
Available online at www.isr-publications.com/jnsa
J. Nonlinear Sci. Appl., 11 (2018), 746–761

Research Article

Journal Homepage: www.isr-publications.com/jnsa

The generalized viscosity implicit rule of nonexpansive
semigroup in Banach spaces

Chaichana Jaiboona, Somyot Plubtiengb, Phayap Katchangc,∗

aDepartment of Mathematics, Faculty of Liberal Arts, Rajamangala University of Technology Rattanakosin, Nakhon Pathom 73170,
Thailand.

bDepartment of Mathematics, Faculty of Science, Naresuan University, Phitsanulok 65000, Thailand.
cDivision of Mathematics, Faculty of Science and Agricultural Technology, Rajamangala University of Technology Lanna Tak, Tak 63000,
Thailand.

Communicated by Y. J. Cho

Abstract
In this research, we focus on a common fixed point problem of a nonexpansive semigroup with the generalized viscosity

methods for implicit iterative algorithms. Our main objective is to construct the new strong convergence theorems under certain
appropriate conditions in uniformly convex and uniformly smooth Banach spaces. Specifically, the main results make a contri-
bution to the implicit midpoint theorems. The findings for theorems in Hilbert spaces and the other forms of a nonexpansive
semigroup can be used in several practical purposes. Finally, a numerical example in 3 dimensions is provided to support our
main results.
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1. Introduction

Let E be a real Banach space, C be a nonempty closed convex subset of E, and E∗ be the dual space of
E with norm ‖ · ‖ and 〈·, ·〉 pairing between E and E∗.

• The duality mapping J : E→ 2E
∗

is defined by

J(x) =
{
x∗ ∈ E∗ : 〈x, x∗〉 = ‖x‖2, ‖x∗‖ = ‖x‖

}
for all x ∈ E. It is well known that if E is a Hilbert space then J is the identity mapping, and if E is
smooth then J is single-valued.
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• A mapping T : C→ C is called a nonexpansive, if

‖Tx− Ty‖ 6 ‖x− y‖, ∀x,y ∈ C

and F(T) = {x ∈ C : Tx = x} is the set of fixed points of T .

• A mapping f : C→ C is called a contraction, if there exists α ∈ (0, 1) such that

‖f(x) − f(y)‖ 6 α‖x− y‖, ∀x,y ∈ C.

• A family S = {S(s) : 0 6 s < ∞} of mappings of C into itself is called a nonexpansive semigroup on C
if it satisfies the following conditions:

(i) S(0)x = x for all x ∈ C;

(ii) S(s+ t) = S(s)S(t) for all s, t > 0;

(iii) ‖S(s)x− S(s)y‖ 6 ‖x− y‖ for all x,y ∈ C and s > 0;

(iv) for each x ∈ C, the mapping S(·)x from [0,∞) into C is continuous.

S, i.e., F(S) = {x ∈ C : S(s)x = x, ∀s > 0} is a common fixed point set of a nonexpansive semigroup.
It is easy to see that F(S) is closed and convex (see also [3, 5, 6, 11]).

Definition 1.1. A mapping ψ : R+ → R+ is called an L-function if ψ(0) = 0,ψ(t) > 0,∀t > 0 and for every
s > 0 there exists u > s such that

ψ(t) 6 s for t ∈ [s,u].

Note that every L-function ψ satisfies ψ(t) < t,∀t > 0.

Definition 1.2. Let (X,d) be a metric space. A mapping f : X→ X is said to be:

(i) (ψ,L)-contraction if ψ : R+ → R+ is an L-function and d(f(x), f(y)) < ψ(d(x,y)) for all x,y ∈ X with
x 6= y;

(ii) Meir-Keeler type mapping if for each ε > 0 there exists δ = δ(ε) > 0 such that for each x,y ∈ X with
d(x,y) < ε+ δ we have d(f(x), f(y)) < ε.

Theorem 1.3 ([7]). Let (X,d) be a metric space and f : X → X a mapping. Then the following assertions are
equivalent:

(i) f is a Meir-Keeler type mapping;
(ii) there exists an L-function ψ : R+ → R+ such that f is a (ψ,L)−contraction.

Proposition 1.4 ([10]). Let C be a convex subset of a Banach space E. Let f : C → C be a Meir-Keeler type
mapping. Then for each ε > 0 there exists r ∈ (0, 1) such that for each x,y ∈ C with ‖x− y‖ > ε, we have

‖f(x) − f(y)‖ 6 r‖x− y‖.

Now, a Meir-Keeler type mapping or (ψ,L)-contraction is called generalized contraction mapping. We
suppose that the function ψ based on the definition of the (ψ,L)-contraction is continuous and strictly
increasing and lim

t→∞η(t) =∞, where η(t) = t−ψ(t), t ∈ R+. In consequence, we have that η is a bijection

on R+.
In 2015, the viscosity implicit midpoint theorem in Hilbert spaces was introduced by Xu et al. [13]:

xn+1 = αnf(xn) + (1 −αn)T

(
xn + xn+1

2

)
,n > 0.

In the same year, Ke et al. [4] introduced the two viscosity implicit midpoint theorem in Hilbert spaces:

xn+1 = αnQ(xn) + (1 −αn)T(snxn + (1 − sn)xn+1),
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and
xn+1 = αnxn +βnQ(xn) + γnT(snxn + (1 − sn)xn+1).

One year later, Yan et al. [14] introduced an implicit iteration for a generalized contraction mapping
in Banach space:

xn+1 = αnxn +βnf(xn) + γnT(snxn + (1 − sn)xn+1).

They proved the strong convergence theorems.
Motivated and inspired by the idea of Yan et al. [14], we introduce the new implicit iterative scheme

and the new implicit midpoint rule with viscosity approximation method based on a generalized contrac-
tion mapping for finding solutions of fixed point problems for nonexpansive semigroup. We shall prove
the strong convergence theorems in uniformly convex and uniformly smooth Banach space under some
parameters controlling conditions. Our results extend and improve the recent results of Yan et al. [14]
and other authors.

2. Preliminaries

According to our framework throughout this research, we first preview some definitions involving a
Banach space E as follows. Let U = {x ∈ E : ‖x‖ = 1}.

• E is said to be uniformly convex if, for any ε ∈ (0, 2], there exists δ > 0 such that, for any x,y ∈ U,

‖x− y‖ > ε implies
∥∥∥∥x+ y2

∥∥∥∥ 6 1 − δ.

It is known that a uniformly convex Banach space is reflexive and strictly convex.

• E is said to be smooth if lim
t→0

‖x+ ty‖− ‖x‖
t

exists for all x,y ∈ U.

It is also said to be uniformly smooth if the limit is attained uniformly for all x,y ∈ U. The modulus of
smoothness of E is defined by

ρ(τ) = sup
{

1
2
(‖x+ y‖+ ‖x− y‖) − 1 : x,y ∈ E, ‖x‖ = 1, ‖y‖ = τ

}
,

where ρ : [0,∞)→ [0,∞) is a function.

It is known that E is uniformly smooth if and only if lim
τ→0

ρ(τ)

τ
= 0.

A Banach space E is said to satisfy Opial’s condition if for any sequence {xn} in E, xn ⇀ x(n → ∞)
implies

lim sup
n→∞ ‖xn − x‖ < lim sup

n→∞ ‖xn − y‖,∀y ∈ E with x 6= y.

By [2, Theorem 1], it is well known that if E admits a weakly sequentially continuous duality mapping,
then E satisfies Opial’s condition, and E is smooth.

The following lemmas are very useful for proving our main results.

Lemma 2.1 ([9]). Let {xn} and {yn} be bounded sequences in a Banach space X and let {βn} be a sequence in [0, 1]
with 0 < lim infn→∞ βn 6 lim supn→∞ βn < 1. Suppose xn+1 = (1 − βn)yn + βnxn for all integers n > 0
and lim supn→∞(‖yn+1 − yn‖− ‖xn+1 − xn‖) 6 0. Then, limn→∞ ‖yn − xn‖ = 0.

Lemma 2.2 ([8]). Let C be a nonempty closed and convex subset of a uniformly smooth Banach space E. Let
T : C → C be a nonexpansive mapping such that F(T) 6= ∅ and f : C → C be a generalized contraction mapping.
Then {xt} defined by xt = tf(xt) + (1 − t)Txt for t ∈ (0, 1), converges strongly to x∗ ∈ F(T) as t → 0, which
solves the variational inequality:

〈f(x∗) − x∗, J(z− x∗)〉 6 0,∀z ∈ F(T).
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Lemma 2.3 ([8]). Let C be a nonempty closed and convex subset of a uniformly smooth Banach space E. Let
T : C → C be a nonexpansive mapping such that F(T) 6= ∅ and f : C → C be a generalized contraction mapping.
Assume that {xt} defined by xt = tf(xt) + (1 − t)Txt, converges strongly to x∗ ∈ F(T) as t → 0. Suppose that
{xn} is bounded sequence such that xn − Txn → 0 as n→∞. Then

lim sup
n→∞ 〈f(x∗) − x∗, J(xn − x∗)〉 6 0.

Lemma 2.4 ([12]). Assume {an} is a sequence of nonnegative real numbers such that

an+1 6 (1 −αn)an + δn, n > 0,

where {αn} is a sequence in (0, 1) and {δn} is a sequence in R such that

(1)
∑∞
n=1 αn =∞;

(2) lim supn→∞ δn
αn

6 0 or
∑∞
n=1 |δn| <∞.

Then limn→∞ an = 0.

3. Main results

Theorem 3.1. Let C be a nonempty closed convex subset of uniformly convex and uniformly smooth Banach space
E. Let f be a generalized contraction mapping from C into itself and S = {T(t) : t > 0} be a nonexpansive semigroup
from C into itself such that F(S) 6= 0. Let {xn} be the sequences defined by x1 ∈ C and

zn = λnxn + (1 − λn)xn+1,
yn = δnf(xn) + (1 − δn)zn,
xn+1 = αnxn +βnf(xn) + γnT(µn)yn,

where {αn}, {βn}, {γn}, {δn}, and {λn} are the sequences in (0, 1). The following conditions are satisfied:

(i) αn +βn + γn = 1;
(ii) lim

n→∞βn = lim
n→∞ δn = lim

n→∞µn = lim
n→∞ |αn+1 − αn| = lim

n→∞ |λn+1 − λn| = 0 and lim
n→∞ sup

x∈C̃
‖T(µn+1)x−

T(µn)x‖ = 0, where C̃ is a bounded subset of C;
(iii) 0 < lim inf

n→∞ αn 6 lim sup
n→∞ αn < 1;

(iv)
∞∑
n=0

βn =∞ for all n > 1.

Then {xn} converges strongly to x∗ ∈ F(S) which also solves the following variational inequality:

〈(I− f)x∗, J(z− x∗)〉 6 0,∀z ∈ F(S).

Proof. First of all, we prove that {xn} is bounded. Let p ∈ F(S), we have

‖yn − p‖ 6 δn‖f(xn) − p‖+ (1 − δn)‖zn − p‖
6 δn‖f(xn) − f(p)‖+ δn‖f(p) − p‖+ (1 − δn)‖zn − p‖
6 δnψ‖xn − p‖+ δn‖f(p) − p‖+ (1 − δn) [λn‖xn − p‖+ (1 − λn)‖xn+1 − p‖]
= [δnψ+ (1 − δn)λn] ‖xn − p‖+ δn‖f(p) − p‖+ (1 − δn)(1 − λn)‖xn+1 − p‖

and

‖xn+1 − p‖ 6 αn‖xn − p‖+βn‖f(xn) − p‖+ γn‖T(µn)yn − p‖
6 αn‖xn − p‖+βn‖f(xn) − f(p)‖+βn‖f(p) − p‖+ γn‖yn − p‖
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6 αn‖xn − p‖+βnψ‖xn − p‖+βn‖f(p) − p‖
+ γn {[δnψ+ (1 − δn)λn] ‖xn − p‖+ δn‖f(p) − p‖+ (1 − δn)(1 − λn)‖xn+1 − p‖}

= [αn +βnψ+ γnδnψ+ γn(1 − δn)λn] ‖xn − p‖+ (βn + γnδn)‖f(p) − p‖
+ γn(1 − δn)(1 − λn)‖xn+1 − p‖

= [1 − γn(1 − δn)(1 − λn) − (βn + γnδn)(1 −ψ)] ‖xn − p‖+ (βn + γnδn)‖f(p) − p‖
+ γn(1 − δn)(1 − λn)‖xn+1 − p‖

= [1 − γn(1 − δn)(1 − λn) − (βn + γnδn)η] ‖xn − p‖+ (βn + γnδn)ηη
−1‖f(p) − p‖

+ γn(1 − δn)(1 − λn)‖xn+1 − p‖,
‖xn+1 − p‖ 6 αn‖xn − p‖+βn‖f(xn) − p‖+ γn‖T(µn)yn − p‖

6 αn‖xn − p‖+βn‖f(xn) − f(p)‖+βn‖f(p) − p‖+ γn‖yn − p‖
6 αn‖xn − p‖+βnψ‖xn − p‖+βn‖f(p) − p‖
+ γn {[δnψ+ (1 − δn)λn] ‖xn − p‖+ δn‖f(p) − p‖+ (1 − δn)(1 − λn)‖xn+1 − p‖}

= [αn +βnψ+ γnδnψ+ γn(1 − δn)λn] ‖xn − p‖+ (βn + γnδn)‖f(p) − p‖
+ γn(1 − δn)(1 − λn)‖xn+1 − p‖

= [1 − γn(1 − δn)(1 − λn) − (βn + γnδn)(1 −ψ)] ‖xn − p‖+ (βn + γnδn)‖f(p) − p‖
+ γn(1 − δn)(1 − λn)‖xn+1 − p‖

= [1 − γn(1 − δn)(1 − λn) − (βn + γnδn)η] ‖xn − p‖+ (βn + γnδn)ηη
−1‖f(p) − p‖

+ γn(1 − δn)(1 − λn)‖xn+1 − p‖.

It follows that

‖xn+1 − p‖ 6
[

1 −
(βn + γnδn)η

1 − γn(1 − δn)(1 − λn)

]
‖xn − p‖+ (βn + γnδn)η

1 − γn(1 − δn)(1 − λn)
η−1‖f(p) − p‖.

By induction, we conclude that

‖xn − p‖ 6 max
{
‖x1 − p‖,η−1‖f(p) − p‖

}
,∀n > 0.

This implies that {xn} is bounded, so are {f(xn)}, {yn}, {T(µn)yn}, and {zn}.
Next, we will show that limn→∞ ‖xn+1 − xn‖ = 0 and we observe that

‖zn+1 − zn‖ = ‖(λn+1xn+1 + (1 − λn+1)xn+2) − (λnxn + (1 − λn)xn+1)‖
= ‖λn+1xn+1 − λn+1xn + λn+1xn + (1 − λn+1)xn+2

− (1 − λn+1)xn+1 + (1 − λn+1)xn+1 − λnxn − (1 − λn)xn+1‖
= ‖λn+1(xn+1 − xn) + (λn+1 − λn)xn + (1 − λn+1)(xn+2 − xn+1) + (λn − λn+1)xn+1‖
6 λn+1‖xn+1 − xn‖+ |λn+1 − λn|(‖xn‖+ ‖xn+1‖) + (1 − λn+1)‖xn+2 − xn+1‖,

‖yn+1 − yn‖ = ‖ (δn+1f(xn+1) + (1 − δn+1)zn+1) − (δnf(xn) + (1 − δn)zn) ‖
= ‖δn+1f(xn+1) − δn+1f(xn) + δn+1f(xn) + (1 − δn+1)zn+1

− (1 − δn+1)zn + (1 − δn+1)zn − δnf(xn) − (1 − δn)zn‖
= ‖δn+1(f(xn+1) − f(xn)) + (δn+1 − δn)f(xn) + (1 − δn+1)(zn+1 − zn) + (δn − δn+1)zn‖
6 δn+1‖f(xn+1) − f(xn)‖+ |δn+1 − δn|(‖f(xn)‖+ ‖zn‖) + (1 − δn+1)‖zn+1 − zn‖
6 δn+1ψ‖xn+1 − xn‖+ |δn+1 − δn|(‖f(xn)‖+ ‖zn‖) + (1 − δn+1)[λn+1‖xn+1 − xn‖
+ |λn+1 − λn|(‖xn‖+ ‖xn+1‖) + (1 − λn+1)‖xn+2 − xn+1‖]

= (δn+1ψ+ (1 − δn+1)λn+1)‖xn+1 − xn‖+ |δn+1 − δn|(‖f(xn)‖+ ‖zn‖)
+ (1 − δn+1)|λn+1 − λn|(‖xn‖+ ‖xn+1‖) + (1 − δn+1)(1 − λn+1)‖xn+2 − xn+1‖,
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and
‖xn+2 − xn+1‖ = ‖ (αn+1xn+1 +βn+1f(xn+1) + γn+1T(µn+1)yn+1)

− (αnxn +βnf(xn) + γnT(µn)yn) ‖
= ‖αn+1xn+1 −αn+1xn +αn+1xn +βn+1f(xn+1) −βn+1f(xn) +βn+1f(xn)

+ γn+1T(µn+1)yn+1 − γn+1T(µn)yn + γn+1T(µn)yn −αnxn −βnf(xn)

− γnT(µn)yn‖
= ‖αn+1(xn+1 − xn) +βn+1(f(xn+1) − f(xn)) + γn+1(T(µn+1)yn+1 − T(µn)yn)

+ (αn+1 −αn)xn + (βn+1 −βn)f(xn) + (γn+1 − γn)T(µn)yn‖
6 αn+1‖xn+1 − xn‖+βn+1‖f(xn+1) − f(xn)‖+ γn+1‖T(µn+1)yn+1 − T(µn)yn‖
+ |αn+1 −αn|‖xn‖+ |βn+1 −βn|‖f(xn)‖+ |γn+1 − γn|‖T(µn)yn‖

6 αn+1‖xn+1 − xn‖+βn+1ψ‖xn+1 − xn‖
+ γn+1 (‖T(µn+1)yn+1 − T(µn+1)yn‖+ ‖T(µn+1)yn − T(µn)yn‖)
+ |αn+1 −αn|‖xn‖+ |βn+1 −βn|‖f(xn)‖+ |γn+1 − γn|‖T(µn)yn‖

= (αn+1 +βn+1ψ)‖xn+1 − xn‖+ γn+1 sup
y∈{yn}

‖T(µn+1)y− T(µn)y‖

+ |αn+1 −αn|‖xn‖+ |βn+1 −βn|‖f(xn)‖+ |γn+1 − γn|‖T(µn)yn‖
+ γn+1‖yn+1 − yn‖

6 (αn+1 +βn+1ψ)‖xn+1 − xn‖+ γn+1 sup
y∈{yn}

‖T(µn+1)y− T(µn)y‖

+ |αn+1 −αn|‖xn‖+ |βn+1 −βn|‖f(xn)‖+ |γn+1 − γn|‖T(µn)yn‖
+ γn+1[(δn+1ψ+ (1 − δn+1)λn+1)‖xn+1 − xn‖+ |δn+1 − δn|(‖f(xn)‖+ ‖zn‖)
+ (1 − δn+1)|λn+1 − λn|(‖xn‖+ ‖xn+1‖) + (1 − δn+1)(1 − λn+1)‖xn+2 − xn+1‖]

= (αn+1 +βn+1ψ+ γn+1δn+1ψ+ γn+1(1 − δn+1)λn+1)‖xn+1 − xn‖
+ γn+1 sup

y∈{yn}
‖T(µn+1)y− T(µn)y‖+ |αn+1 −αn|‖xn‖+ |βn+1 −βn|‖f(xn)‖

+ |γn+1 − γn|‖T(µn)yn‖+ γn+1|δn+1 − δn|(‖f(xn)‖+ ‖zn‖)
+ γn+1(1 − δn+1)|λn+1 − λn|(‖xn‖+ ‖xn+1‖)
+ γn+1(1 − δn+1)(1 − λn+1)‖xn+2 − xn+1‖

= [1 − γn+1(1 − δn+1)(1 − λn+1) − (βn+1 + γn+1δn+1)η] ‖xn+1 − xn‖
+ γn+1 sup

y∈{yn}
‖T(µn+1)y− T(µn)y‖+ |αn+1 −αn|‖xn‖+ |βn+1 −βn|‖f(xn)‖

+ |γn+1 − γn|‖T(µn)yn‖+ γn+1|δn+1 − δn|(‖f(xn)‖+ ‖zn‖)
+ γn+1(1 − δn+1)|λn+1 − λn|(‖xn‖+ ‖xn+1‖)
+ γn+1(1 − δn+1)(1 − λn+1)‖xn+2 − xn+1‖.

It follows that

‖xn+2 − xn+1‖ 6
[

1 −
(βn+1 + γn+1δn+1)η

1 − γn+1(1 − δn+1)(1 − λn+1)

]
‖xn+1 − xn‖

+
γn+1

1 − γn+1(1 − δn+1)(1 − λn+1)
sup
y∈{yn}

‖T(µn+1)y− T(µn)y‖

+
|αn+1 −αn|

1 − γn+1(1 − δn+1)(1 − λn+1)
‖xn‖+

|βn+1 −βn|

1 − γn+1(1 − δn+1)(1 − λn+1)
‖f(xn)‖

+
|γn+1 − γn|

1 − γn+1(1 − δn+1)(1 − λn+1)
‖T(µn)yn‖
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+
|δn+1 − δn|γn+1

1 − γn+1(1 − δn+1)(1 − λn+1)
(‖f(xn)‖+ ‖zn‖)

+
|λn+1 − λn|γn+1(1 − δn+1)

1 − γn+1(1 − δn+1)(1 − λn+1)
(‖xn‖+ ‖xn+1‖)

6

[
1 −

(βn+1 + γn+1δn+1)η

1 − γn+1(1 − δn+1)(1 − λn+1)

]
‖xn+1 − xn‖

+
γn+1

1 − γn+1(1 − δn+1)(1 − λn+1)
sup
y∈{yn}

‖T(µn+1)y− T(µn)y‖

+

[
|αn+1 −αn|

1 − γn+1(1 − δn+1)(1 − λn+1)
+

|βn+1 −βn|

1 − γn+1(1 − δn+1)(1 − λn+1)

+
|γn+1 − γn|

1 − γn+1(1 − δn+1)(1 − λn+1)
+

|δn+1 − δn|γn+1

1 − γn+1(1 − δn+1)(1 − λn+1)

+
|λn+1 − λn|γn+1(1 − δn+1)

1 − γn+1(1 − δn+1)(1 − λn+1)

]
M,

where M = sup
n>1

{‖xn‖, ‖f(xn)‖+ ‖T(µn)yn‖, ‖f(xn)‖+ ‖zn‖, ‖xn‖+ ‖xn+1‖} <∞.

Setting xn+1 = (1 −αn)wn +αnxn for all n > 1, we see that wn =
xn+1 −αnxn

1 −αn
, then we have

‖wn+1 −wn‖ =
∥∥∥∥xn+2 −αn+1xn+1

1 −αn+1
−
xn+1 −αnxn

1 −αn

∥∥∥∥
=

∥∥∥∥βn+1f(xn+1) + γn+1T(µn+1)yn+1

1 −αn+1
−
βnf(xn) + γnT(µn)yn

1 −αn

∥∥∥∥
=

∥∥∥∥βn+1f(xn+1) + γn+1T(µn+1)yn+1

1 −αn+1
−
βn+1f(xn)

1 −αn+1
+
βn+1f(xn)

1 −αn+1

−
γn+1T(µn)yn

1 −αn+1
+
γn+1T(µn)yn

1 −αn+1
−
βnf(xn) + γnT(µn)yn

1 −αn

∥∥∥∥
=

∥∥∥∥ βn+1

1 −αn+1
(f(xn+1) − f(xn)) +

γn+1

1 −αn+1
(T(µn+1)yn+1 − T(µn)yn)

+

(
βn+1

1 −αn+1
−

βn

1 −αn

)
f(xn) +

(
γn+1

1 −αn+1
−

γn

1 −αn

)
T(µn)yn

∥∥∥∥
=

∥∥∥∥ βn+1

1 −αn+1
(f(xn+1) − f(xn)) +

γn+1

1 −αn+1
(T(µn+1)yn+1 − T(µn)yn)

+

(
βn+1

1 −αn+1
−

βn

1 −αn

)
f(xn) +

(
βn

1 −αn
−

βn+1

1 −αn+1

)
T(µn)yn

∥∥∥∥
6

βn+1

1 −αn+1
‖f(xn+1) − f(xn)‖+

γn+1

1 −αn+1
‖T(µn+1)yn+1 − T(µn)yn‖

+

∣∣∣∣ βn+1

1 −αn+1
−

βn

1 −αn

∣∣∣∣ (‖f(xn)‖+ ‖T(µn)yn‖)
6

βn+1ψ

1 −αn+1
‖xn+1 − xn‖+

∣∣∣∣ βn+1

1 −αn+1
−

βn

1 −αn

∣∣∣∣ (‖f(xn)‖+ ‖T(µn)yn‖)
+

γn+1

1 −αn+1
(‖T(µn+1)yn+1 − T(µn+1)yn‖+ ‖T(µn+1)yn − T(µn)yn‖)

6
βn+1ψ

1 −αn+1
‖xn+1 − xn‖+

∣∣∣∣ βn+1

1 −αn+1
−

βn

1 −αn

∣∣∣∣ (‖f(xn)‖+ ‖T(µn)yn‖)
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+
γn+1

1 −αn+1
‖yn+1 − yn‖+

γn+1

1 −αn+1
sup
y∈{yn}

‖T(µn+1)y− T(µn)y‖

6
βn+1ψ

1 −αn+1
‖xn+1 − xn‖+

γn+1

1 −αn+1
sup
y∈{yn}

‖T(µn+1)y− T(µn)y‖

+

∣∣∣∣ βn+1

1 −αn+1
−

βn

1 −αn

∣∣∣∣ (‖f(xn)‖+ ‖T(µn)yn‖)
+

γn+1

1 −αn+1
[(δn+1ψ+ (1 − δn+1)λn+1)‖xn+1 − xn‖+ |δn+1 − δn|(‖f(xn)‖+ ‖zn‖)

+ (1 − δn+1)|λn+1 − λn|(‖xn‖+ ‖xn+1‖) + (1 − δn+1)(1 − λn+1)‖xn+2 − xn+1‖]

6
1

1 −αn+1
[βn+1ψ+ γn+1δn+1ψ+ γn+1(1 − δn+1)λn+1] ‖xn+1 − xn‖

+
γn+1

1 −αn+1
sup
y∈{yn}

‖T(µn+1)y− T(µn)y‖+
∣∣∣∣ βn+1

1 −αn+1
−

βn

1 −αn

∣∣∣∣ (‖f(xn)‖+ ‖T(µn)yn‖)
+

γn+1

1 −αn+1
|δn+1 − δn|(‖f(xn)‖+ ‖zn‖) +

γn+1

1 −αn+1
(1 − δn+1)|λn+1 − λn|(‖xn‖+ ‖xn+1‖)

+
γn+1

1 −αn+1
(1 − δn+1)(1 − λn+1)‖xn+2 − xn+1‖

6
1

1 −αn+1
[βn+1ψ+ γn+1δn+1ψ+ γn+1(1 − δn+1)λn+1] ‖xn+1 − xn‖

+
γn+1

1 −αn+1
sup
y∈{yn}

‖T(µn+1)y− T(µn)y‖+
∣∣∣∣ βn+1

1 −αn+1
−

βn

1 −αn

∣∣∣∣ (‖f(xn)‖+ ‖T(µn)yn‖)
+

γn+1

1 −αn+1
|δn+1 − δn|(‖f(xn)‖+ ‖zn‖) +

γn+1

1 −αn+1
(1 − δn+1)|λn+1 − λn|(‖xn‖+ ‖xn+1‖)

+
γn+1

1 −αn+1
(1 − δn+1)(1 − λn+1)

{ [
1 −

(βn+1 + γn+1δn+1)η

1 − γn+1(1 − δn+1)(1 − λn+1)

]
‖xn+1 − xn‖

+
γn+1

1 − γn+1(1 − δn+1)(1 − λn+1)
sup
y∈{yn}

‖T(µn+1)y− T(µn)y‖

+

[
|αn+1 −αn|

1 − γn+1(1 − δn+1)(1 − λn+1)
+

|βn+1 −βn|

1 − γn+1(1 − δn+1)(1 − λn+1)

+
|γn+1 − γn|

1 − γn+1(1 − δn+1)(1 − λn+1)
+

|δn+1 − δn|γn+1

1 − γn+1(1 − δn+1)(1 − λn+1)

+
|λn+1 − λn|γn+1(1 − δn+1)

1 − γn+1(1 − δn+1)(1 − λn+1)

]
M

}

6
1

1 −αn+1
[βn+1ψ+ γn+1δn+1ψ+ γn+1(1 − δn+1)λn+1

+ γn+1(1 − δn+1)(1 − λn+1)] ‖xn+1 − xn‖

+
γn+1

1 −αn+1
sup
y∈{yn}

‖T(µn+1)y− T(µn)y‖+
∣∣∣∣ βn+1

1 −αn+1
−

βn

1 −αn

∣∣∣∣ (‖f(xn)‖+ ‖T(µn)yn‖)
+

γn+1

1 −αn+1
|δn+1 − δn|(‖f(xn)‖+ ‖zn‖) +

γn+1

1 −αn+1
(1 − δn+1)|λn+1 − λn|(‖xn‖+ ‖xn+1‖)

+
γn+1

1 −αn+1
(1 − δn+1)(1 − λn+1)

×

{
γn+1

1 − γn+1(1 − δn+1)(1 − λn+1)
sup
y∈{yn}

‖T(µn+1)y− T(µn)y‖
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+

[
|αn+1 −αn|

1 − γn+1(1 − δn+1)(1 − λn+1)
+

|βn+1 −βn|

1 − γn+1(1 − δn+1)(1 − λn+1)

+
|γn+1 − γn|

1 − γn+1(1 − δn+1)(1 − λn+1)
+

|δn+1 − δn|γn+1

1 − γn+1(1 − δn+1)(1 − λn+1)

+
|λn+1 − λn|γn+1(1 − δn+1)

1 − γn+1(1 − δn+1)(1 − λn+1)

]
M

}

=

[
1 −

(βn+1 + γn+1δn+1)η

1 −αn+1

]
‖xn+1 − xn‖

+
γn+1

1 −αn+1
sup
y∈{yn}

‖T(µn+1)y− T(µn)y‖+
∣∣∣∣ βn+1

1 −αn+1
−

βn

1 −αn

∣∣∣∣ (‖f(xn)‖+ ‖T(µn)yn‖)
+

γn+1

1 −αn+1
|δn+1 − δn|(‖f(xn)‖+ ‖zn‖) +

γn+1

1 −αn+1
(1 − δn+1)|λn+1 − λn|(‖xn‖+ ‖xn+1‖)

+
γn+1

1 −αn+1
(1 − δn+1)(1 − λn+1)

×

{
γn+1

1 − γn+1(1 − δn+1)(1 − λn+1)
sup
y∈{yn}

‖T(µn+1)y− T(µn)y‖

+

[
|αn+1 −αn|

1 − γn+1(1 − δn+1)(1 − λn+1)
+

|βn+1 −βn|

1 − γn+1(1 − δn+1)(1 − λn+1)

+
|γn+1 − γn|

1 − γn+1(1 − δn+1)(1 − λn+1)
+

|δn+1 − δn|γn+1

1 − γn+1(1 − δn+1)(1 − λn+1)

+
|λn+1 − λn|γn+1(1 − δn+1)

1 − γn+1(1 − δn+1)(1 − λn+1)

]
M

}
.

Therefore,
lim sup
n→∞ (‖wn+1 −wn‖− ‖xn+1 − xn‖) 6 0.

Applying Lemma 2.1, we obtain lim
n→∞ ‖wn − xn‖ = 0 and by setting {wn}, we also have

lim
n→∞ ‖xn+1 − xn‖ = 0. (3.1)

Next, we will show that limn→∞ ‖xn − T(µn)xn‖ = 0. We observe that

‖zn − xn‖ = (1 − λn)‖xn+1 − xn‖ and ‖yn − zn‖ = δn‖f(x) − zn‖,

which imply that
lim
n→∞ ‖zn − xn‖ = 0 and lim

n→∞ ‖yn − zn‖ = 0.

Therefore, we conclude that
lim
n→∞ ‖yn − xn‖ = 0. (3.2)

Consider that

‖xn − T(µn)xn‖ 6 ‖xn − xn+1‖+ ‖xn+1 − T(µn)xn‖
= ‖xn − xn+1‖+ ‖αnxn +βnf(xn) + γnT(µn)yn − T(µn)xn‖
6 ‖xn − xn+1‖+αn‖xn − T(µn)xn‖+βn‖f(xn) − T(µn)xn‖+ γn‖T(µn)yn − T(µn)xn‖
6 ‖xn − xn+1‖+αn‖xn − T(µn)xn‖+βn‖f(xn) − T(µn)xn‖+ γn‖yn − xn‖,
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which implies that

‖xn − T(µn)xn‖ 6
1

1 −αn
‖xn − xn+1‖+

βn

1 −αn
‖f(xn) − T(µn)xn‖+

γn

1 −αn
‖yn − xn‖.

It follows from the conditions (ii), (iii), and (3.2) that

lim
n→∞ ‖xn − T(µn)xn‖ = 0. (3.3)

Now, we show that z ∈ F(S). We can choose a sequence {xnk} of {xn} such that {xnk} is bounded and
there exists a subsequence {xnkj } of {xnk} which converges weakly to z. Without loss of generality, we can

assume that xnk ⇀ z. Let µnk > 0 such that µnk→ 0 and
‖T(µnk)xnk − xnk‖

µnk
→ 0,k → ∞. Fix t > 0, we

can notice that

‖xnk − T(t)z‖ 6
[t/µnk ]−1∑
i=0

∥∥t((i+ 1)µnk
)
xnk − T(iµnk)xnk

∥∥
+
∥∥T([t/µnk ]µk)xnk − T([t/µnk ]µnk)z∥∥+ ∥∥T([t/µnk ]µnk)z− T(t)z∥∥

6 [t/µnk ]‖T(µnk)xnk − xnk‖+ ‖xnk − z‖+
∥∥T(t− [t/µnk ]µnk

)
z− z

∥∥
6 t
‖T(µnk)xnk − xnk‖

µnk
+ ‖xnk − z‖+

∥∥T(t− [t/µnk ]µnk
)
z− z

∥∥
6 t
‖T(µnk)xnk − xnk‖

µnk
+ ‖xnk − z‖+ max{‖T(µ)z− z‖ : 0 6 µ 6 µnk}.

For all k ∈N, we have
lim sup
k→∞ ‖xnk − T(t)z‖ 6 lim sup

k→∞ ‖xnk − z‖.

Since a Banach space E with a weakly sequentially continuous duality mapping satisfies the Opial’s
condition, this implies T(t)z = z. Therefore, z ∈ F(S).

By Lemma 2.2, the sequence {xt} is defined by xt = tf(xt) + (1 − t)Txt such that t ∈ (0, 1) which
converges strongly to a fixed point x∗ ∈ F(S) and solves the variational inequality:

〈(f− I)x∗, J(z− x∗)〉 6 0,∀z ∈ F(S).

Following Lemma 2.3 and (3.1)-(3.3), we conclude that

lim sup
n→∞ 〈(f− I)x∗, J(yn − x∗)〉 6 0 (3.4)

and
lim sup
n→∞ 〈(f− I)x∗, J(xn+1 − x

∗)〉 6 0. (3.5)

Finally, we show that {xn} converges strongly to x∗ ∈ F(S). Assume that the sequence {xn} does not
converge strongly to x∗, there exists a subsequence {xnk} of {xn} and ε > 0 such that ‖xnk − x∗‖ > ε, ∀k =
1, 2, . . .. For this ε there exists r ∈ (0, 1) such that

‖f(xnk) − f(x
∗)‖ 6 r‖xnk − x

∗‖.

We compute that

‖ynk − x
∗‖2 = 〈ynk − x

∗, J(ynk − x
∗)〉

= 〈δnkf(xnk) + (1 − δnk)znk − x
∗, J(ynk − x

∗)〉
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= 〈δnk(f(xnk) − x
∗) + (1 − δnk)(znk − x

∗), J(ynk − x
∗)〉

= δnk〈f(xnk) − f(x
∗), J(ynk − x

∗)〉+ δnk〈f(x
∗) − x∗, J(ynk − x

∗)〉
+ (1 − δnk)〈znk − x

∗, J(ynk − x
∗)〉

= δnk〈f(xnk) − f(x
∗), J(ynk − x

∗)〉+ δnk〈f(x
∗) − x∗, J(ynk − x

∗)〉
+ (1 − δnk)〈λnkxnk + (1 − λnk)xnk+1 − x

∗, J(ynk − x
∗)〉

= δnk〈f(xnk) − f(x
∗), J(ynk − x

∗)〉+ δnk〈f(x
∗) − x∗, J(ynk − x

∗)〉
+ (1 − δnk)〈λnk(xnk − x

∗) + (1 − λnk)(xnk+1 − x
∗), J(ynk − x

∗)〉
= δnk〈f(xnk) − f(x

∗), J(ynk − x
∗)〉+ δnk〈f(x

∗) − x∗, J(ynk − x
∗)〉

+ (1 − δnk)λnk〈xnk − x
∗, J(ynk − x

∗)〉+ (1 − δnk)(1 − λnk)〈xnk+1 − x
∗, J(ynk − x

∗)〉
6 rδnk‖xnk − x

∗‖‖ynk − x
∗‖+ δnk〈f(x

∗) − x∗, J(ynk − x
∗)〉

+ (1 − δnk)λnk‖xnk − x
∗‖‖ynk − x

∗‖+ (1 − δnk)(1 − λnk)‖ynk − x
∗‖‖xnk+1 − x

∗‖

6 [rδnk + (1 − δnk)λnk ]
1
2
(
‖xnk − x

∗‖2 + ‖ynk − x
∗‖2)+ δnk〈f(x∗) − x∗, J(ynk − x∗)〉

+ (1 − δnk)(1 − λnk)
1
2
(
‖ynk − x

∗‖2 + ‖xnk+1 − x
∗‖2)

=
rδnk + (1 − δnk)λnk

2
‖xnk − x

∗‖2 +
1 − δnk(1 − r)

2
‖ynk − x

∗‖2

+ δnk〈f(x
∗) − x∗, J(ynk − x

∗)〉+ (1 − δnk)(1 − λnk)

2
‖xnk+1 − x

∗‖2,

which implies that

‖ynk − x
∗‖2 6

rδnk + (1 − δnk)λnk
1 + δnk(1 − r)

‖xnk − x
∗‖2 +

2δnk
1 + δnk(1 − r)

〈f(x∗) − x∗, J(ynk − x
∗)〉

+
(1 − δnk)(1 − λnk)

1 + δnk(1 − r)
‖xnk+1 − x

∗‖2.

We observe that

‖xnk+1 − x
∗‖2 = 〈xnk+1 − x

∗, J(xnk+1 − x
∗)〉

= 〈αnkxnk +βnkf(xnk) + γnkT(µnk)ynk − x
∗, J(xnk+1 − x

∗)〉
= 〈αnk(xnk − x

∗) +βnk(f(xnk) − x
∗) + γnk(T(µnk)ynk − x

∗), J(xnk+1 − x
∗)〉

= αnk〈xnk − x
∗, J(xnk+1 − x

∗)〉+βnk〈f(xnk) − f(x
∗), J(xnk+1 − x

∗)〉
+βnk〈f(x

∗) − x∗, J(xnk+1 − x
∗)〉+ γnk〈T(µnk)ynk − x

∗, J(xnk+1 − x
∗)〉

6 αnk‖xnk − x
∗‖‖xnk+1 − x

∗‖+ rβnk‖xnk − x
∗‖‖xnk+1 − x

∗‖
+βnk〈f(x

∗) − x∗, J(xnk+1 − x
∗)〉+ γnk‖ynk − x

∗‖‖xnk+1 − x
∗‖

6 (αnk + rβnk)
1
2
(
‖xnk − x

∗‖2 + ‖xnk+1 − x
∗‖2)+βnk〈f(x∗) − x∗, J(xnk+1 − x

∗)〉

+ γnk
1
2
(
‖ynk − x

∗‖2 + ‖xnk+1 − x
∗‖2)

=
αnk + rβnk

2
‖xnk − x

∗‖2 +
αnk + rβnk

2
‖xnk+1 − x

∗‖2

+βnk〈f(x
∗) − x∗, J(xnk+1 − x

∗)〉+ γnk
2
‖ynk − x

∗‖2 +
γnk

2
‖xnk+1 − x

∗‖2

6
αnk + rβnk

2
‖xnk − x

∗‖2 +
αnk + rβnk

2
‖xnk+1 − x

∗‖2 +βnk〈f(x
∗) − x∗, J(xnk+1 − x

∗)〉

+
γnk

2
‖xnk+1 − x

∗‖2 +
γnk

2

[
rδnk + (1 − δnk)λnk

1 + δnk(1 − r)
‖xnk − x

∗‖2
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+
2δnk

1 + δnk(1 − r)
〈f(x∗) − x∗, J(ynk − x

∗)〉+ (1 − δnk)(1 − λnk)

1 + δnk(1 − r)
‖xnk+1 − x

∗‖2

]

=

[
αnk + rβnk

2
+
γnk

2

(
rδnk + (1 − δnk)λnk

1 + δnk(1 − r)

)]
‖xnk − x

∗‖2

+

[
αnk + rβnk

2
+
γnk

2
+
γnk

2

(
(1 − δnk)(1 − λnk)

1 + δnk(1 − r)

)]
‖xnk+1 − x

∗‖2

+βnk〈f(x
∗) − x∗, J(xnk+1 − x

∗)〉+ γnkδnk
1 + δnk(1 − r)

〈f(x∗) − x∗, J(ynk − x
∗)〉

=
(1 − γnk −βnk(1 − r)) (1 + δnk(1 − r)) + γnk (rδnk + (1 − δnk)λnk)

2 (1 + δnk(1 − r))
‖xnk − x

∗‖2

+
(1 −βnk(1 − r)) (1 + δnk(1 − r)) + γnk(1 − δnk)(1 − λnk)

2 (1 + δnk(1 − r))
‖xnk+1 − x

∗‖2

+βnk〈f(x
∗) − x∗, J(xnk+1 − x

∗)〉+ γnkδnk
1 + δnk(1 − r)

〈f(x∗) − x∗, J(ynk − x
∗)〉.

It follows that

‖xnk+1 − x
∗‖2 6

(1 − γnk −βnk(1 − r)) (1 + δnk(1 − r)) + γnk (rδnk + (1 − δnk)λnk)

(1 +βnk(1 − r)) (1 + δnk(1 − r)) − γnk(1 − δnk)(1 − λnk)
‖xnk − x

∗‖2

+
2βnk (1 + δnk(1 − r))

(1 +βnk(1 − r)) (1 + δnk(1 − r)) − γnk(1 − δnk)(1 − λnk)
〈f(x∗) − x∗, J(xnk+1 − x

∗)〉

+
2γnkδnk

(1 +βnk(1 − r)) (1 + δnk(1 − r)) − γnk(1 − δnk)(1 − λnk)
〈f(x∗) − x∗, J(ynk − x

∗)〉

=

[
1 −

(1 +βnk(1 − r)) (1 + δnk(1 − r)) − γnk(1 − δnk)(1 − λnk)

(1 +βnk(1 − r)) (1 + δnk(1 − r)) − γnk(1 − δnk)(1 − λnk)

−
− (1 − γnk −βnk(1 − r)) (1 + δnk(1 − r)) − γnk (rδnk + (1 − δnk)λnk)

(1 +βnk(1 − r)) (1 + δnk(1 − r)) − γnk(1 − δnk)(1 − λnk)

]
‖xnk − x

∗‖2

+
2βnk (1 + δnk(1 − r))

(1 +βnk(1 − r)) (1 + δnk(1 − r)) − γnk(1 − δnk)(1 − λnk)
〈f(x∗) − x∗, J(xnk+1 − x

∗)〉

+
2γnkδnk

(1 +βnk(1 − r)) (1 + δnk(1 − r)) − γnk(1 − δnk)(1 − λnk)
〈f(x∗) − x∗, J(ynk − x

∗)〉,

where

α′
nk

=

(
1 +βnk

(1 − r)
)(

1 + δnk
(1 − r)

)
−γnk

(1 − δnk
)(1 −λnk

)−
(

1 −γnk
−βnk

(1 − r)
)(

1 + δnk
(1 − r)

)
−γnk

(
rδnk

+(1 − δnk
)λnk

)
(

1 +βnk
(1 − r)

)(
1 + δnk

(1 − r)
)
−γnk

(1 − δnk
)(1 −λnk

)

=
2βnk(1 − r) (1 + δnk(1 − r)) + 2γnkδnk(1 − r)

(1 +βnk(1 − r)) (1 + δnk(1 − r)) − γnk(1 − δnk)(1 − λnk)

=
2(1 −αnk − γnk)(1 − r) (1 + δnk(1 − r)) + 2γnkδnk(1 − r)

(1 +βnk(1 − r)) (1 + δnk(1 − r)) − γnk(1 − δnk)(1 − λnk)
∈ (0, 1)

and

δ ′nk =
2βnk (1 + δnk(1 − r))

(1 +βnk(1 − r)) (1 + δnk(1 − r)) − γnk(1 − δnk)(1 − λnk)
〈f(x∗) − x∗, J(xnk+1 − x

∗)〉

+
2γnkδnk

(1 +βnk(1 − r)) (1 + δnk(1 − r)) − γnk(1 − δnk)(1 − λnk)
〈f(x∗) − x∗, J(ynk − x

∗)〉.
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Now, from the condition (iv), (3.5), (3.4), and Lemma 2.4, we have
∞∑
k=0

α ′nk = ∞ and lim sup
k→∞

δ ′nk
α ′nk

6 0.

Then we get ‖xnk −x∗‖ → 0 as k→∞. This is a contradiction, hence the sequence {xn} converges strongly
to x∗ ∈ F(S). The proof is complete.

Corollary 3.2. Let C be a nonempty closed convex subset of uniformly convex and uniformly smooth Banach space
E. Let f be a generalized contraction mapping from C into itself and S = {T(t) : t > 0} be a nonexpansive semigroup
from C into itself such that F(S) 6= 0. Let {xn} be the sequences defined by x1 ∈ C and

zn =
xn + xn+1

2
,

yn = δnf(xn) + (1 − δn)zn,
xn+1 = αnxn +βnf(xn) + γnT(µn)yn,

where {αn}, {βn}, {γn}, and {δn} are the sequences in (0, 1). The following conditions are satisfied:

(i) αn +βn + γn = 1;
(ii) lim

n→∞βn = lim
n→∞ δn = lim

n→∞µn = lim
n→∞ |αn+1 − αn| = 0 and lim

n→∞ sup
x∈C̃
‖T(µn+1)x− T(µn)x‖ = 0, where

C̃ is bounded subset of C;
(iii) 0 < lim inf

n→∞ αn 6 lim sup
n→∞ αn < 1;

(iv)
∞∑
n=0

βn =∞ for all n > 1.

Then {xn} converges strongly to x∗ ∈ F(S) which also solves the following variational inequality:

〈(I− f)x∗, J(z− x∗)〉 6 0,∀z ∈ F(S).

Proof. Putting λn =
1
2

in Theorem 3.1, we can conclude the desired conclusion easily. This completes the
proof.

4. Applications

4.1. Application to the other forms of semigroups
Theorem 4.1. Let C be a nonempty closed convex subset of uniformly convex and uniformly smooth Banach space
E. Let f be a generalized contraction mapping from C into itself and S = {T(t) : t > 0} be a nonexpansive semigroup
from C into itself such that F(S) 6= 0. Let {xn} be the sequences defined by x1 ∈ C and

zn = λnxn + (1 − λn)xn+1,
yn = δnf(xn) + (1 − δn)zn,

xn+1 = αnxn +βnf(xn) + γn
1
tn

∫tn
0
T(t)yndt,

where {αn}, {βn}, {γn}, {δn}, and {λn} are the sequences in (0, 1), {tn} is an increasing sequence in (0,∞) such that

lim
n→∞ tn =∞, and lim

n→∞ tn

tn+1
= 1. The following conditions are satisfied:

(i) αn +βn + γn = 1;
(ii) lim

n→∞βn = lim
n→∞ δn = lim

n→∞µn = lim
n→∞ |αn+1 −αn| = lim

n→∞ |λn+1 − λn| = 0 and

lim
n→∞ sup

x∈C̃

∥∥∥∥ 1
tn+1

∫tn+1

0
T(t)xds−

1
tn

∫tn
0
T(t)xds

∥∥∥∥ = 0,

where C̃ is bounded subset of C;
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(iii) 0 < lim inf
n→∞ αn 6 lim sup

n→∞ αn < 1;

(iv)
∞∑
n=0

βn =∞ for all n > 1.

Then {xn} converges strongly to x∗ ∈ F(S) which also solves the following variational inequality:

〈(I− f)x∗, J(z− x∗)〉 6 0,∀z ∈ F(S).

Proof. Define µn(f) =
1
tn

∫tn
0
f(t)dt, ∀n = 0, 1, 2, . . ., where f belong to the space of all real valued bounded

continuous functions on positive real number with supremum norm. Then, {µn} is a regular sequence

of means [1]. Further, we have T(µn)x =
1
tn

∫tn
0
T(t)xdt, ∀x ∈ C and apply Theorem 3.1 to conclude the

result.

Corollary 4.2. Let C be a nonempty closed convex subset of uniformly convex and uniformly smooth Banach space
E. Let f be a generalized contraction mapping from C into itself and S = {T(t) : t > 0} be a nonexpansive semigroup
from C into itself such that F(S) 6= 0. Let {xn} be the sequences defined by x1 ∈ C and

zn =
xn + xn+1

2
,

yn = δnf(xn) + (1 − δn)zn,

xn+1 = αnxn +βnf(xn) + γn
1
tn

∫tn
0
T(t)yndt,

where {αn}, {βn}, {γn}, {δn}, and {λn} are the sequences in (0, 1), {tn} is an increasing sequence in (0,∞) such that

lim
n→∞ tn =∞ and lim

n→∞ tn

tn+1
= 1. The following conditions are satisfied:

(i) αn +βn + γn = 1;
(ii) lim

n→∞βn = lim
n→∞ δn = lim

n→∞µn = lim
n→∞ |αn+1 −αn| = lim

n→∞ |λn+1 − λn| = 0 and

lim
n→∞ sup

x∈C̃

∥∥∥∥ 1
tn+1

∫tn+1

0
T(t)xds−

1
tn

∫tn
0
T(t)xds

∥∥∥∥ = 0,

where C̃ is bounded subset of C;
(iii) 0 < lim inf

n→∞ αn 6 lim sup
n→∞ αn < 1;

(iv)
∞∑
n=0

βn =∞ for all n > 1.

Then {xn} converges strongly to x∗ ∈ F(S) which also solves the following variational inequality:

〈(I− f)x∗, J(z− x∗)〉 6 0,∀z ∈ F(S).

4.2. Application to Hilbert spaces.
From the duality mapping J : E→ 2E

∗
, if E = H is a real Hilbert space then J = I is the identity mapping.

Theorem 4.3. Let C be a nonempty closed convex subset of a Hilbert space H. Let f be a generalized contraction
mapping from C into itself and S = {T(t) : t > 0} be a nonexpansive semigroup from C into itself such that
F(S) 6= 0. Let {xn} be the sequences defined by x1 ∈ C and

zn = λnxn + (1 − λn)xn+1,
yn = δnf(xn) + (1 − δn)zn,
xn+1 = αnxn +βnf(xn) + γnT(µn)yn,

where {αn}, {βn}, {γn}, {δn}, and {λn} are the sequences in (0, 1). The following conditions are satisfied:
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(i) αn +βn + γn = 1;
(ii) lim

n→∞βn = lim
n→∞ δn = lim

n→∞µn = lim
n→∞ |αn+1 − αn| = lim

n→∞ |λn+1 − λn| = 0 and lim
n→∞ sup

x∈C̃
‖T(µn+1)x−

T(µn)x‖ = 0, where C̃ is bounded subset of C;
(iii) 0 < lim inf

n→∞ αn 6 lim sup
n→∞ αn < 1;

(iv)
∞∑
n=0

βn =∞ for all n > 1.

Then {xn} converges strongly to x∗ ∈ F(S) which also solves the following variational inequality:

〈(I− f)x∗, z− x∗〉 6 0,∀z ∈ F(S).

Corollary 4.4. Let C be a nonempty closed convex subset of a Hilbert space H. Let f be a generalized contraction
mapping from C into itself and S = {T(t) : t > 0} be a nonexpansive semigroup from C into itself such that
F(S) 6= 0. Let {xn} be the sequences defined by x1 ∈ C and

zn =
xn + xn+1

2
,

yn = δnf(xn) + (1 − δn)zn,
xn+1 = αnxn +βnf(xn) + γnT(µn)yn,

where {αn}, {βn}, {γn}, and {δn} are the sequences in (0, 1). The following conditions are satisfied:

(i) αn +βn + γn = 1;
(ii) lim

n→∞βn = lim
n→∞ δn = lim

n→∞µn = lim
n→∞ |αn+1 − αn| = 0 and lim

n→∞ sup
x∈C̃
‖T(µn+1)x− T(µn)x‖ = 0, where

C̃ bounded subset of C;
(iii) 0 < lim inf

n→∞ αn 6 lim sup
n→∞ αn < 1;

(iv)
∞∑
n=0

βn =∞ for all n > 1.

Then {xn} converges strongly to x∗ ∈ F(S) which also solves the following variational inequality:

〈(I− f)x∗, z− x∗〉 6 0,∀z ∈ F(S).

5. Numerical example

Example 5.1. Let E = R3 and an inner product 〈·, ·〉 : R3 ×R3 → R be defined by

〈x, y〉 = x · y = x1 · y1 + x2 · y2 + x3 · y3, ∀x = (x1, x2, x3), y = (y1,y2,y3)

and the usual norm ‖ · ‖ : R3 → R be defined by

‖x‖ =
√
(x1)2 + (x2)2 + (x3)2.

Let C =
{

x ∈ R3
∣∣‖x‖ 6 1

}
, αn = λn =

n+ 1
3n

, βn =
1

3n
, δn = µn =

1
n

, γn =
2n− 2

3n
, and x1 = (1, 2, 3)

for all n = 1, 2, . . ., which satisfy the conditions (I)-(IV) in Theorem 3.1. We define the mappings T(t), f :
R3 → R3 as follows: (T(t))(x) = xe−t and f(x) =

x
10

for all x ∈ R3. Then the sequence

xn+1 =
30n3 + 33n2 + (20n3 − 14n2 − 26n+ 20)e−1/n

90n3 − (40n3 − 100n2 + 80n− 20)e−1/n xn

converges strongly to 0 = (0, 0, 0), which is shown in Figure 1 and Table 1.
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Figure 1: The iteration process.

Table 1: The value of sequence {xn}.

n x1
n x2

n x3
n n x1

n x2
n x3

n

1 1 2 3 10 0.042547 0.085093 0.127640
2 0.7 1.4 2.1 50 0.000722 0.001445 0.002167
3 0.425637 0.851275 1.276912 100 0.000109 0.000218 0.000327
4 0.270485 0.540970 0.811455 400 0.0000023 0.0000046 0.0000069
5 0.181409 0.362819 0.544228 797 0.0000003 0.0000006 0.00000099
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