2.3).

Theorem 2.7. The generalized Stirling numbers of the second kind and the unified Apostol-type Bernoulli, Euler,
Genocchi and Fubini polynomials satisfy the following relation:

n—k 1
—k
Fn (X ya,b,B,Kk) =) (“l )su,m, a,b,f) x" Ky ml (-~ Y™K (E) (24)
1=0 m=0
Proof. From (1.1) and (2.1), for o« = 1, we write as
= tn tk .
Zﬁtn(xxy;a/blﬁlk)az1_y[[3bet_ab] h
n=0
00 bt _ b
ik m_ m (B e —a ) xt
m=0
00 00 1 i
=t ml(=1)"y™Y S(Lmabp)y ) X"
o0 m o n n ltn+k
_ m n—
=) m(=D)Mym™y Y (1)5(1,m,a,b,rs)x -
m=0 n=0 1=0
[} n—k n—k 1 n
=) (Z < ) >S(l,m,a,b,f5) XML ml (=)™ y ™K <k>> =,
n=k \1=0 m=0 n

where n > k. Comparing the coefficients of both sides, we have (2.4). O
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Theorem 2.8. The following relation holds true

n

(1+ya®) T (o b, B -8 Y () )Fnixuab b= u(}) @9
1=0
Proof. By using (2.1), we write as for « =1,
s t bet _ b
> Fn (v y;ab,B,k) — [1-y (Be )]
n=0
— x . n
=t (1+ya?) Z&"n(x,y,a,b,ﬁ,k)a—yﬁ fo‘" (x,y;a,b,p, k) o i Zx YRt
n=0 n=0 n=0 n=0
By using Cauchy product and comparing the coefficients of both sides for n > k, we get (2.5). O

Theorem 2.9. The product of the two unified Apostol-type Bernoulli, Euler, Genocchi, and Fubini polynomials
satisfies the following relation

> < )sﬂn (x1,91; 0,1, B, k) Frm (x2,92;0,b, B, k)

m=0
_ YaFn (a +x2,Y2;0,b, B, 2K) —y1Fn (x1 + X2, 4150, b, B, 2K)
Y2 —Y1

(2.6)

Proof. By using (2.1), we write as

d tm & t i
Z 9:111. (Xllyl; Cl,b, B/k)ﬁz Stl (XZ/UZ}alb/ B/k)ﬁ -
m=0 1=0

ik
eX1t e
1—yi(Bbet—ab) T1—yr(Bbet—ab)

X2t

The left hand side of this equation is equal to

>

n=01l=

n n

(7))t txiuiia b B T Gz i b B @7)
: .

while the right hand side of this equation is equal to

Z YoIn (x1 +x2,y2;,a,b, B,2k) —y1Fn (x1 + x2,y1; 0, b, B, 2k) t™ 2.8)
oy Y2—-Y1 n!
Comparing the coefficients of equation (2.7) and (2.8), we have (2.6). O
Theorem 2.10. The following relation holds true
T (o008, = 3 ytB (o) iy (), 29)
i=0

wheren > k.

Proof. From (2.1), we write as

o n
Z Fn (x,y;a,b,8, k)t—' [1—y ([3>bet—ab)](il)tke"t
n=0
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= iyi i ({) gb—t (_ab)i—l e(x Dtk
i=0  1=0

Z (Zoy Z ({) BP ! (—a®) T (x+ )R K (2)) %

From the last equation, we have (2.9). O]

Theorem 2.11. The unified Apostol-type Bernoulli, Euler, Genocchi, and Fubini polynomials satisfy the following
equation

UV (x 1,50, b, B ) = (1 ya®) T,y b B )~ (). 210

Proof. By using the following identity
1 1 -1

(het—1) (net)  pet—1 1 pet’

where p € R, we write as

— (1+ya®)tke™  —ypbkelx+t

— _tk tx
1—-y(BPet—a®) 1—y(BPet—1) '

Using (2.1), we have

(1+ya®) 3} Fn(xyab B k) 5 —yp® ) Fnlx+Lyabpk) — =) x" kk!() .

!
n=0 n=0 n=k n
Comparing the coefficients of both sides, we have (2.10). O

Theorem 2.12. Let a, b > 0, a # b, k € INg and x, y € R. Then the following finite summation formula holds
true for the unified Apostol-type Bernoulli, Euler, Genocchi, and Fubini polynomials FL) (x,y;a,b,B,k):

StTler (X/U} a/b/ B k Z Z < > ( ) )p+q StTlerfpfq (ZIU; a, b/ B/k) .

p=0qg=0

Proof. We first replace t by t +w. We then rewrite the generating function (2.1) as follows

k SIS n
1—y[([§b—zx)w—ab] = x(t+w) T;)_mzogjn—i—m Xy,ab B k) -1t’1' m
Upon replacing x by z in the above equation, it is not difficult to observe that
wm © M
ZZ§n+mZy/aka) elttwilz=w) Zzgn+mxy/abf’r )n'VTVn',

n=0m=0 n=0m=0

which upon expanding the exponential equation yields

b twm Z [ttw) Y & o ttwm
Z Z Sthrm (X’y;a’b’ B’k)ﬁﬁ = Z Nl Z Z 9:T1+m (Z/y;a/b/ B,k)FW
n=0m=0

n=0m=0 : ’ N=0

Now, by applying the following known series identity [19, P. 52, Eq. 1.6 (2)],

lem

x—i—y
Z f(N = ) fn+m) it (2.11)
n,m=0
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in the right-hand side of (2.11), we get

ii(z— prq W0 ZZH’n+m (z,y;a,b,B, )

pl al
p=0qg=0 P9 n=0m=0

m

(2.12)

0 0 m

t"w
=) D Fnimyabp k) S—
n m

n=0m=0

Finally, upon first replacing n by n —p and m by m — q and then applying a known result [19, p.
100, Lemma 1, Eq. 2.1 (1)] by usmg Cauchy product in the left-hand side of the above equation (2.12)
and comparing the coefficients of ’T‘L, and VT‘]’,L, on both sides of the resulting equation, we complete our
demonstration of the assertion (2.9) of Theorem 2.12. O]

3. The degenerate unified Apostol-Type Bernoulli, Euler, Genocchi, and Fubini polynomials

In this section, we introduce the degenerate unified Apostol-type Bernoulli, Euler, Genocchi, and
Fubini polynomials. We give some relations, identities and symmetric relation for these polynomials.
The definition of the degenerate Bernoulli polynomials is given in (1.3). From here, we observe that

(1+At)F = ZO G)n 7\“% - ZO () % (3.1)
n= n=

where (x),, y =x(x=A) (x =2A)--- (x —(n—1)A),n > 1 and (x)y, =1, in [7].
The degenerate Stirling numbers of the second kind are defined in [7] by

1

= ((1—i—?\t A1 ) ZSM (n, k) i: (3.2)

Motivated by the definition of Carlitz in [2, 3], we define the degenerate unified Apostol-type Bernoulli,
Euler, Genocchi, and Fubini polynomials CT"T(I“; (x,y;a,b,3,k) of order « as follows

ad tn tk i
7 (x,y;0,b,B,k) — = (1+A)¥7, 3.3
nZ—O et B (19[6" (1—|—?\t)1/)\ab}) )

where a, b, 3, A € R and k, « € INj.
From (3.3), we obtain easily the following equations

mn
n
) (g0, b,B,k) = Y (1) F) (0,370, 8,K) (9,

1=0
s n
-y (m) ) (0,550,b, B,K) (X _mrs
m=0
n
Cﬂ({f‘f“” (x+zy;a,b,Bk) =) <T> Cﬂ({’fﬁ,x (xu;a,b,B,K) FY (2 y;a,b,B,K).
1=0

Theorem 3.1. The following relation holds true

Tor (%1705, B, K Zy Z ( )BT (0T (o xda () 64)
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Proof. By using (3.1), (3.2), and (3.3), for « = 1, we write as

Z?nx xy;a,b,B,K%) Zy (BY (1+A0" — )th(x)M%
n=0

n=0
—Zy Z()Bbf (1A (—a®) 7" (1 4+ A ek
0 n+k
_ZU Z()Bbr— 1TZT+xn7\t+
n=0

i io Z C) B (—a®) T (r+X)nkn G{‘) Kl

r=0

Comparing the coefficients of both sides, we have (3.4). O
Theorem 3.2. Let a, b, B € R and k, « € Ny, we have
1 Lo/
7= (xyra,b, k) = 3 (ng_)m bo b, B, K) { (14 ya®) (x)p —uB® (x+ 1)}
1=0

Proof. By using (3.3), we write as

x
> t e
Y F5 Y (v yia b, B k) — — (l—g{Bb(1+?\t)l/)\—ab]>(lJr?\t)x/)\
o n -y [pra+ A —a?]
1 bl
+ya Z? xy,aka)m.Z(x)m U
=0 1=0
b () th o t!
_UB Z f}dm,}\ (X/y;a/b/B/k)mZ(X_‘_l)l,}\ F
m=0 1=0
By using Cauchy product and comparing the coefficients of % on both sides, we have result. O

Theorem 3.3. The unified Apostol-type Bernoulli, Euler, Genocchi, and Fubini polynomials satisfy the following
symmetry relation:

n

Z(?)g{i (px,y; a,b, B, k) 5\ (mz,y;a,b, B, k) mtp™ !

T s (3.5)
—Z (T) (mz,y;a,b,B,k)F ( APxy;a,b, B,k ptm™

Proof. Let
Alt) = (mpt2) (14 A1) ™5
{1-vp" (1+>\t)mt“—ab}}“{1_y [ (1+>\t)"t“—ab}}oc
koo B (mt) ko 2 (pt)
(mt)™" (1+A) (Pt)** (1 4A)% (P o

_ p
iy pra ™A e -y [pe A —ae] 1
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OO ltl e StS
ZS’"U\ (px,y;a,b,B,k) — ?i;‘\) (mz,y;a,b,B,k) P

= U = s!
:ZZ<1>CF (px,y;a,b, B, %K) FY | (mz,y;a,b, B, k) mip™ —-
n=0 1=0 n
Similarly,

o0 n t“
=33 ()5 tmzuia b BT, o via b B pmt )
n=0 1=0 )

From (3.6) and (3.7), we have (3.5). O

4. Conclusion

In this paper, we introduced and investigated the unified Apostol-type Bernoulli, Euler, Genocchi,
and Fubini polynomials and the degenerate unified Apostol-type Bernoulli, Euler, Genocchi, and Fubini
polynomials. We proved some relations and identities and summation formulae for these polynomials.
Also, we gave a symmetric relation for these polynomials.

In our future studies, the relations between special polynomials (Daehee polynomials, Changhee poly-
nomials, etc). and type 2 degenerate Bernoulli, Euler, and Genocchi polynomials can be examined.
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