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Abstract

In this manuscript, we will introduce a new double transform called double Elzaki transform (modification of Smudu
transform), where we will study this transform and their theorems on convergence. Also, we will discuss the double new
transform and it is convergent. After that, we study the combination of this double transforms and the new method in order to
solve the singular system of hyperbolic equations of anomalies in through the examples in this paper. We found that this method
is very effective in solving these equations compared to other methods as they need only one step to get the exact solution, while
the other methods need more steps.
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1. Introduction

Nonlinear equations are of great importance to our contemporary world. Nonlinear phenomena have
important applications in applied mathematics, physics, and issues related to engineering. Despite the
importance of obtaining the exact solution of nonlinear partial differential equations in physics and ap-
plied mathematics there is still the daunting problem of finding new methods to discover new exact or
approximate solutions. In the recent years, many authors have devoted their attention to study solutions
of nonlinear partial differential equations using various methods. Among these attempts are the Adomian
decomposition method, homotopy perturbation method, variational iteration method [1, 8-10], Laplace
variational iteration method [12, 13, 22] differential transform method, Elzaki transform [2, 3, 6], Laplace,
double Laplace transforms [2, 4] and projected differential transform method. Many analytical and nu-
merical methods have been proposed to obtain solutions for nonlinear PDEs with fractional derivatives,
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such as local fractional variational iteration method [11], local fractional Fourier method, Yang-Fourier
transform and Yang-Laplace transform and other methods [14-18]. Two Laplace variational iteration
methods are currently suggested by Wu in [19-21, 23]. In this paper, we will introduce the new method
depends on double new integral transform (double Elzaki transform) [7], and it will be employed in a
straightforward manner. Also, we study in this paper the combination of this new transform and the new
method to solve the singular system of hyperbolic equations. This approach can be taken functions with
discontinuities as well as impulse functions effectively.
Elzaki transform, henceforth designated by the operator E ] , is defined by the integral equation,

E[Q(t)] = T(B) = B2 J:o Q(pte tat. (1.1)

By analogy with the double Laplace transform, we shall denote the double Elzaki transform.

2. New double integral transform

In this section and analogy with the double Laplace transform, we will denote the new double trans-
form. Also, in this paper, we will see the importance of this new double transform and its effectiveness
in solving some differential equations.

Definition 2.1. Let Q(x,t), t,x € RT, be a function which can be expressed as a convergent infinite series,
then its new double integral transform given by

E2 [Q(x, 1), o, B] = T(e, B) = P Eo J:o Q(x, t)e at8)dxdt, x,t>0, 2.1)

where o, 3 are complex values.

To find the solution of the singular system of hyperbolic equations by the combination of new double
transform and the new method, first we must find the new double transform of partial derivatives as
follows:

b, [%Q] _ e p)—aT08), B [Q] — L T(a, B)—T(0, B) — 2T LOB)
X o 0x2 0x
e[ 30 = T p - bt B [S2] = LT -Two-pTY, e

— T(a, B) — %T(oc,O) — %710, 8) + «BT(0,0).

5] -5 ;

0xot xf
Proof.

|+

E, [GQ} =af J:o J'OO e lat E)ai (x,t)dxdt = BJOO e {

ox 0 0

The inner integral gives %T(oc, t) — aQ(0,t), and then:
(o) (o)
B, (22 “J e BT(, t)dt — ocBJ e FQ(0,1)dt = L T(a, B) — oT(0, ).
x| Bl 0 x
Also,

Ez[aaﬂ éT(oc,B)—BT(oc,O).

We can prove the formulas mentioned in (2.2) easily by using the same method. O
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3. Theorems of convergence of double new integral transform

Here we need to discuss some theorems of convergence of double new integral transform.

Theorem 3.1. Suppose that f [;° e*%Q(x,t)dt, converges at 3 = o, then the integral converges at 3 < .

Proof. Let
t

p(x,t) = BOJ e_BLOQ(X,u)du, 0<t<oo,
0

then we have
(i) px, 0) = 0,
(ii)lim¢— 00 (%, t)exist,
(ii)pe(x, 1) = Boe” o Q(x, 1),
Choosing €1, Ry, such that 0 < e¢; < Ry, then we have

Rip + B M~ (55:2)
e BPt(X/t)eBUdt:J' e \ BP0 /Py(x,t)dt.
€1 [‘))0 BO €1

Integrating the last integral by parts to gives

B JRl e FQ(x, t)dt =B J

€1

Ri 0— 0~ 0~
B[ ) ey par = £ {e(ﬁﬁﬁﬁ‘“p(x, Ry) —e (75 )p(x, )
BO €1 BO

Bo— B [ —(852)
—I—( BB >Ll e \ PP p(x,t)dt}.

Now take, ¢1 — 0,R; — oo, and if B < ¢, then we have

BJ:OQ(x,t)dt = B‘égoﬁ J:o e_<ﬁf§)f;06)p(x,t)dt, B < Bo.

Theorem 3.1 is proved if the last integral is converges.
By using the limits test for convergence we get
_(Bo=B
lim t%e ( FBo )tp(x,t) =0,
t—o0

finite. Therefore

BJ e FQ(x, t)dt,
0

is converges for 3 < fo. dJ

Theorem 3.2. Let the integral Q(x, ) =B [, e P Q(x,t)dt converges for 3 < (o and the integral
ocJ e «Q(x, B)dx,
0
converges at o = . Then the integral o [ e~ « Q(x, B)dx converges for & < xg.

Proof. The prove of this theorem is same as the method in Theorem 3.1 O

Theorem 3.3. Let the function Q(x, t) is continuous in the xy-plane, if the integral converges for 3 = o, o« = xo.
Then the integral
o0 oo x t
o J J e« BQ(x,t)dxdt,
0 Jo
is converges for & < oy, B < Po.
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Proof.

op Joo Joo eii*%Q(x,t)dxdt = ocro e x {[5 Joo eéﬂ(x,t)dt} dx = ocro e x Q(x, B)dx,

0 JO 0 0 0

where Q(x,3) = fgo e*%Q(x,t)dt. By using Theorems 3.1 and 3.2 we see that

ocBJ J e_i_éQ(x,t)dxdt,
0o Jo

is converges for o < xg, B < Po. O

4. The new method with new double integral transform
To explain this method we will display the singular system of hyperbolic equations,

%P 19 oP
— — ] —0Q =k(x,t
(xax) Q (x,t),

o2 xdx @)
?Q 10 [/ 9Q '
T (x==)-P= .
ot2  x0x <X ox > hix Y
With the initial conditions
P(x,0) =ki(x), Pe(x,0) =ka(x), 42)

Q(X’I 0) = h'l (X)/ Qt(x’l 0) = hZ(X)-

To find the solution of the system (4.1), (4.2), firstly we take double new integral transform of (4.1),
and single new integral transform of (4.2), we obtain

LEa(P(x, 1)) — Ky () — BKa(x) = Ea [k(x,t) L1o <xa"> + Q] ,
B2 X 0Xx ox 13)
Blez(Q(X,t)) M (o) — BHa(a) = E5 [h(x,t) +12 (@;3) +P] ,

where K;(«), Ko(x), Hi (), Hao (o), are single new integral transform of kq(x), ka(x), hi(x), ha(x), respec-
tively.
We assume that the solution of a system (4.1) can be written in the series form

Px,t) =) Pulx,t), Qxt)=) Qnixt). (4.4)
n=0 n=0

Now, we take the inverse of double new integral transform of (4.3), and making use of (4.4) to get

D Palx,t) =ki(x) + tho(x) + B! {BzEz [k(x, t) + %3 (xaP“> + Qn] } ,

0x 0x
T;:O 10 /0 *5)
nZ_O Qulxt) = hy(x) + tha(x) + E; ! {BZEZ [h(x,t) i1 <x i“) + Pn] } |

This method depends on how to choose the initial iterations, Po(x,t), Qo(x,t), that leads to the exact
solutions in a few steps. For example if we choose

Po(x,t) = ki (x) +tka(x), Qol(x,t) = hi(x)+ tha(x).
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Then the solutions P(x,t), Q(x,t) can be recursively determined by using the relations

Pasa ) = Falc) +tha) + 857 {878 [k, 0+ 3 (x50 ) +.Qal |,
Po(x,t) = ki(x) + tka(x),

Qn+1(xt) =hy(x) + thy(x) + E; ! {B2E2 [ (x, )Jrfa ( ag:) P, ]}
Qo(x,t) = hy(x) + tha(x).

From these equations we can find

PU (X/ t)r Pl (X/ t)r PZ(X/ t)r Tty QO(X/ t), Ql (X/ t)/ QZ(X/ t)/ oy

and then we can obtain the solutions in a series form (4.4).

5. Application

To illustrate the efficiency and effectiveness of this method in solving the singular system of linear and

nonlinear hyperbolic equations by taking only one step, we look at the following examples.

Example 5.1. Let us consider the singular system of linear hyperbolic equations

_627P_|_1 0 aP +Q= x%sint +4sint+ x> cos t,
o2 " xox \“ox N
*Q 0Q

- < P= t+4 t t,
at2+xax< ax)+ x?sint +4 cos t +x* cos

with the initial conditions
P(x,00=0, Pi(x,0) =%* Q(x,0)=x> Qu(x,0)=0.
Using the same steps in Section 3 to get

oP
6x>+Q 4sint — xcost}

20Q
ox

2 EaPl 1) — i) — o) = ~Eabsint]+ Ea | 1 (x
[312E2(Q(X/t)) — Hy () — BHa () = —E5[x? cos t] + E; [xa ( > +P—x%sint— 4cost] ,

where, Ki(x) =0, Ko(x) =20?, Hi(a) =2a*, Hy(x) = 0. Then, (5.3) becomes

Ez(P(X,t))=2f530c4—265(X + B%E, [1 0 < aP)—i—Q 4sint —x cost]

1—|—[52 ox \ 0
4
E2(Q(x, t)) =2p%a* — i{igz + B%E, [ax ( %3) +P—x%sint— 4cost]

Applying the inverse double new transform to (5.4), to obtain

Px, ) ZXzsint—i—Ezl{BzEZ [1 ; < op

< ax>—|—Q 4sint — xcost]}
Q(x,t):xzcost—i—EZ_]{BzEz [16( aQ)+P 4cost— xsmt}}

X 0x 0x

(5.1)

(5.2)

(5.3)

(5.4)

(5.5)
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Then the recursive relations are
1. [1 0 0P, i ) 1
Prii(x,t) =E, " < B°E2 X% XS +Qn —4sint—x cost_ ,
Po(x,t) = x2 sint,
0(x,t) _ ] 5.6)
—1J p2 10 0Qn 2
Qnyilx,t) =E, 7 { BEs _7& X ™ + P —4cost—x smt_ ,
Qolx,t) = x% cos t.
The first few components are given by
Po(x,t) = x?sint,
Pi(x,t) = E"1{BZE20]} =0,
Qolx, t) = x?cost,
Qilx,t) = E 1 {p*E2[0]} =0,
Then the exact solutions of a system (5.1) are
P(x t):ZPn(x,t):xzsint, (x,1) ZQ“ x,t) = x% cos t.
n=0
Example 5.2. Here we look at the singular system of nonlinear hyperbohc equations,
2
_al+ 19 6P Q— = 2xe'P +4t,
o2 " xox \"ox 5.7)
2Q 19 (23Q) , ,2Q ) '
—— P— =2xtQ — x“e' + 4e*
at2+xax<ax>+ oy~ QT xe e
with the initial conditions
P(x,0) =0, P¢(x,0) =x% Q(x,0) =x* Q(x,0)=x% (5.8)
Here we use the same steps which we used as before in Example 5.1, to obtain
P
E2(P(x,t)) = 2R3« + B2E, [1 aa < 2X> Q——ertP 4t}
13 20 Q (5.9)
E2(Q(x, 1)) = 2p%a* +2p3a* + B2Ex[x%et] 4 B2E, [X 5 < ™ ) +P5= = 2xtQ —44 )

Taking the inverse double new transform of (5.9), to find

10
P(x,t) = x*t + Ez_l {BzEZ [

Q(x,t) :xzet—FEgl {[32 { I

Therefore, we can write the recursive relations as
_ 19
E2 1 {BZEz <

Pn+1 (X/ t) = x aX
xzt,
10
X 0Xx

Po(x,t) =
QnJrl(X/ t) = r_11 {BZF—Z
Qo(x, 1) = x%et.

ox
10

<2Z)+Q—2xetP 4t]}
( ag>+P Q 2xtQ—4et_}.

0P,

— 4t
0x

4}

>+P aQn 2xth—4et]},

T)eadtn

aQn
ox
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Then from as before we can find the first few components in the form

Po(x, t) = x°t,

Pi(x,t) = E 1 {B?E2[0]} =0,
Qo(x, t) = x%e",

Qi(x,t) = E 1 {B2E,[0]} =0,

Then the exact solutions of a system (5.7) are

Px,t) =) Pulx,t) =%t Q(xt)= ) Qulxt)=x%"
n=0

6. Conclusion

This paper examines the convergence of the new double transform, and explain the effectiveness and
ease of the method used to solve the singular system of linear and nonlinear hyperbolic equations, as we
obtained the exact solutions using only one step. Comparing this method with other methods, such as
the Adomian method and the homotopy method, we find that this method is faster and easier for them
to reach for exact solutions.
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