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Abstract

In this research, we focus on a common fixed point problem of a nonexpansive semigroup with the generalized viscosity
methods for implicit iterative algorithms. Our main objective is to construct the new strong convergence theorems under certain
appropriate conditions in uniformly convex and uniformly smooth Banach spaces. Specifically, the main results make a contri-
bution to the implicit midpoint theorems. The findings for theorems in Hilbert spaces and the other forms of a nonexpansive
semigroup can be used in several practical purposes. Finally, a numerical example in 3 dimensions is provided to support our
main results.
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1. Introduction

Let E be a real Banach space, C be a nonempty closed convex subset of E, and E* be the dual space of
E with norm | - || and (-, -) pairing between E and E*.

e The duality mapping ] : E — 2 is defined by
Jx) = {x* € E*: (x,x*) = [Ix% x| = [IxII}

for all x € E. It is well known that if E is a Hilbert space then | is the identity mapping, and if E is
smooth then J is single-valued.
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e A mapping T: C — C is called a nonexpansive, if
Mx=Ty| < [x—yll, ™y eC
and F(T) = {x € C: Tx = x} is the set of fixed points of T.
e A mapping f: C — Cis called a contraction, if there exists o« € (0,1) such that

1100 = fY)ll < elx —yll, ¥,y € C.

e A family § ={S(s) : 0 < s < oo} of mappings of C into itself is called a nonexpansive semigroup on C
if it satisfies the following conditions:

(i) S(0)x =x for all x € C;

(i) S(s+1t) =S(s)S(t) forall s, t > 0;

(iii) [|S(s)x —S(s)y|| < ||lx —y]| for all x,y € Cand s > 0;

(iv) for each x € C, the mapping S(-)x from [0, co) into C is continuous.

§,ie, F(8§) ={x € C:S(s)x =x,Vs > 0} is a common fixed point set of a nonexpansive semigroup.
It is easy to see that F(8) is closed and convex (see also [3, 5, 6, 11]).

Definition 1.1. A mapping } : RT — R™ is called an L-function if {(0) = 0, (t) > 0,Vt > 0 and for every
s > 0 there exists u > s such that
P(t) <sfortels,ul

Note that every L-function 1 satisfies P (t) < t,Vt > 0.

Definition 1.2. Let (X, d) be a metric space. A mapping f: X — X is said to be:

(i) (W, L)-contraction if P : Rt — R is an L-function and d(f(x), f(y)) < ¥(d(x,y)) for all x,y € X with

X FY;
(ii) Meir-Keeler type mapping if for each € > 0 there exists 8 = 5(€) > 0 such that for each x,y € X with
d(x,y) < e + b we have d(f(x), f(y)) < e.

Theorem 1.3 ([7]). Let (X, d) be a metric space and f : X — X a mapping. Then the following assertions are
equivalent:

(i) fis a Meir-Keeler type mapping;
(ii) there exists an L-function { : RT™ — R™ such that f is a (, L)—contraction.

Proposition 1.4 ([10]). Let C be a convex subset of a Banach space E. Let f : C — C be a Meir-Keeler type
mapping. Then for each € > 0 there exists v € (0,1) such that for each x,y € C with ||x —y|| > €, we have

[£0¢) = F(YIl < vllx—yll.

Now, a Meir-Keeler type mapping or ({, L)-contraction is called generalized contraction mapping. We
suppose that the function 1 based on the definition of the (1, L)-contraction is continuous and strictly
increasing and tlim n(t) = oo, where n(t) = t—P(t), t € R*. In consequence, we have that 1 is a bijection

—00

on R*.
In 2015, the viscosity implicit midpoint theorem in Hilbert spaces was introduced by Xu et al. [13]:

st = () + (1= ) T (25251 ) > 0,

In the same year, Ke et al. [4] introduced the two viscosity implicit midpoint theorem in Hilbert spaces:

Xn+1 = &nQ(xn) + (1 — an) T(snxn + (1 —sn)xXn41),
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and
Xnt+1 = &nXn + BnQ(xn) + YnT(snxn + (1 —sn)Xn41)-

One year later, Yan et al. [14] introduced an implicit iteration for a generalized contraction mapping
in Banach space:
Xn+1 = 0nXn + Bnf(xn) + ¥nT(snxn + (1 —sn)xni1).

They proved the strong convergence theorems.

Motivated and inspired by the idea of Yan et al. [14], we introduce the new implicit iterative scheme
and the new implicit midpoint rule with viscosity approximation method based on a generalized contrac-
tion mapping for finding solutions of fixed point problems for nonexpansive semigroup. We shall prove
the strong convergence theorems in uniformly convex and uniformly smooth Banach space under some
parameters controlling conditions. Our results extend and improve the recent results of Yan et al. [14]
and other authors.

2. Preliminaries

According to our framework throughout this research, we first preview some definitions involving a
Banach space E as follows. Let U ={x € E: ||x|| = 1}.

e E is said to be uniformly convex if, for any e € (0,2], there exists 5 > 0 such that, for any x,y € U,

+y

|x —y|| > e implies HXZ <1-5%.

It is known that a uniformly convex Banach space is reflexive and strictly convex.

e [ is said to be smooth if lim I+ tyll — [l

t—0 t
It is also said to be uniformly smooth if the limit is attained uniformly for all x,y € U. The modulus of

smoothness of E is defined by

exists for all x,y € U.

1
p(1) = sup {2 x4yl +lx—yl) —1: %y € E x| =1 [yl = }

where p : [0,00) — [0, 0) is a function.
It is known that E is uniformly smooth if and only if lirrb @ =0.
T
A Banach space E is said to satisty Opial’s condition if for any sequence {xn} in E, x, — x(n — o0)
implies
limsup ||xn —x|| < limsup ||xn —y]|,Yy € E with x #y.
n—oo n—o0
By [2, Theorem 1], it is well known that if E admits a weakly sequentially continuous duality mapping,
then E satisfies Opial’s condition, and E is smooth.
The following lemmas are very useful for proving our main results.

Lemma 2.1 ([9]). Let {xn} and {yn} be bounded sequences in a Banach space X and let {3} be a sequence in [0, 1]
with 0 < liminfy, o Bn < limsup, _,  PBn < 1. Suppose xn11 = (1 — Bn)yn + Bnxn for all integers n > 0
and lim supn_m(H‘JnH _ynH - ||Xn+1 _XnH) < 0. Then, limy ”yn _XnH =0.

Lemma 2.2 ([8]). Let C be a nonempty closed and convex subset of a uniformly smooth Banach space E. Let
T : C — C be a nonexpansive mapping such that F(T) # 0 and f : C — C be a generalized contraction mapping.
Then {x+} defined by x¢ = tf(x¢) + (1 —t)Tx¢ for t € (0,1), converges strongly to x* € F(T) as t — 0, which
solves the variational inequality:

(f(x*) —x*, J(z—x")) < 0,Vz € F(T).
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Lemma 2.3 ([8]). Let C be a nonempty closed and convex subset of a uniformly smooth Banach space E. Let
T : C — C be a nonexpansive mapping such that F(T) # (0 and f : C — C be a generalized contraction mapping.
Assume that {x.} defined by x¢ = tf(x¢) + (1 —t)Tx, converges strongly to x* € F(T) as t — 0. Suppose that
{xn} is bounded sequence such that xn — Txn — 0 as 1 — oco. Then

lim sup(f(x*) —x*, J(xn, —x*)) < 0.

n—o0

Lemma 2.4 ([12]). Assume {an} is a sequence of nonnegative real numbers such that
an41 < (1—oan)an+on, n>0,

where {on } is a sequence in (0,1) and {0} is a sequence in R such that

(1) X g otn = 00;

(2) limsup,, .. %‘1 <0or Y 7 4 [dnl < oo

Then limy, o0 an, = 0.

3. Main results

Theorem 3.1. Let C be a nonempty closed convex subset of uniformly convex and uniformly smooth Banach space
E. Let f be a generalized contraction mapping from C into itself and 8 = {T(t) : t > 0} be a nonexpansive semigroup
from C into itself such that F(8) # 0. Let {xn} be the sequences defined by x; € C and

Zn = AnxXn + (1 —=An)Xn i1,
Yn = 5nf(xn) + (1 - 6n)zn/
Xni4l = GnXn + an(xn) +'YnT(Hn)ynz

where {otn }, {Pn}, {yn}, {0n}, and {A,,} are the sequences in (0,1). The following conditions are satisfied:

i) n+PBn+vyn=1

(i) lim Bn = lim &6, = lim py = lim |on1 —an| = lim A1 —Anl =0and lim sup ||T(pn41)x —
n—oo n—oo n—oo n—oo n—oo n—oo XEC
T(wn)x|| = 0, where C is a bounded subset of C;

(iii) 0 < liminf &y, <limsup o, < 1;
n—o0 n—oo

(iv) Z Bn =00 foralln > 1.
n=0

Then {xn} converges strongly to x* € F(8) which also solves the following variational inequality:
(I—1)x*,J(z—x")) <0,Vz € F(8).
Proof. First of all, we prove that {x,,} is bounded. Let p € F(8), we have

< On[f(xn) =Pl + (1 —=dn)[zn — |

< [f(xn) = F(P)[| + 3nl[f(p) — Pl + (1 = 8n)[zn — |

<O |xn =Pl +0nlf(p) =Pl + (1 —8n) An|lxn — Pl + (1 = An)|[xn1 —Pl]
(B + (1 —=8n)An] [[xn — Pl + Onllf(p) =PIl + (1 —8n) (1 — An)||xn+1 — Pl

lyn — Pl

and

[Xn+1 =Pl < otn|lxn =Pl + Brlf(xn) =Pl +¥nll T(n)yn —pll
< anl[xn =Pl + Bnllf(xn) = ()| + Bnlf(p) — Pl + Ynllyn — Pl
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< an|[xn =Pl + Bndllxn —pll + Bnl/f(p) — Pl
+ Y {[0n + (1 — 80 )An] [[Xn — Pl + 0n|[f(p) — Il + (1 — 0n) (1 — An) || Xn+1 — P}

= [on + B +¥ndn P +¥n (1= 0n)An] [[xn — Pl + (Bn +¥Yndn)|[f(p) — 7l
+Yn(1—8n)(1—An)|Xns1 — 7

=0 =vn(1=0n)1=An) = (Bn +vndn) (1 —=P)]{[xn =P+ (Bn +vndn)|If(p) — Pl
+Yn(1=8n) (1 =An)[xns1 =Pl

=0 =vyn(1=0n)(1=An) = (Bn +¥Yndnnl [[xn =Pl + (Bn +Vn5n)7m_1Hf(p) -7l
+¥n(1—=8n)(1—An)|[xn+1—pl,

< anxn =Pl + Bnllf(xn) =PIl + ¥l T(n)yn — Pl

< anlfxn =Pl + Bnlf(xn) = f(P)I| + Bullf(P) — Pl + Vnllyn — Pl

< an[[xn = pll+ Bnllxn —pl[ + Bnllf(p) —pll
+ VY A{ond + (1= 8n)An] [[xn — Pl +8nlf(p) =Pl + (1 = 8n) (1 — An)[[xni1 — P}

= [otn + Bnd +¥ndn +¥n(l —8n)Anl [[xn — Pl + (Bn +¥ndn)|[f(p) — Pl

[Xn+1 =Pl

+Yn(1=8n) (1 =An)[xns1 =Pl

=1 =yn(1=0n)(1 =) = (Bn +VYndn) (1 =) xn =PIl + (Bn +Vndn)|If(p) — Pl
+¥Yn(1—8n)(1—An)|[xns1 =Pl

=1 =vn(1=0n)(1=An) = (Bn +vndnl[xn —p| + (Bn‘f‘Ynén)nnil”f(p) —pll
+Yn(1=8n)(1—An)|Xns1 —pl-

It follows that

(Bn +vYndn)n
1=vn(1—=8n)(1—An)

(Brn +vYndn)n
X — < |1—
Penr =l T—vn(1—80)(1—An)

% — Pl + nfp) —pl.

By induction, we conclude that

Ien — pll < max{x1 —pl,n " [[£(p) —plI}, ¥ > 0.

This implies that {xy,} is bounded, so are {f(xn )}, {yn}, {T(tn)yn}, and {zn}.
Next, we will show that lim;, 0 ||[Xn+1 — Xn || = 0 and we observe that

Hzn+1 _ZTL” = H(}\nJranH +(1— 7\n+1)xn+2) — (Anxn+(1— }\n)XnJrl)H
= H)\nJrlanrl —An41Xn + Angp1Xn + (1— 7\n+1)xn+2
—(1— }\n+1)xn+1 +(1— AnJrl)XnJrl —Anxn —(1— An)xn+l H
= [Anr1(ns1 —xn) + Ans1 = An)xn + (1= Anp1) (Xnt+2 = Xn41) + (An — A1) xn4 1|
< Ansalxns1 = Xnll + P = Anl(lxn | + [xnall) + (1= Anga) [[xng2 = Xnia ll,
[Yyn+1 —Ynll = [ (On1fxns1) + (1= 8nt1)zni1) — (Bnf(xn) + (1 —0n)zn) ||
= [18nr1f(xn+1) = Ons1f(xn) + dnp1flxn) + (1= 8nt1)znt1
—(1=0n41)zn + (1 —0n+1)zn — Onf(xn) — (1 —0n)zn||
= [[8n+1(flxns1) — f(xn)) + (8nt1 — 8n)f(xn) + (1 —8n+1)(zn+1 —2zn) + (8n — Ont1)znll

< Onal[f(xnv1) — F(xn) | + 10n41 — Onl(f[f(xn H+||Zn\| + (1= 8n+1)llzn+1 —znl|
<O Xng1 = Xn || + 10n41 = dnl([[f(xn) || + [|zn|]) + (1 = dnp1) Ant1[Xnt1 — Xnl|
+ Ang1 = Anl(xn ]l + [xng1l]) + (T = Ang1)[[Xng2 — Xn41]|]

= ( n+11~l) + (1 - 6n+1)}\n+1 Hxn+1 —XnH + |6n+1 - n| ”f Xn H + ”ZHH

+ (1= dn41)Ans1 = Anl(Ixnll + [[Xnt1ll) + (T = 0n4+1) (1 = Ant1) [ Xn42 — Xn41ll,
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and

||Xn+2 - Xn+1|| = H (nt1Xn41 + Brr1f(Xn+1) + VY T(Mns1)Yn+1)

It follows that

Xn42 —Xni1|l < |1

— (otnXxn + Bnf(xn) +YnT(Hn)Un) ||

= [lan+1Xn+1 — Xnt1Xn + %n1Xn + Bry1f(Xni1) — Bry1fxn) + Bni1f(xn)

+'Yn+1T(lin+1)yn+1 _Yn+1T(Hn)yn + 'Yn—b—lT(Hn)Un — 0tnXn — Pnflxn)
_YnT(PLn)UnH

= [Jotnt1(Xn41 —Xn) + Brs1 (F(xn1) = F(xn)) + Vna1 (T(Un+1)Yns1 — T(Hn)yn)

+ ((X’Tl+1 — On )Xn + (Bn+1 - Bn)f(xn) + (YnJrl _Yn)T(Hn)UnH

< OCn+1|’Xn+1 - XnH + Bn+1”f(xn+l) - f(xn)H +Yn+1HT(Hn+1)Un+1 - T(Hn)ynH

+ |(Xn+1 - ocn|HXnH + |[5n+1 - Bn|||f(xn)” + h/n+1 _Yan(lJ'n)ynH

< gt Xng1 = Xnll + Br1P|xns1 —xn|

+Ynt1 UT(n+1)Yn+1 — T(ns)Ynll + IT(nt1)yn — T(rn)ynll)
+ |0Cn+1 - (Xn|||xn” + |Bn+1 - Bn|||f(xn)|| + h/n—H _'Yn|HT(U'n)yn||

= (&n41+ Bn—!—lw)HXn—o—l _XnH +Yn+1 sup ”T(Un—i—l)y _T(Hn)UH

y&{yn}
+ |cxn+1 - o‘n”b‘n” + |Bn+1 - Bn”’f(xn)u + h/n+1 _YTLH‘T(PLn)ynH
+'Yn+lHyn+1 _UnH

< (Ocn—i—l + Bn—!—lll))HXn—o—l _Xn” + Yn+1 sup HT(Un—O—l)y _T(Hn)yH

y€{ynt
+ |(Xn+1 - (Xn|HXnH + |[5n+l - Bn|||f(xn)” + h/n+l _Yan(un)ynH
+Vn+1[(6n+lq) + (1 - 6n+1)}\n+1)HXn+l —XnH + |5n+1 - 6n|(Hf(xn)H + Hzn”)
+ (1 - 6n+l)|}\n+l - }\n‘(”XnH + Hxn+1H) + (1 - 6n+l)(1 - )\n+1)HXn+2 _Xn+1m

= (O‘n—i—l + Brnr1P + VYnt10nt1P +Vn+1(1 - 6n—!—l))\n—i—l) ||Xn—|—1 - XnH

+Yn41 sup HT(Hn—H)U *T(Hn)UH + |0Cn+1 - O(n|||xn|| + ”371—0—1 - Bn|||f(xn)H
y€{yn}

+ h/n+1 _Yan(len)ynH +Yn+l|6n+l - 6n|(Hf(xn)” + HZTL”)
+Ynr1(1—=0nt1)Ans1 — Anl(xn |l + [[xXn1 )
+ Va1 (1= 8n41) (1= A1) |[Xn42 — X ||

=1 *Yn+1(1 - 5n+1)(1 - )\n—i—l) - (ﬁn+1 +Yn+15n+1)ﬂ] ||Xn+1 *XnH

+Yn4+1 sup HT(Hn—O—l)U _T(Hn)UH + |O¢n+1 - O‘nman + |Bn+1 - Bn|||f(xn)H
y€{yn}

+Yn+1 _Yan(Hn)ynH +Ynt1l0n41 — 5n|(”ﬂxn)” + Hzn”)
+Yn+l(1 - 6n+1)|)\n+1 - )\n|(HXnH + Hxn+1||)
+¥Yn1(1—8dn1)(1— An—o—l)”xn+2 - Xn+1||-

B (Brnt+1 +Ynt+10n+1M
1—vnt1(1=0n41)(1—Ang1)

Yn+1
+ su T( y—T(un)
T Y11= 8ns1) (L~ Ant1) ye{fn}” M)y — T(un ||

[Xnt1 = xnll

|(Xn+1 - (Xn| |Bn+1 - Bn|
+ Xnll + f(xn)
Ty (=m0 I T T o (1= Ay O
'Yn+1—Vnl

+ T(un)
Ty (=) (1= Anyp) | FnJunl
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|6n+1 - 6nh/11+1
+ f(x + ||z
1—Yn+1(1—5n+1)(1—7\n+1)(” Gen )+ 2w )
Ans+1 — Anlyng1(1—0n41)

1 _YnJrl(l - 5n+1)(1 - }\n+1

) (HXTL” + HXnJrl”)

(Brnt+1 +Ynt+10n+1M
< |1-— Xnil —X
{ T Va1l Sne)(1—Any)) et —nl
Yn+1

+ su T( y—T(un)
1*%‘“(1*5““)(1*7‘%1)ye{fn}n M)y — T(pn)y|

+ |(xn+1 - an| |Bn+1 - Bn|
1—Yn1(I=0nr1)(1=Ans1)  1—vYnp1(1—=0ni1)(1—Ant1)
i |‘Yn+1 —Ynl |5n+1 - 6TL|‘YTI+1

1—=Yns1(1=0n41)(1=Ans1)  1T—=vYnt1(1=8n41)(1 —Any1)

|7\n+1 - 7\n|Yn+1(1 - 6n+1) M
1=ynt1(1=8n41) (1 =Ans1) | 7

where M = sup {[[xn ||, [fOc) || + [IT (k) ynl, [FO)I + lznll, [IxXn ] 4 [[Xnral[} < oo
n>1

Xn+1— XnXn

Setting xn11 = (1 — otn)Wn + anxn for all n > 1, we see that wy, = , then we have

1—on
Hwn+1 _WHH _ Xn+21 _0;1:;117(11+1 - Xn+11_ O(Z:LXTL

_ Brnr1f(Xnt1) + Y1 T(Hnt1)Yntt B Brnf(xn) +YnT(kn)yn
1-— An+1 1-— Xn

_ Bri1f(xn1) +Ynr1T(Bns1)Ynit . Bri1flxn) I Bri1flxn)
1—oni 1—on1 1—ont1

. Yni1T(Hn)yn i Yn1T(Hn)yn . Brnf(xn) +vnT(n)yn
1— a1 1— o1 1—oan

[Pt () — fln)) + Y
1—oni1 1—oan

+( Bri1 Bn >f(Xn)+< Yn+1 Yn )T(Hn)yn

1—ony1 1—oan 1—ony1 1—oan

(T(tn+1)Ynt1 — T(Hn)yn)

= B 1) — o) 4 Y
— Xn+1 1— o1

+< BnJrl Bn >f(Xn)+< Bn Bn+1 >T(Mn)yn

1_an+1 1_0‘11 1_an 1_0‘n+1

(T(Un+1)Yn+1 — T(Hn)yn)

~X
1—ony1

< Bnn F0xm 1) — F0a) |+ [T 1)Yn 1 — Tl yn |
1—ony1 1—onp
Bt B F i 1T )y )
1—ony1 1—on
Bn—!—llp Bn+1 Bn
ST——— - N f !
T [Xn4+1—%Xnll + s 1o UFGen) T+ [T (e Jyn (D
+ 1%‘7“ (T (n+1)Yn+1 — T+ )Ynll + [ T(Ra+1)yn — T(rn)ynl])
— Xn+41
<M"Xn+l_xn“+‘ Pt UFOI =+ T () yn D

1_an+1 1_(xn
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Y Y
e e =yl 7 sup [Tlnaly = Ty
1—omny 1= ot y&{yn}
BnJrllb Yn+1
S lxnr1—xnll+ 7———— sup [[T(unt+1)y—Tlun)y|
I=omia 1= oni1 yeqyn
Bn+1 Bn
+ T—ons  1—on (||f(xn)H+||T(Hn)yn”)
T (S (1= Bg1 ) X =% | 4 811 = Sul([F0en)l| + 120 )
— &n+1
+ (1= 8n 1) A1 — Anlllen |l + [Penal]) + (1= 0n+1) (1 —Ant1) [[Xnt2 — Xn41ll]
1
< B0+ Ynt10na1¥ + Va1 (1 —8ns1)An 41l ||Xn—|—1 - XnH
1—ony1
Yn+1 Brt1 Bn
—_— T( — f T
S p—— yzl{lfn}H Hn+1)y — T(un )yl + oy 1o (O[] + [T (e )y [
e = Snl (Ol ) + 75— (1= ) A = Anl (e + el
- 1—ans
+ 11/117“(1 =4 1) (1= A1) [ Xnt2 — Xna ||
— &n+1
1
S [Bn+11|) +‘Yn+16n+11<|) +VTL+1(1 - 6n+1)}\n+1] Hxn+1 - XnH
1—ani1
Yn+1 Bri1 Bn
_Ymel T( - f T
T oy yi?ji}” Hn+1)y — T(pn y||+'1—ocn+1 1_%‘(” () [+ 1T (ke )yl
+M|6n+l—6n| (0l + lzn ) + 2 (1= S ) At — Anl(en |+ [xnal)
1—« I—otnt1
+ Yn+1 (1—6 1)(1_)\ 1) |:1_ (BTI+1 +YT1+16TL+1)H :| HX 1 —x H
1—onp nr e 1 _Yn+l(1 - 5n+1)(1 —Ant1) nr "
Yn+1
+ su T —T
T Vo 1= Sa)(1 —Ap ) o [T(He ) = Tlinyl
+ |“n+1 - O‘n| ”«))n—l—l - Bn|
1—vVn1(1=0n41)(1—=Ang1)  1—=vYnp1(1=0np1)(1—Ani1)
4 |'Yn+1 —Ynl |6n+1 _5nh/n+1

1—=Yns1(1=0n41)(1—=Ang1)  1T—=vYnt1(1 —=0n41)(1 —Anyp1)

)

Brt1P + Vnsr1dnp1 W +Ynr1(1 = 8np1)Anp

Ani1—Anlyni1(1—08n11)
1=vn1(1=0n1)(1—Ani1)
1
T 1- Kn+1

+ Y11= 8n41) (1 —Anga)] Hxn+1 - Xn”

Bn+1 o Bn

1—ony1 1-—

Yn+1

L sup [Ty~ Tyl +
Xnt1 y&{yn}

Yn+1
+1_n7+|6n+1_6n| [f(xn)ll + [lznll) +

Yn+1
—(1-9% 1—A
+ 1_ “n+1( n+1)( n+1)

Yn+1
4+ —(1
T——

X

Yn+1
sup [[T(kns1)y — T(hn)
{1_y“+1(1_5n+1)(1—?\n+1) ye{fn}n Hn+1JY Hn )yl

- 6n—l—l ) |}\n+1 -

(O ) |+ 1T (k) ym )

Anl(fxnll + lxnsall)
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754

|‘xn+1 - (Xn| |Bn+1 - Bn|
+ +
1—Yn1(1=0nt1)(T=Ans1)  1—vYne1(1=0n41)(1 —Ang1)
n Yn+1—Ynl |6n+1 —OnlYn+1

+
1—=Yns1(1=0n41)(1=Ang1)  1T—=vYni1(1 =0n41)(1 —Anyp1)
Ant1 —Anlyns1(1 —0n41) )] M}

1=vn1(1=0n1)(1—Ani1
_ [1 _ (Bn+1+¥n+18ni1)n

] et — xnl

1—ani1
Yni1 Brt1 P
———— sup |IT —T +
Yn+1 Yn+1
— 1% —d f _
F = Sl + o)+
Yn+1
——(1-5 1—A
+ 1_ i1 ( n+1)( n+1)
x — sup [ T(kn 1)y —T(rn)yl
T=vn1(1=dn 1) (1= Ant1) ey
|0Cn+1 — Otn |[3n+1 — Bl
+ +
1—=Yne1(1=0n41)(1—=Ang1)  1T—vne1(1—=0n1) (1 —Any1)
Yn+1—Ynl 10n+1 — OnlYn+1
+ +
1—vYne1(1=0n41)(1—=Ang1)  1T—vYnp1(1—=0ns1)(1 —Anyp1)
4 |)\n+1 - }\nh/nJrl(l - z_>n+l) M
1—vnt1(1—=0n41) (1 —Ang1)
Therefore,
lim sup(|[Wn4+1 —wn|| — [[Xn+1 — Xxn|]) <O0.
n—oo

Applying Lemma 2.1, we obtain liLn |[Wn —xn|| = 0 and by setting {wn }, we also have
n—oo

Tim [ 1 — x| = 0.

Next, we will show that limn_,« [[xn — T(ptn)Xn || = 0. We observe that

lzn =xnll = (1 =An)lxns1=xnll and flyn —zn| = 8nl[f(x) = zal,

which imply that

lim ||zn —xn||=0 and lim |jyn —zn| =0.
n—oo n—o0

Therefore, we conclude that

nlglgo [yn —xnll =0.

Consider that

[Xn = T(ra)xn |l < [xn = Xnp1ll + [[Xng1 = Tlpn)xal|
= HXTL _Xn+1H + H(ann + Bnf(xn) +YnT(Un)yn - T(Hn)XnH

— o (I ) [ + I T (1 )yl

(1 - 6n+1)|)\n—0—1 _)\n‘(HXnH + Hxn—o—l”)

(3.1)

(3.2)

< HXn _Xn+1H + o‘nHXn _T(Hn)xn” + Bn”f(xn) _T(Hn)xn” +YHHT(Hn)Un _T(Iv'-n)an
<

[%n = Xns1ll + anllxn = Tlun)xnll + Bnlf(xn) = T )xnll + vrllyn —xnll,
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which implies that

1
Hxn - T(Mn)XnH < 1— o Hxn _xn+1H + 1 ET;TL Hf(xn) - T(Hn)XnH + 1 ZT(LXn ||Un _Xn”-
It follows from the conditions (ii), (iii), and (3.2) that
Lim [|xn —T(tn)xnl =0. (3.3)
n—o0

Now, we show that z € F(8). We can choose a sequence {x,, } of {xn} such that {x;,, } is bounded and
there exists a subsequence {Xnkj} of {xn, } which converges weakly to z. Without loss of generality, we can

T _
IO X =Xl 6y ) o0 Fixt > 0, we

assume that x,,, — z. Let pn, > 0 such that p,, —0 and

My
can notice that
[t/unk]*l
Hxnk_T(t)ZH g Z Ht((i'f‘l)l»lnk)xnk_T(lunk)xnkH
i=0

+ T (/i) Xy — T/t Jptn ) 2|+ (| T (/1 Jin, )2 — T(4)Z]|
< I/ IT (e Xmy, = Xy [+ Iy — 20+ || T (E = [t/ by iy )2 — 2|

HT(HTLk)Xle _XleH

<t + [xny — 2| + || T(t = [t/ pndpn, )z — 2|
unk
< t||T(an)xnk —Xn, || .
< + [xn, — 2|l + max{[| T(n)z —z[| : 0 < u < pn, .
Tk

For all k € N, we have
limsup ||xn, — T(t)z|| <limsup ||xn, —z||.
k—o00 k—o0
Since a Banach space E with a weakly sequentially continuous duality mapping satisfies the Opial’s
condition, this implies T(t)z = z. Therefore, z € F(8).
By Lemma 2.2, the sequence {x.} is defined by x; = tf(x) + (1 —t)Tx¢ such that t € (0,1) which
converges strongly to a fixed point x* € F(8) and solves the variational inequality:

((f—Dx*, J(z—x%)) <0,Vz € F(8).

Following Lemma 2.3 and (3.1)-(3.3), we conclude that

limsup((f —I)x*, J(yn —x*)) <0 (3.4)
and
lim sup((f — I)x*, J(xn+1 —x")) < 0. (3.5)

Finally, we show that {x,} converges strongly to x* € F(8). Assume that the sequence {x,} does not
converge strongly to x*, there exists a subsequence {xn,, } of {x,} and € > 0 such that ||x,, —x*| > €,Vk =
1,2,.... For this € there exists r € (0,1) such that

10 ) = O < vl = X7

We compute that

Y =17 = (Yn =% J(Yn, —x)
= <5nkf(xnk) +(1—- 6nk)znk —x5, ](ynk _X*)>
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- <6nk(f(xnk) _X*) + (1 - 6nk)(znk _X*)Il(yﬂ.k _X*)>
= On, (fxn, ) = F(X*), J(Yn, — %)) + 0n, (F(X™) =X, J(yn, —%7))
+ (1 - 6nk)<znk - X*,J(Unk _X*)>
= 6nk <f(xnk) - f(X*), ](Unk - X*)> + 6T1k <f(X*) _X*/ ](ynk - X*)>
+ (1 - 6nk)<}\nkxnk + (1 - )\nk)xnkﬂ - X* I(Unk _X*)>
= 6le <f(xnk) - f(X*), ](Unk > + 6nk <f _X*I ](Unk - X*)>
+ (1 - 6nk)<?\nk (XTl.k - X*) + ( )(Xnk+1 )/I(Unk _X*)>
= On, (flxn, ) — F(x*), J(Yn, —x%)) + 5nk<f(x*) —x", J(Yny, — X))
+ (1 - 6le)Ank <Xnk _X*I I(Unk - )> + (1 - 6Ttk)(1 - }\T‘Lk)<XTLk+1 _X*/J(yﬂ.k _X*)>
< O X =X [ lyne = x| + 0n, (F(X") = X%, J(Yn,, —%7))
+ (1= )An [xXne =X [[[yne = x| + (1= 8n, ) (1 = An ) [[yne = X[ Xy — X7
1 * * * * *
< [ony + (1= 0n )M, 3 (Ine =X I+ ymy = X*[P) + 8y (F(X™) =X, T (Y, —x*))
1 * *
+ 1= )1 - A5 (lymy = X*I17 + lxny,, —x* )
dn, + (1 —=0n,)A N 1—6n, (1—7 .
- = ( 2 nk) —k Hxnk -X ||2+ mi( )Hynk —-X ||2
" N N (1—0n)(1—2An) "
S (06 =1 Ty, = X)) + R =X
which implies that
* (12 Ténk + (1 5nk)>\nk 2 26nk * * *
_ < _ e L S —x¥, _
Hynk X H 1+6‘n_k(1 T) H nk X ” 1+6nk(1_r)< (X’ ) X J(ynk X )>
(1 6nk)(1_)\nk) * (12
1 +5nk(1—1’) ”Xnk+1 X H .
We observe that
re =X 17 = (npey = X5 T (Xmyyy —X¥))
< Xnk + Bnk (Xnk) +YﬂkT(ule)yle _X*/ ](xﬂk+1 _X*)>
< TLk Xnk ) + Bﬂ.k( (Xnk) _X*) +Ynk(T(|ank)ynk _X*)I](Xﬂk+1 _X*)>
‘Xnk <Xnk X ’ ](Xnk+1 - X*)> =+ Bnk <f(Xnk) - f(X*)/J(Xnk+l - X*)>
+ Bnk< ( ) - X*/ I(Xnk+1 - X*)> +'Ynk <T(P'nk)ynk - X*/ ](Xnk+1 _X*)>
< otny [ xnye = X [ xny = X+ 1By [xny — XTI}y, — X7l
+ By (F(X7) =7, J(xn = X)) + Y lYny — X7l xny; — %7
1 * * * * *
< (“nk +TBT11<)§ (Hxnk —-X Hz + ||Xnk+1 —-X Hz) + Bnk<f(x ) —X /](Xnk+1 -X )>
1 . *
+Yﬂk§ (Hyﬂk —-X Hz + HXTLk+1 —-X ”2)
On, + 71 « Kn, +71 *
= O Tt S T
B (F) =, Tty =X) + T2 [y, =2 2% e, =7
< O B o ST TP P B () X Tt X))
N O, + (1 =204, )A
a0 Y

2 2 14 6n, (1—7)
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26nk * * * (1_6nk)(1_>\nk) * 112
e L S —x¥, — —
T, (1= ) T e s e =

_ ‘Xnk +T[‘))le Yle rénk‘i‘(l_énk))\nk L u* 2
_[ 2 2 ( 15 on (1-1) [Perse =7
“nk +T[5Ttk VTLk YTLk (1_5nk)(1_7\nk) % 2
J{ 2 T2 T < Trom d-m) )| =l

F B (FOF) =X J(Xnyy —x7)) + m(f(x*) =X J(Yn,, —x7))

(1 —VYny — Bnk(l —-1)) (1 +5nk(1 —71)) + Yy (Ténk +(1 _5nk)7\nk) ”X _X*Hz
2(1+8n,(1—1)) e
(1 - Bnk(l _T)) (1 +6nk(1 _T)) +Ynk(1 _6nk)(1 _)\nk)
2(1+6n,(1—1))

4 B (FC) = X%, T(xm,, — X)) + m(f(x*) —x*, T (Y, — X)),

2
||Xnk+1 *X*H

+

It follows that
(1 —Yn, — Bnk(l —1)) (14 5nk(1 —1)) + Yr (rénk +(1— 6nk)}\
(T+Bn (T=7)) (1 +0n, (1=7)) —=¥n, (1 —=0n, ) (1 —An,)

2B, (148, (1-1)) o i
1+Bnk(1—1‘)) (1+5nk(1—1‘))—ynk(l_énk)(l_)\nk)<f(x )_X ,](Xnkﬂ X )>

2Ynk6nk *) ok P
T A B A=) (£ 0m (1= 1) —m (A =8 ) (A= Amg) ) =X T =)

(1+ Bnk(l _T)) (1 +5nk(l —71)) _Ynk(l_énk)(l _Ank)

VNI

HXTLk+1 —x"* H2 <

1

= A B =) (4 8m, (1 =1)) = vy (1= 8 ) (1= Ay )
- (1 —Yny — Bnk(l _T)) (1+ 6nk(1 _T)) —Yni (Ténk +(1— 5nk)7\nk) HX _X*Hz
(1+Bn, (1—7) (1480, (1—7)) —¥n, (1 —8n, ) (1 —An,) e
zﬁnk(l‘i‘énk(l_r)) N o
T AT B (=11 (14 0my (1= 1)) =7 (L= Sm (A —Amg) 0 X7 By =)

2'YT11<6T11< ) % U
* (1+Bnk(l—r))(1+6nk(1—r))_Ynk(l_énk)(l_)\nk)<f(x )—x /J(Unk X )>’

where
(1B 1) (1480, (1-1) =vny (1=8n, )1 =An ) = (1=, = Bny (1=1) (1+8n, (1=7)) =y, (1O, +(1=8n) )An, )
e = (14 By (1=1)) (14 8m, (1=7)) =Yy (1= 8ny ) (1= Any )
_ ZBTLk(l —T) (1 =+ Snk(l _T)) +ZYRk6nk(l —T)
B (1+Bnk(1*7‘)) (1+6nk(1*‘r))*'Ynk(lfénk)u*)\nk)
— 2(1_“nk_Ynk)(1_T) (1+6nk(1_r))+2‘Yﬂ.k6ﬂ.k(]—_r) c (0 1)
(1+ﬁnk(1_r)) (1+5nk(1_r))_'Ynk(l_énk)(l_xnk) ’
and
!/ 2[3T1k (1+6nk(1*7‘)) ®) Lk v
O = T B (L= 1)) (18, (1= 1)) — Yy (1= S )= Ay) 0) —XT e =370
zynkénk *) ok o F
T B (=) (L4 (1= 1) — ¥ (1= B ) (= A 0 7 e =370,
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/

ad 1)
Now, from the condition (iv), (3.5), (3.4), and Lemma 2.4, we have Z ‘Xﬁk = oo and limsup O:/lk < 0.
k=0 k—o00 My

Then we get ||xn, —x*|| — 0 as k — co. This is a contradiction, hence the sequence {x,, } converges strongly
to x* € F(8). The proof is complete. O

Corollary 3.2. Let C be a nonempty closed convex subset of uniformly convex and uniformly smooth Banach space
E. Let f be a generalized contraction mapping from C into itself and 8 = {T(t) : t > 0} be a nonexpansive semigroup
from C into itself such that F(8) # 0. Let {xn} be the sequences defined by x; € C and

_ XntXn41
ZT]. - ’

2
Yn = 6nf(xn) + (1 - 6n)Zn/
Xn41 = GnXn + an(xn) +YnT(P~n)yn/

where {otn }, {Pn}, {yn}, and {0} are the sequences in (0,1). The following conditions are satisfied:

(i) on+Pn+yvn=1
(i) lim B = lim 6, = lim py = lim [ony1 —otnl =0and lim sup ||T(pn+1)x — T(un)x|| = O, where
n—o00 n—oo n—oo n—oo n—o0 XGC
C is bounded subset of C;
(iii) 0 < liminf o, <limsup o, < 1;
n—oo n—o0

(iv) Z Bn =00 foralln > 1.
n=0

Then {xn} converges strongly to x* € F(8) which also solves the following variational inequality:

(I—1)x*,J(z—x")) <0,z € F(8).

1
Proof. Putting A,, = 5 in Theorem 3.1, we can conclude the desired conclusion easily. This completes the

proof. O

4. Applications

4.1. Application to the other forms of semigroups

Theorem 4.1. Let C be a nonempty closed convex subset of uniformly convex and uniformly smooth Banach space
E. Let f be a generalized contraction mapping from C into itself and 8 = {T(t) : t > 0} be a nonexpansive semigroup
from C into itself such that F(8) # 0. Let {xn} be the sequences defined by x; € C and

Zn = AnXn + (1 - An)xn+1/
Yn = Snf(xn) + (1 - 6n)zn/

1 ([t
Xn41 = GnXn + an(xn) +'YntJ’ T(t)yndt/

n JO
where {otn }, {Bnt, {¥n} {0nl}, and {An} are the sequences in (0,1), {tn} is an increasing sequence in (0, o) such that

t . .y .
lim t,, = oo, and lim —— = 1. The following conditions are satisfied:
n—00 n—oo thy1

(i) cn+Pn+yvn=1
(i) Iim Bn = lim 6, = lim pp = lim |opy1 — on|l = lim A1 —An] =0and
n—00 n—oo n—oo n—oo n—oo

lim sup =0,
n—,oo X ~

1 th 1 tn
— J T(t)xds — — J T(t)xds
eC

tnt1 Jo n Jo

where C is bounded subset of C;
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(iii) 0 < liminf a,, <limsup oy, < 1;
n—oo n—oo

(iv) Z Bn =00 foralln > 1.

n=0

Then {xn} converges strongly to x* € F(8) which also solves the following variational inequality:

(I—F)x*, J(z—x")) <0,Vz € F(8).

1 (™

Proof. Define p, (f) = o J f(t)dt,vn =0,1,2,..., where f belong to the space of all real valued bounded
n JO

continuous functions on positive real number with supremum norm. Then, {u,} is a regular sequence

1 [t

of means [1]. Further, we have T(un)x = tJ T(t)xdt,Vx € C and apply Theorem 3.1 to conclude the
n JO

result. O

Corollary 4.2. Let C be a nonempty closed convex subset of uniformly convex and uniformly smooth Banach space
E. Let f be a generalized contraction mapping from C into itself and § = {T(t) : t > 0} be a nonexpansive semigroup
from C into itself such that F(8) # 0. Let {xn} be the sequences defined by x; € C and

_ Xn +Xn41
Zn = -

Yn = 6nf(xn) + (1 - 611)an .
1 n
Xn41 = &nXn + an(xn) +'Ynt7 J T(t)yndt/

n JO
where {otn }, {Bnt, {¥n} {0nl}, and {An} are the sequences in (0,1), {tn} is an increasing sequence in (0, o) such that
t

lim t, = coand lim —— = 1. The following conditions are satisfied:
n—oo n—oo tn+1

i) an +Pn+yvn =1

(i) Iim Bn = lim 6, = Iim pp = lim |py1— onl = lim Any 1 —An| =0and

n—oo n—oo n—oo n—oo n—oo

lim su =0,

— ~
n OOXGC

1 thyt 1 tn
—_— J T(t)xds — — J T(t)xds
tht1 Jo n Jo

where C is bounded subset of C;

(iii) 0 < liminf oy, <limsup o, < 1;
n—oo n—oo

(iv) ) PBn=ooforalln>1.
n=0

Then {xn} converges strongly to x* € F(8) which also solves the following variational inequality:

(I—"F)x*,J(z—x")) <0,Vz € F(8).

4.2. Application to Hilbert spaces.
From the duality mapping ] : E — 28, if E = H is a real Hilbert space then ] = I is the identity mapping.

Theorem 4.3. Let C be a nonempty closed convex subset of a Hilbert space H. Let f be a generalized contraction
mapping from C into itself and & = {T(t) : t > 0} be a nonexpansive semigroup from C into itself such that
F(8) # 0. Let {xn} be the sequences defined by x; € C and

Zn = AnXn + (1 —=An)Xn 1,
Yn = Onflxn) + (1 —=0n)zn,
Xn4+1 = &nXn + an(xn) JFYnT(Hn)ynr

where {otn }, {Pn}, {yn}, {0n}, and {A,} are the sequences in (0,1). The following conditions are satisfied:
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(i) an+Pn+yn=1
(i) lim By = lim 6, = lim py = lim [ony1 —on| = lim Ay —Anl =0and lim sup ||T(pn41)x —
n—oo n—oo n—oo n—oo n—oo n—oo XGC
T(wn)x|| = 0, where C is bounded subset of C;
(iii) 0 < liminf o, <limsup oy, < 1;
n—oo

n—oo

iv) > PBn=ooforalln>1.

n=0
Then {xn} converges strongly to x* € F(8) which also solves the following variational inequality:

(T—F)x*,z—x") <0,Vz € F(8).

Corollary 4.4. Let C be a nonempty closed convex subset of a Hilbert space H. Let f be a generalized contraction
mapping from C into itself and 8§ = {T(t) : t > 0} be a nonexpansive semigroup from C into itself such that
F(8) # 0. Let {xn} be the sequences defined by x, € C and

Xn + Xnt1
In=—F7

2
Yn = Onflxn) + (1 —=0n)zn,
Xni4l = GnXn + an(xn) +YnT(Hn)Unz

where {otn }, {Bn}, {yn}, and {dn} are the sequences in (0,1). The following conditions are satisfied:

i) an+PBn+yvn=1
(ii)) lim Pn = lim on = lim pp = lim |xy41 —an| =0and lim sup ||T(pwn41)x — T(un)x|| = 0, where
n—oo n—oo n—oo n—oo n—oo XEC

C bounded subset of C;

(iii) 0 < liminf o, < limsup an, < 1;
n—oo n—oo

(iv) Z Bn =00 foralln > 1.

n=0
Then {xn} converges strongly to x* € F(8) which also solves the following variational inequality:

(I—f)x*,z—x*) <0,Vz € F(8).

5. Numerical example

Example 5.1. Let E = R® and an inner product (,-) : R® x R> — R be defined by

xy) =x-y=xl-yl+x2 g2+ %, vx= (30, y = (yhyhyd)

and the usual norm || - || : R® — R be defined by

Il = /(612 + ()2 + (32,

1 1 1 2n—2
Let C = {X € R3’HXH < 1}/ Xn = )\Tl. = &I BTL = 5.7 6‘[1 = HUn = —, Yn = n 7 and X1 = (1/2/3)
3n 3n n 3n
for all n =1,2,..., which satisfy the conditions (I)-(IV) in Theorem 3.1. We define the mappings T(t),f :
R3® — RR3 as follows: (T(t))(x) =xe " and f(x) = x for all x € R®. Then the sequence

10
. 30n3 +33n2 + (20n3 — 14n2 — 26n +20)e /™ .
T 903 — (403 — 100m2 + 80n —20)e U/ ™

converges strongly to 0 = (0,0,0), which is shown in Figure 1 and Table 1.
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Sequene value

Figure 1: The iteration process.

Table 1: The value of sequence {xn }.

Iteration step (n)

n Xk X2 x> n Xk X2 x>

1 1 2 3 10 | 0.042547 | 0.085093 | 0.127640

2 0.7 1.4 2.1 50 | 0.000722 | 0.001445 | 0.002167

3 | 0.425637 | 0.851275 | 1.276912 | 100 | 0.000109 | 0.000218 | 0.000327

4 | 0.270485 | 0.540970 | 0.811455 | 400 | 0.0000023 | 0.0000046 | 0.0000069

5 | 0.181409 | 0.362819 | 0.544228 | 797 | 0.0000003 | 0.0000006 | 0.00000099
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