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Abstract

In this paper we consider a new type of the g-Apostol Bernoulli numbers and polynomials. Firstly, we define the q-Apostol
Bernoulli numbers and polynomials by making use of their generating function. Also, we observe many properties, i.e., the
recurrence formula, the difference equation, the differential relation.
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1. Introduction

Bernoulli numbers were discovered by Jacob Bernoulli in the 17th century. As it is well known,
Bernoulli numbers are related to many important properties appearing in mathematics and physics.
Thereby many mathematicians have studied the Bernoulli numbers and polynomials. In this paper, we
introduce the generalized second kind Bernoulli numbers and polynomials and derive many interesting
properties. In the last section, we will give a relation between the By, 4(x,A) and E,, q(x,A).

Throughout this paper, we will use the following notation: IN denotes the set of natural numbers, Z
denotes the ring of rational integers, Q denotes the field of rational numbers, C denotes the set of complex
numbers, Z(}L =NU {O}, and Z; = {O, -1,-2,-- } In this paper, [x]q is defined as below:

_1—q~ 1—(—q)*
[X]q 1_q/ [X]—q— 1+q .
And [x]q has useful properties as following;:
[x +ylq = [xlq + q*Ylg. (1.1)

Note that [x]4 tends to x as ¢ — 1, so limg_,1[x]q = x.
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As a well known definition, the Bernoulli polynomials By, (x) is defined by the following generating
function (see, for details, [11], [3, pp.48-49], and [7, pp.25-32]):

ext - tm
— =D Bald—,  Itl<2m

n=0

If x =0, then B,, = B,,(0) is called the Bernoulli numbers.
The second kind Apostol Bernoulli polynomials B (A) have been studied by Lee et al. in 2011 and
defined as below (see, [6, 9]):

tet

[e¢] tn
xt __
)\ezt_le _ZBn(X/Ma; | 2t +log A |< 2.

n=0

Fa(x,t) =

If x =0, then By, (A) = By (0,A) is called the second kind Apostol Bernoulli numbers.
For the complex numbers A € C, the above generating function Fj(x, t) can be rewrited as below:

tet xt - (2n+14x)t
Fa(x, t) :me :—th_OAne n , |2t+10g7\|< 271
The classical Euler polynomials E,, (x) are defined by means of the following generating functions (see,
[8, 11]):
2 - tm
et=> Enx)—, ltlkm

et+1 n!’
n=0

If x =0, then E, = E,,(0) is called the classical Euler numbers. The second kind Apostol Euler polynomi-
als E,(x, A) are defined by means of the generating function:

o0

eZt—i—l ZEHXA o | 2t +logA |< 7.

If x =0, En(A) = En(0,A) we called Apostol Euler numbers. Note that, E,,(x) = En(x,1) and Ex(A) =
En(0,A).
For the complex numbers A € C the above generating function F,(x, t) can be rewrited as below:

2et - ol2n+lt
)t
?\eZt—i—l =2 g It 12t 4+ logA <

n=0
In Section 2, we introduce the second kind gq-Apostol Bernoulli numbers By, 4(A) and polynomials
Bn,q (X, }\) .
2. Definition for the q-Apostol Bernoulli numbers and polynomials and its basic properties

Definition 2.1. For A € C and |q| < 1, the gq-Apostol Bernoulli numbers B, 4(A) and polynomials By, 4(x, A)
are defined by means of the generaing functions:

(ee] tn
[2 1]4
Faq(t) = —t Z Attt = ¥ B 4 (?\)H, (2.1)
n=0
Faq(x,t) = —t Z ATel2nt g Z Br,q(X, 7\ : (2.2)

n=0
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Definition 2.2. For A € C and |q| < 1, the g-Apostol Euler numbers E;, 4(A) and polynomials E;, (%, A)
are defined by means of the generaing functions:

(9] 00
2 2TL+1 — E 2 2TL+1+X E X }\ s
Z =2 Enalip 20 (N Z n

From Definition 2.1, we can easily get as below:

— [e¢]

Z Bn q X 7\ Z 2T‘L+l+x (23)

Setting Bg 4 (x,A) = 0 in the left-hand side of the above equation (2.3), we get the following results.
e 1 tm

o0 t“
Z Bn,q (X, 7\)? — ZOMBm+1’q (X, }\)ﬁ. (24)

Using binomial theorem in the right-hand side of the above equation (2.3), we get the following results.

_Z)\n 2n+14x]q iAni 2Tl—|—1—|—X

=0 m=0 (2.5)

SO (e s ) *“”1_iqn) o

m=0

o

Comparing the coefficient of % on both sides of (2.4) and (2.5), respectivelty, we obtain the Theorem 2.3.

Theorem 2.3. For a nonnegative integer n,

n—1\ (D' i B n '« /n—1\(-1)'q
Bn,q(x,k) 1_ yn— 1Z< > }\qZIq ’ Bn,q(M*_(l_q)n_1g l 1_)\q21'

Using Definitions 2.1 and (1.1), we get the following:

(o] tn o0 00 n n - - tn
D Bral ) =—t) Anelrrimrt = (Z <k> Biq (Mg X[ k) - (2.6)
n=0 ' n=0 \k=0 :

n=0

Comparing the coefficient of £; on both sides of (2.6), we obtain the Theorem 2.4.
Theorem 2.4. For a nonnegative integer n,
n
Bnq(,A) =) (2) Bi,q(A)g™ X xlg
k=0

From Definition 2.1, we get the following:

0 n o ) )
Z ABn,q (x+2,A)— Bn,g (x,)\)m — _t (Z AL g 2+ 14x+2]g Z ATt 2n+1+ )
o o0 Y 2.7)
tTl
= nk+13
=0 n!

Comparing the coefficient of £; on both sides of (2.7), we obtain the Theorem 2.5.
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Theorem 2.5. For a nonnegative integer n,
ABn,q(x +2,A) = Bn,q(x,A) = nlx+ 1171,

Using result of the Theorem 2.4 to differentiate both sides, we obtain the following:

0 [ t 0 . 1 q - N
™ Bn,q(xr)\)ﬁ =3 _tz)\ne[ n+l+xlqt | _ q_lloquan,l,q(x,Aq )
0 ’ n n=0

n= =0

Comparing the coefficient of % on both sides of (2.8) we obtain the Theorem 2.6.
Theorem 2.6. For a nonnegative integer n,

qx+1
q—1

0
7Bn,q (X/ 7\) =

™ logq-n-Bn_1,4(x, ?\q2).

Integrating both sides using the result of Theorem 2.6, we obtain the following;:

b d b qx+1 )
L aBn,q(XJ\) = L q—1 logq-n-Bn_1,4(x,Aq%)dx.

The following equation can be obtained by summarizing the above equation

b

q—1 1 2
@ (Bn,q(b,M - Bn,q(a/)\)) = Ja q"+ Bn_1,q(x,7\q )dx.
Thus, the result of the Theorem 2.7 can be obtained.
Theorem 2.7. For a nonnegative integer n,
a (n+1)logq
From Definition 2.1, we obtain the following:
i B (x + )\)i = —t i )\ne[ZTH-l—O—x—O—y]qt
A YA T
n=0 n=0
= qiy Z Bn,q (x,?\)qynﬁ [y]g‘ﬁ
n=0 " n=0 ’
o0 n
n _ e\ tt
=3 (& (peatmat )
n=0 \k=0

Comparing the coefficient of £ on both sides of (2.9), we obtain the result of Theorem 2.8.

Theorem 2.8. For a nonnegative integer n,

n
n _ _
Bn,q (X+Ur }\) = Z <k> Bk,q(X/A)q(k Uy[y}g k.
k=0
From Theorem 2.3, we get the following;:
n—1
_ n n—1\ (=1t _
Brg 1 (WA =~ < 1 > Tord = DM B g (x,
1=0

Then we can easily get the following results.

t
H.

A).

2.8)

(2.9)
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Theorem 2.9. For a nonnegative integer n,

="

Bn,q(x,A) = A

B g1 (6.
From the Definition 2.1, we get

Z {Bn,q(x,A) —A*By g(x +2k+2,A)} — = —t Z ALele+2l+1]g
) (2.10)

tn
n=1 \1=0 n

Comparing the coefficient of £+ on both sides of (2.10), we obtain the result of Theorem 2.10.
paring n

Theorem 2.10. For a nonnegative integer n,

7\k+an,q (x +2k +2,A) —Bn q(x,A)
n

k
=Y Ax+21+14™!
1=0

Remark 2.11. When q — 17, then Theorems 2.3-2.10 become the corresponding properties for the Apostol-
Bernoulli polynomials.

Remark 2.12. When A — 17, then equations in Theorems 2.3-2.10 become corresponding properties for
the g-Bernoulli polynomials. Setting ¢ — 17! and A — 1 in Theorems 2.3-2.10, these formulas become
well-known formulas (see [10, pp.532-533]).

3. The generated function and applications

By the equations (2.1) and (2.2), we get

oo tn o
> Bn,q(x,A) = —t Z AMel2n 1t
n=0

2n+1+x ktk

— n

——te”ZA Z( ﬁ) X
n=0 k=0

o (_1)kq(x+l)k 1 tk

— _teTq A
te qu_O 1-Aq* (1—q)¥kl’

Therefore, we obtain the generating function for By, 4(x,A) as follows:

o tn e o (_1)nq(x+l)n 1 nin
ZBn,q(x,)\)H:—te —a Z A <1_q) o (3.1)
n=0 n=0
Obviously, the generating function of By, ¢(A) is
> tn e (=DM 1\t
D BngWip ==t Y T (=)
n=0 n=0

Similarly, we can derive the following generating function of Ey, (x,A) and Ey, (A) by Definition 2.2
as below:

tmn b st (_1)nq(x+l)n 1 n{n
2 Enalx Ny =200 ) () ¢2)
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and

[e%e) n e oo _1 n.n 1 ntn
S Engh) D =2t y D7 (1_q) : (3.3)

n!’

respectively.

Clearly, it is easy to find the generating functions of Ey ¢(x) and E,, 4 by setting A = 1 in (3.2) and
(3.3).

By (3.1), we calculate the following sum.

= n!
0 —1
o (—1)ngqimx+in 1 > <m mat |t
=—teTa y > (Ag®™)' ] — (3.4)
=\ 1=-Ag )™ 1-qv) \ = n!
e s (_1)nq(mx+l)n 1 tn
— _tel- -
ter nZ_O 1-Aqg™  (1—q"n!
o0 tn
== Z Bn,q (mX, }\)7'
n
n=0

Comparing the coefficient of £; on both sides of the above equation (3.4), we have Theorem 3.1.
Theorem 3.1. For a nonnegative integer n,
m—1
_ 21+1—
Brg(mx, ) = [mlg™ 1 Y AlBpgn <x+ +m,7\m> . (3.5)
1=0 m

By the equations (3.1) and (3.2), we calculate the following sum.

oo m—1
n e 2l+1—m tm
E —E[m]q ! E AlEn,Lqm <X+ T, —)\m>] ﬁ
[e¢] oo
e (_1)nq(mx+1)n 1 tn tn
= —tel-q — = B , (mx,)\)i.
HZ_O 1-Ag>r  (1—qg)n! TLZ_O A n!
Comparing the coefficient of % on both sides of (3.6), we obtain the result of the Theorem 3.2.
Theorem 3.2. For a nonnegative integer n,
m—1
n _ 2l+1—m
Bn,q(mx,A) = —E[m]qn ! E AlEn,llqm <x+ m,—7\m> . (3.7)
1=0

Using the results of the above two theorems, we get the following Corollary (3.3) immediately.

Corollary 3.3. For a nonnegative integer n,

m 2 m

m—1 m—1
21+1— 21+1—
2 ALB g (x 4 u, }\m) __n E AEn_1,qm (X + u’ —7\‘“).
1=0 1=0
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Letting ¢ — 1 in the equations (3.5) and (3.7), we get the following.

Corollary 3.4. For a nonnegative integer n and letting q — 1,

m—1
_ 2l+1—m
mn—! E 7\an (X+ — )\m> ’
Bn(mx,A) = 1=0

m—1
21+1—
— gmn* > AEn <x T L —7\‘“) :
1=0 m
Putting A = 1 into the equations (3.5) and (3.7), we get the following.

Corollary 3.5. For a nonnegative integer n and A =1,

m—1
_ 2l+1—m
[m]qn ! E Bn,qm <X+ > ’
1=0

By (M) "
n,q mx) = m—1
n . N+1—m

Noticeably, when q — 1, we get the following.

Corollary 3.6. For a nonnegative integer n, let ¢ — 1and A =1,
m—1
_ 2l+1—m
m“1§8n<x+m >,

Br(m) = ! 21+1
n n—1 Z —m
L Eo <X + ) |
2 = m

4. The q-Hurwitz-Lerch Zeta function
The Hurwitz-Lerch zeta function ®(z,s,a) is defined ([1, 4, 5, 12], e.g., [2, pp.121, et seq.], [3]) as
below:

0 n
D(z,s,a) = Z 17/ (a e C\Z,, s € C, when |z|] <1 and fR(s) > 1 when |z| = 1).
= (m+a)s 0

®(z, s, a) contains, as its special cases, not only the Riemann and Hurwitz (or generalized) zeta functions:

(ls) = ®(1,5,1) = Ufs, 1) = 5y <s;>

and

(s, ) =@(1,s,0) = ) m ! (R(s) >1, a g Zy).
n=0

+a)s’

We first define the q-Hurwitz zeta function as follows:
Definition 4.1. The q-Hurwitz zeta function of the second kind is defined by
n

(e 9]
d)q(z,s,a):Z z

—_— Zy).
2 Dnriay (R(a) >0, ae C\Z,)
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We differentiate both side of (2.2) with respect to the variable t which yields

dk - t dk - n_ 2n+l+alqt
— a
are | 2 Brale N ‘t_o_dtk t)_Ame ’
n=0 n

t=0

=0
The following equation can be obtained by summarizing the above equation
00 AN
By,q(a,A) = —an_O i al T = —k®q(A,1—k, ).
Hence, we have the following relationship.
Theorem 4.2. Forn € N and a € C\Z,,
Bnq(a,A) = ndy(A,1—n,a). (4.1)

The above equation holds between the g-Apostol Bernoulli polynomials and the g-Hurwitz-Lerch zeta
function of the second kind.
Letting ¢ — 1 in (4.1), we get the following corollary.

Corollary 4.3. Forn € N, as ¢ — 1 and a € C\Z,,
Bn(a,A) = —mdA,1—mn,a).

The above equation holds between the Apostol Bernoulli polynomials and the Hurwitz-Lerch zeta
function.
It follows that we define an analogue of the Hurwitz zeta function of the second kind as follows.

Definition 4.4. The L-function of the second kind is defined by

%) 1 B
L(S, (1) = T;O(ZTL—F]_—}—(])S’ (%(S) >1 , ac C\ZO )

It follows that we define a g-analogue of the L-function of the second kind as follows.

Definition 4.5. The g-L-function of the second kind is defined by

[ele] 1 B
L(s,a) =) FIES TR (R(s) > 1, a e C\Z,).

n=0
Obviously, ®4(1,s,a) = Lq(s, a). In the same way, we get the following.
Theorem 4.6. For n € N and a € C\Z,,
Bng(a) =-mlg(1—m,a).

The above equation holds between the g-Bernoulli polynomials and the q-L-function of the second
kind.

Corollary 4.7. Forn € N and a € C\Z,,
Bn(a) =-—mL(1—n,a).

The above equation holds between the Bernoulli polynomials and the q-L-function of the second kind.
Finally, we introduce an analogue of Riemann zeta function of the second kind as follows.
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Definition 4.8. The l-function of the second kind is defined by

e 1
Us)=)_ Ay B>

n=1
It follows that we introduce a g-analogue of the l-function of the second kind.

Definition 4.9. The g-1-function is defined by

- 1
la(s) =) _ Bne1y (R(s) > 1),

n=1
Similarly, we have the following.

Theorem 4.10. For n € IN,

The above equation holds between the q-Bernoulli numbers and the g-l-function of the second kind.

Corollary 4.11. Forn € IN,
B = -—nl(1—mn).

The above equation holds between the Bernoulli numbers and the l-function of the second kind.
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