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Abstract

The aim of this paper is to introduce and investigate some new definitions which are interrelated to the notions of asymptot-
ically I,-statistical equivalence of multiple L and strongly I)-asymptotic equivalence of multiple L. Indeed, instead of sequences,
the authors make use of two nonnegative real-valued Lebesgue measurable functions in the open interval (1,00) and present
a series of inclusion theorems associated with these new definitions. Furthermore, in connection with one of the main results
which are proven in this paper, a closely-related open problem is posed for the interested reader.
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1. Introduction and motivation

The familiar and widely-investigated concept of convergence of a real sequence was extended to
the notion of statistical convergence by Fast [8]. Schoenberg [38], on the other hand, gave fundamental
properties of statistical convergence and also examined the idea of summability method. Salat [27] showed
that the set of bounded statistically convergent sequences is a closed subspace of the space of bounded
sequences. Some other interesting works on statistically convergence can be found in (among others)
[3, 4, 9, 10]. Furthermore, for some recent developments on the subject of statistical convergence and
related topics, the interested reader should refer (for example) to [1, 2, 12, 13, 21, 23, 39].

The relatively more general concept of J-convergence was introduced by Kostyrko et al. [14] in a metric
space as a generalized form of the concept of statistical convergence and it is based upon the notion of an
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ideal of the subset of the set IN of positive integers. Later on it was further studied by Dems [7] and by
Das et al. [6] (see also [16]). Further investigations in this direction and other applications of ideals can be
found in the earlier works [20, 22, 28, 30-32, 34, 36, 37], and many other authors. Many other interesting
applications of ideals can also be found in [5, 26].

Marouf [18] presented definitions for asymptotically equivalent sequences and asymptotically regular
matrices. Li [17], on the other hand, presented and studied asymptotic equivalence of sequences and
summability. Subsequently, Patterson [25] extended these concepts by presenting asymptotically statistical
equivalence analogues of these definitions and natural regularity conditions for nonnegative summability
matrices. Recently, Savas and Basarir [35] introduced and investigated the (o, A)- asymptotically statistical
equivalent sequences. Six years later, the notion of asymptotically J>-statistical equivalent sequences was
studied by Gumus and Savasg [11] (see also the work by Kumar and Sharma [15]).

Let A = (A,) be a non-decreasing sequence of positive numbers tending to oo such that

AM=1 A1 SA+1 (pelN) and Ji_r)r(}okp = 0.
The set of all such sequences as the sequence A will be denoted by A.

Mursaleen [19] studied the notion of convergence with respect to A-statistical convergence. In this

paper, he presented a series of critical results, beginning with the following definition.

Definition 1.1 ([19]). A sequence x = (xy) is said to be A-statistically convergent or S-convergent to the
number L if, for each ¢ > 0,

1
lim {‘{kelpzlxk—ngs}‘} —0.
AP

p—o0

In this case, we write
Sy lim x =1L or Xk — L(S))
k—o0

and we denote by S, the set of all A-statistically convergent sequences.

Very recently, Savas [33] studied the generalized statistically convergent functions by using ideals.
On the other hand, Savas [29] presented a new approach to two well-known summability methods by
using ideals and functions. The main object of this paper is to introduce the concept of asymptotically
Ja-statistically equivalent for nonnegative real-valued functions and to investigate some of its main con-
vergence properties.

2. A set of preliminary definitions and associated properties

A family J C 2Y of subsets of a nonempty set Y is said to be an ideal in Y if

(i) the empty set () € J;
(ii) the conditions A,B € J imply that AUB € J;
(iii) the conditions A € J and B C A imply that B € J. Furthermore, an admissible ideal J of Y satisfies
{x} € J for each x € Y. If J is an ideal in Y, then the following collection:

F(I)={MCY and M€ ecT}

forms a filter in Y which is called the filter associated with J.

Let J ¢ 2N be a nontrivial ideal in IN. The sequence (xi) is said to be J-convergent to x if, for each
e > 0, the set A(e) given by
Ale)={keN:|x—x| = ¢}

belongs to J (see [14]).
Let us begin our present investigation with the following definitions and preliminaries.
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Definition 2.1 ([18]). Two nonnegative sequences x = (xx) and y = (yx) are said to be asymptotically

equivalent if
lim {Xk} =1
k—oo | Yk

We denote this asymptotic equivalence by x ~ y.

Definition 2.2 ([10]). The sequence x = (xx) is said to be statistically convergent to the number L if, for
each ¢ > 0,

lim {1‘{k§n:|xk—l_|§£}‘} —0.
n

n—oo
We denote this statistical convergence by statlim xy = L.
Patterson [25] presented the following definition.

Definition 2.3 ([25]). Two nonnegative sequences x = (xx) and y = (yx) are said to be asymptotically
statistically equivalent of multiple L provided that, for each ¢ > 0,

! {kgn: Xk—L‘ie}‘}zO.
Yk

lim {
n—oo n

We denote this equivalence by x X y; it is simply asymptotically statistically equivalent if L = 1.

The generalized de la Vallée Poussin mean is defined as follows:

where
I, =p—A, +1,p] (p € IN).

A sequence x = (xy) is said to be [V, A]-summable to a number L if t,(x) — L and n — co. We write

1

[V,A] = lim { E ka—Ll} =0 for some L

p—o00 }\p
ke,

for the set of sequences that are strongly summable by the de la Vallée Poussin method. In the special
case when A, =p (p € IN), the set [V,A] reduces to the set in the [C, 1]-summability which is defined as
follows:

[C,1] = lim {

p—ro0

12
lek—Ll} =0 forsome L.
ot

We are now ready to give the following definitions.

Definition 2.4. Let A € A and let x () be a nonnegative real-valued function which is Lebesgue measur-
able in the open interval (1, c0) if

P
J- lim {1J I (£) — L] da} —0. 2.1)
P Jp—Ap+1

We say that the function x (&) is [V, A] (J)-summable to L. If

J=TJ4, ={A CIN: A is a finite subset},
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then the [V, A] (J)-summability becomes the [V, A]-summability, which is defined as follows (see [24]):
1 (P
lim < — J Ix (&) —L|d& » = 0. (2.2)
p=oo | Ap Jpa, 41

Definition 2.5. A nonnegative real-valued function x (£) is said to be J)-statistically convergent or S (J)-
convergent to L if, for every e > 0 and 6 > 0,

1
{pEN:)\’{EEIp:IX(é)—UEe}
P

> 6} ed.
In this case, we write
SA()-Imx(E) =L  or  x(&) — L (SA(9)).
For J = Jgy,, the S (J)-convergence again coincides with the A-statistical convergence (see [24]).

Following the above definitions, we introduce several new definitions in Section 3 below, which
are related to the notions of asymptotically J-statistically equivalent of multiple L and strongly Jx-
asymptotically equivalent of multiple L for nonnegative real-valued functions x (&) and y ().

3. The main definitions

The above results lead us naturally to the following new definitions.

Definition 3.1. Let A € A. Also let x (&) and y (t) be two nonnegative real-valued Lebesgue measurable
functions in the open interval (1,00). We say that the sequences x (&) and y (&) are A-asymptotically
statistically equivalent of multiple L if, for each € > 0,

.1 X&) -
{pe]N.}\p {aelp.y(a) L’ie}‘} :

We denote this equivalence by
Sx

x(&) ~ y(&))
and call it simply asymptotically statistically equivalent if L = 1.

Definition 3.2. Let A € A and let J be an admissible ideal in IN and x (§) and y (&) be two nonnegative
real-valued Lebesgue measurable functions in the open interval (1,00). We say that the sequences x(&)
and y(¢&) are strongly Jx-asymptotically equivalent of multiple L if, for each ¢ > 0,

. 1 (P x(&)
J- lim { —
p—0 )\‘p P—Ap+1

—=—L|d&g; =0.
y(&) ‘ }
Notationally, we write this as follows:

X ()

\%
x(&) "~ y(&)

and call it simply asymptotically statistical equivalence if L = 1.

If
J=J, ={A CIN: A is a finite subset},

the strongly J)-asymptotically equivalent reduces to strongly A-asymptotically equivalent, defined as

follows:
im [ L[
im { —
p—oo | Ap P—Ap+1 y(&)

X(a)—l_'di} =0.
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Definition 3.3. Let x (§) and y (&) be two nonnegative real-valued Lebesgue measurable functions in the
open interval (1,00) and J be an admissible ideal in IN. We say that the functions x (&) and y (&) are
asymptotically J,-statistically equivalent of multiple L if, for every € > 0 and 6 > 0,

1 x(&) ‘ }
N:-|[{k<p:|—=—1| 2 =6 J.
{pe p{ =Py T E|E }E
In this case, we write
x(&) “ y(e).

By combining Definitions 2.1 and 2.5, we have the following new definition.

Definition 3.4. Let A € A and J be an admissible ideal in IN. Also let x (¢) and y (&) be two nonnegative
real-valued Lebesgue measurable functions in the open interval (1, 00). We say that the functions x (&)
and y (&) are Jy-asymptotically statistically equivalent of multiple L if, for every € > 0 and 6 > 0,

1 x(€) ’ }
N:— I,: | —=—-L|2 >0 J.
{pe Ap {E,E P y(&) =°f|= ©
We denote this equivalence by
SX(9)
x(&) "~ y(&)

and call it simply asymptotically statistically equivalent if L = 1.

For J = Jgy,, the Jy-asymptotically statistically equivalence reduces to the A-asymptotically statistically
equivalence which is already given in Definition 3.1.
4. The main inclusion theorems

Theorem 4.1. Let A = (Ay) € A. Also let x(&) and y(&) be real-valued functions which are Lebesgue measurable
in the open interval (1, 00). Then each of the following assertions holds true.

) VE(9) W) ) . )
1) Ifx(&) ~ vyl(&), then x(&) "~ y(&) and the inclusion is proper for every ideal J.
(i) If the functions x(£) and y(£) are bounded and x(£) - y(£), then x(£) '~ y(&).
Proof.
(i) Let e > 0and
Vi(9)
x(&) "~ y(&)
We thus find that
x(&) ‘ J x(&) ' { x(&) ' }
—= —1|d&¢ = — = —L|d¢{=e- cl,:|—=—-1L| = .
Jeen o9 7122 ety (|2tfoe) [w@® T EE Ry TH =
So, for a given & > 0, we have
1 x(&) ‘ } 1 J x(&) ‘
— Iy: | —=—L|= =6 — —= —1| = e},
Ap {Ee P y(E) =)= :>7\p ger, |Y(E) =
that is,
1 AxE) s s 1 J X8 sl >
{]DE]N.)\p {EGIP. 5 L‘:e} ZS}C pE]N.)\p e Llze|l=zed,. 41

EET,
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Since the right-hand side of (4.1) belongs to J, we conclude that left-hand side belongs to J.

In order to show that
st VvE(7)

x(&) "~ yl&) &x(&) ~ yl&),
we take a fixed A € J. Define a function x(&) by

& (P—/AI+1SE<Sp pEA),
0, (otherwise),

and let y(&) = 1. Then, for every € (0 < e < 1), we have
{E,EIP: X(E’)—L‘ ze}

y(&)
as n — oo and n ¢ A. Therefore, for every & > 0, we find that

{pe]N:l {&EIP: X(a)—l_'ge}
Ap

y(&)
for some m € IN. Since J is admissible, it follows that it is asymptotically J-statistically equivalent of
multiple L. Thus, obviously, we get

.[
}\p
E,

€lp

1

Ap

> 5} c AU{1,2,3,...,m}

x(&)

y(E,)_L'_)OO (p — o0),

that is, it is not strongly J)-asymptotically equivalent of multiple L. If A € J is infinite, then it is not
Jx-asymptotically statistically equivalent of multiple L.

L
(ii) Suppose that x(&) i) y(&) and that the following quotient:
x(t)
y(t)
is bounded by M. Let € > 0 be given. Now
1 J x(&) ' 1J x(&) ‘ 1J
= | PEet = I -1+ x(&) ~ 1
Y JIVE T N Jeen (3g-tfze) WE T A Jeen, (81)<e)
M x(&) ‘ }
< — Iy:|—=—L| 2 .
<y {eem Stz ef e
We note that
1 JXE) gl s >\
{peN.}\p {aelp. ") lee} 2 o = Ale) el
Thus, if p € [A(€)]€, we get
1 x(&) ’
Ly MO ] e
Ap it y(&)
Hence, obviously, we have
1 x(&) ‘
eN:— —= —1L|=22e) CA(e),
{p Ap ; y(&) }
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and so it belongs to J. This shows that

The proof of Theorem 4.1 is evidently completed. O

Theorem 4.2. If
A
liminf{p} >0,
p—o00 P

St st

x(&) "~ y(&) cx(&) ~ y(&).

then

Proof. For each € > 0, we write

1 x(&) 1
— < I R > > .
p'{azp'y(ﬁ) L‘:e}‘zp‘{aglp'

Hence, if
A
lim inf {p } =aq,
p—o0 P

x(&)  |s H>7‘p1
(&) 4=€ <

then (by definition) the following set:

is finite. Thus, for & > 0, we find that

.1 X&) s H>}

{pEN'Ap {Eelp.y(a) L’:e )
1 e a Ap @
C{pGN.p{EEIp.y(a) L‘ge} gza}u{peN.;<2}.

Since J is admissible, the set on the right-hand side belongs to J. Clearly, we have completed the proof of
Theorem 4.2. [

Theorem 4.3. Let the parameter A € A be such that

lim {}\p} =1.
p—oo | p

Then

Proof. Let d > 0 be given. Since, by hypothesis,

lim {Ap} =1,
p—oo P

we can choose m € IN such that

Ap >
p_l‘ 5 (p2zm)
We now observe that, for ¢ > 0,
1 x(&) ' } 1{ x(&) ’ } { x(&) ’ }
- <p:|—=—-L| = = — Sp—Ap: |—=—L| 2 — I,:|—=—L| =
p{a—p u(®) —e‘ P EEP iy T 2 T 15 ey T 2
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<P M 1{ X&) ’>}

TP +p‘ febilyg Th e
(18 L X&) >}

1-(1-3) 5 {reme o L‘:€|
5

1
_o 1 . —1l>
2+p|{aelp.|x(a) Ll = el

for all n 2 m. Hence, obviously, we can write

{PEN:i){iép:IX(é)—Llée}‘ zé} c {peN:;\{aelp:|x(a)—L|ze}\ zg}u{l,z,a...,m}.

This shows that

The proof of Theorem 4.3 is thus completed. O

Remark 4.4 (An open problem). We do not yet know whether the condition in Theorem 4.3 is necessary.
Therefore, we choose to leave it as an open problem for the interested reader.

Finally, we complete this paper by presenting the following result.

Theorem 4.5. Let A = (A) and p = (up) be two sequences in A such that
Ap = Hp (p € IN).

Then each of the following assertions holds true.

(i) If
liminf{Ap} >0, (4.2)
p—oo ( Hp
SL(g st
then x(&) ~ y(&) Cx(&) ~ y(&)
(ii) If
lim {“p} —1, (4.3)
p—00 P
L L
then x(£) ) y(8) € x(8) "X y 2.
Proof.
(i) Suppose that A, < p, for all p € IN and that the condition (4.2) is satisfied. Then, for ¢ > 0, we have
x(&) ‘ } { x(&) ‘ }
=Lz ) IWw:|—=—1| 2 .
{aelp ye) HEe Ry T =
Therefore, we can write
oz ez ool 2]
- ) Sl Y b Al L |22 | >eb.
Hp {56 ]p y(&) =°f= Hp }\p t€ P y(&) =€
Thus, for all p € IN, we find that
SHeem itz |z e e premg [feem g2 e 202
eN:— el,:|——-1|2 =6, C eIN: — EJp:|— -1 2 26— el
{p Ap{‘i Pily@ HEE g S PN Ty T E =0,

Hence we get
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(i) Let x(&)
write

S%LJ) y(&). Suppose also that the condition (4.3) is satisfied. Since I, C Jn, for ¢ > 0, we may
o deo )
— | —=—L|= = — - 1<t<p—Ap:|—=—L
o {aelp TS e e AT | L A Ty
o L i ! )
I,:|—=—L
{ae y@©
< lvlp Ap i { x(&) ‘ }
- 7\ y(&)
< “v”v) L1 I X(E)_L'> }
- ( }‘p 7\ b€ P y(&) = ¢
< ”p—1) L I :M—le H
B <}‘p +)‘p £ b y(&) =€

for all p € IN. Hence we have

{pelN:

x(&)

(&) ‘ Hzé}Ei

feon

) 1
v 42 Hzé}g{pEN A

Hp

This implies that

{E,GI
L( SL

«(&) " y(&) e xv) " y (o).

We thus have completed the proof of Theorem 4.5. O

Many other interesting corollaries and consequences of the various definitions and results, which we
have presented in this investigation, are potentially fruitful for further studies on the subject of statistical
convergence and related areas.
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